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We construct a nonlinear Lagrangian to describe the scalar and pseudoscalar mesons such
that the chiral SU(3) X SU(3) symmetry is realized by an octet of Goldstone pseudoscalar
mesons while the scalar particles behave neither as parity partners of the pseudoscalar
mesons nor as Goldstone bosons in the SU(3) X SU(3) -symmetry limit. The symmetry-
breaking Lagrangian is assumed to transform as the (3,3) + (3, 3) representation of the
SU(3) X SU(3) group and contain explicit SU(3)~ and SU(2)-violating terms. The transforma-
tion properties of the scalar fields together with these breaking terms in the Lagrangian
enable our model to have an SU(3)~-broken vacuum. We exhibit the masses of the scalar and
pseudoscalar particles as well as the decay constants defining PCAC (partial conservation
of axial-vector current) and PCVC (partial conservation of vector current) relations in terms
of the parameters of the model, and obtain various well-known relationships (including the
Glashow-Weinberg sum rules) between the physical quantities. The smoothness assumption
is shown to imply approximate SU(2) X SU(2) symmetry of the Lagrangian with a small SU(3)
violation in the vacuum (Gell-Mann-Oakes—Renner model), while an appropriate change in
the smoothness assumption leads to approximate SU(3) symmetry of the Lagrangian with an

almost SU(2) X SU(2) ~invariant vacuum (Brandt-Preparata model).

We calculate the sym-

metry-breaking parameters of the Lagrangian and vacuum and predict the mass and decay
constant of the k meson. Furthermore, from the width of the decay my— 77, we obtain the
decay widths of all the scalar mesons. Finally, we investigate the nonelectromagnetic SU(2)
breaking and find that it gives a major contribution to the kaon mass difference but only a
5% correction to the pion mass difference. The fact that the scalar mesons are needed to
getfx #f , and different wave-function renormalization constants for the fields, which en-
ables us to have solutions other than that of Gell-Mann, Oakes, and Renner, demonstrates
the importance of the scalar mesons in SU(3) -symmetry-breaking effects.

I. INTRODUCTION

Theoretically, the necessity for the scalar me-
sons has been discussed by many authors.!™?* Vari-
ous studies based on current algebra,®*”® broken
SU(3) symmetry,® partial conservation of the vector
current®~® (PCVC), and the violation of confor-
mal'®~*® and chiral invariance have led to a more
fundamental significance being attributed to these
particles.

The existence of scalar particles is well estab-
lished, although experimentally their properties
(mass, width, etc.) are not decisively known.?®
The I=1 scalar mesons have a mass in the range
960 to 1020 MeV and width about 60 MeV, and it
seems that the three candidates §(962), m,(975),
and 7,(1016) are all manifestations of one physical
state.?® For the /=% (k) mesons, the mass and
width is even more difficult to gauge. It seems
reasonable to assume that the mass of the x meson
is about 1200 MeV with a width of 300 MeV, but the
possibility of a narrow resonance (width 30 MeV)
at 890 MeV is not excluded.?®”2" The isoscalar
candidates are € (800-1000 MeV) (Ref. 25) and the
S$*(1060) with a width between 150 to 300 MeV,?® al-

8

though recent evidence suggests an S* with a mass
1250 MeV and a width about 300 MeV decaying
strongly into 7m.2°

This evidence suggests an SU(3) octet (or nonet)
of scalar particles around 1 GeV. The high mass,
together with the success of SU(3) in classifying
particle multiplets® and partial conservation of the
axial-vector current?!'3 (PCAC) indicates that
when the group is enlarged to SU(3) xSU(3),3%** the
octet of pseudoscalar mesons behave as Goldstone
particles® in the symmetry limit while the scalar
mesons remain massive in this case.

Guided by the ideas described above we construct
an effective nonlinear Lagrangian® ™ containing
the scalar and pseudoscalar mesons, such that the
SU(3) xSU(3) symmetry is realized only by eight
pseudoscalar Goldstone bosons®* [i.e., the vacuum
is SU(3)-invariant in this limit]. In this paper, we
demonstrate that the scalar particles, which in our
model are neither parity partners of the pseudo-
scalar mesons, nor Goldstone bosons, play a very
important role in symmetry-breaking effects (e.g.,
Sy * [y due to the existence of these particles).**
Previously, Lagrangians of this type constructed
to include the J”=17,1* mesons,**'*® as well as the
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baryons,**! all suffered from the defect of having

an SU(3)-invariant vacuum, even when the symme-
try was broken, which implies the same decay con-
stants for all the pseudoscalar mesons (f, = f, =fy-

In Sec. II, we construct the phenomenological La-
grangian which can be divided into two parts:

(1) The symmetric Lagrangian containing all the
SU(3) xSU(3)-invariant terms formed from the co-
variant derivatives of the pseudoscalar and scalar
fields, and from the scalar fields themselves.

(2) The symmetry-breaking part which is as-
sumed to transform as the (3,3) + (3, 3) representa-
tion of the full chiral group.'®'3* The symmetry is
violated only by nonderivative interactions, which
ensures that the current algebra is preserved.

We exhibit, in Sec. III, the masses of the scalar
and pseudoscalar mesons, as well as the decay
constants defining PCAC and PCVC relations, in
terms of the parameters of the model. This allows
us to obtain various well-known relationships be-
tween the physical quantities.

In Sec. IV we invoke the smoothness assumption
considered by many authors!:17:20:21,34.41.45 g nq
demonstrate how this increases the information we
can obtain from our theory. We show the relation
between the “smoothness coefficients” and differ-
ent approximate symmetries of the Lagrangian.

The decay widths of the scalar particles, which
have momentum dependence in our model, are cal-
culated in Sec. V.

SU(2)-symmetry breaking of the Lagrangian due
to nonelectromagnetic effects®?::%7% js considered
in Sec. VI.

Finally, in the last section we summarize and
discuss the results obtained from the suggested
model.

II. THE PHENOMENOLOGICAL LAGRANGIAN

The basic form of the Lagrangian density that we
wish to consider can be written as

£=8, +Lgp= Ly + €olty + Egly + €55, (2.1)

where £, is invariant under the full chiral SU(3)
x8U(3) group and u; (v;) are the parity-even (-odd)
members of the (3,3) +(3, 3) representation, which
satisfy the equal-time commutation relations®?

_2_ 1z, (2'5)

s Vo 3

(@Y, u;l=f i jpuy, [QF,u0]=0, (2.2)

[@F,v;]1=%f i1, v s [QY,00]=0, (2.3)
Hu; ($)128, v, +dj;

(@ u,]= { 130 + iy Uy} 5 2.4)

[ M’O]: )1/2

[@F, v;]=8{(3)/26; ;0 + 4,y } »

[QF, vo]=1

\4

3(Q

'+ Q%) are the generators of the SU(3)xSU(3)

group, %¢,j,k=1,2,...,8, and summation over re-
peated indices is implied unless otherwise stated.
The term €yu, breaks the chiral symmetry but con-
serves SU(3); eyu, describes the violation of SU(3)
whilst conserving the SU(2) isospin symmetry.
Finally, it is possible that the isospin symmetry
is broken by a nonelectromagnetic interaction of
the form €;u,. Thus the symmetry-breaking La-
grangian of Eq. (2.1) is the most general that can
be constructed from the (3, 3) +(3, 3) representation
which conserves the electric charge, parity, and
strangeness. Obviously, the choice of the (3, 3)
+(§, 3) representation is neither new nor com-
pletely general, since other representations could
be used, however, apart from the simplicity, there
are strong arguments in favor of this kind of sym-
metry breaking as has been pointed out by many
authors,*°-53

The fields involved in our Lagrangian are those
of the scalar and pseudoscalar particles, and we
consider that these form octet representations of
the vector SU(3) group. Thus the transformation
properties under SU(3) for these fields are

(QF, ;1= 0 b0 » (2.6)
[QF,S;1=4fi ;xS » (2.7

where ¢, and S; are the pseudoscalar and scalar
fields, respectively, whilst their commutation re-
lations with the chiral generators are

[Qf, ¢;1=1F, (), (2.8)
[@f, S;1= 'LGip((P S oin Se (2.9)

The transformation functions F;;(¢) and G,,(¢) are
completely determined in a general framework,3” %
and to lowest order are given by

Fi(¢)=f8;;+0(¢%),
1
G (o) = o7 Sijndr +0(0%).

(2.10)

(2.11)

It is important to note that the structure of the
axial transformations of the fields enable us to
form an SU(3)xSU(3)-invariant mass term for the
scalar particles while it is impossible to construct
such terms for the pseudoscalar mesons. This
mechanism ensures that the Goldstone nature of
the symmetry is realized only by the pseudoscalar
mesons. Finally to complete the invariant part of
the Lagrangian we must use the covariant deriva-
tives®™* D, ¢, and D, S; which to lowest order are

Du¢i=au¢i+0(¢a); (2.12)
D,S,=8,5, +0(¢°S). (2.13)

Using Egs. (2.12) and (2.13), together with the fact
that S;S, and d,,,S;S;S, are SU(3)xSU(3) scalars,
we can write £, up to third order in the fields as
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L£0=39,0;0"p; +39,5,9"S; + @ 5d; ;40" S;8,S,5, + A pd;;s0,0;0";Se+B,S;S; +Bod; ;1 S;S;Sk - (2.14)

To know the form of the symmetry-breaking terms, the (3,3)+ (3, 3) representation must be constructed
from the pseudoscalar and scalar fields. We demonstrate how this may be achieved in the Appendix. To
third order in fields, we find the following expression for the symmetry-breaking Lagrangian:

. a
Lsp= 50[‘\/?5 62+ ()" 2a50,¢; + a,5:S; + ay, d;25:S;5k -@3)/? }“é diik‘Pi‘PfSk:I

i a a
+ €| a3 S5+ 4355(8;8;) = 755 PalP;S)) + A5y ;S;S;+ Agly ;P =573 45:;451m i 915m
3f 2f

. a a

+ & [“xss +a53,(S;S;) —ﬁ O3(D:S;) + asds;;8:S; + agds; ;019 'E;E daijdjlm(Pi¢lsm] ; (2.15)

where the a’s are the remaining arbitrary coefficients describing the (3, 3)+ (3, 3) representation in terms
of the available fields, and can be chosen as order unity to fix the scale of the €’s in £.

The new features of our nonlinear Lagrangian are the linear terms S; and S; which must be removed by

making the transformation

S;=8]+8,5(S3) 0+ 0;6(Ss) 0 »

bi=¢i ,
and requiring

2(B;+ ag€y = as€s/ V3N Ss) o+ a1 €5+ (2/V3 )as€,( Sg) =0
to remove the linear term in §§, with

2(B, + g€+ a5 €5/ V3 Sy o+ @y €+ (2/V3 )asex(Sy) =0 (2.18)

as the corresponding equation to eliminate the linear SJ term. Equations (2.17) and (2.18) indicate that ¢,
and ¢, are SU(3)-symmetry-breaking parameters of the same order as (S;) , and (S,) , but say nothing
about the size of ¢,.

At this stage we should like to point out that using the transformation (2.16), terms in £ containing higher
powers of the scalar fields than we have considered can change the quantities given by our Lagrangian.
However, these contributions are of higher order in (Sg), and (S;),. Therefore a crucial assumption in this
model is that an expansion in (Sy), and (S, ), makes sense such that the first-order terms are a good ap-
proximation. Further, in this model with processes described in the tree-graph approximation, the ¢,
€;, and €; are not treated as perturbation parameters whilst (Sg), and S,), are. We can therefore sum-
marize the philosophy regarding the parameters in our theory by stating that, generally, all the first-
order contributions €; and (S;), together with €;(S;), are retained but {(S;),}", #>1, are neglected.

Having removed the linear term from £, we find that £, no longer contains the desired kinetic terms
(38, ¢/0" p;+39,5;0"S]) but has changed to

£6=30,0/0" ] {0;;+20 Sy )odas; + 20 S3)0 day; 1 +50,5/0"S1{6,,+ 2005 Sy ) dyy; + 25 Ss)o sy}

(2.16)

(2.17)

+B,5{8;+3B,S; S],{< Sg)odg;;+ S3>0d3ij} ’ (2.19)

where we are obliged to keep only second order in fields. To obtain the necessary form for the kinetic La-
grangian we must first diagonalize £ to remove the ¢, - ¢4 and S;-S; components, and then renormalize the

fields, thus

®%o i Z,07/? 0 cosfp sindp (97 (2.20)
o® 0 Z,""2)\~sin6, cosbp/\¢s
oF=2y7¢; (i=1,2,4,5,6,7), (2.21)

(529):(2"[9-1/2 0 >< cos g sin95><83’
S 0 Za"1/2/\=sinbs cosfs/\S{ /)’ ) (2.22)

Sf =z, “U2gr (i=1,2,4,5,6,7), (2.23)



8 GENERALIZED NONLINEAR LAGRANGIAN... 47

where R labels the physical fields.
By eliminating the 8,¢48" ¢4 and 8,5;8"S; we get

tan26, =tan26; = g—sg—i—Q tan20 . (2.24)
0

From Eqs. (2.19)-(2.24), it is easily seen that the
renormalization constants have to be defined by

le142 é axSa)o s (2.25)

s
(I)
\./
o
\/N
[E—

Z,.0" 1+‘/2_aP<SB>Ocos29[1+(<SB>

(2.26)
ZK+"1=1_\-/%:O[P<SB>O+C¥P<SS>O’ (2.27)
_1=1“%QP<33>0_0‘P<83>0 ’ (2.28)
o _2_ (Sa>0 ?
_l_ﬁap<sa>00052"[“<<sa>o> }
(2.29)

The renormalization constants for the scalar
fields have exactly the same structure, as may be
expected from a glance at Eq. (2.19), with o, re-
placed by ag, i.e.,

Zs=Z fap—-ag) . (2.30)

Note that in the absence of SU(2) symmetry break-
ing, these constants satisfy Gell-Mann—-Okubo
type relationships of the form

4z, '=3Z,+ 2.7, (2.31)
47, 1=3Zsx"1+ Z,N'l. (2.32)

Thus, with a similar diagonalization in the non-
derivative terms (which we discuss in Sec. VI) we
may rewrite our Lagrangian as a function of the
physical fields

£=30,¢70" ¢F +30,SFoM ST
—3m, 207 o7 = sms *S{ST (2.33)

where the summation on ¢ is over the physical
states (or in other words ¢f =¢¥, and ¢§ = ¢
and similarly for S¥, and ¢=1,2,...,8) and the
coefficients of the quadratic terms are identified
as the physical masses. The appropriate expres-
sions for these quantities are given in the follow-
ing sections.

III. MESON MASSES, PCAC, AND PCVC

In this section we discuss the case with no SU(2)
violation, i.e., €=(S;),=0

1. Pseudoscalar-Meson Masses

Neglecting the SU(2) breaking effects, the phys-
ical masses of the pseudoscalar mesons in the
Lagrangian of Eq. (2.33) are

m,?= Zfﬂéfyz—’iﬂzw(]+a+b+ab) , (3.1)
mg E_Q%_QQZ (1-4a-3b+3ad), (3.2)
m,? % €o<;’0>° Z,(1-a=-b+3abd) , (3.3)

where the scalar densities have vacuum expecta-
tion values, measuring the symmetry of the vacu-
um, given by Eqs. (2.15) and (2.16) as

(o)o==VBasf?, (ug)o=a,(Sg)o, (3.4)

and a and b are defined by

€ (Ug)q

\/_50 V2{ug)y

The renormalization constants, Z, , can be found
in Egs. (2.25)-(2.29) when (S;), is put equal to
Zero.

From the expressions for the mesons given in
Egs. (3.1)=(3.3) it is interesting to consider the
various limiting cases that can occur by treating
a and b as variable parameters, and assuming
ap#0:

(A) SU(3)x SU(3) symmetry of £: €,=¢;=0.

b= (3.5)

my=mg=m,;=0 (3.6)

as is to be expected for a symmetry realized by
an octet of pseudoscalar Goldstone bosons; in
other words, this is an example of the Goldstone
theorem.%

(B) SU(3) symmetry of £: €,=0 (a=0).

(i) =0, a, #0 [(Sg),=0, i.e., SU(3)-invariant

vacuum] .
Z,=2y=2,=1, (3.7)
my=myg=m, #0 . (3.8)
(i) =0, @, =0 ((Sz)o#0) .
Z #Zxk#Z,, 4Zx'=3Z,'+2Z, 7, (3.9)
mlZx =m 2 = m P2 7 (3.10)

Equations (3.9) and (3.10) give

4 3 1
mxz_mn2+mwz . (3.11)

(iii) b #0. In this case we have Eq. (3.9) together
with

dmiPZg =3m iz, vm Pz, 7 (3.12)
(C) SU(2)xSU(2) symmetry of £: €==V2¢,
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(a=-1).

(i) =0, a, #0 ((Sg),=0, i.e., SU(3)-invariant
vacuum). In this case we have Eq. (3.7) together
with

m,2=0, 4mg®=3m, (3.13)
which is the Gell-Mann-~Oakes-Renner model.**
(ii) =0, a,=0 ((S3), #0). Besides Eq. (3.9) we

have
mﬂz =0,
(3.14)
4z 'mE =32, 'm,? .
Equations (3.9) and (3.14) can be used to give
Zx _ sz>
Z 4(1 ).

(iii) 5 #0. Again we have Eq. (3.9) with

(3.15)

2 _
m,*=0,

ZK‘lmK2_3{1—§b}

Z,'m,? 4 |1-2b

(3.16)

and instead of Eq. (3.15) we have

_Z_,_(_[ mK2<1—2b>'J
Z =41 m 2 \1=-3b/1"

m

(3.17)

(D) SU(3)xSU(3) symmetry of the vacuum: (Sg),
=0 (i.e., 5=0) and (u,),=0 (i.e., az=0). In this

J

SHALOM ELIEZER 8

case we have simultaneously Eqgs. (3.6) and (3.7).
(E) SU(3) symmetry of the vacuum: (S;),=0
(6=0).
(i) @ =0 has been considered in (B)(i)
(ii) @ #0. Equation (3.7) holds together with

dm®=3m,>+m,? (3.18)

which is the usual Gell-Mann-Okubo mass formula.
(F) SU(2)xSU(2) symmetry of the vacuum: (ug),
=‘ﬁ<uo>o (b=-1).
(i) a=0. This has Eqs. (3.9), (3.14), and (3.15).
(ii) @ #0. This implies Eq. (3.9) as well as

2 .
m, =0,

(3.19)
ZK‘lmK2_3<1—§a>

Z, 'm,2 4\1-2a
Finally, using Eq. (2.17) we deduce that €, and
(Sg), are SU(3)-symmetry-violating parameters of
the same order and therefore, our masses given
in Egs. (3.1)-(3.3) satisfy the Gell-Mann—-Okubo
(GMO) mass formula identically to first order in
SU(3)-symmetry breaking.

2. Scalar-Meson Masses

The expressions we obtain for the masses of the
scalar particles in the Lagrangian of Eq. (2.33)
are

m, 2=Z, [--ZB1 ~ 2¢€gag+ V3 a,o(Sg)o) -2€8<£§_ + a3<88)0> -2v3 62<SS)0] , (3.20)
N N ,\/?
V3
m =27, [-231 - 2€0<a9 - s,,>0)+ €8<—3j§——2a3<58>0>+ f3‘;32<sg>0], (3.21)
Mmgx® = ZS»:[—Zﬁ1 = 2¢€o(ag — V3 ay6(Ss)0) + 268(% - 3a3(88>0>+ Zﬁﬁz(SS)OJ . (3.22)

From these equations for the scalar masses, it
is interesting to consider only the following limit-
ing symmetries where we assume that ag, B8,, and
B, do not vanish simultaneously:

(A) SU(3)xSU(3) symmetry of £: €,=¢;=0.

(1) <Ss>o =0.

Z, =7,=Zgx=1, (3.23)
My =M, =msx . (3.24)

(ii) (Sg)o #0. This case implies B, =0 [see Eq.
(2.17)] and

Zy FZ#Zgx, 4ZK‘1=3ZS*’1+Z"N'1, (3.25)

m, B==2m,*=—mgx* (3.26)

to first order in (Sg),. Obviously Eq. (3.26) can-

r

not be satisfied unless B, is also zero. Therefore,
the SU(3)xSU(3) symmetry of £ and massive
scalar particles in this limit imply SU(3) sym-
metry of the vacuum ((Sz),=0).

(B) SU(3) symmetry of £: ¢,=0.

(i) (Sg)o=0. We have Eq. (3.23) and

2
TN

(ii) (Sg)o #0. This implies B, +a,€,=0 from Eq.
(2.17), and again we have Egs. (3.25) and (3.26).
Therefore, it is important to realize that SU(3)
symmetry of £ and massive scalar mesons in this
limit requires SU(3) symmetry of the vacuum
(<SB>0:O)'

(C) SU(3)xSU(3) symmetry of the vacuum. In
this case Eq. (2.17) leads to €;=0 while ¢, remains
arbitrary, and we have Egs. (3.23) and (3.24).

m, 2=m=mgx® . (3.27)
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(D) SU(3) symmetry of the vacuum. This leads

to exactly the same results as part (C), which dem-

onstrates the independence of the scalar mass on
the parameter (u,),.

We conclude this subsection by noting that to
first order in SU(3) breaking, Egs. (3.20)-(3.22)
give the GMO mass formula for the scalar-meson
masses.

3. PCAC

All effective Lagrangian theories without explicit
derivative symmetry breaking have axial-vector
divergences given by

auA‘l‘= Z[Q‘;4 ’ ‘BSB] ’ (3.28)

where AY are the octet of axial-vector currents.
From the form of £ given in Eq. (2.1), together
with the commutation relations (2.4), we find that

8,A4= [(3) /2608, + €4l iu]vn + (3)/%(€40,5)00
(3.29)

neglecting the SU(2)-violating term which leads to
experimentally undetermined contributions.

The usual PCAC assumption, that the axial-vec-
tor divergences are equally good as interpolating
fields for the pseudoscalar mesons as those ap-
pearing in the Lagrangian, leads us to the expres-
sions:

a;lAfrjr=m1r2f1r¢I:: 77:1,2’3 ’ (330)
0, Ak=mi’ fxodk, K=4,5,6,7, (3.31)
BHA‘,‘,=mn2fn¢f“ n=8 , (3.32)

to lowest order in the physical fields. To exploit
these relationships, we have to expand the pseu-
doscalar densities v, and v; in Eq. (3.29) to second
order in the original fields (see Appendix),

Uoz(g)l/z% Sidy (3.33)
Uk=‘(zasf)¢k+%dku¢isf ’ (3.39)

and then use the transformation (2.16) and the re-
normalization (2.20) and (2.21) to obtain

vo=(§)1/2%2n1/2¢§500¢§ , (3.35)
v, = (%)“2%"’b Z P+ 0)gr = 07, (3.36)

ve=(5Y %"—)—" Z 2 (1= 1b)pR =chpk,  (3.37)

v8=(§)1/2 <_u]_?_>_o Zn1/2(1_ b) q)’f;s Ca‘f’? (3.38)

to first order in the fields. Substituting Eqs.
(3.35)-(3.38) into Eq. (3.29) gives

2

aA’,‘,3

) €0<t}g>g ZW1/2 (1+a)(1+0)o® (3.39)

o,k %sgﬁ;ibz,{l/z (1-3a)(1-$0)9% ,
(3.40)

8, Ak %MZHI/Z[G ~a)(1-0)+2ab] 9% .

(3.41)

Further substitution of Eq. (3.1)-(3.3) in Egs.
(3.39)~(3.41) and comparison with Eqs. (3.30)-
(3.32) leads us to conclude

fe=rz,t?, (3.42)
fe=FfZg 2, (3.43)
Fn=fzy,M2, (3.44)

Thus Eqgs. (3.42)-(3.44) allow us to rewrite Egs.
(3.1)-(3.3) in the form

m2f.2=% eug)o(l+a)(1+0), (3.45)
my? f =% €oug)o(l - 3a)(1-3b) , (3.46)
m2f =% eug)[(1-a)(1-0)+2ab),  (3.47)

where the Eqs. (3.45) and (3.46) were first derived
by Gell-Mann in 1961.3® Furthermore, the ratio
fx/f, can be written using Eqs. (3.36) and (3.37)
as

fx_ ¢ (1=3b)
i —L————CK(I oy (3.48)

Finally using Eq. (2.31) together with Eqs. (3.42)~
(3.44) we get
4f1r2=f7r2+3fn2 (3.49)

which may be used to calculate f .

4. PCVC

We may extend the hypothesis described in sub-
section 3 above to include the strangeness-changing
vector currents. Thus PCVC allows us to define
a k-meson decay constant in analogy to those of
the pseudoscalar mesons. The divergences of the
vector current, V¥ (x), are given by

8,Vi=i[Q, £ss] (3.50)

and using Eq. (2.1), with =0, and Eq. (2.2), we
find

8, V=€ fonthy - (3.51)

With similar techniques to those used in the pre-
vious subsection, we write #, to second order in



474 P. H. DONDI AND SHALOM ELIEZER

the original scalar fields
Uy, =Sy, + s 4py Sp S, (3.52)

and use the transformations (2.16) and (2.23) to
get

uK:<a1_af/S§8> > I/ZSR_CKSLQ’ K=4y5y6,7
(3.53)

to first order in the physical fields. The strange-
ness-changing vector-current divergence is re-
lated to the physical xk-meson field by

a“Vt‘(+=z'ﬁm,<2fKSf+ s (3.54)
where
VR, =Vi-iVE, (3.55)
and
S, — iS5,
SE, =Lﬁ—‘i . (3.56)

Substituting #, from Eq. (3.53) in Eq. (3.51) and
comparing with Eq. (3.54) we obtain

m’ f =€312_§—c,< , (3.57)
showing that the conservation of the strangeness-
changing vector currents in the SU(3)-symmetric
limit is due to the vanishing of f, and not m ,? as
would be the case if the kK meson was a Goldstone
boson.

Now we are in a position to relate the various
quantities so far defined by PCAC and PCVC. By
substituting Eqs. (3.42)-(3.43) into (3.45) and
(3.46), and using the definitions of ¢, and cg in
(3.36) and (3.37) we get

fwmwz=(§)1/2(eo+ €/V2)e, , (3.58)

Frm® =) %(eo~ €/2V2)cy (3.59)
which can be compared with Eq. (3.57) to give

femle, T fymy e Tt = famPe, T (3.60)

This sum rule was derived by Glashow and Wein-
berg'® [their Eq. (19), where our c is identical to
their Z1/2]. Finally, neglecting terms which we
may consider tobe of second order in SU(3)break-
ing, namely, €,(S;),, we find from Eqs. (3.36),
(3.37), (3.42), and (3.43) that

fwcn —fKCK =
while Eqgs. (3.21), (3.53), and (2.30) give

—a,°€V3
4(B, + ag€o)

Using Eq. (2.17), which in this approximation im-

g a1<sg>o s (3.61)

SrC= (3.62)

8
plies
2(B, + a5€,)(Sg )0 =~ 1€ (3.63)
we obtain
V3
fK:T<SB>O ’ (3.64)

and the second sum rule of Glashow and Wein-
berg,'®

fﬂcw:chK+fKCK . (3.65)
We emphasize that this second relationship can
only be obtained from our model to first order in
SU(3)-symmetry breaking.

IV. RELATIONSHIP BETWEEN SMOOTHNESS
AND APPROXIMATE SYMMETRY
OF THE LAGRANGIAN

In our model, we have seen in the previous sec-
tion that the scalar and pseudoscalar densities of
the (3, 3) + (3, 3) representation are related to the
physical fields by

v;=Cq, ¢¥ +higher orders in fields , (4.1)
u; = cs_S’f+higher orders in fields , (4.2)
where ¢4, and cg, are defined by Egs. (3.36),

(3.37), and (8. 53) The equality ¢4, =cs, = ¢ corre-
sponds to the smoothness assumptlon made by
Other authors.ls’17’20'21'34'44’45

Different schemes which use the (3,3)+ (3, 3) rep
resentation to describe the chiral SU(3)xSU(3)
symmetry breaking rely on contradictory values
for the parameters Cy, and Cs; - For example, the
Gell-Mann, Oakes, and Renner (GMOR) model®
assumes c, =cx whilst the Brandt and Preparata
(BP) model® has instead cy/c, =~ mg®/m,*

Previous nonlinear Lagrangians have ¢, identi-
cally equal to ¢, and only the introduction of the
scalar mesons, as we demonstrate in this paper,
allows us to have different values for ¢, and cg.

For the reader’s convenience, we collect togeth-
er the equations containing c,, and cg, [Egs. (3.36),
(3.37), (3.42), (3.43), (3.45), (3.46),(3.57), (3.60),
and (3.65)] to show explicitly the dependence of
our model on these parameters:

fam2 =3¢, (1+a) (4.3)
Jrmg® = (3 Peocy(1-3a) (4.4)
femE =31 ?eca, (4.5)
o= 20U )oc, M1+ D) (4.6)
Fr=3Y2ug)oc, ™1 = 20) , 4.7
Fre =@ X ug)oc, 0, (4.8)

which imply the Glashow-Weinberg sum rules'®
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fkmkzck -1+meKZCK_1 =f7rm1rzc1r-1 ’ (4'9)
fKCK+fl<cK=f1rC1r ’ (4-10)

where Eqs. (4.8) and (4.10) are true neglecting
€(Sg)o

It is now easy to see, from the above equations,
that the smoothness assumption, namely c, = cy,
gives

1-4b
%ﬂ= =2t (4.11)
m

2 Py
M:E‘_Zﬂ, (4.12)

fom® 1+

while ¢, =cx=c, leads to

AR (4.13)
femZ2 3 a

LK K ——

fom2 21+a (4.14)

Using the experimentally suggested value f,/f .
=1.2 we get from Eqs. (4.11) and (4.12)

a=-0.90, b=-0.12 (4.15)
and together with Eqs. (4.13) and (4.14) we predict
fo/fn==0.20, m,=1.22 GeV (4.16)

in good agreement with the experimental value of
my.
It is important to note that the mass of the «

meson is quite sensitive to small changes in f/f,.

For example, the value f,/f, =1.26 gives
m, =1.04 GeV, f, /f,=-0.26. (4.17)

It is interesting to point out that the BP sugges-
tion®

Lo Cr_ G (4.18)

mnz mK mK

is symmetric to the smoothness assumption
Cr=Cg=Cy (4.19)

under the interchange of ¢ «b in our model. Then,
if we assume Eq. (4.18) to hold instead of Eq.
(4.19) we have

b=-0.90, a=-0.12, (4.20)

while the predicted values of f, and m, in Egs.
(4.16) and (4.17) are not changed.

Thus we can conclude that the smoothness as-
sumption (4.19) implies approximate SU(2)xSU(2)
symmetry of the Lagrangian and almost SU(3)-
invariant physical states,** while the assumption
(4.18) leads to an approximately SU(3)-symmetric
Lagrangian and physical states which are near to
SU(2)xSU(2) invariance.?*
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V. THE DECAY WIDTHS OF THE SCALAR MESONS

The Lagrangian that we have constructed can
obviously be enlarged to calculate all x-particle
processes involving the scalar and pseudoscalar
mesons. However, as the experimental data are
so poor, the extension to many-particle interac-
tions is in general both tedious and uninteresting.
The one possibility that does remain after a dis-
cussion of the scalar masses is to try to estimate
the various widths for the scalar mesons to decay
into two pseudoscalars. In order to obtain predic-
tions from the Lagrangian rather than a many-
parameter fit (and since the data are poor, this is
evidently very easy to do) we make several sim-
plifying assumptions which reduce the accuracy of
our predictions by an amount of the order of SU(3)-
breaking effects.

Firstly, we neglect all SU(3)-symmetry-breaking
contributions to the scalar-pseudoscalar-pseudo-
scalar (SPP) interactions which are given from
Eqgs. (2.14) and (2.15) by

- Roy 4 Rap 4R
Lspp™ Apd;; S0, ;0" P

—e®2 4 d, ,pRdRSE (5.1)

f2
which in the tree-graph approximation gives an
invariant amplitude

o
Ss,p;p, =2 ’:anijk (ky+kep) = 60(%)1/2ﬁ de )
(5.2)

where k, and %, are the four-momenta of the
pseudoscalars (with mass m, and m,) involved. In
the usual manner, the decay rate is defined as

3 3
- 1 JTI - ky
SiPiPe " 2mg, SiPiPrl 2w,(27)° 2w,(27)°

x(2m)*6(mg, = w, = w;)°(K, +k,)S ,

where ms, is the mass of the scalar meson, w, and
w, are the energies of the corresponding pseudo-
scalar mesons and S=]];1/#,! for », identical
particles in the final state. Completing the inte-
grations, we are led finally to the decay rate

(d;;2)?S
I‘s‘,_,Pka=ET%—)S—; koF(ko) , (5.3)
i
where
Y _ms, . (m1+m )2}1/2 [1 (m —m )2]1/2
0 9 - M2 - Me 2
S‘- S;
(5.4)
and
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F(ky) = F(ky ky)

2
=[ap(k1-k2) - —j—%i’;g} : (5.5)
with
Ry Ry = wiwy + Ry
=(m2+ kD)2 (m,2 + k224 k2 (5.6)

Obviously, we do not neglect the SU(3) breaking in
the masses as this would lead to a trivial relation-
ship between the decay rates of the scalar mesons
and the symmetric tensor d,;, .
Simple manipulations on Eq. (5.3) allow us to ex-
hibit the decay widths for the physical particles as
1

Loreo gyt =W ko F(k,) ,

I+ gtgo=
rt - K 2
N 41rm,,N

ko Fko)

1

prm— ko F (ky),

rS*—>7r1r=

) (5.7
Dok kx= WkoF(ko) )

3
——ky F(k,) ,

Dt orer = 8am
K
_ 1
Tyt ogtn= m_zkoF(ko) s
K

where the appropriate masses must be inserted
into the k, F (k,) factor in each case, and the decay
of S* into two pions and two kaons includes both
charged and neutral modes, while the

Tt =T+ grpgo+D e+ L gopa .

Thus we have six decay widths in Eq. (5.7) and
only two parameters as given in Eq. (5.5).
Secondly, we introduce the smoothness assump-
tion, ¢, =ck, and use the expressions for m,% and
m’ [Eqs. (3.1) and (3.2)] to first order in SU(3)
breaking to obtain
€& (m,r2+2m,(2)
op 6 .

\/_6_f2= (5.8)

SHALOM ELIEZER

foo

Thus, substituting this equation into (5.5) gives

2 212
F(ko)=apz[(k1'k2)+7£“——+2m’(] , (5.9)
which enables us to fit the data with just the single
parameter ay’.

The decay widths for the scalar particles are
given in Table I for two cases:
(1) m, = 1.01 GeV, I'(my-nm)=50 MeV,
m, =1.22 GeV, and mg*=1.27 GeV.
(2) m, s 0.98 GeV, I'(my-nm)=50 MeV,
m,=1.04 GeV, and mgx=1.06 GeV.
The mass and width of 7, are taken as input, the
mass m, is as calculated in our model [Eqgs. (4.16)
and (4.17)] and mgx is given by the GMO mass for-

mula.
VI. SU(2) BREAKING

In this section, we calculate the contribution of
the nonelectromagnetic SU(2)-symmetry breaking,
described by the u; term in our original Lagran-
gian, Eq. (2.1), up to first order in the parameters
describing the symmetry violations.

From Eqgs. (2.17) and (2.18) which eliminate the
linear terms in the Lagrangian we find to first
order that

(Sado _(w)o_&

(Sgdo (ug)o €
We have aiso shown in Sec. II that diagonalization
of the kinetic terms leads to

(6.1)

_$S3)
2(Sg)o

Further, diagonalization of the pseudoscalar as
well as the scalar mass terms give

05=6,=0 (6.2)

-S
6 2¢, (6.3)
which is consistent with Eq. (6.1) and (6.2).
The pseudoscalar-meson masses are now given

by

z=§ fg_<uo>o

me+® =3 7 (6.4)

1+x),

TABLE I. Decay widths of the scalar particles. Case I: m,, =1.01 GeV, m,=1.22 GeV,
mgx=1.27 GeV. Case II: m,rN=0.98 GeV, m,=1.,04 GeV, mgx=1.06 GeV.

S—PP Thy— 1t Ty—~K*K? S*—ar S*x—KK S*—mn Kk—Km Kk—K7
@® ky(GeV) 0.33 0.04 0.61 0.38 0.30 0.48 0.30
() I (MeV) 50 (input) 6 340 40 25 260 13
) k, (GeV)  0.32 oo 0.51 0.19 0.39 e
(I T (MeV) 50 (input) 250 12 ceo 180
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2 €, (uy) in agreement with many calculations given in the
2_ 4 _L_Q.Q
M= g (1+x+2y0) , (6.5) literature 2'+46-4%:% If we replace the denominator
2 e(u,) in Eq. (6.11) by using the GMO mass formula we
My+? = =3 ——975"—2 (1-4x+5V3y), (6.6) find using Eq. (6.3)
1 (mgo® = my+?)
My o® = % €0<;20>0(1"‘ sx-3V3y), (6.7) V3 = m,?) (6.19)
2 € (uy) which may be compared with the form
=2 &\Uo /o -
my' = 3 F (1-x-29), (6.8) 1 (mgo® = mg+®) + m +% = m_o°)
0=7% s (6.20)
where n ™
% obtained by Okubo and Sakita,*® as in this approxi-
x=a+b- ﬁ(ss% ) (6.9) mation (neglecting y6 terms) m, + =m,_o (which is to

S *_3_<u Jo__

o
Y TR T ae V3 (Ssdo -

Neglecting the y6 terms, Eqs. (6.4) to (6.10) to-
gether with (6.1) give

(6.10)

€ _ V3 (mg o — my+?)

e 2 (mg- m? (6.11)
It is important to mention at this stage that when
discussing mass differences within SU(2) multi-
plets one has to consider also the electromagnetic
(em) contribution, thus assuming only these two
types of SU(2)-symmetry breaking (i.e., em and

u,), we have
mgo—my+) =@mgo- 771K+)u3 + (g o= Mmg+) o

(6.12)

expt

with a similar equation for the pions. It has been
shown by Dashen® that the em contribution gives
the sum rule

Ong o — my?) = m,® = m+%) (6.13)

which can be expressed as

(mK 0= Mg+ )em

m
%’,f o= m +)em - (6.14)

The electromagnetic mass difference of the pions
has been calculated, using current-algebra tech-
niques,* to give

m 0= m +)g, ==5.0 MeV (6.15)

which leads to

Mg o— Mg+)em ==1.4 MeV . (6.16)

Inserting Eq. (6.16) into (6.12) and using the ex-
perimental result mxo0 - mg+ =4.0 MeV, we find
(mgo—~ mK+)u3=5.4 MeV . (6.17)
To calculate the value of €;/¢€, we insert Eq. (6.17)
into (6.11) for the K°-K * mass difference, to get

€,/ €=2.2x1072 (6.18)

be expected since u, is an isotriplet and the pion
mass difference is pure I = 2).

Including now the y# terms in the expressions
(6.4)-(6.8) we can get the u, contribution to the
7*-7° mass difference. Using Eqgs. (6.11) and
(6.19) we have

(_)(WLKO"' mK+)u32 1
m, (1= m, 2/mg%) "

(6.21)

The numerical value for (g o0- mK+) is given in
Eq. (6.17) and leads to

(mp0~ My+),,= =0.23 MeV (6.22)

(m,ro— Wl"+)u3 =

which, as has been pointed out by other authors,*®
is in the wrong direction but within the probable
10% error of the current-algebra calculations of
Das et al.** We note however that although y6 is
of order €;%/¢,, this is still a second-order SU(2)-
breaking effect, and since we have not taken into
account the full contribution to this order, our
result in Eq. (6.22) may be considerably altered.

Finally, again neglecting the yf terms, we see
that the masses of the pseudoscalars given in Eqs.
( 6.4)-(6.8) satisfy the GMO formula with SU(2)
corrections.

20my+®+ myg ®) =3m,>+m,® . (6.23)
To the same approximation we find that
20m, +%+ mKoz)=3ms>«+m,rN2 (6.24)

for the scalar particles.

VII. SUMMARY AND DISCUSSION

The present paper is concerned with the spon-
taneous breakdown of chiral SU(3)xSU(3) symmetry
realized by an octet of Goldstone pseudoscalar
mesons. Thus, in the limit that symmetry break-
ing is neglected, SU(3)xSU(3) does not appear as
a symmetry of the particle states as SU(3) does.
Guided by this idea, and the existence of an octet
of scalar mesons with masses around 1 GeV, we
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have constructed a nonlinear Lagrangian such that
the scalar particles behave neither as parity part-
ners of the pseudoscalar mesons nor like Goldstone
bosons in the chiral SU(3)xSU(3) limit. Although
these scalar mesons have no particular signifi-
cance in the symmetry limit, they play a special
role in symmetry-breaking effects.

We have considered a symmetry-breaking La-
grangian which transforms as the (3,3)+ (3, 3) rep-
resentation of the group SU(3)XSU(3) and contains
explicitly nonderivative SU(3) and SU(2) violations
which conserve the current algebra. The trans-
formation properties of the scalar fields enable us
to have linear terms in S; and S; in the Lagrangian
which cause the vacuum to violate SU(3) and SU(2)
symmetry. However, it turns out that SU(3) sym-
metry of the Lagrangian implies SU(3) symmetry
of the vacuum if the scalar mesons are to remain
massive in this limit.

The symmetric Lagrangian is given in Eq. (2.14)
while the symmetry-breaking part is written in
Eq. (2.15). The new couplings of major importance
are:

(a) @ p and ag which produce renormalization ef-
fects for the wave functions [Egs. (2.25)-(2.30)]
and symmetric, derivative-dependent scalar-
pseudoscalar-pseudoscalar (SPP) and scalar-
scalar-scalar (SSS) couplings. As has been dem-
onstrated in Sec. V, the decay widths given from
this SPP term are evidently consistent with the
present experimental data (see Table I).

(b) B, produces the scalar particle mass in the
limit of chiral symmetry.

(c) a, is the coefficient of the linear terms in the
scalar fields and gives the nonderivative SPP
couplings. The presence of a, forces us to make
a transformation of the scalar fields to get a non-
vanishing vacuum expectation value which breaks
SU(3) symmetry.

(d) As usual, the coefficient gz contributes the
nonzero vacuum expectation value of the SU(3)
singlet, u, [Eq. (3.4)].

The main conclusions that can be drawn from
our Lagrangian model after it has been rewritten
in terms of physical fields are as follows:

(1) The pseudoscalar-meson masses, exhibited
in Eqgs. (3.1)~(3.3) show the Goldstone behavior of
these particles. To first order in SU(3) breaking,
these particles satisfy the GMO mass formula.

(2) The scalar particle masses are given in Egs.
(3.20)-(3.22), and satisfy the GMO mass formula to
first order in SU(3). These expressions together
with the pseudoscalar masses demonstrate the
possible symmetry limits in our model as has been
discussed in Sec. ITI. As expected, our model con-
tains the physically relevant limit with an SU(3)
xSU(8)-invariant Lagrangian and SU(3)-symmetric

|

vacuum.

(8) To first order in the fields our Lagrangian
implies partial conservation of the axial-vector
current (PCAC). The decay constants (f,, fx, and
fn) defined by the PCAC Eqgs. (3.30)-(3.32) are
shown to be related to the wave-function renormal-
ization constants [Eqs. (3.42)-(3.44)] which allows
us to have fx # f,. The fact that the scalar mesons
are needed to reproduce this physical result, ex-
hibits the importance of these mesons in SU(3)-
symmetry-breaking effects. Furthermore, we see
that the first-order SU(3)-breaking corrections to
the ratio f/f, are nonzero in direct contradiction
to the assumption of Ref. 58 based on a nongeneral
proof,>#*

(4) Extension to include partial conservation of
the vector current (PCVC) for the strangeness-
changing vector current, together with the expres-
sions obtained using PCAC, gives the Glashow-
Weinberg sum rules' [Eqgs. (3.60) and (3.65)] in
our model. It is important to mention that we have
these relationships although the xk meson is not a
Goldstone particle in the chiral SU(3)xSU(3) limit.

(5) The smoothness assumption [Eq. (4.19)]
which is discussed in Sec. IV, is shown to imply
approximate SU(2)xSU(2) symmetry of the Lagran-
gian with a small SU(3) violation in the vacuum.

(6) An appropriate change in the smoothness as-
sumption [see Eqs. (4.18)] as has been suggested
by Brandt and Preparata®® leads to approximate
SU(3) symmetry of the Lagrangian, while the vacu-
um is almost SU(2)xSU(2)-invariant.

(7) Both assumptions [Egs. (4.18) and (4.19)]
mentioned above give the same results for the
pseudoscalar masses, fx/f,, f/fr» andm,[Eqs.
(4.3)-(4.8)].

Using the known pseudoscalar masses and fx/f,
as input, we calculate the symmetry-breaking
parameters [Eqs. (4.15) and (4.20)] of the model
and predict £, /f, and m, [Eqs. (4.16 and (4.17)] in
agreement with experimental data.

(8) The widths of the scalar particles are ob-
tained in Sec. V neglecting the SU(3)-breaking ef-
fects in the SPP couplings and assuming smooth-
ness. Making these assumptions we are able to
calculate the decay widths in agreement with ex-
periment taking as input only m, and I'(my—n7).
(See Table I.) A feature of our numerical results
is the existence of a broad S* decaying strongly
into two pions, as suggested in Ref. 29.

(9) In our model, we found that the nonelectro-
magnetic SU(2)-breaking term gives the major
contribution to the mass difference of the kaons
[Eq. (6.17)]. Finally, we have a modified GMO
mass formula and expression for the 77 mixing
angle as given in earlier literature [Egs. (6.19),
(6.23), and (6.24)].
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Thus this model can be considered as a general-
ization of the usual nonlinear Lagrangians to in-
clude many more interesting symmetry-breaking
phenomena as well as describing the scalar me-
sons.
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APPENDIX

The (3, 3)+ (3, 3) representation can be construct-
ed as a function of fields with known chiral SU(3)
XSU(3) transformation properties in the manner
given by Coleman et al.>” Thus

(Z:>=ex‘°[(£,-c(z),.aﬁ) —(g"od"“ﬁ)] <)ff> , (A1)

where «,8=0,1,2,...,8and i=1,2,...,8 and §,
is a 0~ octet constructed from the pseudoscalar-
meson fie lds. Since we are interested only in the
pseudoscalar- and scalar-meson fields, the gen-
eral form of X, is a function of the scalar fields
given by

Xo=C1+C38;8;+¢3dijuS;S;Sp+ (A2)
X;=CyS;+C5d;;5S; Su+ CsS;S; S+ (A3)

Then as has been shown in Ref. 37 we may choose
a particular coordinate system &, =¢,;/f in Eq.
(A1) to get u, and v, as a series expansion in ¢,
and S;.

However, it is interesting to note that the (3, §)
+ (3, 3) representation can be constructed in a gen-
eral coordinate system using only the equal-time
commutation relations for the fields with the group
generators. Using our theorem given in Ref. 44,
the representation is given by
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_ ;3 A (85 +1)
Uy Uoy¥; =05 dyse [QF , ;]

and ' (A4)

. N
(%)1/200:1%_6”[ f,uj](s ) s

where the notation indicates that the commutator

is restricted to contain only the singlet and the
symmetric octet under SU(3), i.e., in general,
having formed an arbitrary octet vector u; from
the scalar and pseudoscalar fields, this commuta-
tor contains the 27, 10, 10, 8%, 84 and singlet rep-
resentations of SU(3), and we require the coeffi-
cients of the 27, 10, 10, and 84 to vanish. Taking
the general form for u, to third order in the fields
as

Uy =Splay + a3 0; ¢3+ 55, Sy)
+as0p($;8)) + a5 dny; S, S;
+ g Ary ;O3 P+ 7 Aryj AjimPi P1Sm
+ g Ay Ajim®y PmS; 5 (A5)

we find that constraining [@#, ;] to have only sin-
glet and symmetric octet gives

a,=ag=0,
ay==a;/3f%, (A6)
a;=—-a;/2f% .

Then using Eq. (A4), we get

v;==2asf ¢; +%} diirn®; Sk s (AT)
0=(22 8,0, , (A8)

while the commutator
[QF, uol==il3)"?v; (a9)
allows us to deduce %, in the form
a
uo==VBagf*+ (%)l/zas% o "(%)1/2}?'21 dije @i D5 Sk

+a95151+a10d“k3isj Sk . (Alo)
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