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Nonequilibrium instabilities are known to lead to exponential amplification of boson occupation

numbers for low-momentum modes on time scales much shorter than the asymptotic thermal equilibration

time. We show for Yukawa-type interactions that this growth induces very efficient fermion production,

which proceeds with the maximum primary boson growth rate. The description is based on a 1=N

expansion of the 2PI effective action to next-to-leading order including boson-fermion loops, which are

crucial to observe this phenomenon. For long enough amplification in the boson sector, fermion

production terminates when the thermal occupancy is reached in the infrared. At higher momenta, where

boson occupation numbers are low, the fermion modes exhibit a power-law regime with exponent two.
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I. INTRODUCTION

Fermion production in the presence of large boson oc-
cupation numbers is an important question for various
aspects of early-universe cosmology as well as collision
experiments of heavy nuclei in the laboratory. Large boson
occupation numbers can lead to substantial deviations from
perturbative production processes. An important applica-
tion concerns the question of thermalization following
nonequilibrium instabilities in the context of early-
universe inflaton reheating dynamics [1–5], or in quantum
chromodynamics (QCD) relevant for relativistic heavy-ion
collisions [6–11]. Nonequilibrium instabilities lead to ex-
ponential growth of boson occupation numbers in long-
wavelength modes on time scales much shorter than the
asymptotic thermal equilibration time. This is followed by
a period during which bosons develop power cascades in a
manner reminiscent of Kolmogorov wave turbulence [12–
16]. For long wavelengths a new class of nonperturbative
scaling solutions has recently been found in the context of
early-universe reheating dynamics [13]. The correspond-
ing nonthermal infrared fixed points [13,17] have the dra-
matic consequence that a diverging time scale exists far-
from-equilibrium, which can prevent or substantially delay
thermalization. Understanding these phenomena in the
presence of fermions is an important step towards more
realistic phenomenological applications.

In this work we study nonequilibrium fermion produc-
tion in Yukawa-type models following a spinodal/ta-
chyonic instability. More precisely, we consider a
SUð2ÞL � SUð2ÞR symmetric theory for massless Dirac
fermions coupled to a N ¼ 4 vector of scalars in 3þ 1
dimensions. The model incorporates the chiral symmetry
of massless two-flavor QCD. It can also be considered as a
model for scalar inflaton dynamics coupled to fermions.
For our purposes, a major aspect of this model is that

controlled approximation schemes are available, which
can describe the far-from-equilibrium dynamics at early
times as well as the late-time approach to thermal equilib-
rium. It is based on a 1=N expansion to next-to-leading
order (NLO) of the two-particle irreducible (2PI) effective
action out-of-equilibrium [18,19]. The fermion-boson
loop-contributions included in this approximation allow
us for the first time to describe the phenomenon of
instability-induced fermion production [54]: This produc-
tion mechanism is based on the exponential growth of
long-wavelength boson occupation numbers following a
nonequilibrium instability. It is very efficient in the sense
that the amplification of fermion occupation numbers pro-
ceeds with the maximum primary growth rate of boson
occupancies. This can lead to a fast approach to thermal
equilibrium fermion distributions for low-momentum
modes, though the bosons are still far-from-equilibrium
at this stage. At higher momenta, where boson occupation
numbers are low, the fermion occupancies exhibit a power-
law regime with exponent two. Apart from a numerical
solution without further assumptions, we present approxi-
mate analytical solutions which provide a detailed under-
standing of the underlying dynamics.
Far-from-equilibrium fermion production is typically

studied by integrating the Dirac equation in the presence
of a classical macroscopic field, such as in Refs. [22–31]
for scalar inflaton dynamics coupled to fermions, or as in
Ref. [32] for the production of quark pairs from classical
gluon fields in the context of QCD. Fermion dynamics in
the presence of inhomogeneous classical fields has been
studied in an Abelian Higgs model in 1þ 1 dimensions
[33]. Analytical studies of perturbative dissipation and
noise kernels for Yukawa-type models are presented in
Ref. [34]. Studies including quantum fluctuations, such
that thermalization with the approach to Bose-Einstein
and Fermi-Dirac distributions can be observed, have been
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performed in Refs. [19,35,36] for the model considered in
this work. Here we extend these studies by including the
NLO corrections in the 2PI 1=N expansion and apply the
approximation to the physics of nonequilibrium instabil-
ities. This has not been done before including fermion
fluctuations. In contrast, the bosonic part of our model
has been studied in great detail and the 2PI 1=N expansion
to NLO is known to provide a quantitative description of
nonperturbatively large boson fluctuations for the consid-
ered case with N ¼ 4 [5,13,37]. Here we evaluate the 2PI
effective action for vanishing macroscopic field. The ob-
served phenomena in the fermionic sector are, therefore,
entirely due to quantum corrections that are neglected in
previous studies where the Dirac equation is solved in the
presence of a classical macroscopic field. In particular, our
findings of an induced exponential growth of fermion
occupation number is distinct from the mechanism of
resonant fermion production due to an oscillating inflaton
field [24]. Similarly, the observed power-law behavior at
high momenta is shown to be a consequence of quantum
fluctuations beyond masslike corrections, which are absent
for the considered massless fermions because of chiral
symmetry. It will be an important further step beyond our
current work to include nonvanishing macroscopic field
values, in order to estimate the importance of quantum
corrections to the Dirac equation in the presence of classi-
cal fields.

The paper is organized as follows. In the next section we
introduce our model with its approximation and initial
conditions. In Sec. III the boson dynamics is discussed,
where we will describe the early-time behavior following
the nonequilibrium instability as well as the subsequent
evolution to a nonthermal fixed point. Sec. IV is dedicated
to a detailed analysis of the fermion dynamics, with the
induced fermion production and the emergence of a power-
law regime. In Sec. V we summarize and present our
conclusions. There are three Appendices. In the first we
give numerical and analytical results for the time evolution
of the spectral function. Appendix B presents some details
about the chiral decomposition of the fermion two-point
correlation functions, and the last Appendix is about the
employed numerical method.

II. MODEL AND APPROXIMATION

A. SUð2ÞL � SUð2ÞR symmetric model

We consider a class of quantum field theoretical models
for fermions interacting with scalar bosons. This type of
models has been widely used in very different contexts,
such as fermionic preheating after inflation or as effective
theories for low-energy hadron physics in quantum chro-
modynamics. Here we consider a SUð2ÞL � SUð2ÞR �
Oð4Þ symmetric theory with Nf ¼ 2 species of massless

Dirac fermions coupled to Ns ¼ 4 scalars. The classical
action reads

S ¼
Z

d4x

�
�c i��@�c þ g

Nf

�c ð�þ i�5�
l�lÞc

þ 1

2
½@��@��þ @��

l@��l� � 1

2
m2ð�2 þ �l�lÞ

� �

4!Ns

ð�2 þ �l�lÞ2
�
; (1)

where �l (l ¼ 1, 2, 3) are the standard Pauli matrices and
�� (� ¼ 0, 1, 2, 3) denote the Dirac matrices. We employ
a metric with components ��� ¼ diagð1;�1;�1;�1Þ,
where summation over repeated indices is implied. The
fermion fields c ðxÞ with x ¼ fx0;xg and �c ¼ c y�0 are
coupled via the Yukawa interaction g to the scalars 	 ¼
f�;�1; �2; �3g, whose self-coupling is � and mass parame-
ter m.
Far-from-equilibrium dynamics as well as subsequent

thermalization can be efficiently studied in this model
using a resummed 1=N expansion beyond leading order
[18], based on the two-particle irreducible (2PI) effective
action [38–42]. A major benefit of the 1=N approximation
is the possibility to quantitatively address dynamics even in
those cases where fluctuations become nonperturbative in
the coupling, which will be relevant for the physics con-
sidered in this work. In nonequilibrium quantum field
theory the 2PI resummed 1=N expansion is required to
cure the secularity problem of the standard (1PI) 1=N
expansion, which allows one to study the late-time behav-
ior of quantum fields [18]. For the quantum theory with
action (1) the relevant nonequilibrium evolution equations
have been derived in Ref. [19] to which we refer for further
details. Here we summarize the derivation and give the
equations which we use for our analysis.
The most general 2PI effective action can be written as a

functional of one-point and two-point correlation func-
tions, such as h	ðxÞi and h	ðxÞ	ðyÞi for scalars and simi-
larly with fermion fields. Here the brackets h. . .i denote
traces over an initial density matrix, which is discussed
below. We will always evaluate the functional for vanish-
ing one-point functions, i.e. h	i ¼ hc i ¼ h �c i ¼ 0, and
denote the nonvanishing two-point correlation functions
by Gðx; yÞ ¼ h	ðxÞ	ðyÞi and Dðx; yÞ ¼ hc ðxÞ �c ðyÞi. In
this case the 2PI effective action can be written as [38,39]

�½G;D� ¼ �iTrðD�1
0 DÞ þ i

2
TrðG�1

0 GÞ � iTr lnðD�1Þ

þ i

2
Tr lnðG�1Þ þ �2½G;D� þ const (2)

with the free scalar inverse propagator

iG�1
0;abðx; yÞ ¼ �ð@�@� þm2Þ
ð4Þðx� yÞ
ab (3)

for a; b ¼ 1; . . . ; Ns and the massless free inverse fermion
propagator

iD�1
0;ijðx; yÞ ¼ i��@�


ð4Þðx� yÞ
ij (4)
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for i; j ¼ 1; . . . ; Nf. The corresponding components of the

full boson (fermion) propagator are denoted by Gabðx; yÞ
(Dijðx; yÞ). The traces in (2) indicate integration over time

along the closed time path [43] and over three spatial
coordinates as well as summation over internal indices.
The functional �2½G;D� only contains contributions from
two-particle irreducible diagrams with propagator lines
associated to Gabðx; yÞ and Dijðx; yÞ [44].

The equations of motion for the full propagators are
obtained from the stationarity conditions [38,39]


�½G;D�

Dijðx; yÞ ¼ 0;


�½G;D�

Gabðx; yÞ ¼ 0; (5)

where we omit Dirac indices in the notation. Self-energies
are defined by functional differentiation of the 2PI part
�2½D;G� as

�ijðx; yÞ ¼ �i

�2½G;D�

Djiðy; xÞ ; (6)

�abðx; yÞ ¼ 2i

�2½G;D�

Gabðx; yÞ : (7)

Because of SUð2ÞL � SUð2ÞR �Oð4Þ symmetry one can
always choose the propagators to be diagonal, such that
Gab ¼ G
ab, Dij ¼ D
ij and similarly for the self-

energies.
It is convenient to decompose the time-ordered two-

point correlation functions Dðx; yÞ and Gðx; yÞ into a real
and an imaginary part. For the fermion correlator we use
[19]

Dðx; yÞ ¼ Fðx; yÞ � i

2
�ðx; yÞsignðx0 � y0Þ; (8)

with the real statistical two-point function Fðx; yÞ and the
spectral-function �ðx; yÞ. For fermions F is determined by
the expectation value of the commutator of two fermion
field operators, while � is described in terms of the anti-
commutator of two fields [42]. A similar decomposition
can be done for the boson correlator with

Gðx; yÞ ¼ F	ðx; yÞ � i

2
�	ðx; yÞsignðx0 � y0Þ; (9)

where, in contrast to the fermion case, F	 is determined by

the expectation value of the anticommutator of two boson
field operators and the spectral-function �	 by their com-

mutator [42]. Correspondingly, the decomposition identi-
ties for the self-energies (6) and (7) read

�ðx; yÞ ¼ Cðx; yÞ � i

2
Aðx; yÞsignðx0 � y0Þ; (10)

�ðx; yÞ ¼ �i�localðxÞ
ð4Þðx� yÞ þ�Fðx; yÞ

� i

2
��ðx; yÞsignðx0 � y0Þ: (11)

Here we take into account a possible space-time-dependent
local term �localðxÞ for the boson self-energy, which is not
present for the fermion self-energy [19].
We will consider spatially homogeneous and isotropic

systems. The chiral symmetry of the model (1) together
with parity and CP invariance imply that for the fermion
two-point functions only the vector components

F�
V ¼ 1

4
trð��FÞ; ��

V ¼ 1

4
trð���Þ; (12)

C�
V ¼ 1

4
trð��CÞ; A�

V ¼ 1

4
trð��AÞ (13)

are nonvanishing [19], where the trace acts in Dirac space.
The vector components can be decomposed in spatial
Fourier space as

F�
V ðx; yÞ ¼

Z
p
eipðx�yÞF�

V ðx0; y0;pÞ; (14)

where we use the abbreviation
R
p ¼ R

d3p=ð2�Þ3, with
F0
Vðx0; y0;pÞ ¼ F0

Vðx0; y0; jpjÞ;
FVðx0; y0;pÞ ¼ p

jpjFVðx0; y0; jpjÞ;
(15)

and equivalently for the other two-point functions.
Denoting times as x0 ¼ t, y0 ¼ t0 etc. and setting the

initial time to zero [45], the equations of motion (5) for the
fermion two-point functions F0

V , FV , �
0
V and �V read [19]:

i@tF
0
Vðt; t0; jpjÞ ¼ jpjFVðt; t0; jpjÞ

þ
Z t

0
dt00fA0

Vðt; t00; jpjÞF0
Vðt00; t0; jpjÞ

� AVðt; t00; jpjÞFVðt00; t0; jpjÞg
�

Z t0

0
dt00fC0

Vðt; t00; jpjÞ�0
Vðt00; t0; jpjÞ

� CVðt; t00; jpjÞ�Vðt00; t0; jpjÞg; (16)

i@tFVðt; t0; jpjÞ ¼ jpjF0
Vðt; t0; jpjÞ

þ
Z t

0
dt00fA0

Vðt; t00; jpjÞFVðt00; t0; jpjÞ
� AVðt; t00; jpjÞF0

Vðt00; t0; jpjÞg
�

Z t0

0
dt00fC0

Vðt; t00; jpjÞ�Vðt00; t0; jpjÞ
� CVðt; t00; jpjÞ�0

Vðt00; t0; jpjÞg; (17)

i@t�
0
Vðt; t0; jpjÞ ¼ jpj�Vðt; t0; jpjÞ

þ
Z t

t0
dt00fA0

Vðt; t00; jpjÞ�0
Vðt00; t0; jpjÞ

� AVðt; t00; jpjÞ�Vðt00; t0; jpjÞg; (18)
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i@t�Vðt; t0; jpjÞ ¼ jpj�0
Vðt; t0; jpjÞ

þ
Z t

t0
dt00fA0

Vðt; t00; jpjÞ�Vðt00; t0; jpjÞ
� AVðt; t00; jpjÞ�0

Vðt00; t0; jpjÞg: (19)

Similarly, the equations of motion for the boson two-point
functions F	 and �	 are

f@2t þ p2 þM2ðtÞgF	ðt; t0; jpjÞ
¼ �

Z t

0
dt00��ðt; t00; jpjÞF	ðt00; t0; jpjÞ

þ
Z t0

0
dt00�Fðt; t00; jpjÞ�	ðt00; t0; jpjÞ; (20)

f@2t þ p2 þM2ðtÞg�	ðt; t0; jpjÞ
¼ �

Z t

t0
dt00��ðt; t00; jpjÞ�	ðt00; t0; jpjÞ; (21)

with the masslike term

M2ðtÞ ¼ m2 þ�localðtÞ; (22)

which depends on time only because of the assumed spatial
homogeneity. The above equations have to be regularized,
which we will do by implementing a momentum cutoff
following Ref. [19] as described in Appendix C.

One observes the following symmetry or antisymmetry
relations with respect to interchanging time arguments
[19]:

FVðt; t0; jpjÞ ¼ FVðt0; t; jpjÞ;
F0
Vðt; t0; jpjÞ ¼ �F0

Vðt0; t; jpjÞ;
�Vðt; t0; jpjÞ ¼ ��Vðt0; t; jpjÞ;
�0
Vðt; t0; jpjÞ ¼ �0

Vðt0; t; jpjÞ:

(23)

For the Fourier coefficients of the boson two-point func-
tions the corresponding relations are

F	ðt; t0; jpjÞ ¼ F	ðt0; t; jpjÞ;
�	ðt; t0; jpjÞ ¼ ��	ðt0; t; jpjÞ:

(24)

B. Approximation

For given �2½G;D� the self-energies are expressed in
terms of self-consistently dressed propagators G and D
according to (6) and (7). Here we consider the nonpertur-
bative 2PI 1=N expansion to NLO in the number of boson
fields Ns [18]. For bosons the physics of nonequilibrium
instabilities cannot be described by an expansion in the
coupling � even for weak couplings, since occupation
numbers can grow parametrically large of order 1=� [5].
In contrast, occupation numbers for fermions are bounded
due to the Pauli principle and a 2PI coupling expansion in
powers of the Yukawa coupling g will be employed to

describe the fermion fluctuations. This requires to sum an
infinite series of boson diagrams, which is displayed in
Fig. 1 along with the single boson-fermion diagram con-
tributing at this order.
The corresponding self-energies entering the evolution

Eqs. (16)–(21) are for Ns ¼ 4 and Nf ¼ 2 [19]

C�
V ðt; t0;pÞ ¼ �g2

Z
q
fF�

V ðt; t0;qÞF	ðt; t0;p� qÞ

� 1

4
��
V ðt; t0;qÞ�	ðt; t0;p� qÞg; (25)

A�
V ðt; t0;pÞ ¼ �g2

Z
q
fF�

V ðt; t0;qÞ�	ðt; t0;p� qÞ

þ �
�
V ðt; t0;qÞF	ðt; t0;p� qÞg (26)

for the fermion part and

�Fðt; t0;pÞ ¼ � �

12

Z
q
fF	ðt; t0;p� qÞIFðt; t0;qÞ

� 1

4
�	ðt; t0;p� qÞI�ðt; t0;qÞg

� 2g2
Z
q
fF�

V ðt; t0;qÞFV;�ðt; t0;p� qÞ

� 1

4
�
�
V ðt; t0;qÞ�V;�ðt; t0;p� qÞg; (27)

��ðt; t0;pÞ ¼ � �

12

Z
q
fF	ðt; t0;p� qÞI�ðt; t0;qÞ

þ �	ðt; t0;p� qÞIFðt; t0;qÞg
� 4g2

Z
q
f��

V ðt; t0;qÞFV;�ðt; t0;p� qÞg
(28)

for the boson part. Here the functions IF and I� contain the

summation of the infinite series of boson loop diagrams at
NLO:

FIG. 1. Diagrammatic representation of the employed approxi-
mation for �2. Solid lines are associated to self-consistently
dressed boson propagators G and dashed lines to fermion propa-
gators D. The dots indicate an infinite series of diagrams, each
obtained from the previous one by adding another loop in the
bubble ring.
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IFðt; t0;pÞ
¼ �

6

Z
q

�
F	ðt; t0;p� qÞF	ðt; t0;qÞ � 1

4
�	ðt; t0;p� qÞ

� �	ðt; t0;qÞ �
Z t

0
dt00I�ðt; t00;pÞðF	ðt00; t0;p� qÞ

� F	ðt00; t0;qÞ � 1

4
�	ðt00; t0;p� qÞ�	ðt00; t0;qÞÞ

þ 2
Z t0

0
dt00IFðt; t00;pÞF	ðt00; t0;p� qÞ�	ðt00; t0;qÞ

�
;

(29)

I�ðt;t0;pÞ¼�

3

Z
q
fF	ðt;t0;p�qÞ�	ðt;t0;qÞ

�
Z t

t0
dt00I�ðt;t00;pÞF	ðt00;t0;p�qÞ�	ðt00;t0;qÞg:

(30)

Finally, the masslike term (22) reads

M2ðtÞ ¼ m2 þ �

4

Z
q
F	ðt; t;qÞ: (31)

This approximation leads to a closed set of equations for
the two-point functions F0

V , FV , �
0
V , �V , F	 and �	.

C. Initial conditions

In order to solve the (integro-) differential equations of
motion (16)–(21) with the approximation (25)–(31), we
have to specify initial conditions. The initial conditions
for the spectral functions are fixed by their (anti-) commu-
tation relations [46], i.e. they are given by the equal-time
properties for the fermion spectral-function

�0
Vðt; t;pÞ ¼ i; �Vðt; t;pÞ ¼ 0 (32)

and for the boson spectral-function

�	ðt; t;pÞ ¼ 0; @t�	ðt; t0;pÞjt¼t0 ¼ 1; (33)

which are valid for all times t. For the statistical functions
we parametrize the Gaussian initial conditions as

F0
Vðt; t0;pÞjt¼t0¼0 ¼ 0; (34)

FVðt; t0;pÞjt¼t0¼0 ¼ 1

2
(35)

for the fermions and

F	ðt; t0;pÞjt¼t0¼0 ¼ 1

2�0ðpÞ ; (36)

@tF	ðt; t0;pÞjt¼t0¼0 ¼ 0; (37)

@t@t0F	ðt; t0;pÞjt¼t0¼0 ¼ �0ðpÞ
2

(38)

for the bosons. Here �0ðpÞ ¼ �ðt ¼ 0;pÞ plays the role of a
quasiparticle energy at initial time, which we define using
[18]

�ðt;pÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@t@t0F	ðt; t0;pÞ
F	ðt; t0;pÞ

vuut ��������t¼t0
: (39)

We note that the equal-time correlation function
F0
Vðt; t; jpjÞ corresponds to the conserved net charge den-

sity [19], which vanishes identically at all times for our
initial conditions. We will consider the time-dependent
quantities

nc ðt;pÞ ¼ 1

2
� FVðt; t;pÞ; (40)

n	ðt;pÞ ¼ F	ðt; t;pÞ�ðt;pÞ � 1

2
; (41)

which may be associated to effective fermion and boson
occupation numbers, respectively.
In our simulations we start from a vacuumlike state with

nc ðt ¼ 0;pÞ ¼ 0 and n	ðt ¼ 0;pÞ ¼ 0. We induce a spi-

nodal (’’tachyonic’’) instability with a so-called quench by
a sudden change in the sign in front of the m2 term
appearing in (31). More precisely, we employ

M2ðt ¼ 0Þ ¼ m2;

M2ðt > 0Þ ¼ �m2 þ �

4

Z
q

�
F	ðt; t;qÞ � 1

2�0ðqÞ
�
; (42)

where the constant subtraction of quadratically divergent
terms in the integrand of (42) ensuresM2ðt ¼ 0þÞ ¼ �m2

for the employed vacuumlike initial condition (36). We
choose m as our scale and express all quantities in appro-
priate powers of it.
Though all results that will be shown are obtained from

the above initial conditions, we note that the evolution
quickly becomes rather insensitive to the details at initial
time. We will see that the spinodal instability leads to an
exponential growth of fluctuations which soon dominate
over the initial values of correlators. Late stages in the far-
from-equilibrium evolution can even become universal in
the sense that characteristic properties become insensitive
to the details of the underlying microscopic field theory,
which will be explained in the following.

III. BOSON DYNAMICS

A. Spinodal/tachyonic instability

Since the evolution starts from a vacuumlike state, at
very early times almost no fluctuations are present for
weak couplings. Accordingly, neglecting the self-energy
corrections in (20) and (22) the initial evolution for the
Fourier modes of the boson statistical propagator may be
approximately described by
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½@2t þ p2 �m2�F	ðt; t0; jpjÞ ’ 0: (43)

Because of the negative sign in front of the m2 > 0 term,
the modes with jpj<m exhibit exponential growth and the
dominant solution behaves as

F	ðt; t0;pÞ ¼ A0e
�ðpÞðtþt0Þ; (44)

where the amplitude A0 has the dimension of an inverse
mass and we approximately have A0m ’ 1=4 for our initial
conditions. The momentum dependent growth rate is given
by

�ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � p2

q
: (45)

This classical instability leads to a strongest amplification
with rate �0 � �ðp ¼ 0Þ for the mode with the smallest
momentum. This ‘‘primary’’ growth stage is characterized
by a limited range of momenta jpj<m for which ampli-
fication can be observed. During the subsequent exponen-
tial growth the fluctuations become larger and the self-
energy corrections in (20)–(22) become relevant. These
self-energy corrections incorporate nonlinear effects,
such as scattering and off-shell dynamics. For the bosonic
model, in the absence of fermions, this has been discussed
in detail for parametric resonance as well as spinodal
instabilities in Refs. [5,37,42].

In the upper graph of Fig. 2 we show our results for the
evolution of different boson occupation number modes
(41) as a function of time for a scalar self-coupling � ¼
0:01. The graph compares two runs, one without fermions
(g ¼ 0) and the other with a weak Yukawa coupling of

g
ffiffiffi
2

p ¼ 0:1. On the logarithmic plot one observes that the
boson occupation numbers are practically not affected by
the weak coupling to the fermions. The time evolution
exhibits the characteristic stages explained in detail in
the purely bosonic studies of Refs. [5,37,42]. Low-
momentum modes with jpj<m show primary exponential
growth, whereas higher-momentum modes become expo-
nentially amplified at a later (’’secondary’’) stage with
faster growth rates due to nonlinearities that were built
up by primary modes. After the fast period of exponential
growth the dynamics slows down considerably. At this
stage the nonlinearities are nonperturbatively large, i.e.
parametrically F	 �Oð1=�Þ and all processes become of

order unity. This is illustrated for F	ðx; xÞ ¼
R
p F	ðt; t;pÞ

for different values of the boson self-coupling in Fig. 3.
One observes that the ratio of this quantity taken at two
coupling values, � and �0, is well described by

F	ðx; xÞj�
F	ðx; xÞj�0

’ �0

�
: (46)

The time at which this parametric dependence can be first
observed we call t	. This time was estimated in Ref. [42]

for the case of parametric resonance and we can adopt the
method. More precisely, we consider the time when the
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local self-energy contribution (’’tadpole’’) of the masslike
term (31) becomes one:

�

4

Z
q
F	ðt; t;qÞ ’ �A0e

2�0t

32ð��1
0 �tÞ3=2 ¼t¼t	

1: (47)

For the evaluation of the momentum integral we took (44)
and applied a saddle-point approximation around jpj ¼ 0.
The last equality of (47) yields

t	 ’ 1

2�0

ln

�
32

�

�
þ 3

4�0

ln

�
�t	

A2=3
0 ��1=3

0

�
: (48)

Plugging in A0m ’ 1=4 and using �0 ¼ m one finds from
the solutions of (48) that t	 ’ 7:2=m for � ¼ 10�2, t	 ’
8:5=m for � ¼ 10�3, t	 ’ 9:7=m for � ¼ 10�4 and t	 ’
11:0=m for � ¼ 10�5. Figure 4 shows a comparison of the
analytical estimates with the numerical solutions for the
nonequilibrium time evolution.

Occupation numbers as a function of momentum for
different times are shown in Fig. 5. The left column of
that figure displays boson distributions for different cou-
plings as indicated in the figure. The right column shows
the corresponding behavior for the fermions, which will be
discussed below in Sec. IV. The time evolution of the boson
occupation numbers is characterized by the exponential
primary growth of low-momentum modes, and a subse-
quent broadening of the distributions as a consequence of
enhanced secondary growth rates. Even though the
Yukawa coupling changes 1 order of magnitude from

g
ffiffiffi
2

p ¼ 0:1 to g
ffiffiffi
2

p ¼ 0:01, the corresponding graphs
with scalar self-coupling � ¼ 0:01 do not show any sig-
nificant differences. This confirms that weakly coupled
fermions have no significant affect on the boson dynamics.

If only the boson dynamics is considered without fermi-
ons, alternative nonperturbative approximation schemes
are available that can be used to test the 2PI 1=N expansion
[13,37,47,48]. Since the exponential growth is induced by
an instability of the free-field-type Eq. (43) at sufficiently
early times quantum corrections may be neglected.
Furthermore, occupation numbers become large at later
times because of the exponential growth and one expects
an accurate description of the quantum dynamics using the
classical-statistical field theory approximation for highly
occupied modes. The classical-statistical simulation result
is obtained from repeatedly solving the classical field
equation of motion numerically and Monte Carlo sampling
of the initial conditions. Figure 6 shows a comparison of
the purely boson dynamics, represented by F	ðt; t; jpjÞ,
from the quantum 2PI 1=N expansion and the classical-
statistical simulation for the initial conditions (36)–(38)
and � ¼ 0:1. The level of agreement between both calcu-
lations is remarkable. For low momenta, where occupation
numbers are high, the classical-statistical simulation is
expected to be accurate up to controlled statistical errors
and the comparison points out the ability of the NLO
approximation to describe the strongly nonlinear dynam-
ics. On the other hand, from the comparison one also
observes that for the considered small coupling the quan-
tum corrections are small even for lower-occupied modes
at higher momenta for not too late times. For the asymp-
totic approach to quantum thermal equilibrium character-
ized by a Bose-Einstein distribution the classical-statistical
approximation becomes invalid, while the quantum evolu-
tion using the 2PI 1=N expansion to NLO approaches a
Bose-Einstein distribution [18,37,47,48].

B. Subsequent power-law behavior

The approach to thermal equilibrium can be substan-
tially delayed in the presence of a nonequilibrium insta-
bility [12]. This happens because after the exponential
growth period the evolution is driven towards a nonthermal
infrared fixed point. This was pointed out in Ref. [13] for
the case of a parametric resonance instability and discussed
in terms of nonthermal renormalization group fixed points
in Ref. [17]. In order to demonstrate that a similar behavior
also occurs starting from a spinodal or tachyonic instabil-
ity, we present in Fig. 7 classical-statistical simulation
results for much later times than in Fig. 6. Shown are
snapshots of the occupation number as a function of mo-
menta for different times, where the black dots are taken at
the latest time t ¼ 4900=m. A straight line on the double-
logarithmic plot corresponds to a power-law behavior,

n	ðt; jpjÞ � 1

jpj ; (49)

where the occupation number exponent  at low-momenta
is well approximated by IR ’ 4 in agreement with the
analytical estimates in Refs. [13,17] for the nonthermal
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fixed point as well as the numerical results starting from
parametric resonance [13]. At higher momenta, where
parametrically n	ðt; jpjÞ & 1=�, one observes the transi-

tion to a classical-statistical thermal distribution for which
the occupation number exponent becomes UV ’ 1.
Towards higher momenta than those shown in Fig. 7 the
distribution still drops rapidly. The classical-statistical the-
ory will finally occupy all high-momentum modes accord-
ing to a power-law with UV ’ 1, which corresponds to the
Rayleigh-Jeans ultraviolet divergence. In contrast, quan-
tum corrections in the 2PI 1=N approximation prevent a

power-law distribution at high momenta and lead to finite
results [17,18,37,47,48].
If the Yukawa coupling g is increased in the presence of

fermions, the dynamics of the bosons becomes substan-
tially affected and their behavior can no longer be under-
stood separately. This is demonstrated in the lower graph of

Fig. 2 for g
ffiffiffi
2

p ¼ 1. We emphasize that for g � 1 it may
not be quantitatively justified to neglect higher loop-orders
including fermion propagators beyond the two-loop graph
taken into account in �2 as shown in Fig. 1. However, the
observed increase of the growth rates comes from a nega-
tive mass-squared contribution for the boson self-energies,
which is induced by fermion fluctuations. The very same
mechanism operates already for small couplings with g �
1 and just the quantitative corrections are not sizeable
enough in this case to be clearly visible in the figures.
The induced negative mass-squared contribution is a well-
known phenomenon, which has been analyzed in great
detail also in the context of nonperturbative renormaliza-
tion group studies of this model in thermal equilibrium
[49]. Even though the boson dynamics is not much influ-
enced by a weak coupling to fermions and sizeable effects
require stronger couplings, a similar observation can not be
made for the fermion dynamics. It turns out that the latter is
always substantially affected by the highly occupied boson
modes, since even for weak Yukawa couplings they induce
an exponential growth in the fermion correlation functions
as is explained in the following.

IV. FERMION DYNAMICS

A. Instability-induced fermion production

In Fig. 8 different modes of the fermion occupation
number (40) are presented as a function of time for two

different Yukawa couplings, g
ffiffiffi
2

p ¼ 0:1 (upper graph) and

g
ffiffiffi
2

p ¼ 1 (lower graph), for � ¼ 0:01. The figure shows the
behavior of the fermions, which corresponds to the evolu-
tion of the bosons presented in Fig. 2. After a short initial
period one observes an exponential growth of fermion
modes. The fast dynamics then slows down rather abruptly
and approaches a quasistationary regime. A most charac-
teristic property of the fast period is that the different
momentum modes get exponentially amplified with ap-
proximately the same growth rate, which can be seen
from the slopes of the curves in Fig. 8 for a wide momen-
tum range jpj=m ¼ 0:1–9:3. This is in contrast to the
amplification of boson modes, where the primary-growth
rates show a significant momentum dependence according
to (45) and the secondary rates equal multiples of the
maximum primary-growth rate (see Fig. 2). Similar to
the behavior of the boson secondaries, one observes that
higher-momentum fermion modes are amplified at later
times. Though fermion production occurs practically over
the whole spectrum, this delay leads to a decrease of the
amplitude of the occupation number modes with increasing
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momenta. One also notes that in our simulations nc ðt;pÞ
never exceeds 1=2, despite the fact that its definition allows
occupancies in the range 0 � nc ðt;pÞ � 1 in accordance

with the Pauli principle. We note that nFDðt;p ¼ 0Þ ¼ 1=2
corresponds to the value of the low-momentum distribution
in thermal equilibrium, which is discussed in more detail in
Sec. IVB. In the lower graph of Fig. 8 we show the same

evolution but with a stronger Yukawa coupling g
ffiffiffi
2

p ¼ 1.
One observes a more efficient fermion production over the
spectrum, i.e. the decrease of the amplitude with higher
momentum is less pronounced than for weak couplings.
The growth rate is larger and the system enters the quasi-
stationary evolution regime earlier. Corresponding plots
for occupation numbers as a function of momentum for
different times are shown in Fig. 5 above. The right column
of that figure displays the fermion distributions for differ-
ent couplings as indicated in the figure. The emergence of
the characteristic power-law behavior for higher momenta
seen in Fig. 5 will be discussed below in Sec. IVB.

In the following we derive an approximate analytical
solution for the fermion dynamics, which explains the
mechanism of the observed exponential growth and major
characteristics. For weak Yukawa coupling the evolution of
the boson correlation functions can be established without
taking into account the fermion dynamics as discussed
above. This is our starting point for an approximate evalu-
ation of the fermion dynamics. We consider the equation of
motion (17) and concentrate on the equal-time correlator,
FVðt; t;pÞ, since this determines the behavior of the effec-
tive particle number (40). Because of the symmetry rela-
tions (23) the term in (17) proportional to the momentum
jpj vanishes. With the definition of the self-energies (25)
and (26) there are eight terms, each coming with a product
of two fermion and one boson two-point correlation func-
tion. The self-energy contributions can be visualized by a
loop diagram as shown in Fig. 9, where internal lines
represent the various propagators as indicated in the dia-
gram. Because of the exponential growth of boson occu-
pation numbers, the value of the respective equal-time
correlation function F	ðt; t;pÞ becomes quickly many or-

ders of magnitude larger than any other function. In par-
ticular, it becomes much larger than the spectral-function
�	ðt; t0;pÞ, which even vanishes at equal times. (See

Appendix A for a detailed discussion of the unequal-time
properties of the spectral function.) This implies that all
terms which include F	ðt; t0;pÞ will dominate the self-

energy corrections in (17). The dominance is best realized
if the boson self-coupling is small since the amplitude of
F	 becomes at the end of the exponential growth period

parametrically of order 1=� according to (46). Hence our
analytical estimates will require small �. Neglecting the
self-energy contributions without F	ðt; t0;pÞ leads to four

remaining terms and (17) becomes for equal times

if@tFVðt;t0;jpjÞgjt0¼t

’�g2
Z t

0
dt00

Z
q

�
�0
Vðt;t00;jqjÞF	ðt;t00;jp�qjÞFVðt00; t;jpjÞ

� p

jpj
q

jqj�Vðt;t00;jqjÞF	ðt;t00;jp�qjÞF0
Vðt00; t; jpjÞ

�

þg2
Z t

0
dt00

Z
q

�
F0
Vðt;t00;jqjÞF	ðt;t00; jp�qjÞ�Vðt00; t;jpjÞ

� p

jpj
q

jqjFVðt;t00;jqjÞF	ðt;t00;jp�qjÞ�0
Vðt00; t; jpjÞ

�
:

(50)

Since we are considering the evolution of the equal-time
correlation function, we employ for the derivative on the
left hand side of (50):

@tFVðt; t;pÞ ¼ f@t0FVðt0; t;pÞgjt0¼t þ f@t0FVðt; t0;pÞgjt0¼t

¼ 2f@t0FVðt0; t;pÞgjt0¼t; (51)
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The observed growth rate of modes is approximately indepen-
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upper graph.
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where we used in the second equation that FVðt0; t;pÞ is
symmetric under time exchange according to (23).

For not too early times the integral in (50) is dominated
by momenta q ’ p for small enough p. To observe this we
consider the primary-growth rate (45) for p � m, which is
approximately given by

�ðpÞ ’ m� p2

2m
: (52)

With (44) and �0 ¼ m the low-momentum modes behave
as

F	ðt; t;p� qÞ ’ A0e
2�0te���1

0 ðp�qÞ2t; (53)

such that the integrand of (50) is dominated by q ’ p for
sufficiently large t. This holds also in the presence of
additional powers of momenta in the integrand, such as
coming from the measure of the integral. The sum appear-
ing in the integrand of (50) consists of pairs of terms, which
are the same if q ¼ p. Accordingly, the equation of motion
may be approximated by

i@tFVðt; t; jpjÞ ’ �4g2
Z t

0
dt00

Z
q
F	ðt; t00; jp� qjÞ

� ½�0
Vðt; t00; jpjÞFVðt00; t; jpjÞ

� �Vðt; t00; jpjÞF0
Vðt00; t; jpjÞ�: (54)

During the time interval of exponential growth of
F	ðt; t0; jpjÞ the latest times dominate the time- or

‘‘memory-integral’’ in (54). The characteristic time scale
for these dominant contributions is given by the primary-
growth rate �0. Following similar calculations for boson
dynamics in Refs. [5,42], we will employ a memory ex-
pansion for an approximate analytical description of the
fermion evolution. Integrals over the entire past,

R
t
0 dt

0, are
replaced by integrals with a finite time range,

R
t
t�c=�0

dt0.
We will see that during the growth period this memory
restriction leads to a good description of the full numerical
results even for rather short memory intervals with c & 1.
In particular, the estimate for the fermion growth rate will
be insensitive to the value of c. Furthermore, we Taylor
expand the integrand in (54) around the latest time of the
memory integrals, where we keep only the lowest-order in
the expansion. Using the antisymmetry in time as de-
scribed by (23) and (24) the equal-time correlation func-
tions F0

Vðt; t; jpjÞ and �Vðt; t; jpjÞ vanish, such that the
corresponding terms in (54) can be neglected to lowest

order. Using (32) we note that �0
Vðt; t; jpjÞ ¼ i for all

momenta and times. Applying these approximations, the
memory expanded evolution equation reads

@tFVðt; t; jpjÞ þ KðtÞFVðt; t; jpjÞ ’ 0; (55)

where we define

KðtÞ ¼ 4g2c

�0

Z
q
F	ðt; t; jp� qjÞ ’ g2

A0
ffiffiffiffiffiffi
�0

p
c

2ð�tÞ3=2 e
2�0t:

(56)

In order to perform the integral in (56), we used (53) and
the fact that the contributions from high momenta are
exponentially suppressed such that it may be well approxi-
mated by a Gaussian integral. We note that all of the above
analytical approximations respect chiral symmetry, which
is also discussed in more detail in Appendix B. We empha-
size that the above approximations are not valid for
2�0t � 1 since F	ðt; t; jpjÞ is not large initially and one

observes thatKðtÞ is not defined at t ¼ 0. However, we will
see that even at early times the description is still reason-
able and one can solve (55) with the initial condition
FVðt; t; jpjÞjt¼0þ ¼ 1=2 in accordance with (35).
The solution of the equation of motion can be deter-

mined analytically and is given by

FVðt; t; jpjÞ ¼ 1

2
exp

�
�g2ae2�0t

�
2dawð ffiffiffiffiffiffiffiffiffiffi

2�0t
p Þ � 1ffiffiffiffiffiffiffiffiffiffi

2�0t
p

��
;

(57)

with the dimensionless constant

a ¼ A0�0

ffiffiffi
2

p
c

�3=2
: (58)

The Dawson function appearing in (57) is defined as

daw ðxÞ ¼ e�x2
Z x

0
dyey

2
; (59)

which is closely related to the error function [50]. It is an
odd function and its derivative is daw0ðxÞ ¼ 1� 2xdawðxÞ
such that it grows linearly at x ¼ 0. Its maximum occurs at
x0 ’ 0:924 and dawðx0Þ ’ 0:541. It has the asymptotic
series

daw ðxÞ ¼ 1

2x
þ 1

22x3
þ . . . (60)

with which the expression (57) can be simplified for not too
early times by using

2dawð ffiffiffiffiffiffiffiffiffiffi
2�0t

p Þ � 1ffiffiffiffiffiffiffiffiffiffi
2�0t

p ¼ 1

2ð2�0tÞ3=2
þ . . . : (61)

One finds that (61) provides a rather good description
already for times 2�0t * Oð1Þ.
The behavior of the fermion occupation number

n	ðt; jpjÞ is obtained by plugging the solution (57) into

(40). With A0�0 ’ 1=4 the constant (58) is approximately
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FIG. 9. Topology of the fermion self-energy diagram. The
internal lines represent the various propagators indicated in the
diagram.
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a ’ 0:05c. We typically find best agreement with the nu-
merical solution for c ’ 0:48, which is further discussed
below. A very characteristic feature of the solution (57) is
that it predicts a growth rate which is independent of
momenta. In Fig. 10 simulation results for nc ðt; jpjÞ for
different momenta are compared to the corresponding

analytical solution for g
ffiffiffi
2

p ¼ 10�2 and � ¼ 10�5. There
are deviations at early times for the reasons mentioned
above. In particular the asymptotic growth rate is accu-
rately reproduced and indeed it is approximately momen-
tum independent, which can also be seen from Fig. 8. The
quantitative agreement of the analytical and full numerical
solution is good for small momenta as expected, with
sizeable corrections already for jpj ’ m.

In the following we will discuss the solution (57) for two
characteristic time ranges (I) 2�0t * Oð1Þ and (II) 2�0t 	
1 for weak coupling g � 1. The right-hand side (rhs) of
(57) contains two exponential functions. For the regime (I)
the argument of the first exponential appearing in (57) is
small for weak coupling. Employing a Taylor expansion it
behaves as

FVðt; t; jpjÞ ’ 1

2

�
1� g2ae2�0t

�
2dawð ffiffiffiffiffiffiffiffiffiffi

2�0t
p Þ � 1ffiffiffiffiffiffiffiffiffiffi

2�0t
p

��
:

(62)

Accordingly, the fermion occupation number nc ðt; jpjÞ
given by (40) grows exponentially with approximately
the same rate as the maximum primary-growth rate for
the bosons:

nc ðt; jpjÞ ’ g2a

2
e2�0t

�
2dawð ffiffiffiffiffiffiffiffiffiffi

2�0t
p Þ � 1ffiffiffiffiffiffiffiffiffiffi

2�0t
p

�

’ g2a

4ð2�0tÞ3=2
e2�0t: (63)

To arrive at the second approximate equality we used (61).
The exponential growth is parametrically slowly modified

by the factor �t�3=2, reducing somewhat the growth. By
fitting the time dependence to just an exponential in the
respective regimes (see e.g. Fig. 11) one may infer an
approximate effective growth rate for the fermion modes
of about �c � 0:85�0, i.e. smaller than the maximum

primary boson growth rate.
Because of the exponential growth the employed Taylor

expansion that we used to obtain (62) or (63) becomes
invalid for the regime (II). Without the Taylor expansion,
using (61) in (57), one finds

nc ðt; jpjÞ ’ 1

2
� 1

2
exp

�
� g2a

2ð2�0tÞ3=2
e2�0t

�
: (64)

The asymptotic value nc ðt; jpjÞ ¼ 1=2 is approached from

below with a double-exponential time dependence. This
corresponds to a very abrupt shutoff of the exponential
growth period, as can also be seen in the behavior of the
numerical solutions in Figs. 8 and 10.
The characteristic time tc for the end of the exponential

growth can be estimated to be the time when the argument
of the first exponential in the solution (57) is of order one.
Approximately this can be obtained from (64) by equating
the absolute value of the argument of the first exponential
to one, which yields

tc ’ 1

2�0

ln

�
2

g2a

�
þ 3

4�0

lnð2�0tc Þ: (65)

Though the growth rate does not depend on the choice of c
appearing in the dimensionless constant a given by (58),
we note that the time tc depends logarithmically on it.
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FIG. 10 (color online). Evolution of nc ðt; jpjÞ as a function of
time for different momenta and g

ffiffiffi
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p ¼ 10�2. The boson self-
coupling is � ¼ 10�5. The solid line represents the analytic
solution and the dotted lines show the results from simulations.
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Using again c ’ 0:48 we find tc ’ 11:8 for g
ffiffiffi
2

p ¼ 0:001,

tc ’ 9:2 for g
ffiffiffi
2

p ¼ 0:01, and tc ’ 6:7 for g
ffiffiffi
2

p ¼ 0:1.

In Fig. 11 we show a comparison of the analytical result
(57) and the numerical simulation for different Yukawa
couplings. The simulations are for the fermion mode with
jpj ¼ 0:13m (our smallest momentum) and a boson self-
coupling of � ¼ 10�5. One observes from Fig. 11 that the
abrupt shutoff of the exponential growth is well reproduced
for a wide range of Yukawa couplings g, and in these cases
our above estimates for tc agree rather well with the

numerical findings. However, sizeable deviations occur

for g
ffiffiffi
2

p
< 10�3 with � ¼ 10�5. Correspondingly, Fig. 12

shows results for fixed g and different values of �. The
same statements apply as before, and similar deviations
after the exponential growth terminates occur for � > 10�3

with g
ffiffiffi
2

p ¼ 10�2. One observes that in both cases the ratio
[51]

� ¼ g2

�
(66)

at which significant corrections appear in the analytical
description of the later stages of the fermion evolution is
about 2� ’ 0:1. The limitation comes from the fact that we
use the exponentially growing solution (53) at all times,
which is only correct before the growth of boson modes
terminates, i.e. for times t & t	 given by (48). It is remark-

able that according to Figs. 11 and 12 this leads to practi-
cally no corrections to the solution (57) also for later times
if 2� * 0:1. These findings can be understood from the fact
that the characteristic time tc at which the growth of

fermion occupation numbers terminates is earlier than t	
in these cases. We use (65) together with (48) to estimate
for which range of couplings one finds t	 * tc . Without

further approximations this condition translates into the
compact expression � * 1=ð8cÞ, which is in reasonable
agreement with the numerical findings as explained above.
It is a general fact that the ratio (66) plays an important

role for the fermion dynamics for t * t	. This can be

understood as follows. According to the discussion in
Sec. III A at the time t	 the parametric coupling-

dependence of the boson correlation function becomes
F	 �Oð1=�Þ. The boson-fermion loop contribution to

the fermion propagators shown in Fig. 9 is proportional
to g2. Since for the dominant term the boson propagator
line appearing in the loop is associated to F	, this leads to

the parametric g2=� or � dependence. In order to verify
this we have plotted in Fig. 13 fermion occupation number
distributions for different values of g and �. Compared are
different simulations with same ratio � for 2� ¼ 0:1, 0.01
and 0.001 at fixed time t ¼ 90=m after the exponential
growth period. The agreement is remarkably good. We
emphasize that at early times they differ in general for
the same �. In particular, the time t	 itself depends on �

and is insensitive to g for the considered weak couplings
(see Sec. III A).

B. Emergence of power-law behavior

We have seen in Sec. III B that boson occupation num-
bers approach a nonthermal scaling solution �p�IR with
occupation number exponent IR ’ 4 for low-momentum
modes after the exponential growth period. The corre-
sponding nonthermal infrared fixed point has the dramatic
consequence that a diverging time scale exists far-from-
equilibrium, which can prevent or substantially delay ther-
malization due to critical slowing down [13,17]. Because
fermion field degrees of freedom obey the Pauli exclusion
principle their occupation numbers cannot become large
[52]. This preempts infrared scaling solutions, which di-
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FIG. 12 (color online). Evolution of nc ðt; jpjÞ as a function of
time for given Yukawa coupling g and different values for the
boson self-coupling � as indicated in the graph. The solid line
corresponds to the analytical solution and the dotted lines to the
results from simulations.
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verge in the infrared. As a consequence, the phenomenon
of critical slowing down is expected to be absent for
fermions. Low-momentum fermion modes may thus ap-
proach a thermal distribution much faster than bosons in
this case, which we observed already in Sec. IVA and
discuss in more detail below.

In contrast to infrared scaling solutions, power-law be-
havior for higher-momentum modes, where occupation
numbers are not large, is of course not excluded for fermi-
ons. In the right column of Fig. 5, which shows the evolu-
tion of nc ðt; jpjÞ, the fermion occupation numbers exhibit

a power-law regime with exponent two for momenta jpj *
m. We have verified that the very sharp falloff at later times
of the distribution close to the cutoff, i.e. jpj � 10m in
Fig. 5, is removed if we enlarge the momentum cutoff and
the power-law behavior extends to larger momenta accord-
ingly. One observes from Fig. 5 that the emergence of
power-law behavior happens quite early, i.e. around the
time t � 3=m and it is well established already around t �
5=m. This points out that the origin of the fermion power-
law is distinct from the scaling behavior of the bosons
discussed in Sec. III B.

In the following we will explain the fermion power-law
regime. From Fig. 8, in particular, from the upper graph of
that figure, one observes that the growth of higher-
momentum modes sets in later than for lower momenta.
Since the growth rate is approximately momentum inde-
pendent (see Sec. IVA) the retardation in the initial growth
time translates into a momentum dependent amplitude

AðjpjÞ ¼ nc ðt; jpjÞ
e2�0t

: (67)

The residual time-dependence of this amplitude is para-
metrically slow compared to the dominant exponential
growth behavior of nc ðt; jpjÞ. The observed power-law

with exponent two then corresponds to AðjpjÞ � jpj�2 in
the respective momentum range with jpj * m. A further
important property, which may be observed from Fig. 8 but
better from the right column of Fig. 5, is that the time for
the end of the exponential growth period becomes approxi-
mately independent of momentum for not too small mo-
menta. As a consequence, part of the momentum-
dependence emerging at early times becomes ‘‘frozen-
in’’ in time during the subsequent quasistationary evolu-
tion. In order to quantify these statements, we repeat the
analytical calculation of Sec. IVAwith the main difference
that we take retardation or memory effects into account. To
keep the discussion analytically tractable, our approxima-
tions will describe the dominant exponential time-
dependence while subleading powers in time are discarded
in contrast to what was done in Sec. IVA. This does not
affect the relevant momentum dependence of AðjpjÞ but
overestimates the overall size of the amplitude.

Starting point of the analysis is again the equation of
motion for FVðt; t; jpjÞ presented in (54). Approximating

the boson two-point function F	ðt; t0; jpjÞ by its primary-

growth behavior (44) and applying a memory expansion as
in Sec. IVA would lead to the local differential equation
with respect to momentum (55), such that the momentum-
independent solution (57) is obtained for the employed
initial conditions. While this is a good approximation for
the considered low-momentum behavior with jpj & m in
Sec. IVA, here we concentrate on larger momenta. In order
to make analytical progress, a perturbative estimate of the
fermion correlators under the integral (54) is employed for
small g. This amounts to replacing the respective correla-
tors by their free-field solutions:

FVðt; t00; jpjÞ ! 1

2
cosðjpjðt� t00ÞÞ; (68)

F0
Vðt; t00; jpjÞ ! � i

2
sinðjpjðt� t00ÞÞ; (69)

�Vðt; t00; jpjÞ ! sinðjpjðt� t00ÞÞ; (70)

�0
Vðt; t00; jpjÞ ! i cosðjpjðt� t00ÞÞ: (71)

With these expressions the equation of motion (54) be-
comes

@tFVðt; t; jpjÞ ’ �2g2
Z t

0
dt00

Z
q
F	ðt; t00; jp� qjÞ

� cosð2jpjðt� t00ÞÞ: (72)

Using accordingly the lowest-order behavior (44) for the
scalar correlator, where F	ðt; t00; jpj>mÞ vanishes or may

be approximated by a Gaussian as in (56), the momentum
integral in (72) can be directly evaluated. However, the
following time-integration would lead to expressions
which are rather inconvenient to handle. Therefore, we
may simplify the approximation by using �ðpÞ ’ �0 in
the momentum integral in (72), such that

Z
q
F	ðt; t00; jp� qjÞ ’ A0�

3
0

6�2
e�0ðtþt00Þ: (73)

Though this captures the dominant exponential time-
dependence, comparison to (56) shows that this neglects

a parametrically slow ðtþ t00Þ�3=2-correction. We have
verified that this does not affect our main conclusions
about momentum-dependencies, however, it overestimates
the overall growth. Pursuing with (73) in the equation of
motion (72) the memory integral can be evaluated and
gives the compact expression

@tFVðt;t;jpjÞ

’�g2A0�
3
0

3�2

�0e
2�0t�e�0t½�0 cosð2jpjtÞ�2jpjsinð2jpjtÞ�

4jpj2þ�2
0

:

(74)

Using the initial condition (35) this can be straightfor-
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wardly integrated and one obtains for the fermion occupa-
tion number (40):

nc ðt; jpjÞ ¼ g2A0�
3
0

6�2

e2�0t � 2e�0t cosð2jpjtÞ þ 1

4jpj2 þ �2
0

’ g2A0�
3
0

6�2

e2�0t

4jpj2 þ �2
0

: (75)

While the first line in (75) represents a solution of (74)
without further approximations, for the second line we
exploit the fact that the dominant exponential term quickly
takes over. Thus the oscillatory behavior becomes sup-
pressed. We conclude from (75) that the amplitude (67)

AðjpjÞ � 1

4jpj2 þ �2
0

; (76)

which is in reasonable agreement with the behavior of the
numerical solution displayed in the right column of Fig. 5.
In particular, with �0 ¼ m it describes the observed power-
law exponent two for jpj large enough compared to m. We
emphasize that the above perturbative evaluation using
(68)–(71) cannot describe the termination of the exponen-
tial growth period, in contrast to the self-consistent esti-
mate of Sec. IVA leading to (57).

We have mentioned above that low-momentum fermion
modes may approach a thermal distribution much faster
than bosons. More precisely, the observed quasistationary
solution then shares the property of the equilibrium solu-
tion that nc ðjpj ¼ 0Þ ¼ 1=2 in the infrared [53]. Following

the discussion of Sec. IVA this is expected for couplings
such that the ratio (66) is 2� * 0:1. In this case the fermion
occupation number growth terminates when the thermal
equilibrium distribution is approached in the infrared. In
order to quantify this aspect we compare in Fig. 14 a
Fermi-Dirac distribution with the occupation number

nc ðt; jpjÞ in the quasistationary regime at t ¼ 90=m. The

results for 2� ¼ 1 are obtained from g
ffiffiffi
2

p ¼ 0:01 and � ¼
10�4, whereas 2� ¼ 0:01 results from g

ffiffiffi
2

p ¼ 0:01 and
� ¼ 0:01. More precisely, we compare to the thermal
distribution of free massless particles with zero net charge,

nFDðjpjÞ ¼ 1

ejpj=T þ 1
!jpj!0 1

2
; (77)

where the temperature is estimated by equating the respec-
tive energies obtained in a quasiparticle picture,

Z d3p

ð2�Þ3 jpjnFDðjpjÞ ¼
Z d3p

ð2�Þ3 jpjnc ðt; jpjÞ: (78)

Figure 14 indeed shows that for 2� ¼ 1 the quasistationary
occupation number follows the thermal distribution rather
closely up to momenta jpj ’ m. This has to be compared to
the behavior of the bosons, which still evolve in the infra-
red orders of magnitude in time longer towards the non-
thermal fixed point distribution n	ðt; jpjÞ � jpj�4, which is

far from thermal equilibrium (see Sec. III B). Figure 14
shows that for 2� ¼ 0:01 the exponential fermion occupa-
tion number growth stops before nFDðjpj ¼ 0Þ ¼ 1=2 is
reached. Accordingly, the deviations from the thermal
distribution are larger in the infrared and also the differ-
ences at higher momenta due to the nonthermal power-law
behavior are even more pronounced. Phenomenologically
a major aspect is that the power-law leads to a substantial
excess of high-momentum particles compared to thermally
produced particles.

V. CONCLUSIONS

We have studied nonequilibrium fermion production in a
Yukawa-type model in 3þ 1 dimensions following a spi-
nodal/tachyonic instability. The approximation is based on
a 1=N expansion to NLO of the 2PI effective action out-of-
equilibrium, including the two-loop boson-fermion fluctu-
ations displayed in Fig. 1. This resums an infinite series of
scattering processes and takes into account memory
effects.
These quantum corrections turned out to be crucial for

the phenomenon of instability-induced fermion production
observed in this work. This production mechanism is based
on the exponential growth of long-wavelength boson oc-
cupation numbers following a nonequilibrium instability.
A major characteristic property is that the amplification of
fermion occupation numbers is approximately momentum-
independent and proceeds with the maximum primary-
growth rate of boson modes.
Depending on the ratio � of the square of the Yukawa

coupling and the boson self-coupling, the end of the ex-
ponential amplification of fermion modes is either deter-
mined by the end of the boson growth period (2� & 0:1), or
by reaching the Fermi-Dirac distribution in the infrared for
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FIG. 14 (color online). Comparison between Fermi-Dirac dis-
tribution (thin) and simulation of the fermion occupation number
at t ¼ 90=m (thick) for 2� ¼ 1 (solid line) and 2� ¼ 0:01
(dotted line).
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momenta jpj & m (2� * 0:1). The latter leads to very fast
thermalization of low-momentum modes. This finding has
to be confronted with the extremely slow thermalization of
low-momentum bosons, which are still far-from-
equilibrium at this time.

The slowing-down of the boson dynamics after the ex-
ponential growth period is shown to be associated to the
approach to a nonthermal infrared fixed point. It is char-
acterized by scaling of occupation number modes
n	ðjpjÞ � jpj�4, which lead to strongly enhanced fluctua-

tions in the infrared as compared to a thermal low-
momentum distribution �jpj�1. It was pointed out in
Ref. [13] that such a fixed point is approached in scalar
models after a parametric resonance instability, which can
prevent or substantially delay thermalization. Here we
have demonstrated that a spinodal/tachyonic instability
leads to scaling with the same occupation number expo-
nent, which suggests that this is a universal phenomenon of
nonequilibrium instability dynamics. We note that for the
spinodal/tachyonic instability and the considered range of
parameters we seem not to observe the expected phenome-
non of perturbative Kolmogorov wave turbulence at higher
momenta [12]. Instead boson modes with momenta jpj *
m exhibit thermal properties at this stage.

Fermion occupation number modes are bounded from
above, which preempts infrared scaling solutions. We have
explicitly verified that the absence of a scaling regime for
fermions at low momenta does not affect the infrared
scaling behavior observed for bosons. In general we find
that the boson dynamics is rather insensitive to the pres-
ence of fermions for not too large Yukawa coupling g & 1,
which is expected because of the comparably large boson
occupation numbers. Despite the absence of an infrared
scaling regime for fermions, we find a power-law behavior
with exponent two for higher momenta jpj * m. Its origin
is very distinct from the physics underlying nonthermal
fixed points. The latter appear at late times and can be
described as stationary points of time evolution equations
that are independent of the initial conditions. In contrast,
we could show that the observed fermion power-law be-
havior emerges at very early times and is a consequence of
a retardation or memory effect. This power-law leads to an
excess of highly energetic particles compared to thermal
distributions.

It is remarkable that for the considered model these
nonlinear out-of-equilibrium phenomena can be studied
numerically—and to a large extent analytically—using
2PI effective action techniques directly in quantum field
theory. An important improvement would be to include a
macroscopic field into our analysis, in order to estimate the
importance of quantum corrections to frequently employed
approximations based on the Dirac equation in the pres-
ence of classical fields. Understanding the impact of quan-
tum fluctuations is an important step towards more realistic
phenomenological applications in early universe cosmol-

ogy as well as QCD in the context of collision experiments
of heavy nuclei.

ACKNOWLEDGMENTS

We thank Szabolcs Borsanyi, Sebastian Scheffler, Denes
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APPENDIX A: TIME EVOLUTION OF THE
SPECTRAL-FUNCTION

In this Appendix we consider the evolution of the
unequal-time boson spectral-function �	ðt; t0; jpjÞ and sta-

tistical function F	ðt; t0; jpjÞ. We will use this to explain in

more detail some estimates in the main text based on the
dominance of contributions coming from the equal-time
correlator F	ðt; t; jpjÞ. According to (24) the equal-time

spectral-function �	ðt; t; jpjÞ vanishes identically. The

time evolution of F	ðt; t0; jpjÞ in the linear regime can be

approximated by (44). Similar considerations for the spec-
tral function lead to

�	ðt; t0; jpjÞ ¼ 1

2
ðe�ðpÞðt�t0Þ � e��ðpÞðt�t0ÞÞ; (A1)

with �ðpÞ defined in (45). In Fig. 15 we plot results from
simulations together with the corresponding analytical ex-
pression (A1) for couplings and momentum as indicated in
the figure. The agreement before the exponential amplifi-
cation terminates is remarkable for low-momentummodes.
For momenta jpj * m the approximation becomes worse.
With (A1) and (44) for the statistical function one observes
that for not too early times F	ðt; t; jpjÞ dominates over

F	ðt; t0; jpjÞ and �	ðt; t0; jpjÞ. Moreover one can find in

this time regime the relation

F	ðt; 0; jpjÞ ’ 1

2
�	ðt; 0; jpjÞ; (A2)

which holds also for large times. In Fig. 16 the correlation
functions F	ðt; t; jpjÞ, F	ðt; 0; jpjÞ and �	ðt; 0; jpjÞ are

plotted together with (44) and the dominant part of (A1)
with a factor 1=2. This confirms (A2) and the dominance of
F	ðt; t; jpjÞ is well established for not too early times. We

note that for t0 > 0 the correlator F	ðt; t0; jpjÞ becomes

larger than F	ðt; 0; jpjÞ, whereas �	ðt; t0; jpjÞ becomes

smaller than �	ðt; 0; jpjÞ as Fig. 15 shows. These findings

justify the neglection of terms proportional to �	ðt; t0; jpjÞ
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in the self-energy contributions in (17), as was done for the
analytical estimates in Sec. IV.

APPENDIX B: DECOMPOSITION OF FERMION
TWO-POINT FUNCTIONS

In this Appendix we present the expressions of the
statistical- and spectral-function of the fermion two-point
function in the chiral basis. The statistical function is
defined by (we omit Dirac indices)

Fðx; yÞ ¼ 1

2
h½c ðxÞ; �c ðyÞ�i; (B1)

where the expectation value has to be taken with respect to
the initial density matrix and �c ðxÞ � c yðxÞ�0. In the
chiral basis we can write c ðxÞ ¼ c LðxÞ þ c RðxÞ. Where

c LðxÞ ¼ �LðxÞ
0

� �
and c RðxÞ ¼ 0

�RðxÞ
� �

: (B2)

The �L=RðxÞ are two-component Weyl spinors. This de-

composition is done by projections (PL and PR) given as

c ðxÞ ¼ PLc ðxÞ þ PRc ðxÞ

� 1

2
ð1� �5Þc ðxÞ þ 1

2
ð1þ �5Þc ðxÞ: (B3)

The �-matrices in this basis are given by

�0 ¼ 0 12�2

12�2 0

� �
; �i ¼ 0 �i

��i 0

� �
;

�5 ¼ �12�2 0
0 12�2

� �
:

(B4)

Using this notation we get an expression for the statistical
function in terms of left and right handed spinors. Here we
merely give the result of the vector components relevant in
the analysis given in the main text. The expression for the
temporal component is

F0
Vðx; yÞ ¼

1

8
½trðh½�RðxÞ; �y

RðyÞ�iÞ þ trðh½�LðxÞ; �y
LðyÞ�iÞ�;

(B5)

and for the spatial components one finds

F Vðx; yÞ ¼ 1

8
½trð�hf�RðxÞ; �y

RðyÞgiÞ
� trð�hf�LðxÞ; �y

LðyÞgiÞ�: (B6)

The spectral function is defined by

�ðx; yÞ ¼ ihfc ðxÞ; �c ðyÞgi: (B7)

Similarly as above, the temporal component of the spectral
function is

�0
Vðx; yÞ ¼ i½trðhf�RðxÞ; �y

RðyÞgiÞ þ trðhf�LðxÞ; �y
LðyÞgiÞ�;

(B8)

and the spatial components are given by

� Vðx; yÞ ¼ i½trð�h½�RðxÞ; �y
RðyÞ�iÞ

� trð�h½�LðxÞ; �y
LðyÞ�iÞ�: (B9)

APPENDIX C: NUMERICAL METHOD

Our numerical calculations for the equations of motion
derived from the 2PI effective action are carried out on a
single personal computer with 8 Gb RAM. The discretiza-
tion is performed on the level of the equations of motion.
We discretize two time dimensions and use spherical sym-
metry for the three-dimensional momentum integrals, so
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FIG. 16 (color online). Comparison of the time evolution of
the statistical and spectral function together with the analytical
expressions discussed in the text. Couplings and the chosen
momentum are indicated in the figure.
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FIG. 15 (color online). Time evolution of the unequal-time
correlation function �	ðt; t0; jpjÞ for different t0 with couplings

and momentum as indicated in the figure. For each t0 the
analytical expression (A1) is plotted for comparison.
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that only the absolute value of the discretized momenta
needs to remain in memory. The angular part of the inte-
grals can be done analytically in each case because the
arising convolutions in momentum space are given as a
product of two functions in coordinate space. The transi-
tion between coordinate and momentum space is imple-
mented using the FFTW library (http://www.fftw.org/) for
one-dimensional Fourier transforms. For the time dimen-
sion we use up to 1850 time steps with a width of dt �
0:05, depending on the coupling constants. The momentum
grid has N ¼ 80 discretization points with an equidistant
spacing of dp ¼ �=ðNasÞ, where as ¼ 0:3 is the spatial
grid spacing. We use a leap-frog-type algorithm following
earlier work, for details see [19,35]. With this algorithm the
fermion sector has a discretization in time with a time-step
width of twice the one in the boson sector. All of the
derivatives and integrals are calculated with the Euler
method and the trapezoid rule, respectively.

In the case of the classical-statistical simulations for
bosonic fields (see Figs. 6 and 7), we use the standard
hypercubic lattice in 3þ 1 dimensions. The employed
Laplace operator in the classical field equation of motion
is of fourth order and combined with a finite-difference
second-order time derivative. The field initial conditions
are generated to match the Gaussian initial correlators for
the quantum 2PI NLO calculation and a ’quench’ is im-
plemented by changing the sign of the boson mass within
the two time-steps necessary to set up a second-order time
evolution. Averages for two-point functions are obtained
by summing over all possible redundant combinations of
distances or momenta, respectively. The necessary transi-
tion between coordinate and momentum space is imple-
mented using the FFTW library for three-dimensional
Fourier transforms. Our maximum possible lattice size on
a 8 Gb memory machine is 460 points along each spatial
axis with the corresponding spacing as ¼ 0:3 whereas the
each temporal step corresponds to dt ¼ 0:05.
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[6] S. Mrówczyński, Phys. Lett. B 214, 587 (1988); Y. E.

Pokrovsky and A.V. Selikhov, Pis’ma Zh. Eksp. Teor.

Fiz. 47, 11 (1988) [JETP Lett. 47, 12 (1988)].
[7] P. Arnold, J. Lenaghan, and G.D. Moore, J. High Energy

Phys. 08 (2003) 002; P. Romatschke and M. Strickland,

Phys. Rev. D 68, 036004 (2003).
[8] A. Dumitru and Y. Nara, Phys. Lett. B 621, 89 (2005); A.

Dumitru, Y. Nara, and M. Strickland, Phys. Rev. D 75,
025016 (2007).

[9] P. Romatschke and R. Venugopalan, Phys. Rev. Lett. 96,
062302 (2006); Phys. Rev. D 74, 045011 (2006).

[10] J. Berges, S. Scheffler, and D. Sexty, Phys. Rev. D 77,
034504 (2008); J. Berges, D. Gelfand, S. Scheffler, and D.

Sexty, arXiv:0812.3859.
[11] H. Fujii and K. Itakura, Nucl. Phys. A809, 88 (2008); H.

Fujii, K. Itakura, and A. Iwazaki, arXiv:0903.2930.
[12] R. Micha and I. I. Tkachev, Phys. Rev. Lett. 90, 121301

(2003); Phys. Rev. D 70, 043538 (2004).
[13] J. Berges, A. Rothkopf, and J. Schmidt, Phys. Rev. Lett.

101, 041603 (2008).
[14] N. Barnaby, Z. Huang, L. Kofman, and D. Pogosyan,

arXiv:0902.0615.
[15] P. Arnold and G.D. Moore, Phys. Rev. D 73, 025006

(2006).

[16] J. Berges, S. Scheffler, and D. Sexty, arXiv:0811.4293.
[17] J. Berges and G. Hoffmeister, Nucl. Phys. B813, 383

(2009).
[18] J. Berges, Nucl. Phys. A699, 847 (2002).
[19] J. Berges, S. Borsanyi, and J. Serreau, Nucl. Phys. B660,

51 (2003).
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