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Predictions of light hadronic decays of heavy quarkonium 1D, states in nonrelativistic QCD
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The inclusive light hadronic decays of ! D, heavy quarkonia are studied within the framework of the
nonrelativistic QCD at the leading order in v and up to the order of . With one-loop QCD corrections,
the infrared divergences and Coulomb singularities in the decay amplitudes are proved to be absorbed by
the renormalization of the matrix elements of corresponding nonrelativistic QCD operators, and the
infrared finite short-distance coefficients are obtained through the matching calculations. By taking the
factorization scale to be 2my, the light hadronic decay widths are estimated to be about 274, 4.7, and
8.8 KeV for 1.y, 1, and 7},, respectively. Based on the above estimates, and using the E1 transition
width and dipion transition width for 7., estimated elsewhere, we get the total width of 7., to be about
660-810 KeV, and the branching ratio of the El transition 5., — 7yh,. to be about (44-54)%, which will
be useful in searching for this missing charmonium state through, e.g., 7., — yh, followed by h, — y7..
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L. INTRODUCTION

The studies of production and decay mechanisms for
heavy quarkonia provide important information on both
perturbative and nonperturbative QCD. Based on the non-
relativistic (NR) nature of heavy quarkonium systems, an
effective field theory, the nonrelativistic QCD (NRQCD)
factorization formalism was proposed by Bodwin, Braaten,
and Lepage in the 1990s [1]. Within this framework, the
inclusive decay and production of heavy quarkonium can
be factorized into two parts, the short-distance coefficients
and the long-distance matrix elements. Differing from the
color-singlet model (CSM) [2], in the NRQCD factoriza-
tion formalism, the heavy quark and antiquark pair annihi-
lated or produced at short distances can be in both the
color-singlet and the color-octet states with the same or
different angular momentum quantum numbers [1], and the
latter is known as the color-octet mechanism. This mecha-
nism has been used to remove the infrared divergences in
inclusive P-wave charmonium production [3] and decay
[1,4-6] to give the infrared safe and model independent
predictions.

Recently, the inclusive light hadronic decays of °D),
charmonium states were also studied within the framework
of NRQCD factorization up to order «? [7,8]. The infrared
divergence found in the CSM calculation [9] is removed by
absorbing it into the matrix elements of the color-octet > P,
operators. Furthermore, the new contributions at order a?
from the color-octet *P; and S, matrix elements enhance
the decay widths of 3D , states, and the numerical results
are larger than those estimated in the CSM by several times
in magnitude [8]. One can expect that a similar case will
emerge in the inclusive light hadronic decay of 'D, char-
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monium, namely, the 7, state. The difference between the
M. and 3D states is that there are no infrared divergences
in the inclusive decay width of 7, in the CSM up to order
a? [10], and the numerical result is about 110 KeV [11].
However, the infrared divergence will emerge again in the
decay width of 7., in the CSM at order o, which needs to
be removed by invoking the color-octet mechanism, i.e. by
absorbing it into the corresponding color-octet matrix
elements.

On the other hand, the estimation of the inclusive light
hadronic decay width of 7, is also important phenomeno-
logically for probing this missing charmonium state. Quark
model predicts its mass within the range 3.80-3.84 GeV
[12,13], which lies between the DD and the D*D thresh-
olds. However, its odd parity (JP¢ =2"") forbids the
decay to DD. As a result, it should be a narrow state, and
its main decay modes are the electric as well as hadronic
transitions to lower-lying charmonium states and the in-
clusive light hadronic decay. Therefore, the study for the
inclusive light hadronic decay of 7., in NRQCD factori-
zation will provide important information on searching for
this state in high-energy pp collision [14], in B decays
[15], in higher charmonium transitions, and in the low-
energy pp reaction in PANDA at FAIR [16] and in the
ete” process in BESIII at BEPC [17].

In this paper, we study the one-loop QCD corrections to
light hadronic decay of 'D, within the framework of
NRQCD factorization. The paper is organized as follows:
after an introduction of the NRQCD factorization formal-
ism in Sec. II, we calculate the decay widths up to O(a?) in
perturbative QCD in Sec. IIlI, where both the real and
virtual corrections are considered. Then perturbative
NRQCD is applied to obtain the imaginary parts of the
forward scattering amplitudes in Sec. IV. Combined with
the QCD results, the infrared divergences are either can-
celed or absorbed into the long-distance NRQCD matrix
elements, and the finite short-distance coefficients are ob-
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tained. Together with the long-distance matrix elements
estimated by solving the operator evolution equations, the
decay width is determined. The numerical results and
phenomenological discussions are given in Sec. V.
Finally, we will give a brief summary of our results in
Sec. VL.

II. GENERAL FORMULAS

There are four important scales in the heavy quarkonium
system: the heavy quark mass m, the typical momentum
of the heavy quark or the inverse of the size of the bound
state va,l the binding energy vaz, and the QCD scale
Aqcp. while the dynamical property of the bound state is
mainly determined by the latter three scales. Thus, one can
choose a cutoff w, with condition mg > u, >
mov(myv?, Agep) to integrate out the hard scale my,.
Expanding the nonlocal effective action in power of v
and writing the result in the two-component Pauli spinor
space, one then can get the effective Lagrangian for
NRQCD [1]

Lxroep = Liight + Lheavy T 0L, (D

where the Lagrangian -Elighl describes gluon and light
quarks. At leading order in v, the heavy quark and anti-
quark are described by L,y

D? D?
£heavy: (p‘r(iDt—i_ )¢+/\/T(iDt_ )X’ )
2mg 2mg

where ¢ denotes the Pauli spinor field that annihilates a
heavy quark, y denotes the Pauli spinor field that creates a
heavy antiquark, and D, and D are the time and space
components of the gauge-covariant derivative D*, respec-
tively. The relativistic corrections to Ly, are included in
the term 6 L. The most important correction terms for
heavy quarkonium energy splitting are the bilinear ones:

8 Lijtinear = 86713[¢*(D2)2¢ — x"(D22x]
te 2 [4T(D - gE — gE - D)
+X*(D'gE — ¢E-D)x]
* gD X B — gE X D) - o
X*(ID X gE — gE X iD) - ox]
%Q[w*(gB -0y — xT(gB- o)yl ()

where E' = G% and B’ = ] €/*G/* are the electric and

"Here, v denotes the relative velocity of the heavy quark pair
in the meson frame. The average value of v? is about 0.3 for
charmonium and about 0.1 for bottomonium [1].
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magnetic components of the gluon field-strength tensor
G*7, respectively.

In the Lagrangian Lyrqcp in (1), there are still three
low-energy scales: the soft scale mguv, the ultrasoft scale
vaz, and the QCD scale Agcp. The existence of multi-
scales makes the power counting rules of NRQCD (the
velocity scaling rules [1]) generally nonhomogeneous.
More seriously, if one wants to do the NRQCD loop
calculations in a dimensional regularization scheme with
L\rqep defined in (1), one will find that the hard scale
cannot decouple from the loop integrals and the power
counting rules are inevitably violated [18]. These problems
can be solved simultaneously by the method of regions
[19], which will be explained and applied in our calcula-
tions in Sec. IV.

To reproduce the annihilation contribution to a low-
energy Q0 — QQ scattering amplitude in NRQCD, local
four-fermion operators in § L are needed, which have the
general form [1]

fn(,u )
5£4 fermion — Z A @I‘I(ILLA)’ (4)
Q
where @, denotes regularlzed local four-fermion opera-

tors, such as 1 yxT ¢, and d,, is the naive scaling dimen-
sion of the operator. The dependence on cutoff u, of the
operator O, is canceled by that of scaleless coefficient
fa(pp), which can be computed by matching the full
QCD onto the NRQCD as perturbation series in «a.

In NR theory, the width of heavy quarkonium H is —2
times the imaginary part of the energy of the state, thus one
has [1]

F(H - LH) = 2In’1<1_1|5-£4 fermi0n|H>
Z 2Imfn(/-LA)

n mQ

where L H represents all possible light hadronic final states,
and the operator O, here and afterward only denotes the
one relevant to the strong annihilation of QQ. The NR
normalization has been applied for the state |H) in (5).

In order to calculate the coefficients of the four-fermion
operators in (5), the equivalence of full QCD and NRQCD
at long distance is exploited. Since in construction, the
coefficient f, is of a short-distance nature and is indepen-
dent on the long-distance asymptotic state, one can get it
by replacing the state |H) by the on-shell heavy quark pair
state |QQ), with small relative momentum and matching
the forward scattering amplitude of Q0 — QQ in full
QCD onto that of NRQCD perturbatively. The matching
condition is written as [1]

fn(/u’A)

Q
X <QQ|@n(,U«A)|QQ>|penNRQCD-
(6)

A(QQ — 00)lpergen = Z

014001-2



PREDICTIONS OF LIGHT HADRONIC DECAYS OF HEAVY ...

Since we only need the imaginary parts of the coefficients,
the optical theorem can be used to simplify the matching
calculations.

The physical ! D, state can be expanded in powers of v
in the Fock space

I'D,) = 01O D) + Ow)| O P
+ 0WHQO( Sy + ..., )

where the superindices [1,8] denote the color-singlet and
color-octet, respectively. The contributions from the
P-wave and S-wave Fock states to the annihilation rate
of ' D, are at the same order of v? as that from the D-wave
state, because their relevant operators scale v~2 and v™*
relative to O, ( 1D2), as can be seen later. Other Fock states
contribute at the higher order of v?. Therefore, the light
hadronic decay width of ' D, at leading order in v? can be
described in NRQCD factorization framework as follows:

('D,|0,('D,)|'D,)

I'('D, — LH) = 2Imf(' D)

mg
1 1 1
+ 21 pl) C22OCPIED,)
Mo
1 1¢ |1
+ 21mf(1S58])< D2|@8(2S°)| Dy)
mo
'D,|O,('S)|'D
+ 2Imf(155”)< 2 ‘(2 LCEYR
m
Q0
where the four-fermion operators are [20,21]
0,('s,) = ty,
1(So) =5 ¥ xx' v
O5('Sy) = YT T xx T4,
04 = (=5 D)1x - (-5 DDITw,
0,('D Txxtsiy, 9)
where D =D — D and SV = (— DD - %525’7).

Since D?/ sz scales as v2, it can be ensured that the four

terms in (47) are at the same order of v.

The coefficients in (47) can be obtained by applying the
matching conditions (6) to appropriate QQ configurations.
To subtract the full QCD amplitude of QQ state of a
particular angular momentum, the covariant projection
method is adopted. In practice, the optical theorem can
relate the imaginary part of the QCD amplitude A in (6) to
the parton-level decay width [20,22]

PHYSICAL REVIEW D 80, 014001 (2009)
_ 1 _ _
I'(QQ[n] — LFs) = m<QQ[n]I(9[n]IQQ[n]>k%

x5 [1M(Q0ln)— LFs)Pac,
(10)

where LFs denote the gluons or light quarks and [n]
denotes the configuration of the QQ. The state |QQ[n])
has been normalized relativistically as one composite state
with mass M = 2EQ, except that in the matrix element in
(10), where the state is normalized nonrelativistically to
match the results in perturbative NRQCD conveniently.
The superindex LO of the matrix element means that it is
evaluated at tree level, and we always use the abbreviation
(O[n])1o to represent it in our calculations. Moreover, the
summation/average of the color and polarization for the
final/initial state has been implied by the symbol z

For spin-singlet states with L = 0, L = 1 and L = 2, the
amplitudes M defined in (10) are given by [22]

M(QQ)i™ — LFs) = \/AgTr[c["Slnomm]lq—o,

8 P (2 d an
M((QQ)E;IﬁLFs)—e%]\/;I 70 T CPITTO M|,

LFs) 1 [D] 2 d2
Cap quadqﬁ

X Tr[cUJHOjvzamﬂq:O,

M(QO))) —

an

where M denotes the parton-level amplitude amputated

[P] [D]

of the heavy quark spinors, and € and €,4 are the

polarization tensors for the L = P, D states, respectively.

The factor \/Z = M __ omes from the normalization
M \J2Eg\)2E,
of the composite state |QQ[n]). For the color-singlet and

octet states, the color projectors are Cl'l = 7‘}’,- and CI8] =

V2(T,);;, respectively [22]. The covariant spin-singlet pro-
jector IT° in (11) is defined by
0, 0>

I = zu(s>v<s><

The explicit form of T1° in D dimensions will be discussed
in the next subsection.

(12)

The sums over polarization tensors for e[aP ] and EEYD;; in D
dimensions are

ZE[” AR | (13a)
1
[D] _[D} _
Zeaﬁ' oz’,B’ - E(Haa’Hﬁﬂ' + Haﬁ’Ha'ﬁ)
1
- ﬁﬂaﬁﬂa/ﬁ/. (13b)
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Here, II,, is defined as

PozPa'
Haa’ = “8ad’ + M2 ’ (14)
where P is the total momentum of QQ, and P? = M? =

4E2,.

Needless to say, the final result should be independent on
the normalization convention of the QQ state. If one wants
to apply NR normalization thoroughly in the calculations,
one needs to eliminate the factors 1/(2M) in (10) and
4/2/M in (11), and then to replace the covariant spinors in
(12) with the NR ones with the normalization condition
utu =vtv =1

A. Discussions on y° scheme and projection operator

We will do our calculations in a dimensional regulari-
zation scheme both for QCD and NRQCD. Since we are
only dealing with the spin-singlet Fock states, there will be
the problem of definition of 9> in D dimensions. In our
calculation, the > matrix can be represented as [23]

i
Y =0 Y Y Yo (15)
The calculation involving 9> is carried out in D dimen-
sions, where €#"?? and y* are all defined in D dimensions.
Our prescription of y° is equivalent to the naive > scheme
for processes where each closed fermion chain contains at
most one y>. Other prescriptions may be found in the
literature [24-27].

In four dimensions, the covariant spin-singlet projector
I1° defined in (12) can be given by (see, e.g., [28])

10 — m(ﬁ J+ Q)(PLM)
X 75@ —d - mQ), (16)

where ¢ is half of the relative momentum of the heavy
quark pair. The form in (16) cannot keep C parity conser-
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vation in D dimensions because ( + M)y’ cannot keep an
invariant form under charge conjugation transformation in
D # 4 dimensions. This problem can be solved by replac-
ing it by the following two operators: For spin-singlet
states the spin projectors of incoming heavy quark pairs
at any order in v? are given by

o_ 1 14
T 212(E, +mQ)( +”j+mQ>
[(P+ M)y + vy (=P +M](P
~ M (5 - mQ)
(17)
from [29] and
0 _ 1 [N
=55, +mQ)< ”“mQ)
(P+My (=P +M) (P
X T (5— 4—mQ) (18)

from [30]. The above two projection operators both give
correct results and keep C parity conservation.

II1. FULL QCD CALCULATION

In this section, we calculate the imaginary part of QQ
forward scattering amplitude, or equivalently, the parton-
level decay width I' defined in (10). In the calculation, we
use FEYNARTS [31] to generate the Feynman diagrams and
amplitudes and FEYNCALC [32] for the tensor reduction.
We regularize the ultraviolet (UV) and infrared (IR) diver-
gence in dimensional regularization scheme and extend the
covariant projection method into D = 4 — 2€ dimensions
as has been mentioned.

The leading order subprocesses in «; are the annihila-
tions of QQ[n] into two gluons, where n can be any
configurations of the Fock states listed in (7). The
Feynman diagrams at LO of «; are shown in Fig. 1. And
the results in D dimensions are

Cra?l16m?
Poom('Sy! = £8) = === ®s(1 = )1 = 2e)(O(' Sy D)o
0
Bra’167?
Thom('SE! — gg) = L2 ,(1 — €)(1 — 26O Sy 6,
mQ
Cha2dm® . (1— €)1 — 2¢) 1
agaT — €
1—‘Born(lp[lg] - gg) = A 4 2 — (O(IP[S]»LO;
my 3 —2e€
2 2 2
IR _ Crajdm (1 —2€)(6€ —15¢ +8), | 11
1—‘Born( Dz gg) m(é (I)Z 462 —16€ + 15 <(9( D2 )>LO;
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FIG. 1. Feynman diagrams for ILBI‘S] — gg.

2 _
where B, = N4 —

v 2, and @y is the two-body phase
space in D dirﬁensmns 8177 FF((21 266)) (—)6 The first three
results in (19) are consistent with those in Refs. [20,22].
At the Born level, there are no IR divergences in the results

since both the two gluons should be hard in the rest frame

of Q0.

A. Real corrections

The real corrections to Born level subprocesses in-
clude the decays into ggg and ¢ggg final states. The corre-
sponding Feynman diagrams are shown in Figs. 2 and 3.
For simplicity, unphysical polarization summation is used
for final state gluons, so diagrams with ghosts in the
final states must be included in the calculation when a
three gluon vertex appears, in order to cancel the non-
physical degrees of freedom to keep the full results gauge
invariant.

1. (QQ_)IL[JLSJ — 888

Our results of S-wave configurations agree with those in
[20,22] and are listed below:

r('si! — ¢g¢)
I(sy = ¢gg) = NyTpom(!
( 0 C]qg) f Born( 0

(P — gqg) =

(oM — 4ge)

= NfFBorn(ISE)H — 8
o8,
NfFBorn(IP[lg] — 88

= N}"FBorn(lD[zl] — 88

PHYSICAL REVIEW D 80, 014001 (2009)

TS — ggg) = ’; * Tporn('SH — g2)fe(M?)

X(i+£+1;:1—§ 2)
& 6e 18 247

A SFBom( S[S]_’gg)f (Mz)

1,7 104
(el )

TS — ggg) =

+——

20
€ 3e 9 (20

where f.(M?) = (ﬂ@—/f)fr(l + €). The D-dimension P and
D-wave results are

TP — ggg) =

Cas
A P (P — go)fo(M?)

(l 71 7(—168 + 25772))
2T 57 T 162 :
T('DY — ggg) = A% Ty, (1D — gg)f(M?)
13 7027 277
X(+=+—-—"—7) (21
(52 e 144 64" ) D

Both soft and collinear IR divergences are there in the
results in (20) and (21), and the square pole 1/€> comes
from the overlap of the soft and the collinear regions.

2 (QQ_)lL_[Il,x] —q498
Another subprocess of light hadronic decay is to ¢gg
final states, and only two graphs make contribution to this
subprocess (shown in Fig. 3).
We get the following results:

g)a fe(Mz) TF( 3% g)’

gg)a fEMZ)T 2 _19)
a, fE(MZ) F( 3; 1) (22)
)< (-2)
L0210

where N is the number of light ﬂavor quarks. Ny = 3 and 4 for charmonium and bottomonium, respectively. 7y = 1/2,

K= F(1+E)F(1—e)~1+e

, and the S-wave results agree with [20,22].

There are only single poles of € m the results in (22), and they can be identified as collinear ones. The absence of the soft
IR divergence can be seen from the diagrams in Fig. 3. When the momentum of the real gluon goes to zero, it will decouple

TOTTTOO OO OO0
YOO o 00 Y Y

/Y’/
SEETEILR IR

FIG. 2. Feynman diagrams for IL[Jl‘g] — g88.
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<

e

FIG. 3. Feynman diagrams for ILBI‘S]

—q4g.

from the quark line as an eikonal factor [20], then the
results will be zero since QQ in spin singlet cannot couple
to one virtual gluon.

As will be seen later, the collinear divergences and
partial soft IR ones in (20)—(22) are canceled by the virtual
corrections to the Born level decay width. The remaining

soft IR divergences are those in F(lP[lg]ﬁggg) and

F(ID[;] — ggg) from the first diagram in Fig. 2, which
will be absorbed in the renormalization of the operators
0,5('S,) and Og4(' P,) in perturbative NRQCD. These are
just the general results of the so-called topological facto-
rization discussed in [1].

B. Virtual corrections

There are 23 virtual correction diagrams, including
counterterm  diagrams, divided into 9  groups.
Representative Feynman diagrams of each class are shown
in Fig. 4. And the others can be found through reversing the
arrows on the quark lines or exchanging the final state
gluons. UV divergences are removed by renormalization.
The definitions of the renormalization constant of QCD
gauge coupling constant g, = /4ma,, heavy quark mass
mg, heavy quark field # o, light quark field ¢ ,, and gluon
field A, are

e

Q
Iy

Y a’l

0000000

PHYSICAL REVIEW D 80, 014001 (2009)

mQ - ZQOQ, 0 = \’Z2Q po,
vy = VZ2q g AL =NZ3A,,

where the superscript O labels bare quantities, and Z; =
1 + 6Z;. The renormalized constant Z, is defined by
minimal-subtraction (MS) scheme, and the others by the
on-mass-shell (OS) scheme, similar to that in [33]. Then
the results are

g =74,

(23)

5285 = ~Cr iyt fe(Mz)(— 24 6mR) + 4)

€yv
1
5Z2Oqs = _CF fe(M2)< _),
Eyy €
2
8295 = (by — CA)_fe(M2)< —), (24)
€yy €
8795 = —3Cp fE(M2)<— +21In(2) + 4)
¢ €yy
MS — 2 m?
Z M — Inl—
0L = by 1l )( euv “(4%))’
where by, = % — %

We calculate diagrams one by one and summarize the
results in the following form:

F(IL[JI,S] - gg)Born
X > D,
k

where the results of D, are listed in Tables I, II, III, and IV.
We add the counterterm diagrams with the corresponding
self-energy and vertex diagrams to show the explicit can-
cellation of the UV divergence. There are still IR diver-

a
(L™ = geve = )

(25)

FIG. 4. One-loop Feynman diagrams for (QQ), L8 — g8
J
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TABLE 1. Virtual corrections to (QQ), 1 — gg.
Diag. D,
al + a2 CF( +1+6ln2)
a3 + a4 + a9 S+ l(-20, — ‘)-‘:—boln ,+cF( 82 —4+7) -G (—4+ 7
as cA( ?———2+2ln2+ )
ab %CA(i-l— +2 - 41n2—1277'2)
a7 Cr(% +'—2+21n2)
a8 0

gences left, which will be canceled by those in the real
corrections as we have mentioned. There are also the well-
known Coulomb singularities, which have been regular-
ized by the relative velocity v, in Tables I, II, III, and IV.
These singularities can be absorbed by the corresponding
matrix element through the matching condition (6).

|

C. Summary of the QCD results

Combining the real and virtual correction results to-
gether and translating the parton-level decay width back
to the imaginary part of the forward scattering amplitude,
we get the full QCD results up to O(a?):

_ - 8ma;
(2 Imﬂl(QQ[lS([)l]] - QQ[ISE)”]))lpertQCD = {:;:;S (1
Q

2
+12(33 — 2N;) 1nm - 93772]}<(9(‘S([)”)>Lo,

277&5) a’
+ -
3v

o [4(477 ~ 16N,)

_ - 5ma;
2ImAQO['SF] — 001" SF ) penocn = {6:% (1 -

(26a)
Qo
5a3
16(153 — 4
lZv) 432mQ[ 6(153 — 4Ny)
2

0

ImA QL PP — Q0L Pl eocn = {Zméé

@3[23(~8N; —

+

Wa% ( o

) 19a3 [1 yE+ln(47T)]

18mQ
211n(2) — 229) + 11972) — 3(6Nf - 61)1n( 2)]

X <@(1P[]8])>L0!

108mQ }
(26¢)

@ImAQO[' DY — Q0L DY) eroen = {

167a? 27 8al 1
c ( + )— 6[——'yE+ln(47T)]
45mQ 3v 9mQ €
3[4(128N, + 10081n(2) — 19509) + 192(N, — 9) In(£;) + 72637°]
X [
; }
1620mQ
X (O(' DY), 0, (26d)

TABLE II. Virtual corrections to (QQ)1 g8 — g8
Diag. D,
al + a2 Cr( +1+ 61n2)
a3 + a4 + a9 S+ l(-2c, - CA)+b01n +Cp(—8I2 — 4+ 7)) -G (—4+T)
3.5 —CA(_;_;_2+2IH2+272)
a6 0
a7 (Cr—1CHE +1-2+2M2)
a8 0
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TABLE III.  Virtual corrections to (QQ)1 P8 — 8.
Diag. Dy
al + a2 CF(1 -3+ 101n2)
a3 + a4 + a9 5 -1QCr+ by + ) + bo Intr -t cF(” 161n2) — (=6 + = + 21n2)
a6 0
a7 (Cr—3CHE +1-2+2m2)
a8 Ca(=3+1)
TABLE IV. Virtual corrections to (QQ), ,n — gg.
Diag. Dy
al + a2 CF(1 10 + 22 ln2)
a3 + a4 + a9 - A —1Q2Cr + by + C4) + by Ings> + Cp(10 + 3 7% — 381n2) — %( B+ 5 +2n2)
a5 CA(—%———8+ 2 4+ 121n2)
a6 'CA(1 +69 17 —161n2)
a7 CF(ZU i 1- °2 4 41n2)
a8 0
where the states |QQ[n]) in the left-hand side and the right- soft: A% ko ~ |k ~ mgu,

hand side should be understood to have been normalized
under the same condition. Moreover, the equalities in (26)
are independent on the normalization conventions. That is,
the state |QQ[n]) can be normalized either relativistically
or nonrelativistically, either as a composite state or as a
discrete state. Therefore, it is convenient to use Im A to do
the matching calculations, and we will use the abbreviation
Im A (n) to represent the amplitudes in (26).

The remaining infrared divergences and Coulomb sin-
gularities in (26) will be precisely repeated in the radiative
corrections of the matrix elements in perturbative NRQCD
in next section. The finite short-distance coefficients will
be obtained after matching calculations.

IV. NRQCD RESULTS AND OPERATOR
EVOLUTION EQUATIONS

In this section, we calculate the NRQCD corrections to
the four-fermion operators in D dimensions. As we have
mentioned, we will adopt the method of regions [19] to
avoid the mismatch of the loop momenta in different
regions. Furthermore, each loop integral in this method
contributes only to a single power in v, thus one can do the
power counting before the integral has been explicitly
done.

Since the ultrasoft and the QCD scale are comparable,
va2 ~ AQCD, for both charmonium and bottomonium,
there are only two low-energy scales to be considered in
NRQCD, which satisfy the inequality myv > vaz_
Thus, the nontrivial contributions to the NRQCD loop
integrals come only from the following three regions:

\I’SZ T~ |]_5| ~ mgov,

potential: A} kg ~ myv?, k| ~ myv,

v, T~ va2, |pl ~ mgu,

ultrasoft: Al': ko ~ k| ~ mov?, 27

where k, and p, are the momenta of gluon field and heavy
quark field, respectively, and T = p, — mgy. The loop
momenta running in these regions scale as those of the
corresponding gluons in dimensional regularization
scheme. One can check that the other regions, such as
that with ky ~ mgyv and k~ mo v?, have no contributions
to the NRQCD loop integrals in the dimensional regulari-
zation scheme. From the view point of effective field
theory, the five modes defined in (27) can be all treated
as the effective fields in NRQCD. Only after parting these

(T.p) ik |
1 1
soft - Qi ————= . A, A = n
(T,p)
e . . - — 4
potential : @, : - e
Apgi---=-=---- - Ao —
P —k2+ie v —k2+ie’

ultrasoft : qu :

FIG. 5. NRQCD Feynman rules for heavy quark and gluon
propagators in different regions.
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(T.1) (T".7) ige ¢ (T.1) (T'.7)
- T

—ep) > —

J
(a) (0)

FIG. 6. NRQCD Feynman rules for heavy quark and gluon
vertices.

low-energy modes sufficiently like what has been done in
(27), the homogeneous power counting rules can be gotten.

In practice, we use the NRQCD Feynman rules [34]
derived in Coulomb gauge for the three regions (or the
five low-energy modes) in our calculations. These rules are

shown in Figs. 5 and 6, where 8 = 67 — % The

Feynman rules for antiheavy quark could be obtained by
charge conjugation symmetry.

The Coulomb singularities calculated in the full QCD
theory correspond to the potential region, while the soft
divergences to the soft one. The LO Feynman diagrams for
matrix elements are shown in Fig. 7. The on-shell external
quark lines lie in potential region. At next-to-leading order
(NLO) in «ay, only six classes of Feynman diagrams shown
in Fig. 8 need to be calculated for our purpose [8]. The first
four diagrams (a)—(d) have inner gluon lines connecting
with one incoming quark line and one outgoing quark line,
and the soft region will give the lowest order nontrivial
result in v [8]. In the last two diagrams (e) and (f) the inner
gluon line joints two incoming or outgoing quark lines, and
only the potential region has nonvanishing real value [8].
The self-energy diagrams in the external legs are dropped
in accordance with the on-shell renormalization scheme
used in the full QCD calculation.

We present here the detailed calculation of the NLO

correction to the P-wave octet operator O(' PI*)). The LO

result (@('PES]))Bom is trivial. Using the Feynman rules for
propagators of heavy quark and gluon in soft region and for
the heavy quark gluon vertex between potential and soft
regions, the loop integral of diagram (a) is

; _ig [ d% p-p'— (- K@ k)/K’
“ omy ) @mP k3 — k% + ie
% 1 1
kO — i€ ko — L€

(28)

After performing the contour integration of ky = |k| — ie
we get

g2 d°'k p-p' = (p-Kk)(p' - k)/Kk?

I - b
“2mgy J Qm)PT! k|3

(29)
which is both infrared and ultraviolet divergent. The inte-

%Since the quark propagator poles should be taken into account
in the potential region, one only needs to evaluate the contribu-
tion from the gluon pole in the soft region [19].

PHYSICAL REVIEW D 80, 014001 (2009)
o(Lh)

FIG. 7. NRQCD Feynman diagrams for LO Matrix Elements.

gral in (29) is scaleless, so it vanishes in dimensional
regularization. That is, the UV pole will be canceled by
the IR one. But the result is nontrivial:

a, (1 1) ,
I, = — ——Jp-p.

37Tm2Q €yy €

(30)

The integrals of (b)—(d) in Fig. 8 could be evaluated in the
same way, and their results are

o 1 1 ,
Ih—d:3 s\——=Jp-p.
7TmQ Eyy €

Making use of the Feynman rules for heavy quarks and
gluon in potential region, we obtain the loop integral of
diagram (e):

3D

I = —ig? dPk 1 1
¢ )P k2 T + ko P+k) + e
X ! (32)
T —ko— B+
where T = 2"’7';. Integrating k,, we have
1= gimg [ K] 1 (33)

QmPTK2K2+2p-k —

This integral could be performed directly by introducing

v= lpl , and we get the Coulomb singularity

L /1 m2v?
L) )
4v T \€E T

The integral of diagram (f) gives the same Coulomb sin-
gularity but with opposite sign in the imaginary part.

The color structures of diagrams (a,c), (b,d), and (e,f)
are obtained by color decomposition and are listed below,
respectively:

V2TT? ® T"\2T* = Cp.

(34)

11 N2 .
\/_ \/_ Ne =2 preeare,
\/_ f «/_TC®J_TC

TP\2TT? ® 2T = (CF - ECA)\/ETC ® 2T

2TTP @ \2TTh =
(35)

Summing over each integral multiplied by the according
color factor we get NRQCD matrix element of the P-wave
operator at NLO, which is UV divergent and needs to be

014001-9
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(T.p) (T',7) (T, p)

(T",7)

FIG. 8. NRQCD Feynman
Elements.

diagrams for NLO Matrix

renormalized:

©@CPio = {(1+ %7 (cr - 5Ca) War o VET*
S e

ey €
+ Bp2T¢ ® \2T¢ ]p ~ pl}<(_9(1P1)>LO:
(36)

where we have used <(90(1P[18])> =(0°('P))) X
V2T ® \/2T* and the superscript 0 means the bare opera-
tor. Before doing the operator renormalization, we first re-
express the bare result as

(©C Ao = (1457 (cr = 3¢ KO0 Ao

1 1
(_ Z)
X (CH{O( DY)y o + BHO( DEN) o).
37)

M \2e
el
2
3wmQ

From the above equation we can see that the color-octet
P-wave operator is mixed with the color-singlet D-wave
operator at NLO in «,. We define the renormalized opera-

tor OF(* PI)) through [33]

PHYSICAL REVIEW D 80, 014001 (2009)

A (H)2e
(O (Pt = (OF (P o +— 2
7TmQ
1
x (— + Indar — yE)(ch(ng”»Lo
Eyv
+ B{O('DEN)y o). (38)

Here, the MS renormalization scheme is adopted. The
matrix element of the renormalized operator is UV finite,
but still has an IR divergence term, which will cancel the
infrared divergent D-wave full QCD result. And it also has
the Coulomb singularity, which is the same as that appear-
ing in the full QCD virtual correction:

(O Phao = 1+ 27 (Cr = 5¢4) )OO PIo

Ao, (Loye
37Tm2Q

X (CHOC DY) o + B{OC DY) ).

(39)

(— — — Ind7m + yE)
€

Here, the matrix element of (O(IDES]) is at higher order in v
in our case and therefore can be eliminated. The matrix
elements of S-wave singlet and octet operators and that of
the D-wave singlet operator could be computed in the same
way:

agTT

(O nio = (1 + 5 )OS o
| da (e
2N, 37Tm2Q

X (O(' Py, o, (40)

v

€

(O3 o = (1 + 27 (Cr = 5€2) KOCSE Mo

da (L)%

B £ (———1n477+ 'yE)
7TmQ €

X (O( PPy o+ ..., 41)

T

2u

(O( DMy = (1 + cF)<@<1D5”)>Lo T

(42)

where ““...”” denotes terms at higher order in v.

Finally, combining the matrix elements given above with
the short-distance coefficients, accordingly, we get the
forward scattering amplitudes for the 'L states computed
by the NRQCD effective theory, which are summarized
below:

014001-10
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21mf ('S}
(21m A (6 ) lermvroep = %(1 + SN0 1o, (430)
0
2Imf ('S
RImACS N waco = 22 1+ (¢ = 262 2T o0 s, (43b)
0
2 Imf(* P 1 \a,m 1 4a, 2Imf('st) (4
(ZImAOPES])NpmNRQCD = {T[l + (CF - ECA) 0 ] — N, 37TmQ c ( MA ) I'(l+e)
1¢l[8]
- daBr 20 (TN 1 ol P, (430)
37TmQ € ,uA
2Imf(' D o\ 4a,Cp 2Imf(' P 4
I A DI enwen = [P (14 ¢, G) - A0Cr 2IMFCAD TN s g Jo¢ Do 430
my v 7TmQ € ,uA

Setting expressions in (44) equal to those in (26), respectively, and expanding Imf,, in the power of «, we obtain the IR
finite short-distance coefﬁcients up to O(a?):

Ll 8ma’ a w?
2Imf('si) = - (4477 = 16N)) + 12033 = 2N n( ) = 937 (44a)
3 Q
2 5 2
2Imf(1s)) = Smag | Sa; (16(153 — 4N;) + 12(33 — 2N;) ln( ) — 1297 ) (44b)
6 432 4m Q
2
2Imf (1P = mag { 3(6N, — 61)1n<4’u7> + 2[—(24Nf +631n(2) + 725) + 11972 + 1141n(ﬁ)]}, (44c)
0
167a? a’ M w?
2Imf(' DV [772 — 512N, — 72637% — 40321n(2) + 2 1(—)—12 - 1(—)]
mf('D5") = 23 620 8720 — 512N, 637 0321n(2) + 28801n i 92(N; —9)In 4m2Q

(44d)

where the short-distance coefficients of the P wave and D wave are u 5 dependent. Their u, dependence will be canceled
by that of the corresponding renormalized operators, which could be obtained by finding the derivative of both sides of

dOC LM

T 0. Then we obtain the renormalization group equations at leading

(39)—(41) of w,. For Born quantities,
order in v and a;:

dO(Po _ Ba CF<(9(ID[”)> KO Do _ | —8a
dlInpp 3mm o dlnpy 2N, 3

d<@R<ls£f]>>NLo 8a,By
dlnpy 37TmQ

<(o< P o,

(45)
<@(1P[8])>LO

The solutions of the matrix elements (1'D,|O(w »)|1'D,) in the heavy quarkonium D-wave state ! D, are

8CF as(/-LAO)
5— In (

3me0 ag(n)
&( 8 a s(ma,)
AN, 3mighy @y (p)

CrB 8 s 2
F F( - h'ia (’LLAO)) <11D2|@(1D[21])|11D2>,
2 3me0 ag(pmy)

1'D,|OF( P ()11 D) = 1'D,|0(' DY)|1'D,),

(11D, |OR(SL) () [1'Dy) = ) (1'D,l0( D11 D,), 46)

(1'D,|OR (' SN (w)I1'D,) =

where the initial matrix elements like (1! D,|OF (IP[ISJ)(,LL a)I1'Dy) at py, = mgu are eliminated [1,7,8].
To justify the elimination of initial matrix elements at u, = myv, we will compare our method with an alternative one
in the potential NRQCD (pNRQCD) [35], where the soft scale myv in NRQCD is integrated out. Take spin-singlet S-wave

color-octet matrix element (5| O(' Sgg])th), for example. In NRQCD [1], it is determined by operator evolution equation
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(ol OCSEN ()oY = (hol OC SEN (x,)hp)

4CF as(:U’Ao)
3]Vcb()’an as(/u/\)

X (holOC P hy). (47)

In

As proposed in [1], the second term on the right-hand side

of Eq. (47) is enhanced by In> (’; ‘0) and the first term may

be neglected, if the dlfference between the two scales uy
and u /\ is large enough. However, in our case we have
InS= 5 ‘(m “ = 1.10 for charmonium and In%5%% 2’2"”“; = (.738 for
bottomomum at wy, = mov and pwp = 2mg (see the next
section for the expllclt input parameter values). Therefore,
the In% E;"Q”; term does not contribute large enhancement;
thus, the neglect of the first term in Eq. (47) should be
carefully examined.

On the other hand, in pNRQCD [36,37], the color-octet
matrix element can be related to the corresponding color-

singlet one in the factorization form, for example [36],

(ho (PO S hg(nP)) (1)

1
= oz, SO PP, (48)
where /y(nP) denotes the n' P, heavy quarkonium state,

and at the leading-log approximation the nonperturbative
constant E(u) is

24NCCF lras(,u’)
2b0 ‘aS(IL’L) ‘

Equation (49) is applicable to both charmonium and bot-
tomonium. Substituting Eq. (49) into Eq. (48), one can get
the leading-log behavior of the color-octet matrix element
<hQ(nP)|@(ISE)S])IhQ(nP»(/t), which is consistent with
that in NRQCD [1]. The authors of Ref. [36] fit the value
of E(u) with the experimental data at & = 1 GeV and get

E(n =1GeV) =533 (50)

E(u) = &) + (49)

Setting u' = mpv and using the central value given in
Eq. (50), one can find a rough estimate:

24Nc CF lpa.v(mcv)

E(mv) =2.01 by .2

=117, 5D

which indicates that the initial matrix element could be
neglected compared to the evolution term. While for bot-
tomonium,

24N .Cp % J(myv)

E(myv) = 9.27 by w.2my)

=8.51, (52)
and the initial matrix element contributes at the same order
as the evolution term. Considering theoretical uncertainties
and experimental errors, our analysis above should be
regarded as giving a reasonable qualitative estimate.

PHYSICAL REVIEW D 80, 014001 (2009)

Moreover, in Ref. [7], the same approximation was used
to get the color-octet matrix elements for the 3P, charmo-
nium states, and the obtained color-octet matrix elements
are consistent with lattice QCD calculations and extracted
values from the observed y.; decays within 20-30% (see
[7] for related references). Those conclusions are for the
P-wave case, and we assume that they can be extended to
D-wave case too. Our method of determining color-octet
matrix elements in Eq. (46) may give the correct order of
magnitude of the matrix elements, and is consistent with
the pNRQCD approach proposed in [36,37].

V. NUMERICAL RESULTS AND
PHENOMENOLOGICAL DISCUSSIONS

The long-distance matrix element of D-wave four-
fermion color-singlet operator in the hadron state is related
with the second derivative of radial wave function at the
origin through the following relation:

15|R,(0)7

1 1 1
(n'D,|O(n'D,)|n'D,) = -

= m$Hp,. (53)

Combining the leading order coefficient 2 Imf (IDEI])LO =
167a?/45 given in (44d) and the color-singlet matrix
element given in (53), one can reproduce the decay width
of D, state in the CSM at leading order in a; [10]:

2a2 |RnD(O)|2

3 (54)

Fesm(n' D, — gg) =
mQ

However, there are contributions from the color-octet Fock
states in (7) in NRQCD even at the order of a2. The matrix
elements of the P-wave octet operator and S-wave singlet
as well as octet operators in the ! D, bound state could be
estimated through the solutions of the operator evolution
equations in (46).

The region of validity of the evolution equation is
chosen as follows: the lower limit s, = mpv and the
upper limit u, of order mg. For convenience, we take the
factorization scale w, to be the same as the renormaliza-
tion scale u of order my. We choose the pole mass m, =

1.5 GeV, v? = 0.3, up, = mov, pp =2m,, a,2m,) =
15R" (0)[?

0.249, N; =3, Agep =390 MeV, Hp, = % =

0.786 X 1073 GeV [38] for charmonium, and m, =

4.6 GeV, v2 = 0.1, pp, = myv, uy = 2my, ay(2m,) =
1" 2

0.180, N; =4, Agcp =340 MeV, Hpy = 2RO —

b
0.401 X 10~* GeV for 'D states and Hp, = mg;i[;?w =

b

0.750 X 107* GeV for 2D states [38] for bottomonium.
The w dependence curves of the decay widths are shown
in Figs. 9 and 10. When p = 2m,. for cc¢ systems and 2m;,,
for bb systems, we get the predictions at O(a?)
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FIG. 9. Renormalization scale dependence of the decay width
of charmonium state 1'D, to light hadrons (LH).

T'c(1'D, — LH) = 274 KeV,
I5(1'D, — LH) = 4.70 KeV, (55)
I5(2'D, — LH) = 8.78 KeV.

The LO decay widths for charmonium and bottomonium
1 1D2 states are 155 KeVand 3.22 KeV. Therefore, the NLO
QCD corrections contribute enhancement of factor 1.8 and
1.5, respectively.

For the 1' D, charmonium state 7,,, the numerical val-
ues for all subprocesses are also listed in Table V. One can
see from this table that the contributions from the Fock
states other than |1D[21]) are dominant in the decay width,
and the total result is about 1-3 times larger than that in
CSM even at leading order in «;.

For the phenomenological analysis of 7.,, we vary the
renormalization/factorization scale from 2m,. to m, and get

40} .

r(1'D,->LH)(KeV)

351 .

30 2

wm,

FIG. 10. Renormalization scale dependence of the decay width
of bottomonium state 1'D, to LH.
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TABLE V. Subprocess decay rates of 1'D, charmonium,
where m. = 1.5 GeV, v = 0.3, u,, = m.v, uy = 2m,, and
a,(2m,) = 0.249.

Subprocess LO (KeV) NLO (KeV)
('\D,), — LH 54.7 75.1
(‘P))s— LH 66.6 132
(‘So)g — LH 15.0 31.3
('S — LH 19.2 36.1

I'(n., — LH) = 274-392 KeV. The electric transition
rate I'(n., — yh,) = 339-375 KeV [13] and the dipion
transition rate I'(n.,, — n.77) = 45 KeV [11] have been
estimated elsewhere in the literature.

As emphasized before, the 1., should be a narrow state,
since its mass and quantum numbers forbid it to decay into
charmed meson pairs DD and D*D. Therefore, the main
decays modes of 7., are expected to be the electric as well
as hadronic transitions to lower-lying charmonium states
and the inclusive light hadronic decay. With all these decay
widths given above, we get the total width of 1., to be
about 660-810 KeV, and the branching ratio of the electric
transition to be

B(me— vhe) = (44-54)%, (56)

which provides important information on probing this
missing state. In practice, one can search for 7., through
the cascade decay ., — yh. — yyn. — yyKKm with
branching ratios B(h, — yn,.) = 0.4[11,39] and B(n, —
KK1) = 7% [40]. Similar decay chains can also be used to
search for the nﬁ,’;.

The production rates of 7., are expected to be generally
low in many processes, because the rates are suppressed by
the small values of the second derivative squared of the
wave function at the origin, and also by its spin-singlet
nature, which forbids 7., to couple to a photon, or to be
detected from the El transitions of higher spin-triplet
charmonia. Nevertheless, efforts should be made to find
this very unique missing charmonium state. Hopefully, the
study for the inclusive light hadronic decay of 7., in
NRQCD will provide useful information on searching for
this state in high-energy pp collision [14], in B decays
[15], in higher charmonium transitions, in e* e~ process in
BESIII at BEPC [17], and particularly in the low-energy
pp reaction in PANDA at FAIR [16].

VI. SUMMARY

In this paper, we calculate the inclusive light hadronic
decay width of the ! D, heavy quarkonium state up to order
of a7 and at the leading order in v within the framework of
NRQCD. We find that the inclusive decay widths into light
hadrons via gluons and light quarks at order of a3 in QCD
suffer from both IR divergences and Coulomb singular-
ities, but they can be absorbed into the renormalization of
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the matrix elements of the four-fermion operators in
NRQCD precisely. Therefore, after matching the full
QCD onto NRQCD, the IR divergent part is removed,
and IR finite short-distant coefficients are obtained, and
the dependence on the factorization scale of the coefficient
is canceled by that of the corresponding matrix element
with the renormalization group analysis.

At leading order in «j, the result in the CSM can be
reproduced but there are many other contributions, such as
that from color-octet P-wave operators, which will en-
hance the width in CSM by several times in magnitude
even at the leading order in «,. Furthermore, the NLO
results give extra enhancement factors of 1.8 for 7., and
1.5 for n,, relative to the LO ones, respectively. By choos-
ing the factorization scale as 2m,, the light hadronic decay
widths are found to be about 274, 4.7, and 8.8 KeV for the
Ne2, Mpa» and 7m),, respectively. Based on these estimates,
and using the El transition width and dipion transition
width for the 7., estimated elsewhere in the literature,

PHYSICAL REVIEW D 80, 014001 (2009)

we get the total width of 7., to be about 660-810 KeV,
and the branching ratio of the electric transition 7., — yh,
to be about (44-54)%, which will be useful in searching for
this missing charmonium state through, e.g., n., — vh,
followed by h, — y7,.
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