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The general expression for the electron-deuteron scattering amplitude is derived within the framework
of Glauber theory. An approximation to this expression, used earlier, is shown to be valid at large, but
not at small, momentum transfers. Two-photon exchange effects are somewhat smaller than previously
thought. A simple extrapolation of the data does not indicate two-photon exchange dominance at large
momentum transfers. Existing data indicate that because of interferences, two-photon exchange effects
can change the cross section by - 10% for —t —1 (GeV/c) .

It has been known for some time that double
scatterings dominate in collisions of high-energy
hadrons with deuterons at large momentum trans-
fers. ' The methods used to analyze such collisions
are usually based upon Glauber theory. ' The am-
plitude E, for double scattering is a two-dimen-
sional integral, over momentum transfers Iq, in-
volving the hadron-proton and hadron-neutron
strong-interaction elastic scattering amplitudes

fe(q) and f„(q) and the deuteron wave function. It
takes the form'

&.(q)=3,&
f. -'(+qq)f. (eq-q')S(q')d'q', (1)

where S(q) is the deuteron form factor and itk is
the incident momentum. Since the deuteron is con-
siderably larger than the range of the hadron-nu-
cleon strong interaction, S (q') decreases much more
rapidly with increasing q' near q'=0 than do f„e(-,' q
aq'). Hence it is usually a good approximation to
replace the amplitudes f„and f~ in Eq. (1) by their
values at q' =0. This leads to an approximation to
E, given by

+.(q) = sf.(eq)f, (eq)(~ ') I&,

where (r ') is the expectation value, in the deuter-
on ground state, of the inverse-square neutron-
proton separation. The intensity for double scat-
tering is then given by

( )~
2 +(sq) r q

( -s)2
dQ dQ

Double scattering is typically smaller than single
scattering near the forward direction. However
the single-scattering intensity contains a factor
S'(-,'q) which decreases rapidly with q near q =0.
We see that in Eq. (3) the structure of the deuteron
appears only via (r '), a constant. Consequently,
double scattering does not decrease so rapidly with

q, and eventually dominates single scattering. Its
q dependence is insensitive to the structure of the
deuteron.

Equation (3) has been recently used by Gunion
and Stodolsky4 to describe electron-deuteron scat-
tering, an electromagnetic interaction. Since Eqs.
(1)-(3)were derived for strong interactions, it is
necessary to derive an equivalent expression for
the electromagnetic case. We see, for example,
that for e-d scattering the integral in Eq. (1) di-
verges since f~(q) ccq ' for small q. Hence Eqs.
(3) and (3) will clearly not be valid for small q.
The need for a special derivation was recognized
in Ref. 4.

Let the e-p and e-n scattering amplitudes, fe and

f„, be written as

f (q) = — [I- et "e.e ]etq d'b'iA

where 5 is an impact-parameter vector and X„e(b)
are phase-shift functions. In Glauber theory, the
e-d elastic scattering amplitude will take the
form'
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S((X„(~-e/2)+X2(~+e/2) 1)2r

x e'q b
i q)(r) i

2d2b dr (5)

Z( q) =f,(q)S(--2' q) +f„(q)S(-,'q)

+ e ~e(a'/2 ((-')[e&x2(~) l]4n2

I e&(Xj+Xu) = l e&X2 + e&X2(1 elXu) (6)

By means of Eqs. (4) and (6), Eq. (5) becomes

F(q) =f,(q)5(-2 q)

+ &&x2(~ee/2)[1 «x„(~-e/2)]
21T

xe" iq)(r)i'd'bdr.

By inverting the two-dimensional Fourier trans-
form, Eq. (4), we may eliminate )(„ in Eq. (7) and
obtain

F(q) =f,(q)~(-2 q)

+ ee~ (((/2-q')elX (t))f Pq+q))4n'2 tl

where q)(r) is the deuteron ground-state wave func-
tion and s is the projection of r onto the plane of
impact parameters. We note the identity

Xf„(2q+q')$(q')duq' dub,

in which the last term may be identified as a double
scattering term In.Eqs. (8) and (9) we do not
eliminate )(2 in favor of f2 since Eq. (4) cannot be
inverted for a Coulomb amplitude. We now make
the peaking approximation that led to Eq. (2) for
the strong-interaction case. However the e-P and
e-n amplitudes vary quite rapidly for small momen-
tum transfers. Consequently the peaking approxi-
mation is not valid near the forward direction. It
is a valid approximation provided that S(q) de-
creases rapidly enough with q, and provided that
q'(r')» 1. In that range of q, f„(, q—+q') does not
vary rapidly except near g' = -2 q. However if
q'(r')» 1, the contribution to the integral from
q' = ——,q is small. [Note that f„(q)~q ' for small

in contrast to f&, which goes as q
' for small q. ]

The double scattering term E~(q) is then given ap-
proximately by

&(u)=(e~) *f (le) f " '"I '" ' '-()&'e
x S(q')d2q' d'b . (8)

In this expression X~ is that operator which, when
used in Eq. (4), yields the e-p scattering ampli-
tude. Equation (8) is the general expression for
e-d scattering in Qlauber theory and contains sin-
gle and double scattering effects (i.e., one- and
two- photon exchange effects). Equation (8) may
also be written as

S q' d2q' (10)

= 2f„(-,
'
q)f, (-,

' q)(r -') /u,

which is identical with Eq. (2) except that it is not
valid for small q. The cross section for double
scattering is then'

dO double
2 r-2 2 2 2 2

1+q'/16M')',

where the 6's are electromagnetic form factors
and are to be taken at aq, e is the fine-structure
collstallt, alld d(r '"" "= (2o.k/q') dn.

To obtain an estimate of Eq. (12) we take the
"dipole" fit

G22 (q) = (1+q '/0. 71) '

=. G)d (q)/92

= G„"(q)/p, „, )22 = 2 79, p.„=-.1.91.

For Gs we take' Gs(q) = )),„l'Gz2(q-)/(1+5. 6r), 2

=q2/4~ The datau' for dp'/docouomb are shown
in Fig. 1. [We actually plot A(q) in the usual ex-
pression do/d(T c'""mb =A+A tan'(28) since we as-
sume () 2«1.] We also show dodouble/do coulomb for
(r ') =0.0107 GeV' (obtained' from the Hamada-
Zohnston potential) and for (r 2) =0.015 GeV' (the
value used in Ref. 4).

We first remark that the effect of t ~ on the in-
tensity is only-2%and is consequently unimportant.
Secondly, most realistic deuteron wave functions
yield a value for (r ') closer to 0.0107 GeV' and
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hence the lower curve is a more realistic estimate
of the two-photon exchange effect.

We see from Fig. 1 that the double scattering in-
tensity is considerably smaller than the data, and
that if the data continues its present trend, the
double scattering intensity will remain consider-
ably smaller. Furthermore, the two-photon ex-
change effect appears to have its greatest effect
near q' =1.3 QeV'. There the double-scattering
intensity is only -1/400 of the total intensity. Con-
sequently the "modulus" of the double scattering
amPlitude is roughly 5/~ of that of the complete
scattering amplitude. Now since the single- and
double-scattering amplitudes interfere, the double-
scattering amplitude could change the total inten-
sity by as much as approximately 10%%u&. Thus the
two-photon exchange effect is a 10% effect at q'
=1.3 GeV'

We point out that use of the general expression
Eq. (8) requires knowledge of g&(b). For the
"dipole" form factors we have used for G~~ and G~~,

we obtain
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where g'=0. 71 GeV' and K„E,, K, are modified
Bessel functions. This result may be used in Eq.
(8) to calculate the double scattering amplitude at
small or intermediate momentum transfers.
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FIG. 1. Intensity for double scattering in elastic e-d
collisions. Theoretical results are shown for two values
of (r 2). Also shown are the data from Refs. 5 and 6
for A(q) in do =do '""m~A (q), together with a straight
line drawn through the data points.
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