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It is shown that the wave function for a three-particle system outside the range of forces may be
uniquely determined by imposing a suitable set of boundary conditions. This result is expressed in
terms of a one-variable integral equation with a square-integrable kernel, the solutions of which specify
the three-body ¢ matrix. The input to this equation consists of the two-particle phase shifts and two
independent real-valued functions which characterize the three-body wave function in specific regions.
The formalism yields an exactly unitary three-particle ¢ matrix for arbitrary values of this input, and
thus provides a practical scheme for the analysis of three-body final states.

I. INTRODUCTION

Some time ago, Feshbach and Lomon' demon-
strated the power of the boundary-condition ap-
proach as a means of correlating a broad spectrum
of N-N scattering data. This approach is based on
the well-known fact that, for interactions of finite
range 7,, the wave function takes on a particularly
simple form at interparticle distances » >7,, and
may be completely characterized by stating the co-
efficient of the outgoing wave. This coefficient is
uniquely determined in each partial wave if one
specifies a value for the logarithmic derivative of
Y, at ¥ =a =7 since this value must be energy-
dependent, imposing such a condition is merely an
alternative to the usual description in terms of
scattering phase shifts. The power of this ap-~
proach lies in the empirical fact that, for the N-N
system,? the logarithmic-derivative parameters
are at most weakly dependent on the energy, and
hence a few parameters are adequate to describe
the scattering in the range 0-300 MeV.! A corre-
sponding statement may be made for other sys-
tems of strongly interacting particles.® In com-
parison to a potential description, the computa-
tional advantages of this approach are obvious;
one replaces a one-dimensional integral equation
(e.g., the Lippmann-Schwinger equation?) by quad-
rature.

An analogous simplification of the three-body
wave function occurs in the exterior vegion, de-
fined by the requirement that no pair of particles
is within the range of forces. Therefore, one

might hope that a suitably generalized boundary
condition on the exterior wave function would
uniquely specify the outgoing component (i.e., de-
termine the three-particle ¢ matrix), resulting in
a highly efficient description of three-particle fi-
nal states with comparable computational advan-
tages. Below we propose a set of boundary condi-
tions for this purpose which determine the three-
body ¢ matrix via the solution of a one-variable in-
tegral equation. The input for this equation is
cleanly separated into two-particle phase shifts
and real-valued functions characterizing the three-
body wave function in distinct physical regions.
For any arbitrary selection of this input the for-
malism produces an exactly unitary three-particle
¢ matrix. This is to be compared with an earlier
approach with essentially the same motivation by
Noyes.® In Noyes’s work a one-variable equation
was derived with a kernel specified in terms of
the half-on-shell two-body ¢ matrix, and a driving
term involving an arbitrary expansion of the in-
terior wave function. The difficulty with this for-
mulation is that the expansion coefficients are in-
timately connected to the two-body phase shifts
via the unitarity relation, and hence are not truly
independent; selecting them arbitrarily will in
general violate unitarity. In order to achieve an
effective “phase shift” analysis of three-particle
final states, one must require real and independent
parameters; our approach satisfies this condition.
We begin in Sec. II with a brief review of the
boundary-condition approach to two-particle sys-
tems, and introduce a new statement of the bound-
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ary condition in Eq. (5) which is suitable for the
generalization we have in mind. The three-body
theory is presented in Sec. III, where we attempt
to stress the basic ideas of the approach while
suppressing the more complicated details. The
latter are provided in Sec. IV along with back-
ground material designed to make the paper self-
contained. In Sec. V we discuss the application of
the resulting formalism to data analysis, and com-
ment on some broader implications of this ap-
proach.

II. TWO-PARTICLE BOUNDARY CONDITIONS

In order to avoid unnecessary complication of
the subsequent discussion we will neglect spin and
isospin dependence, and will assume that in each
two-body channel a there is a characteristic inter-
action radius a, beyond which particles 8 and y do
not interact (aBy cyclic). It will be helpful to first
consider the boundary-condition approach in a two-
body system. If 5 (») represents the partial-
wave function for that system outside its interac-
tion radius a, then

@)= b @)+t (R 5 (), (1)
with

172
out)=(2) i),
2
. ) 2\2 )
zpk,(r)=—z1rkM,<;> i h,(kr);

k is the c.m. momentum. The coefficient ¢; is de-
termined by requiring that

Y (a+e)

& Ve V®
=20 44, (R?). (3)
This implies that
_ N(R)
tl(k)‘ Dz(k) H
N (R) =(ar; = 1)j;(ak) +akj, ,,(ak), (4)

D, (k) =itk M [(aN, = I)h,(ak) +akh ., (ak)].

In what follows we will denote by ¢?, N, D the
corresponding expressions in the special case A,
=0. For purposes of comparison with the three-
particle formulation, we note the equivalent bound-
ary condition

1/2 ;1
v ) - 0yEen = (2) T B one).

(5)
Clearly the definition

B (k) =M ,A,(F*)N," (k) (6)

establishes the equivalence; on the other hand, any
real function B, (k) =(-1)' B,(-k) via Eq. (5) uniquely
predicts a unitary two-particle ¢ matrix ().

III. BOUNDARY CONDITIONS FOR A
THREE-PARTICLE SYSTEM

The wave function for a three-body system may
be expressed as a function of the relative position
%, of particles B and v, and the position ¥, of par-
ticle @ relative to the By c.m. There are clearly
three ways to so label the system; unless we wish
to indicate a specific choice we will drop the sub-
scripts and simply write ¥(X,7). It is convenient
to make the usual channel decomposition and write

3

¥E,§) = leepﬂ(is,?a), (M
where the channel wave function y* corresponds to
that part of ¥ for which, in the limit y - «, parti-
cle a is merely a spectator to the two-particle
scattering of 8 and y.% In what follows we take
momenta P, § conjugate to X, ¥, respectively, and
define W to be the total energy in the three-parti-
cle c.m. system.

We now observe that ¥ may be characterized in
terms of an initial state of definite momentum
fﬁ%q%>; the on-shell condition is that

Py =R = 20a (W= 05, 2M o), (8)

where [, M, are the reduced masses correspond-
ing to the momenta D, d,, respectively. However,
it is more convenient to couple the angular mo-
menta 1,(P,,) and 3,({,,) to form the state

[LMI, paoq%). Correspondingly, we expand ¥
and the ¥ ® in terms of the two-direction spherical
harmonics defined by Blatt and Weisskopf,” viz .,

W(L'M)(iyy)=IZ)2YLMI)\(’})§)‘I,L1X(X;:V)- (9)

For x,>a,, ¥* is that solution of the fise
Schrodinger equation (H g™ = Wy®) satisfying the-
boundary condition noted above as y,- . Thus,
extevior to the domain in which B8 and y interact,
y* takes the simple form®

Z/)I(i(l' im(xou yoc) = 60401051105)\Xo(pkal(xa)qbqa)\(ya)

+ fo 49 q* P\ V)P (¥e)TLin(9);

(10)

for comparison we recall Eq. (1). The unknown
quantity in Eq. (10) is the channel ¢{ matrix T7;\(q),
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which depends parametrically on I, Ay, ¢, In UM (@ot+, ¥o) = MQEE (@o+, Vo)

particular o
= X f dqq® Bl Way OTL1 1 (0), (12)
Tr9r(q) =5 6 —91-—5592t o) sraree
Lix oMo q® %o where B describes the dependence of the logarith-
mic derivative on the distance y, of the third par-
ticle, and ¥*** represents the exterior projection

of ¥.1° Explicitly,

+ leag:fo)\o(qr qao) > (11)

where M ® arises from multiple-scattering terms.

3
The T suffice to construct the total three-body ¢ (% )= P (% 2 B;ext &s, T
= Vs) (13)
matrix T =),,T?, and hence provide sufficient in- &3y Y g=1 v B 7B
formation to determine all scattering amplitudes where

of physical interest.®

In order to determine the T we will constrain
¥ at the boundary of the exterior region. An ob- It is convenient (and involves no loss in generality)
vious generalization of Eq. (5) is to require that to take B in the form

J

PR, §) =0(x, —ay)0(xg —-ag)flx, —a,). (14)

E?)\B.IL' )\,'(ycu q) = . Igu Ple’;\';:lr'l' )\"(aq+1 ya)B;x"’S:XL”;l ’ x'()’w Q):
2 1/2 Z . _ (15)
B;x)\ﬂ;;ll" X'(you q) = <; > g [ 5 ﬂall 'GXX'(PqX(y )B l(k ) +B;x)\8;'lL' )\’(you q)D(Bol)’(kB)] ’
where P31 \/(aq+, ) is a polynomial in y which can be determined explicitly from the appropriate angu-
lar momentum projection of Eq. (14), and B,,(k,) is the function defined in Eq. (6) with a channel index
appended. By requiring that B/¢,,(y,)~ 0 in the limit y,~», we embed the two-particle boundary condi-
tion in Eq. (12) as a special case, and guarantee the correct two-body phase shifts. The (real) function B
is otherwise arbitrary and represents our dynamical input. Here we have also defined % 42 —2;1 g(W,—q2%/
2M ), where W, is a negative energy parameter, and taken the (nonvanishing) function D{.( g) as an ex-
plicit factor for reasons explained below.

The explicit appearance of P®™ in Eqs. (13) and (15) ensures that our boundary condition [Eq. (12)] is on-
ly applied to that part of ¥ which can be constructed from the exterior representation of the ?; this is in
fact necessary since we have no equivalent representation in the interior. As a consequence, however,
we observe that there will in general be some minimal distance y% such that both sides of Eq. (12) vanish
identically for y,<3%. That is, for x,=a,+, y% corresponds to particle a being close enough to 8 or y to
interact; P! vanishes for y, less than this value. The geometry for the special case of equal masses and
radii is shown in Fig. 1; in this case y% =3V 3a. As a result, Eq. (12) is without content for y,<y%. Un-
fortunately, such a constraint is not adequate to specify the 7% uniquely, and we thus require an auxiliary
boundary condition for this purpose.

The form of this auxiliary constraint is essentially determined by the requirements of unitarity, and was
derived by the present author in the context of a particular case of this formalism (singular cores)!!; this
corresponds to setting A, and the input functions defined below identically equal to zero. If we denote the
second (integral) term of Eq. (10) by 9"t (x,, Vo), this condition can be expressed in the form

2 1/2 il
VR et v - AL e 3= (2) T = B [0t e b 0TS ) (16)
o
for y,<y%, where we take C in the form
EIC‘)?;;IL’ X’(ycu q) = 6016611 '5XX’¢q \(ya)Rocl(q)D(O) (k )+c;x)?;;f, )\’(you q)D(g)t '(EB) s

(0) (%
Rusla)=1- G an

f

Here € is an arbitrary real function. B and € are also L,. Secondly, the dependence on
The appearance of the explicit factor D(") (k g) in W, as a parameter has a useful physical interpre-
Egs. (15) and (17) serves two purposes. In the tation. For example, if the three-body system has
first place, it provides sufficient convergence to a bound state of energy Wy and we choose W = Wj,
the resulting integral equation to guarantee a then the energy-independent parts of B and C could

square-integrable (L,) kernel, provided only that in principle be determined from a knowledge of the
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FIG. 1. Geometry defining the exterior and interior regions in the special case of equal masses and radii. The inte-
rior region is cross-hatched and separated from the exterior by curve B. Curve A bounds the domain y, <y for which
particle « is close enough to 8 and/or vy to interact, while curve C corresponds to the minimal distance y%®* such that

« is in the exterior independent of the angle % « 3.

bound-state wave function through Eqs. (12) and
(16); i.e., in this case the ¥’s would be known.

The consequences of our boundary conditions
can be expressed as a set of coupled one-variable
integral equations, which for brevity we express
as an operator equation in terms of the states
|alrg), defined (for fixed L) such that

5(q¢’' - q) .

(BI'N'q’ |aIrg) =840, 0xn7 e (18)
It is useful to define an operator X such that
@) = - 28 (aing|X[agldoga);  (19)
Lia\q _—N(aog(ka) arg Qoo Oqao ’
then
X=Q+KX,
(20)

K=0+K9%+[(1-8)B+6(C -1)](1-R)p.

Here K© and  are the kernel and driving term,
respectively, obtained for the special case consid-

ered in SCI, while ﬁ, C,R correspond in an obvi-
ous way to the functions defined above. The oper-
ator 6 corresponds to the projection operator
6(»% —y,) in this basis, while p is diagonal with
the value

tal(ka)
P (q)= t(g;(ka) .

(21)

Thus p contains the two-body bound-state poles (if
any). The real input functions B and C may have
arbitrary matrix elements in this basis; provided
they are L,, the kernel K is also L,, and hence X
is well defined. We note that the poles of (1 - K)™?!
for negative values of W determine the energies of
the three-particle bound states. The only infor-
mation our approach cannot provide is the internal
structure of these states, but if this information is
somehow available to us (deduced from electron
scattering experiments, for example), it can be
used as indicated above to determine some of our
parameters.

IV. DETAILS OF THE FORMALISM

In this section we present the requisite detail for application of our formalism to the analysis of three-
particle final states. In particular, we give the matrix elements of K © and Q in the above basis, and dis-
cuss the relation of X to the physical observables. As in the preceding discussion, we restrict ourselves
to the absence of spin and isospin for simplicity. We first note that if m , denotes the mass of particle «,

the reduced masses u,, M, are given by

1

-1_ -1 - -1 _ -1 -
bo t=mg Tl +m,"t, M '=mi T +(mpg+m,)

1

(22)
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oo

where (aBy) are permutations of (123).
In what follows we will refer to ¢, k.,  simply as q,, ky; no confusion should arise from this practice
since the index a, always appears explicitly. It is also convenient to introduce the function'?

473220 +1)V/2

Gt IS AN (¢1: ¢2, ¢3) 9L +1 2, C(AIL;Om)C (A’l’L; m —m',Wl')Yf‘;n((P‘, O)Yt ’ m’(¢27 O)Yx'm-m'(qbs’ 0) ’

(23)

where the sum ranges over the values of m,m’ allowed by [/, l’, respectively. The (total) three-particle ¢
matrix T,y Mol o(q, 4o; W) may then be expressed in terms of the channel ¢ matrices via the relation'®

1
Tlagto)\ (q7 905 W) TLl )\(q) + I’Zi' j dz G{IM ’ X’(g’ ¢aB: l/)aB)TI?l ’X’(QaB) ’ (24)
-1

where cosf =z and §,, J,s, Qus are defined by the expressions below for the on-shell value p=ky:

2 1/2
PaBEPaB(p;q’z)=< sz *quZ+M 5q > )

24 Lo 1/2
Q e=<P2i——anz+ —q‘qz> ) (25)
o m, myz

(- pesdia)/ - (wpe-22a) /s
cos ={ - pz+ q)/P cos =| Fpz - Ry -
¢o¢ﬁ <m7 Ma aB>s Zpaﬂ myq af

Here the upper (lower) sign corresponds to afy (Bav) cyclic. Thus, for example, Q.5 =Qys(Rq, g, 2).

In order to illustrate the relation between T and the physical amplitudes, we will assume for simplicity
that there is but a single bound state in each two-body channel of definite / correspondmg to the binding
energy —v,. As the energy s, =%k, /2ua of the two-body subsystem tends to v,

2
—L 26
talked~ 52, -, (26)
where g, is the on-shell value of the form factor associated with the bound state. The three-body ¢ ma-
trix may then be expressed in the form

H a Sagl oL aoag;L ol
Tﬁ?oL’\o (4, 45 W) = s—a'g_%ez "y xo(W) - ‘OV:(():O + Sa{q"/az Cinipng(dos W) +b1arng (45 W) ;;OTOVZ:,TO
i@ 4 W) . @)

Here e is the amplitude for scattering from the initial (a,, /,) bound state to the final (a, /) bound state (re-
arrangement amplitude); in the special case a=a,, l=1, it is the elastic amplitude for scattering of parti-
cle o, from that bound state. The amplitude ¢ corresponds to the capture of B by v (aBy cyclic) to form
the outgoing (e, !) bound state, while b is the amplitude for breakup of the initial (a,, [,) bound state to a
state of three outgoing particles. Finally, f is the amplitude for scattering from an initial state of three
free particles to a final state of three free particles. In the absence of experiments involving three-parti-
cle initial states, e and b are the quantities of greatest interest. We note that in Eqs. (24) and (27), q (q,)
takes on either the continuous range of values for which &, (,) are real, or the discrete values corre-
sponding to vanishing of the bound-state denominators. Given the trivial relation between T¢;, and X
stated in Eq. (19), the determination of X by Eq. (20) leads in a straightforward manner to the physical
amplitudes via the above relations.

By employing standard methods involving rotation functions analogous to those of Ref. 13, one may easi-
ly deduce an expression for the P3\i% y+(x4, ¥,) representation of the P°** operator defined in Eq. (14).
Taking the limit x, -~ a, +, we obtain

PEYE s lag+, ya) =20 (ZL‘I—;I)(—)L"“’ N +1)(@217+1)]Y2C(L’171; 00)C(L'A’A; 00)
L ’

X W(INL'A'; LL)0%Ay,), - (28)
L o
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where W(IAl'A'; LL’) is the Racah coefficient as
defined in Ref. 12, and

0800 = g P @ - Py (29)

Here P, (z) is the usual Legendre polynomial (with
the convention P_,;=1), and

z5=2(Vo)
=min<{1 <—u°‘za2+y2—a 2>/<2“°‘ Y >
2 mez a [o4 o me 0( o
- (30)
25=25(Va)

Bo? -2
s {1 B -0 ) Bt

and ao€ are cyclic.
The value %, discussed in Sec. III corresponds
to that value of y, for which 2z}, =27:

1/2
yg=<ﬁﬁ-aez+&af—-—&——aa2> , (31)
[o]

providing the expression in parentheses is positive
(»% =0 otherwise). For y,<y%, P vanishes iden-
tically Similarly, there is a value 3™ for which

2z =+1 for y,>ya®; it follows that
GL'(ya) =4"5L’0;

; 32

PR @ty ¥o) =855 B3 7, (32)

for y,>yg*. For example, in the special case of
equal masses and radii, y%=3V3 a, y™=* =3a. If
we specialize still further to only /=0 channels,
the relevant quantity is

~
1, y>ia;
2 3,2
PoRigar(a; ¥)=0x0x ¢ 3—’—-;74“— :V3asys<ia;
(33)
0, y<iV3a
.

For subsequent use below we shall introduce the
function

Ql)\t )\'(ya)"ll AR )\P:x)\t{‘ )\'(aa+,ya): (34)

which is also a real polynomial in y, by virtue of
the Clebsch-Gordan coefficients in Eq. (28).

We now consider the operator K © required in
Eq. (20). We first note that an operator @ exists
such that

2 Qz G W)@ x (Vo) =011 Oxn BV = ¥R

17" %

(35)

this follows quite trivially from the nature of

P Tt is useful to introduce a length b, >y™™
and to represent the matrix elements of K OF in the
form

N M‘ r(g, g")

oK

(alng|K@|gL'\ ¢') =

(36)

NeEF g, q') = N;xz (g, q")

bad 2 ; o BiL ’ *
+), INYONKTF Y, @)
Yo

The point here is simply that if we took b, -, the
integral term would contribute all of N. However,
the numerical evaluation of the integral in that
limit would be quite difficult. This problem is
avoided by the explicit form for N given below.

Although the derivation of K from Eq. (12) and
the representation for  * *! given in Eq. (10) is
straightforward, the mechanics of this procedure
are quite tedious and we shall merely quote the
result. One finds that N*%L vanishes, while for
B#a,

N, a')

=24, f dz Qs NG (Kap)f 1(4,bas Q)
Ryp q% - Q.4 —ie

XGI)\I'X'(Y:XB’ 6(!5, 6)) (37)

where
2 1/2
"
Ras=[2HaW— < f - ;Bzz2>q’2] ,
o Y
Qotﬁ Zq +RaB}

7
chB =[ Z#a(W - QaBZ/ZMa)]llz )

K ’ M
cosya6=¢<M——°;q Z+ 'n_,LL;RaB>/KaB;

cosd,5=+tRyp/kb,

(38)

cosf=z.

Here (and in what follows) square roots are to be
taken with the cut along the positive real axis so
that Im(x)2 >0, and the upper (lower) sign is tak-
en for aBy (Bay) cyclic. As in SCI,

ft(py a, k) :iak[akhl+1(ak)jt(ap)
_hl(ak)apjh-l(ap)]- (39)

We note that for W<0, the integrand of Eq. (37)
evaluated at z is (~1)'" times the complex conju-
gate of its value at —z; combined with the proper-
ties of D§).(k4) this implies that the N contribution
to the kernel is real for negative W.!s

The remainder of the kernel can be evaluated
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via the function

NG, ¢') = 1"22" QG xnWINPPE  \ (9, ), (40)
where
NEHFa i, @) =210, kLR (@0 L) = XO) Q55 7 1 (9) jrr(vg”) . (41)
For B#a,
n
R - p ) )
NGy, q') = 2taqp gkiit N 7o "f d2<5a—- ‘°)>[Jw(Yasq')hu(Xaské)waw(9, Naps €ap)l,  (42)
2g
where
[P 2p e Kg? 2up° pe” 2\*
Xos = (Bharts Brayey?)”, Voo (v s tir-ouve s )",

(43)
cosnaﬂ=<ﬂa z;ty)/XaB, cos&a5:<¥—;‘—fl—@—a zZ - ﬁ-y)/YaB, cosf=2z.
Y ¥

Since the functions in the square brackets are elementary, the indicated differentiation can be performed
explicitly. However, the resulting expression is rather unwieldy in comparison with the above.

Finally, we consider the driving term  of our integral equation. In analogy to Eqs. (36) and (40) we
write

- bct
(@N|@ [l roto) =R @)+ [ dyy2 0D 2ENG),
yc(

_ R (44)
Q1 )= 'Z)%, Qzaﬁ ’ x'(y)ng 2).
1
One then finds that
_ 13}
Q x(0)=—5aa051105xx N (%, )[‘QTKAL) 6x(q, 955 b4 )}
(g
- flaz N(O;(Paoa)[ _?_a(&) Gx(% Qotow ct) }Gl Aot X(G, ¢o¢0a! ‘/’aoa)’ (45)

where P o Quoar Pagar Vg are as in Eq. (25) with p=k, and ¢ =q,, and cosf=z. Here we have also em-
ployed the (partial-wave) momentum-space representation of the unit step function 6(b, —y,):

0.(q, 4 r)= & [qu(Rq)Jx(Rq) q Jm(Rq )ir(Rq) ] (46)
q*=-q'®
The remaining information required is the explicit form of Q, which can be expressed as
- -2
QE ) = = B, @i n, )2, W) NG (ko) + @0 (X% = X00) iy (@ o))
2a - o 3
+ 7-%1 fot o=t =2 fz; dZ< % - )‘(logz>[.71 (k Xototo)])\ (qo aao)GlM Xo(ey naao’ gaao)] . (47)

Here Xqag Yaag Mooy baag, ar€ given by Eq. (43), cosf=z, and the indicated differentiation can again be
performed explicitly.

The above expressions provide sufficient information to construct the kernel K of Eq. (20), and to use
its solution (X) in order to calculate actual cross sections. It should be pointed out that the apparent
complexity of some of the formulas is a general affliction of the three-body problem, and not a particular
consequence of our approach. In essence all of our expressions involve only linear combinations of ele-
mentary functions.

-

V. DISCUSSION interaction not manifested in #p or pp elastic scat-
tering. The prospect of investigating such “off-
It is generally accepted that reactions such as energy-shell” effects has stimulated a number of
(d, np) or (p,2p) are a potential source of new in- exact three-body calculations employing simple

" formation concerning aspects of the basic nuclear models for the nuclear force. These calculations
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indicate that, while on-shell effects apparently
dominate to the extent that even simple off-shell
mechanisms provide reasonable agreement with
the bulk of the data, a number of experimental pa-
rameters appear sufficiently sensitive to the de-
tails to lend encouragement to this general
program.'® However, this particular line of ap-
proach has several major drawbacks. In the first
place, the computations involved are sufficiently
formidable to restrict one in practice to unre-
alistically simple potential models. As a conse-
quence, such calculations are best suited to tell
us the extent to which the data are not sensitive to
the details of the interaction; repeating the calcu-
lation with different potentials can provide only
crude insight at best given our limited possibility
of choice.

Moreover, even granting that improved numeri-
cal techniques may eliminate this difficulty, the
nature of this approach is such that the on-shell
and off-shell effects are inextricably linked in the
parameters characterizing the potential; in order
to test some aspect of the off-shell behavior it is
necessary to choose a new shape for the potential,
refit its parameters to maintain agreement with the
two-body data, and then solve the new three-body
problem presented. On a more fundamental level,
one may question the extent to which a potential
description is adequate in characterizing the short-
range behavior of any strongly interacting sys-
tem. Related assumptions such as the neglect of
relativistic effects and three-body forces may al-
so prejudice the conclusions gleaned from this
approach.

On the other hand, the boundary-condition ap-
proach described in the preceding sections affords
an alternative mode of analysis which is particu-
larly well suited for the extraction of off-shell in-
formation from experiment. By separating the on-
shell information (two-body phase shifts) from the
off-shell behavior characterized by the B, G, input
functions, one is in a position to investigate the
relative sensitivity of the available phase space to
either on- or off-shell effects. A systematic and
efficient procedure for this purpose would be to
expand B and C in some reasonable complete set
which is separable in the variables ¢, ¢’. We could
then represent Eq. (20) in the form

X=Q+KX,
K=K,+AK,,
K,=K9%+6-6(1-R)p,
K,=(1-R)p,
A=(1-0)B+6C
=nEmAml¢n><wmi-

(48)

It follows that
X:[1+Z‘ z ]¢,,><X,,[K2lesz, (49)
where Z,=(1-K,)™\, and (X,| satisfies
(X =(Ful+ 2K (X,
(Inl= 2 Ann il (50)

Knm=<zﬁan2zll¢m> .

We note that the operators Q,K,, K, are com-
pletely specified by the two~body on-shell param-
eters, and hence one can construct Z, numerically
by solving an integral equation with only on-shell
input. Given a specific choice for the sets
|$4),{¥n|, one can then tabulate Z,|¢,) and the
set of complex numbers (¥, |K,Z,|¢,). With this
information any choice of the real numbers A,,,
specifies a value for X via the solution of the cou-
pled algebraic equations represented by Eq. (50).
That is, one need solve an integral equation only
once for each value W of the total energy; analysis
of the off-shell parameters then reduces to linear
algebra.

By requiring the A, to provide a detailed fit to
the data, it should thus be possible to characterize
the off-shell content of the experiment in terms of
this set of real numbers; this constitutes the
equivalent of a “phase shift” analysis for the three-
particle final state. Specific choices for the sets
| 6,7, (¥, | will ultimately depend on the experience
gained through numerical studies with our formal-
ism, but qualitatively we would expect B « ¢~ #Y«
for large y,, for example, suggesting a choice of
the form {(q|¢,)=(q%+u,2)"* for =0, with appro-
priate generalizations for higher A.

A more ambitious approach would be to con-
struct models for B and €. The former, for ex-
ample, would attempt to characterize the behavior
of the logarithmic derivative as the third particle
is brought in from infinity (but outside the range
of forces). Viewing such a program as an alterna-
tive to potential theory, one should keep in mind
that potential models capable of fitting data are at
most weakly connected to an understanding of the
underlying dynamics. Such an approach, of
course, would be immensely easier to calculate
with one-variable instead of two-variable integral
equations. Finally, we note that this formulation
can be easily extended to take into account relativ-
istic kinematics, and can be generalized in a
straightforward fashion to systems of four or
more particles. Numerical investigations of the
formalism are now under way and will be dis-
cussed in subsequent articles.
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The problem is posed of exhibiting a mechanism that avoids AY = 1 neutral currents with-
out invoking experimentally unknown types of particles. The proposed solution rejects the
Cabibbo rotation in favor of a mixing, between two types of unit-spin mesons, that is pro-
duced by the SU;-symmetry-breaking interaction. One quantitative prediction that is well
satisfied is the identity of the strong-interaction coupling constants appearing in 7 decay and

inpd—e* +e”.

Unified theories of electromagnetic and weak
interactions generally face a problem with ha-
dronic neutral currents that change hypercharge.
Such currents are strikingly suppressed in nature,
but are usually implied by the Cabibbo rotation
that introduces the AY =1 charged currents. This
has led to several suggestions, of varying de-
grees of charm, which are uniformly couched in
the language of hypothetical subnuclear constitu-
ents.! The number of the latter has thereby been
increased, from three, to four, five, seven,....
The phenomenological orientation of source the-
ory? invites a more conservative attempt. Can
one exhibit a mechanism for avoiding unwanted
neutral currents that refers only to experimental-
ly recognized types of particles? This note
sketches an affirmative answer.

First we must review the archetypal treatment
of the leptons.® These particles are grouped into
leptonic charge triplets,* L =+1: u*,v, e¢~, and
the chiral charge-bearing currents represented
by

G =3y H T, ab=12,21, 1)

Here we have introduced the antisymmetrical ma-
trices

Top =% Cop +ivsits, ta)), ab=12,21 @)
where®
V2't,, =t, +it,, V2 t, =t, ~it,, 3)

and the {,, a=1,2,3 are the 3X3 imaginary, anti-
symmetrical matrices of unit isotopic spin. The
T matrices obey the commutation relations of the



