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A sample of about 5000 K decays in flight, each accompanied by a Dalitz pair, has been observed
in a hydrogen bubble chamber. These events consist of 3564+ {3.1%) K „2events, 786+ (4.6%%uo) K, 3

events, 554+ (7.6%) K„,events, and 574+ (5.9%) v' events. Ratios among these numbers give results
in agreement with accepted K+ branching ratios. The separation of the events has involved a
sophisticated Monte Carlo program, ionization, kinematics of the K decay, and kinematics of the
Dalitz decay. The w energy spectrum of the r' decays may be written as: (phase space)
X [1 + (2A /&„)(s,—ss)], where s, is the square of the 4-momentum transfer to particle i,
s 0 = 3 (s i + s 2 + s 3) and A is a slope to be determined. We find A = 0.242 + 0.042.

I. INTRODUCTION 7 8 8

Most bubble -chamber experiments studying the
properties of decays of charged K mesons have
done so by stopping Z+ in either heavy liquid or
liquid hydrogen. We have performed a study of
these properties different in several essential
ways from this norm: We have studied K instead
of K+, and since E do not decay at rest but are
absorbed, we have of necessity studied them in
flight. Furthermore, we have performed this
experiment using a new event recognition proce-
dure, studying only three-prong decays specific-
ally including all events in which a Dalitz decay
ofay,

has been the source of two of the three prongs.
Thus we have been able to study

K-- g-ro, K„
-e vg', K„

vx, Kps

7T

as well as

which is by far the dominant three-prong decay
mode. The results on these s's, together with
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descriptions of the beam, measuring procedure,
etc., have been reported elsewhere, ' and our pur-
pose here is to discuss only the Dalitz-pair events.
Suffice it to say that we have studied 1.1X 10 ex-
posures to a beam of 400-MeV/c K mesons in the
BNL 30-in. liquid-hydrogen bubble chamber.

This is not an experiment designed to be statis-
tically competitive with other K-decay studies.
The fact that the beam is in flight, combined with
the low branching fraction of Dalitz pairs from w

decay, about l/80, makes the amassing of a large
sample of data difficult. With approximately
fifteen beam tracks per picture these events are
observed within an acceptable fiducial volume at
the rate of one per 225 frames. However, with
a more -than-one -million-picture exposure we
have observed several thousand examples, one of
which is shown in Fig. 1.

The experiment, on the other hand, is designed
to minimize the possibility of systematic errors
or data contaminations which might be present
in other studies. In particular, K» events, which
make up more than half of all charged K decays,
are eliminated as they do not lead to a three-prong
topology. Also w 's are detected with an efficiency
which is well known, the Dalitz-pair branching
fraction, and is not dependent upon the observation
of conversion pairs or showers from m' decay Z's.
Finally the kinematics of the Dalitz decay itself
has been useful in sorting events among these
various types.

II. SCANNING AND MEASURING

The first scan of the film for these events was
made in conjunction with a collection of all the
normal 7 events, and for some of the exposure,
other event types as well. Unfortunately these
rare events were found with poor efficiency,
probably as a result of a preliminary scan for T

events where Dalitz events were not desired. About
half the film was double scanned on this pass and
the calculated single-scan efficiency did not lead
to a (K —all Dalitz pair)/(X - T) branching ratio
consistent with E' values or that reported pre-
viously for E by Mast et al.~

It was found during the studies of these efficien-
cies that Dalitz-pair events could almost always
be distinguished from normal 7 events by eye,
without kinematic analysis. The scanners were
taught to recognize this event type only, with the
possibility of some contamination from the normal
T events. The film was totally rescanned for

'Dalitz pairs only, and all new events as well as
old ones not making satisfactory multiconstraint
fits were examined by a physicist and measured
under his supervision. This sample of events,

FIG. 1. A portion of a bubble-chamber picture showing
a typical Dalitz-pair event.

together with those from the original data making
a satisfactory two-constraint fit to the hypothesis

~e'e y,

comprise the data of this study. The over-all
scanning efficiency is discussed in detail below,
but is found to be above S(P/g for the final sample.

The contamination of the ~ events with Dalitz-
pair events is estimated as 75 and these are
handled in such a way as to be considered part
of the Dalitz-pair scanning inefficiency. The con-
tamination of Dalitz pairs with 7 events is small,
as the Dalitz-pair events have almost all been
scrutinized by physicists, and is estimated as 20
in the total sample of over 5000.

All measurements were performed on the Yale
Wire Measuring System, and the data were ana-
lyzed using the standard geometry and kinematics
programs TVGI' and YACK.

III. RESULTS OF VISUAL ANALYSIS

The visual observation of these events by
physicists has yielded two important pieces of
information. The first is the aforementioned
selection of the Dalitz-pair events; and as well
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the determination of which tracks of the event form
the pair. The second is an estimate of the ioniza-
tion density of that prong which is not a part of
the pair. This information can be used in particu-
lar to identify K, events. It is felt that an impor-
tant result of this work has been the realization
that essentially all of the Dalitz pairs produced by
particles in our energy range are recognizable by
eye. The data on which this statement is based
follow.

The kinematics of Dalitz decay are specified
by two variables x and y given by':

x= [(E, + E )' —(P, + P )'j'~'

~= l~, -& l/lp, .~ I,

where E* are the energies of the positron and
electron in the m c.m. system, and P+ are the
corresponding momenta. Theoretical expressions~
exist for the distributions of these two quantities
and show that while y, the energy partition, is
fairly uniform over its allowed range, x, the pair
mass, is sharply peaked at its minimum allowed
value of 2m, . This peaking at low mass induces
a peaking at 0' opening angle, as seen in the ex-
ample given in Fig. 1. Figure 2 shows the distri-
bution in x for the Dalitz-pair data plotted together
with the theoretical curve. For comparison the
same quantity is plotted in Figs. 3 and 4, with
electron interpretation of all tracks, for the

150--
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FIG. 2. The distribution of x multiplied by M„p, i.e. ,
the pair mass, for Dalitz-pair events using the correct
pair as determined by visual observation.
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FIG, 3. Pair-mass distribution for Dalitz-pair events
using the incorrect pair.

positron of each Dalitz-pair event matched with
the wrong negative track, and for the two plus-
minus pairs possible for each normal & event.

Searches for possible biases in the Dalitz pairs
of these events have been carried out. In partic-
ular the laboratory energy and angle distributions
have been plotted. The energy distribution is shown
in Fig. 5 together with a Monte Carlo calculation for
the same quantity. The particular w"s which give
these pairs come from K„decays, the only Dalitz-
pair events making a kinematic fit. There is no
apparent bias against either low- or high-momen-
tum tracks although there is some distortion of
events among the three lowest bins of this plot;
however, the Monte Carlo and real data are in
agreement as to the total of the three. It is felt
that this juggling represents the difficulty of sim-
ulating by our Monte Carlo techniques the particu-
lar errors in measurement and reconstruction of
such low-momentum tracks.

Since the electron spectrum peaks at a low value,
there is the possibility of contamination of the
events by two-prong topologies with fast positive
tracks not readily distinguishable from minimally
ionizing, and large 6-rays near the vertex. An
example from our film might be:

K +P —Am' m+
~D ray.

If this contamination were sizable the low-momen-
tum portions of the electron and positron spectra
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should be visibly different at very low momenta.
But Fig. 6 shows that there is no such effect. The
data used in this plot are all Dalitz pairs not part
of events making K~, fits.

There is one small source of contamination which
is unavoidable. It is those events with y conversion
pairs, external pairs, with vertex close to that of
the primary decay. If the external and internal
pairs are assumed indistinguishable within 1 mm
of the primary vertex, a typical bubble gap length,
then there is a contamination of 0.6~lo in the number
of all Dalitz-pair events present.

The other feature of the visual examination of
the event was the possible identification of the

FIG. 5. Laboratory distribution of the energy E~», of
Dalitz electrons from %~2 events, real data, and Monte
Carlo.

primary decay track based on ionization or other
features. All possible information concerning the
nature of these tracks was recorded: ionization,
kinks, scatters, behavior on stopping, etc. How-
ever, these data could not be used in the analysis
unless the probability of making any particular
decision could be clearly stated. For the ioniza-
tion data the determination of this probability is
particularly difficult. This is because apparent
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FIG. 6. Laboratory distribution of the energies E+ and E, of Dalitz-pair positrons and electrons in unfitted Dalitz-
pair events.
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ionization density is a function not only of the
particle mass, but of momentum, dip angle, and
depth in the chamber, and one's ability to deter-
mine it is a function of track length and picture
quality.

One clear and useful determination was made;
tracks of momentum less than 200 MeV/c were
all categorized as to whether or not they were
electrons. Those which mere served to identify
the event as a K„.Those which were not were
either K„„K»,or ~'. Since most K„events
made satisfactory two constraint fits, the only
serious ambiguity in the low-momentum sample
was between K» events and 7' events. Attempts
to separate these visually were not successful.

IV. MONTE CARLO PROGRAM

The analysis of these data has depended heavily
upon a Monte Carlo program which generated
events of the four types under consideration. A
serious effort was made to have these events be
as similar to the real ones as reasonably possible.
A summary of the steps involved follows; the K»
generation is described in detail, the other types
following a similar pattern.

(1) Generate an event on the K» Dalitz plot.
Density is assumed given by vector interaction
with form factors $ (0) = —0.85, X+ = 0.03, A, = 0.
Radiative corrections can be neglected.

(2) Pick a muon direction in the K c.m. frame.
Muon is isotropic in this frame.

(3) Choose an appropriate beam track. Actual
tracks from the real data are used for this pur-
pose. Thus the beam momentum spectrum and
the distribution of decay points are automatically
the same for the Monte Carlo and real data.

(4) Lorentz transform the muon 4-vector mo-
mentum to the laboratory frame. For this pur-
pose me do not use the beam track of step 3, but
instead use one whose momentum is the average
of that of step 3 weighted inversely as its error
and the central momentum of the beam weighted
inversely as the beam width. This procedure
seems to simulate the effects of mismeasurement
of the beam. The track of step 3 is still consid-
ered the beam track of this event.

(5) The resulting lab 4-vector momentum is
used to generate a track as it appears in the
bubble chamber. In particular the canonical track
parameters are calculated and a first-order tra-
jectory (circular helix) is calculated to determine
the length of the track in the bubble chamber.

(6) Errors on the track parameters are calcu-
lated incorporating setting error, track length,
and multiple Coulomb scattering.

(7) The original parameters are smeared in a

Gaussian manner as determined by these errors.
The results of this smearing and the errors cal-
culated in step 6 constitute the muon interpretation
of this track.

(8) The track is also interpreted as an electron
and a pion, as it would have been in the real data.
For this purpose the angles are assumed un-
changed, but the momentum at the vertex differs
due to different energy loss rates for the other
interpretations. Pion and electron interpretations
are also assigned errors.

(9) The n' of the K» is generated in the K c.m.
system. Its momentum is read directly from the
generated Dalitz plot point, its angle with respect
to the muon is calculated by kinematics, and its
azimuth about the p is generated assuming
uniformity of this distribution. A problem arises
later in incorrect combinations of Lorentz trans-
formation if this m' momentum is not taken to the
laboratory frame. This transformation is now

performed using the same beam parameters as
used to transform the p,

(10) The decay of the wo itself is now generated.
Values for x and y are picked from the theoretical
distributions and these specify a Dalitz-plot posi-
tion up to a decision as to whether the e' or e has
higher energy. Thus one coin flip finishes this
process.

(11) The e' is generated first. Its momentum
is calculated from the Qalitz-plot position given
above, its angles by assuming isotropy in the m'

c.m. frame. It is now taken to the lab frame and

length, errors, smearing, and interpretation as
w and p' are handled as above.

(12) The Dalitz e is handled in a similar man-
ner. The only difference is that its polar angle
with the e' is calculated by kinematics, and its
azimuth about the e+ by assuming uniformity.

4000 K&, events were generated in this way,
nearly ten times the number of real data events
expected so that statistical errors on the Monte
Carlo could be neglected for most purposes.
Similarly 4000 K„events were generated. For
these, radiative corrections to the Dalitz plot
were made using the prescription of Ginsberg. '
For 7' events a quite different Dalitz-plot struc-
ture was needed. It was assumed that the distri-
bution is governed by a term linear in the kinetic
energy of the odd pion, the n in this case, and
the slope was that of Davison et a/. ,

' which is the
most precise experiment measuring this quantity
for K'. Otherwise the &' generation proceeded
as for the leptonics, again yielding 4000 events.
Finally for the K„,generation the Dalitz plot
consisted of only one point, this being a two-body
decay, and the rest of the program remained as
for the three-body cases. Only 1500 of these
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Event Type %K„,Fits

96%

It was found that each of the three-body channels
has about 2% of its events fitting K„through the
mechanism of Dalitz electron mistaken as the
primary decay track and vice versa. This inter-
pretation seems to allow in a random fashion

events were generated as the computer time they
occupied in succeeding programs was prohibitive.
Later enough were generated to again make the
statistical errors small compared with those of
the data, which consisted of over 3000 K„events.
However, these latter Monte Carlo events did not in-
clude the Dalitz pair, but only the beam and pri-
mary w tracks.

Actually the &„events were generated first
since they were fitable. Tests were performed
and adjustments made such that if the smearing
were included the X,

' and missing mass widths
agreed with those of the real data. The setting
error used in the Monte Carlo program was deter-
mined in this way.

The result of the lengthy Monte Carlo generation
was data which looked like the result of a geometry
program, and a tape in TVGP output format was
written. From this point all programs run on the
real data could also be run on the Monte Carlo
data, and comparisons made.

The first thing done with this Monte Carlo data
was to run it through TACK, the kinematics pro-
gram. The fits attempted here were four-con-
straint Y and two different two-constraint &„'s
with each negative track being tried as the primary
decay m' . Acceptable fits were taken as X' less
than five times the number of constraints, as with
the real data. Although it seemed unlikely that
many of these events would make fits as 7 events,
an assumption proven correct, the same could
not be said for fits to E„'s.This was especially
true of the leptonic decay events where there is
actual kinematic overlap with &„'snear the top
of the spectrum if only the primary decay track
is considered. When the Dalitz pair is included
momenta can look like those of E„'sbut with
slightly different angles. Thus it was not clear
how many leptonics would fit E„,'s with our crite-
ria without actually running YUCK. There is no
kinematic overlap of &' events with K„,'s, and it
was assumed that almost none of these would make
a fit.

The results of the fitting procedure are as follows.

some kinematical overlap not present in a more
logical interpretation of the event. Essentially all
of the 7 ' events fitting K,2 do so in this way. Few-
er than 1~/0 of the events in each class make 4C
fits as &'s.

We now present results on the numbers of E„„
K 3 +$3 and 7 ' events in our data, toge the r with
the slope of the 7' Dalitz plot.

V. NUMBER OF E EVENTS

The data contain 3370 events fitting E„within
our criteria. Corrections to this number to obtain
the actual events are for other types of events
making this fit, correct events failing to make it,
a scanning bias in the angular distribution, and
imperfect efficiency.

We first recapitulate the numbers of events of
other types making these fits. First of all, as
was stated above, most Dalitz-pair events were
observed by physicists and ruled out as normal 7

events. However events already making good K„
fits from the first measuring pass were not ex-
amined and if any of these were not actual E„'s
they would have been misclassified. The number
is estimated as 20. The number of contaminating
leptonics and ~' events can be determined from
the above percentages of events making this fit
and current values of branching ratios taken from
IC" . The contamination is 120 events.

The E„.events lost to the & events, estimated
as 50, can be seen to be lost as part of the scan-
ning inefficiency and no account is made for them
here. The question of whether &„,events are
lost to leptonics is a more difficult one. The
Monte Carlo results above indicate that 4% of the
E„'swould fail to fit within our criteria. This
number is more than would be expected in the tail
of a properly distributed X' curve, but during the
writing of the Monte Carlo program it was found
that the errors on Dalitz electrons were abnor-
mally large. There certainly is an indication of a
leakage into leptonics, but not a proof. The prob-
lem is solved by studying the leptonics themselves
and looking for a bias. Plotted in Fig. 7 is the
c.m. kinetic energy of primary prongs, with
Lorentz transformations to the K rest frame
performed assuming the pion mass for the primary
decay particle. The events used are any in which
this prong is a possible pion from the ionization
information and related cuts as discussed above.
The Monte Carlo curve has the same cuts and has
the leptonic and ~' events combined according
to & branching ratios. It can be seen that there
is indeed an excess of events around the unique
value of & for &„,'s. The region of excess is
taken to be T„greater than 90 MeV. The Monte
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Carlo is renormalized below this value and then
extrapolated over the entire range. There are
now 118 events in excess of the Monte Carlo
curve in the high region. This is taken as the
number of "leaked" K„,'s and is, fortuitously or
not, in quite good agreement with the 4~/p predicted
from K„Monte Carlo. Clearly when looked at
from the point of view of the leptonic events, the
region above T, of 90 MeV is seriously contamin-
ated with K„'sand cannot be used.

In a search for a possible bias against short
tracks, the analog of something clearly seen in
normal w events, we plotted the cosine of the
angle between the beam direction and primary
decay track, as taken in the K c.m. system. For
a monoenergetic beam this plot is equivalent to
one of track length and is easier to study as it
should be Qat and requires no comparison with a
Monte Carlo curve. The result is given in Fig. 8
and is surprising. The bias seen is against forward
tracks, the ones fast in the lab, instead of the
backward slow ones. The same angle, but taken
in the laboratory frame is plotted in Fig. 9. The
Monte Carlo in this figure is normalized to the
first 18 bins, which are assumed bias free. It
is here seen as a bias against very forward tracks.
These have outgoing prong momenta and directions
similar to those of the beam (although different
ionization) and apparently did not show up well in
crowed regions of the film. Examination of lab
and c.m. plots yields different values for the cor-
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FIG. 8. The distribution of the pion decay angle, in
the c.m. frame, taken with respect to the beam direction
for K z events.
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rection to be made for this effect. It is taken as
156+ 50 events, the 50 being a possible systematic
error.

Finally the scanning efficiency has been deter-
mined. This determination has been made using
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FIG. 7. Distribution of T„,m, the c.m. kinetic energy
of the primary K decay prong, pion interpretation, for
all unfitted Dalitz-pair events both real data and Monte
Carlo. A K~2 contamination is evident.

200-

0
-1

[

0
cos grab

FIG. 9. The distribution of the pion decay angle in the
laboratory frame taken with respect to the beam direction
for K~2 events, both real data and Monte Carlo.
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the fact that all of the film has been at least double
scanned, although one of the scans had low effi-
ciency for Dalitz-pair (DP) events. The over-all
double-scan efficiency is given as 98.0% as deter-
mined on those events actually comprising the E„
sample. Correction for external pairs and minor
biases subtracts 11 events. The total E„+DP
events present is thus given as:

3370 —20 —120+ 118+ (156+ 50) —11
0.980

~ 3.1'/o

= 3564+ 110 events or 3564 events + 3.1%.

The statistical error included is based on the
number of events found in the first 18 bins of the
cos ~ lab plot, since the final number is based
only on these.

VI. NUMBER OF E,3 EVENTS

There is a difficulty with the leptonic and T'

events which is not present for the K~, events.
The latter, when observed with Dalitz pairs, lead
to two-constraint fits which give great simplifica-
tion in the data analysis. In the former cases the
fits are underconstrained. A second problem is
that no ionization information can be used in the
region of laboratory momentum greater than 200
MeV/c. Thus there are three event types confused
in this region with neither fits nor visual informa-
tion available to effect a separation. These data
have not been used, correction for the cut being
made through the Monte Carlo.

In the region less than 200 MeV/c the K„events
are uniquely determined by the Dalitz-pair topology
plus the identification of the primary decay track
as an electron by ionization. The-number of such
events, automatically excluding any which incor-
rectly makes fits, is 474. The Monte Carlo run
with the 200 MeV/c cut and fitted events removed
shows that the detection probability by this pro-
cedure is 0.615. It also estimates a small cor-
rection of three muons so short as to be missed
and whose decay electrons presumably result in a
&,3 classification. The scanning efficiency is
96.8% on these events alone. Including finally the
0.6~/q external pairs contamination we find a total
number of K„+DP events of:

474 -3
0.968x 0.615

= 786+ 36 events or 786 events+ 4.6/o.

The errors quoted are purely statistical in this
case as we know of no comparable systematic pro-
blem.

VII. NUMBER OF E„3EVENTS

It is difficult to study muons in an experiment
of this type. The low end of the spectrum is over-
whelmed by 7' events, the high end by K„,'s, and
there seems to be no satisfactory means of visually
separating them, even though E,3's have been elim-
inated. Although many events were noted as hav-
ing a stopping muon, this sample seemed to be
contaminated with muons from m-p decays from
i plons.

If the primary decay track of the event is trans-
formed to the K c.m. with pion interpretation,
the &' spectrum runs from 0 to 53 MeV and only
two events are expected to spill over into the
region above 55 MeV. The cut for E„,contamina-
tion is at 90 MeV. Thus the available part of the
muon spectrum is between 55 and 90 MeV, pion
interpretation, and in this region there are 93
events. We subtract two events for &' spillovers
and add one for a short muon misinterpreted as its
decay electron. The Monte Carlo predicts this
region to be 17.26~/p of the total and the scanning
efficiency on these events is 97.2%%uo. Thus the
total EJJ, + DP events we calculate in this way is:

0.994 + 10.4%~ ~

93 —2+ 1
0.1726x 0.972

= 545+ 57 events or 545 events + 10.4%.

There is in this experiment another source of
clearly identified muons which arises from a
study of the kinematics of the Dalitz decays them-
selves. For this purpose we consider those events
of primary decay momentum less than 200 MeV/c
in the lab, nonelectron by ionization, and ambig-
uous by kinematics between &' and E». The kine-
matics of the primary decay of such an event is
twofold underconstrained in either the 7 ' or X»
case. Consider the whole event as observed in the
E c.m. system. If we let the direction of the
charged prong, transformed again as a pion, rep-
resent the positive &~~ axis in a new coordinate
system, then the two missing quantities can be
taken as the component of m' momentum parallel
to this new &~j axis and the azimuth of this momen-
tum vector about the axis. Energy and momentum
conservation are sufficient to calculate all other
quantities as functions of these. If we project out
the azimuthal dependence then we have a plot
which is the parallel versus perpendicular com-
ponents of n~ momentum relative to the charged
decay direction. Plots of allowed values are given
in Fig. 10. The full manifolds of possible values
are figures obtained by rotating these two curves
about the P~~ axis. By the fact that the third par-
ticle in a 7' decay is a v' while in a K» it is a v,
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the &' curve always lies within that for &».
Now consider the Dalitz decay of this same 7t .

If its momentum is completley specified, then the
decay

m'-e'e y

makes a one-constraint fit as in the case of the
K„'s.Since the m' is not specified this fit cannot
be attempted, but its one constraint can be used
to establish one relation between the two unknowns
of the previous paragraph, namely &~~ and the
azimuthal angle around P~~. The resulting manifold
of possible & momentum vector values is one
dimensional. It is a closed curve drawn on the
surface of rotation discussed above.

The entire event can be viewed as minus-one
constraint, and to understand what can be obtained
from this consider the more frequently used zero-
constraint fit. In this case the for equations of
energy and momentum conservation can be used
to calculate either zero, one, or two possible
configurations. Although there are no checks
it is still possible for this fit to fail, the zero-
solutions case. It is possible that energy and
momentum cannot be conserved for the mass
interpretations given and a particular set of input
data. In the case of a minus 1C fit the situation-is
similar. The solution is in general a one-dimen-
sional manifo. d instead of discrete points, but it
is still possible that no solution exists.

The general nature of the way that these data can
be used is illustrated in Fig. 11. If we isolate the
kinematics of v' decay, independent of production,
we again have a two-dimensional set of points —m'

momenta which could have given the Dalitz pair
which we observed. If we project the boundaries
of two such different sets of points into the same
two-dimensional coordinate system used in Fig. 10,
we obtain as typical cases curves DP a and DP b.
The curves from m' decay always have this general

appearance with infinity as part of the boundary.
This reflects the fact that a normal-energy Dalitz
pair can result from backward emission by an
abnormal energy m'. We see that for curve .(a)
there is an intersection on this plot of possible v"s
from production as a 7' and from decay. In this
case the one-dimensional manifold is not empty,
while for curve (b) it will be empty and the z'
interpretation is not possible.

Thus the kinematics of the Dalitz pairs give a
clear cut piece of information; either this event
is a possible T' or it is not, and some Z»'s can be
identified. Much effort has gone into trying to
find a probability estimator to choose between T'
and K» in a statistical way for those events which
remain ambiguous. None has been found with
sufficient resolving power to make its application
to the data worthwhile.

Since this procedure does not take measuring
errors into account, it is possible that an actual
&' event could be incorrectly classified as a
definite K&, by this procedure. This has been
tested by running it on the &' Monte Carlo data.
The result is that indeed mistakes are made.
They are highly energy dependent and total 6% of
the r' events. This is to be compared with 53% of
the otherwise ambiguous K» events being rejected
as T' events.

There are 126 cases of E»'s definitely identified
in this way. Of this number 24 are estimated to
be v' events so that we have 102~11 muons iden-
tified. The Monte Carlo predicts this to be 18.1%
of the total K»'s. Thus the number of K„,+DP
predicted in this way is

564k 62 events or 564 events a 11/p.

P1

FIG. 10. Curves of allowed values of m momenta for
~' and K&3 interpretations of a typical ambiguous event,
using primary K decay kinematics only. P~~ is defined
in the text and P~ is any direction perpendicular to P~~.

The proper three-dimensional surfaces are formed by
rotating these curves 360 about the P~~ axis.

Kp3

FIG. 11. Demonstration of how the information seen
in Fig. 10 combined with Dalitz-pair kinematics can lead
to an identification of the event. The open curves DP a
and DPb represent different possible limits on ~ mo-
menta resulting from Dalitz decay kinematics.
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These new events are statistically independent
of those above so that we can combine the two
sets of data and estimate a total of:

554 + 42 events or 554 events + 7.6%.

VIII. NUMBER OF r' EVENTS

Figure 12 shows the data used in the determina-
tion of the number of &' events and their energy
spectrum. The plot is again T„ for all nonfit-
ting, nonelectron events with &,

„

less than 200
MeV/c, and excluding the K„region. Also all
events not possible as 7' events from Dalitz-pair
kinematics are excluded. However this latter
criterion is set only for events in the v' region.
The real data contain both 7' events and K»'s;
the Monte Carlo has the same cuts as the real
data but contains only K» events. This curve is
normalized to the K» data present outside of the
7' region, with the small corrections made as
noted in Sec. VG. The number of ~' events is then

the number above this background curve. There
are 402 such events. They must first be corrected
for the errors generated by the Dalitz-pair kine-
matics analysis, and increase of 5.94~/0 or 24
events. Other corrections are for the cut at 200
MeV/c lab momentum, 20.5/o of the events missing
the cut; spillovers out of the 7' energy region,
+ 2 events; —0.6% for external pairs; and + 1.17%
since there being two w" s, there may be two
Dalitz pairs and a five-prong event which is not
counted. The scanning efficiency on these events
alone is 94.2~/p. Thus the total number is given
by.'

1.0117 + 5.9~/oc
402+ 24+ 2 —3
0.942 ~ 0.795

= 574+ 34 events or 574 events+ 5.90/o.

The error includes statistics on the background as
well as on the data. If Daltiz-pair kinematics are
not used, we obtain:

580 events a 7.3/o

100—
so that their effect is to lower the error without
appreciably affecting the value.

IX. SLOPE OF THE x' DALITZ PLOT

50—

25—

--—MC

The &' spectrum is assumed to be given by phase
space times a factor which is linear in the c.m.
kinetic energy of the odd pion, or m in our case.
For this study of the work of Davison et a/. ' has
been followed. We write the spectrum divided by
phase space in the form:

2A
1+M,(s, —so),

where

A is the slope to be determined,

s& is the square of the 4-momentum transfer
to particle i,

so =
~ (s~ + s2+ s3),

M, is the charged pion mass and pion number
3isthe z .

0

C )

l J l JJ
I

50 ~7' Kinernqtjg'~ 100
I jrnjt

c.fA (MeV) K~2 cut

FIG. 12. The distribution of T, for all possible
~' events. The Monte Carlo shows the expected K&3
contamination and is normalized to those events outside
of the 7 ' kinematic region, namely T~, from 55 to
90 MeV.

The quantity s, —s, can be expanded as:

s —s = —'(M —3M M, +M ) —2M T

so that linearity in this quantity is the same as
linearity in T,.

To determine A we first state the actual distri-
bution of the data. All the same cuts and back-
ground corrections are made as in the previous
section, but they are now made one bin at a time.
These totally corrected data are now compared
with theoretical spectra of the form given above.
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100—

75—

50—+
C8

UJ

25—

Data
Smear ed Theory

Number of X&~ events = 554 events+ 7.6/o,

Number of w' events = 574 events+5. 9%,

Slope of 7' Dalitz plot= 0.242+0.042.

For formulation of branching ratios one must
keep in mind that since a &' has two m" s its chance
of being observed is twice that for other Dalitz-
pair types. The other decay mode for which we
have knowledge in this exposure is T's. With all
corrections made we have observed

85 709 events + 0.357o.

This number can be combined with the ones given
above if we include the branching fraction of m" s
to Dalitz pairs. Experimentally this fraction is:

0.01166 + 0.000 47.

L

I I

25 50
T~C.N (MeV)

FIG. 13. The 7' spectrum with all corrections, both
real data and Monte Carlo (smeared theory). The Monte
Carlo includes phase space, the effects of resolution, and
a linear term with our best fit value for the slope.

Kinematical phase space is modified to include the
effects of resolution since the events are not fitted.
From the Monte Carlo data we can find the fraction of
events which truly lie in bin i which will be mea-
sured as in bin j. The matrix M;,. of these frac-
tions is largely diagonal but not completely so.

We now vary A and compare the resulting spectra
with the data to obtain the best fit value,

A = 0.242+ 0.042

with X,
' value at minimum of 5.05 for 9 degrees of

freedom. The data used are compared with this
fit in Fig. 13.

This result compares favorably with the value
0.258+ 0.009 obtained by Davison et al.' However,
our data show no strong evidence of a dip at T, = 0
as indicated by theirs. Our experiment has been
performed using decays in flight which are less
sensitive to systematic problems in this region.
However our statistics do not rule out the effect.

X. CONCLUSION

The results stated above are summarized as:

Number of E„,events = 3564+ 3.1/0,

Number of K,, events = 786 events + 4.6'%,

The theoretical value based on quantum electro-
dynamics is4 0.0119but is uncertain if there are
large effects resulting from the strong-interaction
w form factor.

Unfortunately we have no absolute normalization
on the number of K from which to compute
branching fractions, only ratios are possible. All
our ratios seem consistent with the values pub-
lished in the Particle Data Group tables' except
those involving s's. Combining all the Dalitz-
pair data together and taking the table value for
the sum of these ratios yield a & branching frac-
tion of (6.03+ 0.19)lo or (5.90+ 0.30)%%up depending on
whether the theoretical or experimental value for
the Dalitz-pair fraction is taken. If these numbers
are accepted, they represent a change in the v

branching fraction of +7.6% or +5.7% of its current
Table value, but are within the range of values
obtained by previous experiments. The difference
may also be attributed to an approximately 1.50
error in the experimental value of the Dalitz-pair
branching fraction. However this would require
a move of the experiment away from the theoret-
ical value with which it is now in agreement. The
last possible interpretation is that the bias against
Dalitz pairs seen in the early stages of this exper-
iment'has persisted despite efforts to prevent it.
It can only be said that we see no evidence for
this; the point is discussed in detail in Ref. 8.

We feel on completion of this experiment that
the approach of using Dalitz pairs can be a fruitful
one in certain applications. These seldom used
events have provided us with the most complete
study of K decays in a bubble chamber that we
know of.
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We present the results of the reaction E+p E+p2x+2x at 12.7 GeV jc. These results are
compared with the predictions of the model developed by Chan, foskiewicz, and Allison (the
Cg A model) and with a modified form of this model. With the addition of resonance produc-
tion to the model, adequate predictions of the experimental distributions are obtained. The
data were also analyzed in terms of the quark model for hadronic structure which is revealed
through the distributions of longitudinal momentum, transverse-momentum squared, and the
rapidity for the negative pions.

I. INTRODUCTION

The study of many particle processes in high-
energy collisions is in a very early stage of de-
velopment. Owing to their intrinsic complexity,
our understanding of these processes lags far be-
hind that of two-body reactions, which are rela-
tively simple compared to many-body reactions.
In many-body reactions the dimensionality of phase
space increases rapidly so that one needs too many
variables to describe all features of a reaction.
In recent years there has been a growing interest
among both the experimentalists and theoreticians
in the study of many-body reactions. The progress
in understanding high-multiplicity reactions has
mainly been made through a number of theoretical
models, for example (i) the bremsstrahlung mo-
del, ' (ii) the thermodynamic model, ' (iii) the quark
model, ' and (iv) the multi-Regge model. " The
last I(iv)j model, a version of the multiperipheral

model, has been extensively used to interpret the
experimental data. A model of this type, aimed
at describing inelastic reactions quantitatively,
has been proposed by Chan, goskiewicz, and Alli-
son' (known as the CgA model), and has been
shown by various experimental groups' to repro-
duce the main features of many body reactions.

In experiments in which pions are used as pro-
jectiles, the leading pion can be easily lost among
the other pious produced. However, when the pro-
jectile is a kaon, the leading particle among the
secondaries can be distinguished from the directly-
produced pions on the basis of their mass differ-
ence. From the detailed analysis of multiple me-
son production in high-energy kaon-nucleon colli-
sions in terms of a multi-Regge model, one can
learn a great deal about the range of applicability
and usefulness of the model. Hence, we present
here the results for the reaction K'p-K+p2g'2g
at 12.7 GeV/c and compare them with the predic-




