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We consider the probability P ~" (t0, t) . of counting n photoelectrons during any time interval [to,t] in a
photodetection model built in the general framework of quantum field theory. Owing to an equilibrium
assumption on the detector state, P~"~(to, t) is evaluated from the incident field and some
electron-correlation functions. The conditions for P~"~(to, t) to be a compound Poisson distribution as
expected are discussed. This leads to the definition of coherence properties for the electrons of the
detector in connection with the reliability of the detection operation in counting experiments.

I. INTRODUCTION

The completely quantum-mechanical treatments
of the photoelectric detection' ' lead to counting
probabilities which are, as in classical and semi-
classical treatments, "given by the compound
Poisson distribution. Some postulates and approx-
imations are necessary to obtain this result. Con-
sider the photocathode as constituted by a set of
independent atoms' or a set of one-dimensional
harmonic oscillators' or split the time interval
of counting into small subintervals containing not
more than one event. ' Suppose that the emission
electrons do not interact with one another and
that the single-electron correlation functions are
different from zero only for very small space-
time spacing. '

We present a new approach to this problem in
a general quantum-field theory formalism and
use some statistical mechanics techniques. The
general idea is not to determine the measured
quantities for realistic experimental conditions. '
It is rather to relate the "apparent statistics"
given by the detector system to the "true statis-
tics" of an incident-ideal electromagnetic field
in order to investigate the possible effects. of the
quantum nature of the detection mechanism on the
counting distribution. To this end, we idealize
this mechanism to its elementary quantum char-
acteristics and do not consider secondary emis-
sions, multiphoton absorptions, ' or source-field
interactions.

We introduce an equilibrium property for the
detector during the counting and get, for any time
interval, the expression of the apparent statistics
in a recursive form. This shows which rigorous
conditions are needed to obtain a compound
Poisson distribution. The theoretical interest of
these conditions, given on some electron correla-
tion functions, is to show in the model quantum
states for which the detector can be considered
as "classical" in the counting operation. The

realistic experimental situations are not very
different from these ones.

II. THE MODEL OF PHOTODETECTION

We start from the following Hamiltonian

H(t) H+H„+f x=lx)dx,
D

where IID is the Hamiltonian of the unperturbed
detector, II is the free Hamiltonian of the electro-
magnetic field, and X(x) =8"(x)A„(x) is the inter-
action density in its general form Here, . J (x)
is the current density in the detector, and the in-
teraction Hamiltonian is obtained by integration
over all active electrons in the detector. We ig-
nore the source-field interaction term. "

In the "detector" we include not only the cathode
(by definition any extended system capable of
ejecting electrons when it is illuminated by a suit-
able radiation field), but also the photoelectrons
emitted by this cathode and kept in a "collector. "
In other words, the one-particle space of one
active electron in the detector is of the form

K =K'eK'.
K' is the one=particle space of the active electrons
of the cathode. They are bound in some static
external potential (for instance, mean potential
due to the nuclei of the system) K~ is t.he one-
particle space of photoelectrons. They will be
considered as free particles, with respect to the
previous case, in our description. K and K are
orthogonal subspaces of K. We shall suppose that
the transition probability from a bound state to
a free state is different from zero only in the
presence of the radiation field. By this assump-
tion, we neglect in particular thermionic emis-
sion.

Now, a general quantum state of the detector is
some element in the Fock space o(K) built on K.
It is sufficient to consider the states of o(K) of
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the form

IC& =lc'~ c'&,
where

C'~ v(Z')C o(Z),

C'E o(Z') «(ff),
(2.2)
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and 4 represents the antisymmetrization operation
in o'(K). Already notice that

&~',~KI4.'~c.'& = &~,'I c,'&&4', I ~,'& (2.3)

t
V(t, t ) = T exp —d dd(x) dxI,

to D
(2.4)

where T is Dyson's time-ordering operator. If
the total system is, at time t„ in a state I i~8i„),
where

I i~& is the state of the detector and I i )
is the state of the photon field, the probability
that the system can be found at time t) t, in the
final state I f~8f & is given by

P, , (t o, t ) =
I (f,8f, I v(t, t, ) I i,8 i,&

I' (2.5)

We are interested in the probability that n photo-
electrons will be registered in the time interval
[t„t]. We assume that every time one photon
falls on the cathode and is absorbed, one photo-
electron is created and registered. This effi-
ciency hypothesis is not essential for our prob-
lem. If we state that, on the average, only a cer-
tain part of the total number of absorbed photons
gives a photoelectric effect, the statistical laws
which are proved in the following are not modified
in their general form. Hence, we only deal with
the elementary process shown in Fig. l, and, in
order to describe our counting experiment, we
consider the relation (2.5) when the final state is
experimentally obtained from the initial state
I i»8 i& ) by n repetitions of the event (see Fig. 1)
during the time interval [t„t].

The transition probability for some particular
final state of the previous type can be written as

from the orthogonality property of K' and K~.
The time development operator in the interaction

picture is given by

FIG. 1. The elementary process.

The decomposition (2.1) permits us to express
the field operators on o(K) in the form

g'(x) = g', (x) + q ~(x),

g'(x) = q', (x) + q ~(x),

with the usual anticommutation relations in o (36 )'

[o'(R~)J for g'p and g', [y& and g&], and every
anticommutator between an operator indexed by
b and an operator indexed by f equal to zero.

Under these conditions, the operator X(x) is
given by

X(x) = —e $~ (x)y"g', (x)A'„(x) . (2.7)

Now, in a counting experiment we are not in-
terested in the final state of our system. We only
measure the counting rate. Thus we have to sum
the relation (2.6) over a complete set of final
states. We obtain

f ["&(t„t)=gf("„&„(t„t)

III. THE INITIAL STATE OF THE SYSTEM
I

We shall use for p„(t,) the diagonal representa-
tion" in the form

=(i,8 i, I V'"&(t, t,)*v~"&(t,t, ) Ii,8i, ) .

Further, the initial state of the total system gen-
erally is not a pure state, but a mixture described
by a density matrix p(t, ) =pl&(to)p„(to), and the
expression for the counting probability becomes

(t., t)=»(p (t.)p, (t.)
xv&"&(t, t,)*v&"&(t,t,)$. (2.8)

P("&t (t„t ) =
I (fD 8fT I

V'"' (t, t, )I t,8 i, & I', (2.6)
py (t.) = f', 4'tI P...&( v., I dn&'( 0'] (3.1)

with

vt"&(t„ t)
—~)

~ n t t A( i»[X(x,} "X(x„)]6 j

where y ={cp„(x)$ is a quadridimensional function,
element of the one-photon space and

dm(y} =gd(Ren )d(rmu ),

&& dx~ ~ 'dx„,

where ti is the normal-product operator and k(x)
is the "effective" Hamiltonian of this process. &'„(x)I y..h& =q „(x) I 9&,.„&. (3.2)

where the z,'s are the components of the function
9& in some basis of the one-photon space. I y„„&
is the coherent state generated by cp, such that"
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Finally, P, {yj, when it is considered as a func-
tion of the z»'s, is an element of the 8 Schwartz
space".

With the form (3.1) of p (to) and using (3.2), we
find the counting probability (2.8) to be

p~ '(t r")=„fp, (rp)Tr(p (t,)v)"'[tt,)',

= Qg &; I 4'q ) ( 4, I is a density matrix on a(K') and
pI =gf g l@f ) ( @I, I is a density matrix on o(K~ ),
then

p'A p =2 bgfq I I,"ACI, )(C', Ae~~ I

is a density matrix on a(K). Hence

pL)(0) =pD (0)APoI (3.7)

(3.3)

where V~"~ is obtained from V~"~ by the substitution
A. + - )t)„ in (2.7).

We are now interested in the quantity

P ~~") (t„t ) = Tr {pH (t,) V (")~(t, t, )*

x f'(") (t, t,) j, (3.4)

which corresponds to the counting probability in
the case where the radiation field is, at time t„
in the coherent state Iy„„).

The "quasiclassical" properties of coherent
states allow us to work out an analogy of our prob-
lem with an external field problem. Indeed, we
can consider that (3.4) is obtained from a situation
where the detector interacts in an external classi-
cal field, with the effective interaction Hamil-
tonian:

x„(x)= —eT))~ (x) y "g (x) y„(x) .
It is natural and usual to assume that at time 0,

when the interaction with the radiation field is
turned on, the cathode is in thermodynamical
equilibrium (at a sufficiently low temperature
that thermionic emission is negligible), and that
there is no photoelectron in the collector.

The density matrix on o(K~) corresponding to
the thermodynamical equilibrium of the cathode
is of the Gibbs form

pb (()) e-Bo(HD-))Hg&)
~ ~

x Tr{e-8O(H&-))H&) j -z

where HD' is the Hamiltonian of the unperturbed
cathode and XD is the number operator of bound
electrons.

Introducing the polar decomposition of pD(0):

pH(0) =Qp(I @g ) & 4'& I,

where {O',j, is some basis in o(K'), the density
matrix at time 0 of the detector can be written
as

I'„y being the projector on Q~.

If in relation (3.4) the time t, is t, =0, the
counting probability P&~") (0, t ) must be calculated
with the form (3.7) of the density matrix pH(0).

However, in the present work we are only in-
terested in the possible effects of the quantum
nature of the detector upon the counting probabil-
ities. Qur aim is to relate the "true statistics"
of the incident radiation field to the "apparent
statistics" given by the detector, when this de-
tector is in its stable working state. We do not
want to consider the transient effects which can
occur when the interaction is established or which
may result from some instabilities of the system".
For these reasons, it is convenient to calculate
P~~")(t„t) not at t, =0 but in an interval [t„t]
during the stable working of the detector.

At this point, we clearly need some quantum
characterization of this "working state" of the
detector. We shall give it for the case where the
radiation field is coherent and stationary. In this
case, we insist the counting probabilities (3.4) be
invariant under translation of the time origin, in
order to guarantee the reproducibility in time of
the experiments. This is equivalent to requiring
time invariance for the density matrix pD, which
consequently can be considered as describing some
equilibrium state of the total system (detector in
interaction with the external electromagnetic field,
as previously stated, and, furthermore with the
complete apparatus). We shall be more precise
on this point later; for our present discussion,
only the general idea is relevant: p~ is the densi-
ty matrix of some equilibrium state of a fermion
system in a certain external classical field.

Now, it is a known result in statistical mechan-
ics that the equilibrium states of a fermion system
in an external field are "quasifree" states": Their
2n-correlation function can be expressed in the
form of a sum of products of 2-correlation func-
tions, such that

(3.5) (3.8)

where Q~ is the vacuum state of a'(K~).

We introduce the following notation: If p'
the sum being extended to all two-by-two arrange-
ment of 1, 2, ... , 2n such that i» &j» and i, & i,
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& ...& i„. The A.i's are field operators and y is the
parity of the permutation (1, 2, ... , 2n)-(i„
j„~~, i„,j„). Furthermore

Trf p~, ~ A,„„)=0 for every n,

Tr[p~»A, )=0 if A» and A,

(3.9)

(3.10)

are two creators or two annihilators.
We shall use another equivalent form of (3.5) in

the following:
2n-1

Tr Pa Aj = —1 + Tr P iA2n
j=1 i=1

2n-1
x Tr pa A, (3.11)

Furthermore we assume that pa, the density ma-
trix on o(K), can be written, using the notation
(3 8)

pa =pa~ pa ~

b f (3.12)

where pD» (p~D) is a density matrix on u(K ) [o'(K')].
The practical significance of this assumption is

the following: The relation (3.12) is [using (2.3)]
equivalent to

Tr(y(E)(PDO»Of) = Tr (E») fp.'0»)
x Tr, (xy) (pDOy), (3.13)

where 0, [Oz] is some element of the algebra
of field operators on v(K') [o(Kf)]."

If pD is quasifree, it is evident from (3.13) that.
pab and paf are alSO quaSifree and SatiSfy the rela-
tion (3.11) for suitable field operators. Conse-
quently pa and p„can be considered as equilibrium

states of the subsystems cathode (bound elec-
trons) and collector (free electrons).

In conclusion, in our model the initial state of
the detection system is an equilibrium state of
the detector characterized by the fact that both
the subsystems cathode and collector are them-
selves in an equilibrium state. That is equivalent
in physical terms to saying that, when the detector
is in its working state, every photoemission pro-
cess is so closely connected with the return to
the electrical neutrality for the cathode and the
collector by interaction with the apparatus, that
the states are not notably modified. Hence, the
complete apparatus has a fundamental role in the
previous equilibrium hypothesis. However, the
corresponding interactions are of classical type,
and do not prevent us from using the theorem
leading to the quasifree properties of these dif-
ferent equilibrium states.

Let us remark that in relation (3.7) p~»(0) and
P„y also satisfy the factorization relation!3. 8).
Indeed, pn»(0) is quasifree because it describes
the thermodynamical equilibrium of a system with
only external interactions'' and Pop satisfies (3.8)
by direct application of the Rick theorem. So
the developments which follow are also valuable in
their general form in the time interval [0, t],
without a supplementary hypothesis.

IV. THE COUNTING PROBABILITY

The preceding assumptions allow us to reexpress
the counting probability (3.4). Expressing
Pq" (t„t)=P" (f —t, ) =Pq("'(r),

~ri 2 2n n 2ri"„"()=—, J" f J" IId. n „".,"q„(,)n „";„q„,(*,lsf a D i =1 j=1 ~n+1

n 2n 2n

x Tr Pa 0
i x,- f+.81 x; f-"I xj b

Bj xj
i =1 i =1 j=n+1 j=n+1

(4.1)

we have, using (3.13), (3.10), and (3.11)

n n 2n 2n

T)~. ny-. (*;)ug(*.) II p(*, ) n ~:(;)Ii =1 i =1 j=n+1 j=n+1

n 2n n 2n

=T)p.'n~;(., ) II~:(., ) T ~!ng(. , ) nV;(;)Ii=1 j=n+1 i=1 j=n+1

n
n 2n-1"II~(;)P sl(;)I

i =n+1

r n 2n-1«Z(-))'"»A~)( )4( «)(»«~'n~«(«, )III«(«i)I (42)
1=1 j=n+1j"l

We separate this sum into two parts, isolating the terms where x, =x, :
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Tr ~ ~ ~ = Tr pD, xk ', x2„Tr pD f xk f x2„
k=1

x

n 2n-1 n 2n-1x» p' }}))(x) II P:(x&)» p' {}P;(x,) {{ P( x)} rc( x„.. ., x.;x.„, . . . , x,.)
4=n+1 j=n+1

jwk jwk

n n 2n-1 2n-1
=QTr p {I),(x )g'(x„)(I)-(x,„)g,'(x,„) Tr p II T(), (x, ) 'II&'(x;) II g (x ) II g,+(x

)~
+C({x{})

k=1 i =1 i =1 j=n+1 j=n+1

=C,({x,})+C({x,}). (4.3)

Each term of the sum C, gives under the integrations the same contribution in (4.1) and P{„"}(t„t) becomes

2
p& &(r)=&i — 1 1 dy dy y «r& (y )y & ip& (y )»Ipx&)&r(y )prx '(y )()7 r (y )&)( (y )}D D

2n

dx{ II r"&8~(p» (x ) II r {) (I()}) (xd) )
D T i =1 j=1

n-1 n-1 2n 2 2n 2.T. p. II(-.-(., ) fI~ (;) Iig.-'(.;) II ~""(.)~

2n n 2n

II dx{ II r"~*(p»(x&) II r")'{{)„„(x.)C(x,
7 1=1 j=l k=n+1

Tr pD$Q+~ $1 ~ $2 Q@ 7 + Cp 7 ~

8 D D T

To calculate C{"},we decompose the n'-n remaining terms of (4.2) following (3.11). We keep again the
terms leading to separate integrations in (4.1) and continue the decomposition for the other terms and so
on.

We obtain for I'~„") a recursive expression of the form

P& &= -BP&" *& —"DP'&" *&-kg(—1)r"8({B})P&"r&-1 1
n ' ~ n(n-1) p (4.4)

where

2P p 2P P

i+~ Tr p D f + f +i+A
D T i=1 j=l j=p+1 i=l—

(4.5)

with

i+1 for 1 &i &p -1,
CTi =

for i =p

~

~

~

and 8({D~})is a polynomial of the general form

O({D })= Q g PX' ' ' d))Dd). ~ ~ ~ Ddd)

the sum being taken on all possibilities such that

Q, , i, j, = P and A~ =0 (the term D~1 never exists).
The counting probability P&~"}(t„t) was defined

in (3.4) in the case where the radiation field is in
the coherent state )y„„).

Hence, the true statistics, i.e., the real statis-
tics of the incident light is a Poisson statistic, as

g(n) D p {n 1)1
n ' (4.6)

After normalization, we have in this case

l

is well known for a pure coherent state. It is
clear in (4.4) that in our model the apparent sta-
tistics given by the detection operation is not in
general a Poisson statistic. The incident statis-
tics are modified by the multiple-correlation
effects in the cathode and in the collector, con-
nected by the electromagnetic field as shown in
the expression (4.5).

We obtain a Poisson distribution if we neglect
in the sum (4.4) all the terms with p &1:
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2
p{rr (T) = 1 e Dl

nt

where

p, =f

= Tr pDD~ 7 D„v

dx,dx, Tx) pprrx(x, )rrx(x, )I

(4.7)

(4.8)

involve a very large number of active electrons
as developed and used in Ref. 5 actually lead to
[D, [ «D, ', and more generally to ~D~)/DDr

«) DP, ~/(D, '. This shows that the approxima-
tion (4.6) is justified in these conditions.

V. COHERENCE PROPERTIES OF
THE ELECTRON SYSTEM

with

y x y~ b+ x (p„x dx,
D

and in the general situation of a radiation field
described by the density matrix (3.1}we obtain
from (3.3)

~( ) ( ) ( ) lTr(PDDrp(T)D (T)) j
0 nf

X e-Tr ( PDD(Ptr) Dr()(r )}dye( 9))

(4.9)

that is, as expected, a compound Poisson distribu-
tion.

It is interesting to note that the counting proba-
bility directly involves the "effective" electron
current 4 P" (x) = —eT()z(x)y„g', (x) and not the photo-
electric current J ~ (x) = —eT()z(x)yP)z+(x) as in Ref.
5. However, if desired, J~ can be separated
from the cathode operators approximating (4.8).

One can test the accuracy of the previous ap--
proximation by introducing a less drastic one which
leads again to a Poisson distribution. We also
keep the term P = 2 in the sum (4.4) and express
P&" 'l from (4.5) obtaining

In the preceding part we obtained a Poisson dis-
tribution, taking only the first term of the sum
(4.4), with practical experimental justifications.
I et us come back now to the general exact ex-
pressions (4.1) and (4.4).

The detection function, true statistics -apparent
statistics, depends essentially on the density ma-
trix pD describing the detector. The previous
considerations lead to the characterization of this
function by the sequence of ratios q =()7P = (DD)/D~P).
We have q, = 1 and 0 &q~ &1, when pD is varied
in the set of detector density matrices. The two
following limiting cases appear:

(1) q =(1,0, 0, . . . , 0, . . .) The detection function
is unity as directly seen on (4.4);

(2) q=(1, 1, 1, . . . , 1, . . .) It is impossible to
neglect any term in the sum (4.4}. The detection
function is the worst one possible.

As the correlations between the electrons of the
system determine the value of the detection func-
tion, it seems interesting to introduce a coherence
notion for those electrons connected with the de-
tection function.

By pure analogy with the boson case, where the
coherent states are associated with quasiclassical
properties of the field, we shall say that pD is
"coherent" in the case (1}because the detector is
then like a classical system in our counting ex-
periments. We shall refer to as "incoherent" the
density matrices pD leading to the case (2). We
briefly consider the two cases:

) D y 2 ~( -1)
n ' D'

1
(4.10) pD coherent: q=(1, 0, 0, . . . , 0, . . .}.

Using standard inequalities, one shows directly
that ~D, ( &D,'. Higher-order approximations than
(4.10) involve quantities of the form DD/D, for
which we also have algebraically )DD [ &D, .

Note that in the expression (4.5) of DD the densi-
ty matrix pD=pD~pD depends in the general case
on y according to the previous equilibrium as-
sumption for the total system. We can more
easily than using the precise results of Ref. 14,
evaluate the quantities D~ in the case t0 =0, where
simply

b b

p =e 8& D & D& and pD—- ( Q&)(Q&(.

Then, realistic experimental conditions, which

If we take (4.3) and continue the decomposition
with all the functions C((x;)) equal to zero, we
finally obtain as a characteristic property of
coherent pD

g Tr pDJ'„" (x))J„" (x,),„)
~pg„ &=i "& "«+~

i.e., a Gaussian-type factorization for the correla-
tion functions of the effective current. It is in-
teresting to note that the coherence, in the previ-
ous sense, of detector. fermions corresponds to
something like incoherence of currents in the
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usual boson terminology.

p~ incoherent: q = I 1, 1, . . . , 1, . . .}.
This case is very singular and evidently without

connection to practical experimental conditions.
For example, an evident set of solutions is con-
stituted by the density matrices p~ =p~n, p~ such
that

T (p' 0 ( )e"(3)}=~ ( )~o'(y).

The quasifree states of fermions with a similar
factorization property have 2n-correlation func-
tions equal to zero for every n~2 and are essen-
tially one-electron states. So P~~" ~ =0 except for
n =0 and 1. ' Let us remark only that the incoher-
ence of detector fermions is here related to fac-
torization properties which similarly occur for
coherent bosons.

VI. CONCLUSION

The interest of this photodetection model is to
furnish under idealized but precisely defined hypo-
theses, a general and complete formulation for
the apparent statistics given by the detector and
a formalism to test the deviation from the inci-
dent statistics. It would be attractive to numer-
ically follow the modification of the Poisson law
when the coherence properties of the detector are
decreasing from q =(1,0, . . . , 0, . . .}.

The density matrix pD describing an equilibrium
quasifree state of the analogous system detector-

external electromagnetic field is a well-defined
function of temperature and of field intensity. '~

Thus, it is theoretically possible to study the
change of coherence properties of the detector
as a function of these quantities.

Conversely, the experimental measure of a
deviation of the Poisson law for coherent radia-
tion field and the evolution of this deviation by
modification of physical parameters, would be
theoretically related in this model to coherence
properties of the detector, i.e., to correlation
effects in the electron system.

Actually these previous considerations are al-
most purely theoretical; it can be calculated on
the relation (4.4) that, for example, if q&

-—10 ~

for every p&1 the Poisson law is not significantly
modified. In realistic counting experiments,
where q~ is certainly smaller than 10-~, the per-
turbations on counting distribution due to the elec-
tron correlations in the detector are really un-
measurable. Nevertheless, the theory is sufficient-
ly general to be applied to other systems and more
generally to every system where a boson is count-
ed via some quantum transition of a fermion. The
detection function of such a system would be nota-
bly different from one if, for instance, the num-
ber of active fermions is not large enough.
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nical in our study: We need only an incident field with
well-defined and simple statistics. For a general dis-
cussion on this assumption see, for instance, V. Koren-
man, Phys. Rev. 154, 1233 (1967); M. Lax, Phys. Rev.
172, 350 (1968).
R. J. Glauber, Phys. Rev. 131, 2766 (1963). For this
particular writing see F. Rocca and M. Sirugue, Nuovo
Cimento 52B, 142 (1967).

~28ee, for example, J. R. Klauder and E. C. G. Sudarshan,
Eundamenta/s in Quantum Optics (Benjamin, New York,
1968), Chap 8.

~3We think in particular to the problem of the time decay
following the turn-on of, the light beam before photo-
emission. commences. See W. Davis and L. Mandel in
the Proceedings of the Third'Rochester Conference
on Coherence and Quantum Optics (Plenum, London,
1973).
See, for example, A. A. Abrikosov, L. P. Gorkov, and
I. E. Dzyaloshinsky, Methods of Quantum Ilie/d Theory
in Statisfica/ Physics {Prentice-Hall, Englewood Cliffs,
N. J., 1963), Chaps. 2 and 3, for a Green's functions
version; O. E. Lanford III and D. W. Robinson, Commun.
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Math. Phys. 24, 193 (1972), in an algebraic formalism;
F. Rocca, M. Sirugue, and D. Testard, Commun. Math.
Phys. 13, 317 (1969), from a thermodynamical point of
view.

i~This relation (3.13) is the definition of a "product state"
as given by R. T. Powers, thesis, Princeton University,
1967 (unpublished).
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Asymptotic Scale Invariance in a Massive Thirring Model with U(n) Symmetry
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Renormalized Ward identities and Callan-Symanzik equations are developed for vertex functions
involving composite fields in a massive Thirring model with 'U(n) symmetry. The existence of a critical
curve of fixed points of a renormalization group acting on a space of coupling constants is proved. On
this curve all nonsoft axial-vector and scaling anomahes vanish. Attraction properties of this curve are
investigated. The possibility of a second critical curve for strong coupling is discussed.

I. INTRODUCTION

The massive Thirring model with U(1) symmetry
has been studied" in renormalized perturbation
theory with the aid of Callan-Symanzik equa-
tions"' (CSE) and Ward identities. If one intro-
duces a (one-dimensional) coupling-constant
space on which a renormalization group' acts (its
differential equations are the characteristic equa-
tions of the CSE), then the main result of these
studies is that every point of the coupling-constant
space is a fixed point of the group. Consequently
one has asymptotic scale invariance with asymp-
totic scale dimensions depending on the coupling
constant. Aside from the intrinsic theoretical
interest of the model the possible relevance of
this result to statistical problems' has been noted.

In this paper we wiQ study a generalization of
the U(l) renormalizable massive Thirring model
to the case of U(n) symmetry. The model is far
more complicated, its structure considerably
richer, and the results quite different from the
U(1) case. It is studied with the aid of Callan-
Symanzik equations' "and Ward identities for
Green's functions involving elementary and com-
posite fields developed via normal-product tech-
niques. ' Powerful identities are derived con-
necting sealing and axial-vector anomalies. Our
main result is the existence of a critical curve of
fixed points of the renormalization group acting on
a three-dimensional space (E') of coupling con-
stants. The curve passes through the origin. The
existence is established to all orders of renor-
malized perturbation theory. The axial-vector
anomalies in this model are stronger than in the
U(1) case'; but on the curve these anomalies, as

well as scaling anomalies, disappear. As a con-
sequence on the curve one obtains asymptotic
scale invariance and axial-charge conservation.
The curve is asymptotically unstable (in the
Liapounoff sense); nevertheless there appear to
exist ultraviolet and infrared regions of attraction.
Attraction is proved up to third order in perturba-
tion theory. These questions have been investi-
gated with the aid of qualitative techniques which
are generalizations" of the Liapounoff stability
theory for attractive invariant sets. These re-
sults may be relevant to statistical problems. "

Our work was motivated by the recent interesting
paper of Dashen and Frishman" and by the im-
portance of the study of the renormalization group
in model field theories as stressed by Wilson. "
The former authors studied a generalization of the
massless U(1) model to the case of U(n) symmetry
with two coupling constants. Their method was
essentially algebraic and they concluded that there
existed two critical lines (in a Aeo-dimensional
space of coupling constants) on which scale in-
variance was obtained. The connection between
the treatment of Dashen and Frishman and ours is
at present not completely clear. In perturbation
theory for a consistent renormalization one has to
work in a space of th~ee independent coupling con-
stants (there exists a maximal set of three inde-
pendent renormalizable interactions). These cou-
pling constants are defined by specifying the four-
point vertex functions at zero momenta, and they
are related by computable finite renormalizations
to certain perturbation parameters (appearing in
the interaction Lagrangian). In the perturbation
parameter space the critical curve of the previous
paragraph is a straight line through the origin. It


