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We discuss the conditions under which renormalization-group methods can imply Bjorken scaling for
deep-inelastic structure functions. We prove and refine a conjecture of Parisi s concerning the high-spin
behavior of anomalous dimensions in order to show that in most theories Bjorken scaling is possible
only if the renormalization group has a fixed point at the origin of coupling-constant space.

I. INTRODUCTION

In recent years many people have explored the
attractive possibility that renormalization-group
techniques might allow one to understand Bjorken
scaling within the framework of standard renor-
malizable field theory. The general idea is this:
The familiar logarithms of perturbation theory can
be shown to sum to a power provided that a certain
universal function of coupling constant for the the-
ory in question has a zero. The power with which
a given amplitude behaves is itself a linear com-
bination of the "anomalous dimensions" of the ex-
ternal fields entering in the amplitude. In the
case of forward Compton scattering, the growth
with external photon mass of the nth moment of a
structure function with respect to the scaling vari-
able x= -q '/2v turns out to be governed by the
anomalous dimension y„of the angular momentum
n member of the series of operators of "twist"
two (twist equals canonical dimension minus spin).
Bjorken scaling means that y„ is zero for all n
since if the structure function has a limit, then so
do all its moments. The anomalous dimensions y„
are a Pxio~i independent functions of the coupling
constant and the problem for the renormalization-
group approach is to explain why an infinite set of
them should simultaneously vanish.

Typically, the twist-two operators are bilinear
in the fundamental fields of the theory. For ex-
ample, in scalar field theory one is concerned
with the series A~,".~.„=Q&„, &&P. If one could
ignore the subtractions needed to define A", its
anomalous dimension would be just 2y, where y
is the anomalous dimension of the fundamental
field P. This would be doubly interesting, for,
first, one would be able to assign a phenomeno-
logical significance to the otherwise unmeasurable
but fundamentally important anomalous dimension
y, and second, one would need only to control, via
the renormalization group, one anomalous dimen-
sion in order to recover electroproduction scaling.

Of course, the subtractions needed to define A"

are important and, in general, destroy the naive
connection between y„and y. Parisi, however,
has suggested that the naive connection is rees-
tablished in the limit of large angular momentum
for A("~, i.e., that y„-2y as n-~ (Ref. 1). The
nonrigorous argument for this would be that in the
limit of infinite n, the infinite number of deriva-
tives in pe„' &„P effectively separate the space-
time arguments of the two fields so that no sub-
tractions are needed to define A "' beyond those
needed to define Q itself. Our purpose in this
paper is to show directly that in selected renor-
malized field theories Parisi's conjecture is cor-
rect and to explore the consequences of this re-
sult for the renormalization-group approach to
scaling. Most importantly we show that for such
theories Bjorken scaling implies the existence of
an ultraviolet-stable fixed point at the origin of
coupling-constant space.

In Sec. II we will review the salient features of
the renormalization-group approach. In Sec. III
we will carry out the proof of Parisi's conjecture
for scalar field theories (discussion of more
complicated theories will, in the interests of
readability, be relegated to appendixes). In Sec.
07 we will discuss in detail the rather surprising
consequences of this theorem.

II. THE OPERATOR-PRODUCT EXPANSION AND

THE RENORMALIZATION GROUP

J'(x) J'(-x) =g C„(x,g) O„(0), (2.1)

where O„are a complete set of local operators and

Deep-inelastic lepton-hadron scattering is most
naturally analyzed with the aid of Wilson's oper-
ator-product expansion. ' This expansion expresses
a product of local operators in terms of a series
of local operators of decreasing importance at
short distances. Indeed to any finite order in per-
turbation theory the product of two currents (for
simplicity we shall discuss scalar currents) is
given by
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C„are functions of x„and the coupling constants
(represented here by g). The utility of this ex-
pansion is based on the fact that, to any finite or-
der in perturbation theory, the small-distance be-
havior of O„(x) is determined; up to logarithms,
by the canonical (naive) dimensions of the opera-
tors ~ and 0„; i.e.,

r(",)„()).q, , g) = x'-"r(,") (q„.g (g, t))
t

x exp -m dt'y g g, t'
0

where we have used dimensional analysis:

(2.6)

(2. t)

8 8
+ p(g) —+ (g) r„",'„(p„g)= 0. (2.4)

These are the renormalization-group equations,
first derived for quantum electrodynamics (QED)
by Gell-Mann and Low. ' If we define the effective
coupling constant g(g, t) by

dt =P(g}, g(g, 0)=g, t=inx, (2.5)

C„(x,g)„,~xj'"~ "f(lnx', g) . (2.2)

The above result is of little use unless one can
say something about the logarithmic corrections
to C„(x). When one sums to all orders in perturba. -
tion theory, these logarithms could change the
naive power behavior of C„(x). Wilson' has argued
that the net effect of the logarithms is merely to
change the value of the dimensions of most opera-
tors, but that the singularity of C„(x) is still deter-
mined by the dimensions of J and 0„, which how-
ever are not given by their canonical values but
are "anomalous. "

That this can occur can be seen by analyzing the
operator-product expansion with the aid of renor-
malization-group techniques. The renormaliza-
tion-group equations are most simply derived
from the Callan-Symanzik equations. ' Consider
(for simplicity) a gQ~ field theory The.one-par-
ticle irreducible n-point Green's functions
I'(")(P„.. . ,P„) satisfy

a 8

Bp, Bg+p(g)s +ny(g) r(«(p ~ ~ p g}

=r'e'(o;p . ,p.; g} (2 3)

where p(g) and y(g} are finite functions of g, p is
the scalar mass, and I' ((&) (0;. . . ) is the n-point
Green's function with the insertion of the operator
8 = t&. '$2 with zero momentum.

These equations are useful in analyzing the
large- (Euclidean) momentum behavior of Green's
functions. This is because, to any finite order in
perturbation theory, the right-hand side of (2.3)
can be neglected if one uses Weinberg's theorem.
Specifically, if p&=Ap;, p; &0, then, if one defines
r~~"~z(p, ) to be the sum of all leading terms in
I'(")(P;) as )(-~ [neglecting terms which decrease
by powers of )(, relative to r„(s)„(p;)], we have

As Gell-Mann and Low discovered and Wilson has
emphasized recently, ' (2.6}has a very simple as-
ymptotic form if P has a zero [a fixed point of the
renormalization-group equation (2.5)]:

P(gy} =0 and P'(g) &0. (2.8}

In that case if g is sufficiently close to g& then

g(gi t), , q= „g) ~

f
t«' y(g(g, t')); tr(g~),

0

so that

r(n)„() q;; g) ~„)4 n ny (sy) I'(n) (q; g )

(2.9)

xexp -n dtygg, t -yg&
0

(2.10)

This is the asymptotic behavior we would expect
if the scalar field P had dimension d= I+y(g&), so
that y(gz) is the anomalous dimension of Q. Thus
the asymptotic behavior of the theory is controlled
by the fixed points of the renormalization group.
If P'(gy} &0, thenthe fixedpoint is relevant only when
t--~ and is therefore called an infrared- (IR)
stable fixed point, whereas if P'(gy) &0 then gy is

. an ultraviolet- (UV} stable fixed point.
The above analysis is easily generalized to dis-

cuss the ultraviolet behavior of more complicated
renormalizable field theories involving many
fields and coupling constants. The equations then
involve in place of P(g)S/()g a sum of derivatives
P, (g„.. . , g„)()/Bg,. for each independent coupling
constant g;. The fixed points of the renormaliza-
tion group, which determine the asymptotic be-
havior of the theory, will be determined by the
simultaneous vanishing of all the l&,.

The renormalization group can be applied to the
operator-product expansion. ' The functions C„(x)
will satisfy an equation similar to (2.4):

8 8
u
—+P(g ) +r.(g) -'2r—(g) C.(,g) =o,

(2.11)
where y~ (y„) is the anomalous dimension of the
operator J (0„). The solution of this equation, as
previously, determines small-x behavior of C„(x,g)
to be

then the explicit solution of (2.4) is C„(x,g}„~,(xj"('~)-"~('~) (2.12)
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where d~(g7) [d„(g~)] is the dimension of J [0„]at
the UV-stable fixed point gz, i.e., the canonical
dimension of the operator plus y~(g7) [y„(g7}].

The structure functions of deep-inelastic lepton-
nucleon scattering probe the product of electro-
magnetic currents near the light cone. When one
uses the operator-product expansion' to analyze
these structure functions, one finds that an infinite
tower of operators contributes in the Bjorken sca-
ling region. The dominant operators are those
that have smallest "twist" (dimension minus spin)
and thereby contribute to the leading light-cone
singularity of the product of currents. Thus in a
gQ theory the dominant operators are those with
canonical twist (2+n}-n=2:

0„",'. ..„(x)= P *(x)7„7„&(x),

and the operator-product expansion of electromag-
netic currents has the form (to any finite order of
perturbation theory)

J&(x)J„(-x) g C„(x»,g)x"' ~ ~ ~ x" 0„"i v(0.).
n

x e„s,(x'+ibex, ) ', (2.13)

where C„(x',g) naively is finite as x'-0, but actu-
ally satisfies

'I
g 8

8 p. 8g+P(g)~ +r.(g) C„(x',g)=0. (2.14)

Note that the anomalous dimension of the electro-
magnetic current J„' is identically zero since the
conserved charge Q = Jd'xJ,'(x) must be dimension-
less.

The Fourier transform of C„(x',g) is measured,
up to an unknown constant determined by the ma-
trix element of 0("l(0), by the moments of the cur-
rent-hadron structure functions in the Bjorken
scaling limit.

As we have seen, the small-x» behavior of C„(x2)
is determined by a UV-stable fixed point of the re-
normalization group (say at g&), so that

(x2) ~ (x»)7»(»y)/» (2.15)
x2 0

=0 but y„(n&2) will in general be nonzero. Fur-
thermore the requirement that all the y„vanish
seems exceedingly unlikely since it would appear
to impose an infinite set of conditions on functions
of a fixed parameter g&.

On the other hand, the anomalous dimensions are
not totally unrelated. The positivity of E,(q', v)
ensures that y„ increases with n:

0 —y ~( y ~(y ~( ~ ~ ~ ~( y (2.17)

In fact one can prove in addition that the y„satisfy
the inequality

m (y„,„-y )
m+ 2 (r»+m+2 rz)

(2.18)

III. LARGE-SPIN BEHAVIOR OF ANOMALOUS

DIMENSIONS

A naive consideration of the composite operator
0('~ = $*7„7„$(in a g$4 theory} would lead one
to the conclusion that its dimension is simply given
in terms of the dimension of the field Q, i.e., d„
=n+2d@, so that the anomalous dimension would
satisfy

as a consequence of the positivity of I',.' There-
fore if in addition to y, any additional y„vanishes,
then (2.17) implies that all y, vanish for i (k and
(2.18) implies that all y» vanish for i & k. There-
fore to achieve Bjorken scaling (or to test it ex-
perimentally) it is sufficient that two operators of
twist two have canonical dimensions. One of these
is automatically provided by the energy-momentum
tensor, the other must be a consequence of the
structure of the theory since we do not have the
freedom to adjust g&.

There is, in any theory, a fixed point of the re-
normalization group at which all anomalous dimen-
sions vanish. This is the fixed point where all the
coupling constants vanish. In most theories this
is not a UV-stable fixed point. In the following we
shall prove, for a large class of theories, that
this is the only fixed point for which y„=0, i.e.,
for which one can have Bjorken scaling.

This implies for the now-familiar structure func-
tion vW, (q', v) =E,(q', &u =-q'/2v) that r.(g) =2r~(g). (3.1)

~l
d& &"-»F (q» &) ~ ( q») 7»(&fV2-

p~ ~oo (2.16)
&0

Bjorken scaling is the hypothesis that the struc-
ture function F,(q', &u) has a finite limit as q'- -~.
This implies that all the anomalous dimensions of
the twist-two operators must vanish, i.e., y„(g&)
= 0. This would appear, at first hand, to be very
unlikely. With the exception of the energy-momen-
tum tensor, none of the operators 0" is con-
strained to have canonical dimensions. Thus y,

lim y„(g) =2y&(g).
ff ~40

(3.2)

This is of course false, since the composite oper-
ator involves a singular product of fields at the
same point and thus requires subtractions which
might (and indeed do) spoil the naive additivity of
dimensions. One might expect intuitively that as
n becomes very large, the increasing number of
derivatives act effectively to separate the two
fields, thus reinstating the additivity. Thus one
might conjecture that
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Indeed Parisi has recently argued that at a fixed
point of the renormalization group (g=gz) the
above relation is true in a gP' theory. In the fol-
lowing we shall prove that (3.2) is true, to all or-
ders in perturbation theory, for any value of g.

To illustrate how the theorem works, we shall
first consider the anomalous dimensions y„of the
series of operators of lowest twist (= dimension
—spin) in scalar field theory. The lowest twist in
this theory is 2 and the corresponding series of
operators is

~n
g0&"&.. = —$*8 ~ ~ ~ 9 P —(trace terms) .~z"'~n 2" I"j. ~n

The trace terms are chosen to make 0 " symmet-
ric and traceless and therefore pure spin n. To
make 0 " well defined, one has to specify how its
matrix elements are subtracted. Because 0{" is
pure spin n, only the two-particle matrix element
is divergent and it requires only one subtraction.
We will perform the needed subtractions at zero
four-momentum according to the usual Bogolubov-
Parasiuk-Hepp (BPH) procedure.

The anomalous dimensions of operators other
than the fundamental field P itself are defined by
the scaling Ward identities of the theory. If for a
general operator A; we denote the n-particle one-
particle-irreducible (1PI) Green's function by
F~g&(k;P„. . . , P„), then these Ward identities have
the form

+P(Z) +~r(g—) P',"',(k;p„",p.)

-g r;,(g)1'"I(k;P„,P.)

= il"~e&„,(0, k;p~, . . . ,p„), (3,3)

where the sum over j is in general over all opera-
tors A,. of canonical dimension less than or equal
to that of A, and of the same spin as A;, 61 is the
mass insertion, y is the anomalous dimension of
the field Q, r;; is an anomalous dimension matrix
for the operators A, , and P(g) is the same eigen-
function of the coupling constant as appears in the
Ward identity for the particle Green's functions of
the theory.

If A; is in the lowest-twist series, then this
equation simplifies considerably: An operator of
the same spin as A; cannot have lower dimension
without being also of lower twist, which is impos-

QQQ
= Q~,---Q+„-(trace terms).

FIG. 1. Typical contribution to I'eo(n) (0, 0;p).(2)

";i "k

with y„having the meaning of anomalous dimension
of 0("~.

Let us now look at this equation for n=2 and k=0.
We define "form factors" by

Po~'(n) (0;p) =E" (p')g„, ' ' 'p„-(trace terms)},~i' '~n

(3.5)

I'e~p. .. (0;P) =+ e(p')g ' ' 'p -(trace terms)) .

The scaling Ward identity then reads

u —+ P(z)—+r.(g) 2r(z) '&-'"'(P') = i+'"'(p')-.
8p, Bg J

(3.6)

The subtraction procedure we have adopted is such
that at P = 0, E" takes on its free-field-theory val-
ue, E "(0)=1. Therefore

r„-2r = —Z~,"&(0). (3.7)

E(e~ is a matrix element which needs no subtraction
and we therefore have no prior knowledge of its
value. W'e will now show that it has simple be-
havior for n-~, allowing us to say something
about y„ for large n.

To compute Ee one writes down all the graphs
for I't'JoI„&(00;P). The typical graph has the
structure given in Fig. 1, where the box is a prod-
uct of vertices, scalar propagators, and one mass
insertion. The product of propagators can be sim-
plified by the usual Feynman parameter techniques
to the form

sible. Furthermore, in a simple scalar field the-
ory, the operator of lowest twist and given spin is
unique. Then the scaling equation for 0 " sim-
plifies to

p —+ p(g) s nr(Z)+r (g) I oI &(k'p». ){n

=-ii &,"&.&.&(0, k;p„. . ., p„),(3.4)

I pE --EC,~[dl;,[ [da.; 5 I-+u, go., (q,
' —m, ') (q„q„-(trace terms)}, (3 8)

where the (1;jare a set of independent loop momenta and q; is the momentum of the ith internal line. This
is further simplified by choosing each q; to be an appropriate sum of loop momenta plus a finite piece P;
and requiring that the combined denominator have no terms linear in the loop momenta. It is well known
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that the P; are then determined in terms of the external momenta by the Kirchoff circuit conditions, treat-
ing nj as the resistance and P; as the current of the ith line. Since there is only one external momentum
p, one has p; =Q;(o., )p. Consequently Eq. (3.8) can be further simplified to

N —-N

CJ ....dl, ,du)6 l-go, Qq;, l, '
lq +A(u)p' +B(n) Q e)lq+y(o}p ~ ~ Qg)i,. +y(o)p

j =1 /=1 ~n
(3.9)

where (Qe&l&+Q(o)P) is just the momentum q chosen consistent with the Kirchoff conditions (e&
-—+1, 0 ac-

cording to whether and in what direction l„ flows through q).
We require the spip-n part of this amplitude and so must read off the coefficient of P„' ' 'p„. It is clear

from the structure of Eq. (3.9) that powers of P„cannot arise from the integration over loop momenta, and
the coefficient of p„1 pp must therefore be

N N L -N
C do.;6 I-g o; P"(n) dl, gq;, l l, +AP'+B

j =1 ), =1
(3.10)

We recall that Q(n) is the fraction of the external
momentum P, which flows through the internal line
q if the flow is computed according to Kirchoff con-
ditions, taking the aj as the resistances of the cor-
responding lines. But in a two-terminal network
with positive resistances (all n; & 0), it is intuitive-
ly obvious and not difficult to demonstrate that the
current flowing in a given internal line is always
less than or equal in magnitude to the external cur-
rent. In other words, ~P(n}~ ~1. Therefore in the
limit n-~, the integrand of Eq. (3.10) vanishes ex-
cept for those points in o. space, where )Q(o.)~ =1.
If ~Q(o. )~ =1, all the external momentum flows
through the line q and the circuit analogy implies
that the line q must be connected to the external
lines of the graph by a short circuit. This means
that some subset of the n's, including the a's of
the two lines which connect to 0" must vanish.
Therefore ~Q(n)~ =1 only in certain "corners" of
the domain of integration of the nj, and the volume
in e space associated with the points where
~Q(n)~ =1 is zero. Thus as n ~the i-ntegrand in

Eq. (3.10) will vanish.
To estimate how fast it vanishes, one notes that

the integral to be done has the structure

aP

where k is the minimal number of internal lines
needed to get a short circuit including the insertion
of 0 "~. The factor (1-P) ' is the volume element
in a space associated with the set of points such
that 1 -

~Q~ =1 - P =0. Clearly the minimum number
of lines in the short circuit is two, so the behav-
ior for large n must be at least 1/rP.

We so far have pretended that all the loop mo-
mentum integrations converge so that we may dis-
cuss just the Feynman parameter integration with-
out worrying about the need for renormalization.
However, if we regulate by the Pauli-Villars tech-

nique, it is apparent that all the extra contributions
associated with regulators and subtraction terms
have the same structure in Feynman parameter
space, so that the combined object which has no
divergent loop integrations is subject to the same,
argument concerning its large-n behavior. There-
fore lim„„Ee =0 and we conclude that 2y
—y„-„„0.Therefore, in the limit of large angular
momentum the anomalous dimension of the lowest-
twist operator becomes equal to twice the anom-
alous dimension of the fundamental field.

The above theorem can be generalized to the-
ories involving renormalizable couplings of fer-
mion and scalar fields. The analysis, although
complicated by the occurrence of more than one
operator of lowest twist, and nontrivial numerators
in the Feynman graphs, proceeds essentially as
above. The proof for a Yukawa-like theory is
given in Appendix A. The only remaining renor-
malizable theories are (a) theories involving a
massive vector meson coupled to a conserved cur-
rent (vector-gluon theories); (b) gauge theories of
the Abelian (QED) or Yang-Mills variety.

We conjecture that an ana'. ogous theorem holds
for vector-gluon theories. In Appendix B we dis-
cuss this more fully. In the case of non-Abelian
gauge theories it is clear that such a theorem can-
not hold. To see this it is sufficient to consider
second-order perturbation theory, in which the
anomalous dimensions of all the fields are gauge-
dependent, whereas the y„s are independent of the
gauge.

IV. CONSEQUENCES OF THE THEOREM

In this section we shall prove, for the class of
theories enumerated above, that Bjorken scaling
implies that the origin of coupling-constant space
is a UV-stable fixed point of the renormalization
group. We shall then explore the consequences of
such an occurrence for the phenomonology of deep-
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inelastic s cattering.
Consider a theory in which one has Bjorken sca-

ling. Under the assumption that the asymptotic be-
havior of the theory is identical with that of the
leading powers of finite-order perturbation theo-
ry, one can use the renormalization group equa-
tions described previously. Bjorken scaling then
means (i) the existence of a UV-stable fixed point
determined by the vanishing P, (g„.. . , gN),
i = 1...N, where P; is the coefficient of 8/&g, in
the renormalization-group equations and

g; (i = 1...&) are the independent coupling constants
of the theory; (ii) the anomalous dimensions of the
dominant operators (twist two) on the light cone all
vanish.

We make the further assumptions that these op-
erators are identical with those that dominate the
light-cone behavior to any finite order in perturba-
tion theory. Let us consider specifically a gp' the-
ory. In that case we are assuming that the twist-
two operators are given by 0 "~ = Q*&„;~

~& Q as
perturbation theory would indicate. We are ex-
cluding the possibility that "dimension crossing"
occurs, that is, that an operator such as
($*8&8„$)PP acquires an anomalous dimension
such that its total dimension is equal to that of
$8„8 P.

With the aid of the theorem proved above we
learn that Bjorken scaling implies that the anom-
alous dimension of the field C, at the fixed point
g=g&, vanishes. This then implies that gz must
be zero. To prove this we consider the gg~ theo-
ry with massless scalar fields, where the coupling
constant (defined to be the 4-point Green's function
at some arbitrary Euclidean point) is set equal to
g„. In such a theory the scalar propagator D(p', p, ')
(renormalized at some Euclidean point P' = -p, ')
satisfies the renormalization-group equation

D(~ ~ g~) = (4.1)

We then invoke the Federbush-Johnson theorem, '
which informs us that if the full propagator is
equal to the free propagator then the theory is a
free-field theory. In particular the connected 4-
point function vanishes identically and therefore
g~ —0

Thus we have proved, within the framework of
the renormalization-group approach, that Bjorken

V s +P(gf)~ 2y(gf) D-(O', p', g)=0
Bp, Bg

which expresses the fact that a change of the (ar-
bitrary) renormalization point (p) can be absorbed
by a change in the renormalized coupling constant
and in the scale of the field. Since P(gz) = y(gz) =0
and D(p', p, ', g')= (i/p')f(P'/p'), we deduce that

scaling can occur in a gP theory only if g= 0 is a
UV-stable fixed point. It is easy however to show
that although g=0 is a fixed point, it is not UV
stable. To investigate the UV stability of the origin
it is sufficient to consider Eq. (2.5) for g =0. In
that case we can restrict attention to the lowest-
order term in P, which is P(g) =3g'/8v', so that
for g sufficiently small Eq. (2.5) is

dg 3
(4.2)

Thus g increases as t increases and we are driven
away from the origin. " Therefore, Bjorken sca-
ling cannot occur in a pure gQ' scalar field theory.

The analysis of theories involving many fermion
scalar fields and correspondingly many coupling
constants is more complicated. One way of achiev-
ing Bjorken scaling is for the anomalous dimen-
sions of all twist-two operators to vanish at the
fixed point. Since we have proved (in Appendix A)
that these anomalous dimensions are equal, for
large spin, to twice the anomalous dimensions of
the fields from which they are constructed, the
anomalous dimensions of all the fields must van-
ish. The Federbush-Johnson theorem then implies
that all renormalized coupling constants must van-
ish at the fixed point. In other words, Bjorken
scaling implies that the relevant fixed point is the
origin in coupling-constant space. To investigate
whether or not this is possible, one merely has to
calculate all the P functions to lowest order in per-
turbation theory and check whether g,. =0 is an at-
tractive (UV-stable) fixed point of the equations:

dg = P(gg~ ~ ) gn) ~ (4.3)

Zee has shown that in Yukawa theories invariant
under a general Lie group and having a single cou-
pling constant, the origin is UV-unstable. " In ad-
dition Coleman and one of us (D.G.) have investi-
gated fermion-scalar theories involving an arbi-
trary number of independent coupling constants. '
This investigation showed that no renormalizable
theory of fermions and scalars can be ultraviolet
stable at the origin.

This however would not definitely exclude the
possibility of Bjorken scaling holding for such the-
ories. This is because it is possible that only some
of the naive twist-two operators have canonical
dimension while others develop anomalous dimen-
sions and do not contribute to the light-cone be-
havior. Specifically, if the fermion operators
(generically Py„,&„, &„g) have canonical dimen-
sions at the fixed point, while the scalar operators
(generically $*8&,' '

7& Q) do not, then one can only
conclude that the fermion fields have canonical di-
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mension. This would then imply that the Yukawa
coupling constants vanish at the fixed point, but
not that the quartic scalar couplings vanish. This
interesting possibility is not one that can be ex-
plored in perturbation theory since one would have
to compute the P functions of the Yukawa coupling
constants to all orders in the quartic scalar meson
coupling constants.

In a theory involving a massive vector gluon cou-
pled to a conserved Abelian current, the behavior
of the anomalous dimension of the twist-two oper-
ators for large spin is much harder to analyze. In
Appendix B we discuss such theories and conjec-
ture, on the basis of a second-order calculation,
that the anomalous dimension of the dominant
twist-two operator approaches, for large spin,
twice the anomalous dimension of the gluon field.
If this is so, then once again we conclude that
Bjorken scaling implies that the origin in coupling-
constant space is a UV-stable fixed point. This
possibility is easy to exclude by explicit calcula-
tion. Thus if our conjecture is correct, vector-
gluon theories cannot exhibit Bjorken scaling.

At this point it is appropriate to recapitulate.
Having realized that naive scaling of a renormal-
izable field theory is broken by logarithms in per-
turbation theory we use the renormalization-group
equations to sum the logarithms. Scaling is then
recovered if these equations possess a fixed point.
To achieve Bjorken scaling the anomalous dimen-
sion of the dominant twist-two operators must van-
ish, implying for a large class of theories, that
the fixed point must be at the origin of coupling-
constant space. This possibility is then shown by
simple calculation to be exceedingly unlikely in
these theories.

Recently it has been shown that for non-Abelian
gauge theories, zero coupling is UV-stable fixed
point of the renormalization group. "'" Some of
these theories can even contain fermions and sca-
lar mesons. "'" The arguments of this paper sug-
gest that Bjorhen scaling (if it Persists as an ex
Perimental fact of life) might force one to non-
Abelian gauge theories of the strong interactions.

I et us now discuss the implications of an as-
sumed fixed point at zero coupling constants for
the phenomenological description of deep-inelastic
scattering. Of course the detai1ed structure of the
operator-product expansion will depend on the the-
ory under consideration —however, certain features
will be shared by all such theories. "

First we note that in such asymptotically free
theories naive scaling is violated by calculable
logarithmic teems. This occurs because the fixed
point at zero coupling constant is a double zero of
P. The generic renormalization-group equation
for a trilinear coupling constant g is

dg
d, =P(g)=-2bg', (4.4)

where we set b &0 so that the origin is UV-stable.
In that case we have

g'()=1, b .t (4.5)

d xe""(0[[4„(x),J„(0)]~0}

=. e(q }(g„„q'-q„q„}p(q'). (4.8}

The total annihilation cross section for e e -had-
rons is proportional to p (where v'q' =center-of-
mass energy of the leptdns). The renormalization
group tells us that the leading powers in p(q },

p(q')-p (In
—+ —p In —,+ ~ ~p

0 ~2 q2 ~2

sum to give

po ln —»g=p, 1,g ln —,

1
P (1, 0)+0{

( i ))
(4.9)

so that as t=lnA. -+~, g'(t)-1/bt; i.e., approaches
zero as the inverse of the logarithm of the scale
of the momenta. This is too slow for the integral
in Eq. (2.10) to converge, since anomalous dimen-
sions will (in general) be of order g' for small g.
Therefore the coefficient C„s c(x, g) of the opera-
tor C in the expansion of A(x) 'B(-x) will behave,
when x„0, like

c(x,g},(lnx}~ic iz ie&~, (4.6)

where y„ is defined to be equal to

d'
2

d ar&(g )
g2 =0

and y„(g') is the anomalous dimension of A(x):

8 8
p —+ p{g)—+nr{g}+r„{g}I ~~~= iI'„-

(4. I)

These logarithmic deviations from canonical sca-
ling can therefore be determined by calculating y
and P to the lowest nontrivial order in perturbation
theory. The coefficients of in& will be independent
of the physical coupling constants and determined
only by the structure of the theory.

Certain naive scaling results will be preserved
due to the fact that the anomalous dimensions of
conserved or partially conserved currents are
zero. For example, consider the vacuum expecta-
tion value of the commutator of electromagnetic
currents:
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This means that the commutator approaches loga-
rithmically, for large q', its free-field-theory
value, and that

e„,(e'e -Sedrone), - (PQ,.')e(e'e -S'e ),
(4.10}

where Q; is the charge of the ith fundamental field
(parton).

Let us now discuss the expansion of the product
of vector or axial-vector tSU(3) x SU(3)] currents
near the light cone. The dominant terms in this
expansion are

J'„'(x)J",(-x) -, = Q C„"„"„~'(xg)x"~ ~ ~ ~ x"s8"„"...„(0),
(4.11)

where 6„"„",...„„are the twist-two local operators
in the theory [generically Py„e„' ' ' &„)(.'(1 + y, )g] .
The naive parton-model results' are derived by
assuming that the coefficient of 8("), C„"„'„"(x,g),
is proportional to its free-field-theory value, i.e.,
C„"„"„'(x,0), as x'-0. In our case this is not
strictly true since e" has an anomalous dimension
y". In that case

"h (~ 2u2)
C„"„'"'(x,g) ~ C„"„"„"(x,0)exp dty„(g(g, t)) .

(4.12)

This, however, does not modify the naive parton
or light-cone model results, since the tensorial
and SU(3) && SU(3} structure is not affected. The
net effect of the logarithmic corrections is that
the nth moments of the structure functions do not
scale (except for n= 2, where y") =0 since 8@) is
the energy-momentum tensor). Instead

gin. In such theories Bjorken scaling is indeed vio-
lated only by powers of lnq'. However, the ap-
proach to scaling is only logarithmic, and the
naive parton-model results apply only when lnq' » 1.
Since it is rather hard to believe that present ex-
periments are in this region, one still does not
understand the presently observed precocious sca-
ling. Whether or not the present data are consis-
tent with logarithmic variation in q' remains to be

, seen. Since the precise power of lnq' with which
each moment of the structure function grows is
calculable and theory-dependent, such growth, if
observed, would provide a sensitive test of partic-
ular theories.

APPENDIX A: YUKAWA THEORIES

When we consider theories with fermions, the
argument becomes more complicated. In the dis-
cussion of scalar-meson theory, the crucial point
was that certain two-particle matrix elements of
the twist-two operator of spin n vanish in the limit
n- ~. If we refer to the discussion following Eq.
(3."l) we see that we made essential use of the sca-
lar nature of the internal propagators. If fermions
are present, this is no longer true and the argu-
ment has to be modified.

For definiteness let us take a model of a single
Fermi field and a single scalar field interacting
via a Yukawa coupling. There are now two series
of operators having twist two at the level of naive
dimension counting:

gu= 2-@y. "
+permutations trace ter-ms),

&0

d~ (d"E(&u, q')p~„C„ ln —,
(4.13)

~ n

&„",...„„=2„((t)()„,' ' '&„(P-trace terms) .
(A1)

where
2

(
2r.=

d .r. g' ), ,
but the relations between various moments of dif-
ferent structure functions' ar e preserved. Thus,
for example, in a theory in which the constituents
of the electromagnetic current are spin--,', the
ratio of the moments of the longitudinal and trans-
verse structure functions A„all vanish, albeit log-
arithmically:

&'d~~"&r(q', ~) ' "»(-q'/t)') '

(4.14)

The end result is perhaps disappointing. Initially
we demanded that Bjorken scaling not be violated
by powers of q2 and we were almost inevitably led
to theories with a UV-stable fixed point at the ori-

Let us use the notation I'o"' to indicate a
Green's function involving r fermions and/or anti-
fermions, 8 bosons, and one insertion of the op-
erator O. Then the scaling equation has the form

+~ ~i rrg syg I ~(n) (~spD ' ' spr+s}
p. ~ Bg.

+ rggI'„"(' ) (&;Pg ~ ~ ~,P,+.)

+ rzai'e(".))(&;P„,P...)
iI'()"„'(„)(Ok;-p) &. . . ) p„+s), (A2)

where we write QP, ()/Bg; since there will be more
than one coupling constant; —

y& and y& are the
anomalous dimensions of the fermion and boson
fields, respectively, and 0 is the mass insertion
operator of the theory. A similar equation holds
for I" "&'„'~'. Just as in the scalar case, the operator
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of lowest twist only mixes with other operators of
the same twist (and the same spin, of course). In
this theory the operator of lowest twist and given
spin is not unique, so the anomalous dimension ap-
pears as a matrix (y, ,).

The BPH subtraction procedure will fix certain
of the two-particle matrix elements of A" and B"
at the subtraction point, which we take to be at
zero four-momentum. We define scalar form fac-
tors by

(n) 2r'' tei (0;p) = A'ee(p') —r„p„~ ~ pc prermotatioos trac-e terms)
~ j.'"~n

+ A(&&(p'){p'p„p„-trace terms), (AS)

1&0(„2)~ (0;P) =A ",(P'){P& ' ' 'P& -trace terms),
p~ ~ ~ 0 p

with corresponding definitions for the operators
J3 " . The BPH subtraction procedure guarantees
that

A ~ (0) = 1, A g(0) = 0,

B',"'(o) =0, B~g&(0) = o.
(A4)

yAA
(n)

(A5)

The form factors A
&

are not divergent and so are
not determined at the subtraction point.

If we follow the by now familiar procedure of ap-
plying the scaling equation at the subtraction point,
we find that

when A&8, etc., are the form factors, as defined
in Eq. (AS), of I'a„'„~ (00;(P), etc. To prove the
desired theorem w miNt show that lim„„A &~e(0)

=0, etc.
To show how the argument goes, we shall con-

sider in detail the behavior of A&"e, the fermion
matrix elements of the twist-two fermion operator;
The argument differs from the pure scalar case
mainly because internal fermion propagators are
present, so that even when the integrand has been
fully "Feynmanized, "as in Eq. (3.7), the integrand
depends on the external leg four-momentum (as
opposed to four-momentum squared) via the Fermi
propagator numerators.

Let us consider a particular graphical contribu-
tion to I'~&„'P(0;P) in which there are N Fermi
propagators present, and N internal propagators
altogether. Then by arguments similar to those
used after Eq. (3.6) we can reduce the integral to

—-E
Ns, .do. s5 1- 0'i g&Jlc'ly+A o' P +& a'

J

X y& E&E&+ ~ P ~ ~ ~ C&$. + ~ P
P2 &n

~ ~ . —8 ~ ~ ~ 8 — &g + Q +PS ''
Cg g+ A + Pl

a~ 8~ ofg8~

where M is some numerical matrix describing how
the various inverse propagators are coupled to-
gether (an important point is that it is a Lorentz
scalar-since we are dealing with a Yukawa theo-
ry, it is essentially a product of Kronecker 5's),

is x1 or 0 according to whether and in which
direction the loop momentum L, flows in the in-
verse propagator in question, and Q

' (n)P is the
fraction of the external momentum flowing through
the propagator as determined by the Kirchoff con-

ditions. As in the scalar case, j(tt~'l(n)j «1 and
j(P('~(n) j = 1 only when the propagator in question is
part of a "short circuit" connecting to the external
lines.

We now wish to identify the coefficient of
y& P& 'P& in the limit of large n. A maximum
of N of the factors of P& can now come from the
inverse Fermi propagators so that the fact that
jQ(n) j

«1 again causes the leading contribution to
come from that region of n space where j(P(n) j =1.
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Therefore the leading contribution comes from a
short circuit connecting the A" fermion vertex
to the external lines.

For a particular choice of short circuit, let us
suppose that there are a propagators in the short
circuit. Let us assume that 6 of the factors of P„
in the desired covariant come from the inverse
fermion propagators in the short circuit (b & a)
and that c factors come from internal fermion
propagators not in the short circuit. These bring
along with them factors Q'"(n) which clearly van-
ish, by the circuit analogy, in the short-circuit
limit. The remaining (n b--c-1) fa,ctors come
from the A" fermion vertex and yield a combina-
torial factor of n ' '. Then the n dependence of
the interesting form factor is the same as that of

"5+c-& dp(] p)c+a-&pn
Jo

1 1 0.
n n

The factor of (1-P)' ' comes from the volume ele-
ment of the corner of e space associated with the
short circuit, while the remaining factor of (1 - P)'
comes from the vanishing at the short-circuit point
of the c factors of P(n) associated with the momen-
ta P& picked from the internal, nonshort-circuited
fermion propagators. Consequently lim„+'8'(0)
=0, as required. A similar line of argument shows
that the other matrix elements on the right-hand
side of Eq. (A5) vanish as n-". Consequently we
find that the anomalous dimension matrix has the
desired limit

(A6)

APPENDIX B: VECTOR-MESON THEORIES

Theories involving fundamental vector mesons
are of considerable theoretical importance, but do
not satisfy the simple theorems we have been able
to derive for scalar and Yukawa theories. The
major reason for this is that the estimates of as-
ymptotic behavior, such as those carried out in
Appendix A are profoundly altered by the presence
of the four-vector Dirac matrices. Matters are
further complicated by the fact that the vector-me-
son field itself has twist zero so that the number
of independent operators with twist two grows with
increasing angular momentum. In spite of these
complications, a reasonable conjecture suggests
itself. In this appendix we shall state the conjec-
ture and show how it is supported by low-order
perturbation calculations.

We consider a theory of a massive vector meson
coupled to a single massive Fermi fieM. We are

as usual interested in twist-two operators of arbi-
trary angular momentum n and wish to study the
behavior of their anomalous dimensions as n-~.
To render the perturbation expansion of this the-
ory manifestly renormalizable it is customary to
introduce a massive scalar field which couples to
the divergence of the vector field and which, as a
consequence of the equations of motion, is a free
field. This can be done in the functional integral
approach by adding a quadratic gauge-fixing"
term (1/2e)(~'A)' to the Lagrangian, and one finds
that e is just the ratio of the scalar mass to the
vector mass. Since the physically interesting
quantities v ill not depend on the scalar mass, it
is only necessary to consider operators whose
matrix elements will be &-independent. Since e
can be changed by gauge transformations on the
fields, we want to consider operators of twist two
which are gauge-invariant in the usual sense. As
a result there are only two relevant series of op-
erators:

Oq q=.g. . ij)y„(s„,—i gA„) ~ ~ (ap -i gAq )

&&(~~, —igA„) (8„—igA„)g,
(al)

AO„,ii.„Ep ~8~ ~„E„
where E&„is the usual field tensor, and each op-
erator is appropriately symmetrized and trace-
subtracted so as to carry angular momentum n.

These operators will of course be described by
a two-by-two anomalous dimension matrix since
they may mix with one another. The asymptotic
power behavior of Green's functions is determined
by the eigenvalues of this matrix and, as far as
Bjorken scaling is concerned, only the smallest of
the two eigenvalues is relevant. In this theory a
relation of the type y„-2y@ can only make sense if
y& is the anomalous dimension of the vector-meson
field. The quantity y„ is, by construction, gauge-
invariant, while the dimension of the Fermi fieM
is gauge-variant. Therefore one might conjecture
that in this theory the lower of the two dimension
eigenvalues has the simple asymptotic limit y„
-2y~. This would lead to similar consequences as
before since Bjorken scaling would still imply that
the anomalous dimension of a fundamental field
vanishes and would still lead to effective free-
field behavior. Furthermore it is trivial to show
that the origin cannot be an ultraviolet-stable fixed
point of the renormalization group for an Abelian
vector-gluon theory. Thus, if our conjecture is
correct, such theories could not exhibit Bjorken
scaling. The general analysis of the conjecture is,
for the moment, beyond us due to the diagrammatic
complexity of matrix elements of the operator A").
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However, it is easy to see how things work in the
lowest nontrivial order of perturbation theory.

We will adopt the notation I'o" to indicate the
one-particle-irreducible Green's function of a
Fermi fields, 6 vector fields, and one insertion of
the operator O. The scaling equations which suf-
fice to determine our 2 & 2 dimension matrix a.re

y. —+M- —+P ——2ys I'
t,
' +(Yst,'I" t' +Ye„i'g')

(B2)

(b)

P, —+M +0 2—Ys-I 'A" +(r~eI 's" +rg&~A")
B p, BM Bg J og on on

= -zp~2'0) (B2)pA s

8p, BM Bg
+M +p 2Y~ I s +( Yss? s +Ye+I g )

= -ii'(0.2) (B4)eo& '

+M +P 2YA I A +(Y I S +YAA& A )(P,2) n (P,2) n WP, 2)

g On On

& I (o.2) (B5)epA t

where p, and M are the vector and Fermi masses
and 6 is, as usual, the mass insertion. We desire
to calculate the anomalous dimension matrix to
O(g') and so only need calculate the various
Green's functions out to O(g'). Since P(g) is
O(g'), the P terms may all be dropped. Further,
since I'~'„'~ and I o&'~ are both O(g'), and since all
y's are O(g'), all terms in which these Green's
functions appear multiplied by any y may be
dl oppgd.

Finally, since all the Green s functions appear-
ing in these equations are at most logarithmically
divergent, we can manipulate a generic scaling
equation of the form

+y ~ o=-~leo&2) (2)

Bp,
(B6)

[I',t, l., =Y" —2r,(2,O)l n

n

[IoA lloS YAs ~

(a7)

(as)

to conclude that y is equal to the coefficient of the
logarithmically divergent piece of the unsubtracted
Feynman integral for Fo2~. If we denote this coef-
ficient by [I o']„,and make use of the aforemen-
tioned simplifications arising from working only
to O(g') we get the result

(c)

FIG. 2. Lowest-nontrivial-order graphs for two-body
matrix elements of 0" and Otl'.

[I'"t,"]i..= y,"„, (B9)

[I'",,"] =Y," -», =O(g'), (B10)

where the last result follows from the nonexistence
of O(g') corrections to I~'~' . The diagrams which
must be considered to evaluate [I '~'']~... [I „'o']&„,
and [I"&'~]&» are displayed in Figs. 2(a), 2(b), and

2(c), respectively. The graph with a point inter-
action between O~ and two Fermi fields plus a
vector field arises from the covariant derivatives
in O~. To evaluate the dimension matrix of the
operators O~ and 0„", one must also compute y&

and y„, a simple exercise with one-loop graphs.
The result of carrying out these computations is

(YpA YAA)

2 ~ 1 8(n'+n+2)
n(n+1) ~a j n(n+1)(n+2)
n2+n+2 4
n(n' —1) 3

(B11)

The lower right-hand entry is just 2y„as follows
from our remark that y„"„-2y„=O(g ). As n-~,
the upper diagonal element grows like logn and
the two off-diagonal elements vanish, so that the
two on-diagonal elements become the eigenvalues.
Evidently, the lower of the two eigenvalues is 2yA,
as indicated. Whether this phenomenon repeats it-
self in higher orders is not clear, but worth in-
vestigating.
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From dielectric-diamagnetic properties shown to be inherent in the electromagnetic inter-
action itself by its very nature, and the fact that the dielectric attraction effect in a charged
dielect'ric medium may dominate over the pure Coulomb repulsion, a hypothetical mechanism,
which under special circumstances seems to be able to hold a charged object together, is
presented, the diamagnetic property making the mechanism independent of the velocity of the
object. This approach is shown to give a Yukawa-type equation for the electromagnetic field
within a charged medium, and leads to a tentative electromagnetic interpretation of strong
interaction analogous to the theory of plasmons. In addition to the prediction of the pion mass
from the nuclear interaction range as in the Yukawa theory, the electromagnetic approach
also predicts the existence of a lighter stable structure with a mass which agrees in order of
magnitude with the mass of the electron, and suggests the existence of an excited state of this
structure with a mass which agrees with the mass of the muon. On a macroscopic scale, the
hypothetical charge-confinement mechanism presented gives energy contents for ball lightning
which are of the same order of magnitude as the extremely high values (=10~ J} reported for
this phenomenon.

I. INTRODUCTION

The subject of this paper is the mysterious fact
that although physical experience seems to tell us
that charged substances tend to fly apart as a re-
sult of the Coulomb repulsion, still in nature there
are objects like ball lightning, ' atomic nuclei, and
elementary particles, which seemingly contradict

this experience. Ingenious theoretical models have
been proposed to explain the forces necessary to
counterbalance the repulsive forces in these cases,
such as the Yukawa theory' for the strong nuclear
interaction, through which the existence of the
pion was also predicted. Ascribing the mecha-
nisms holding the objects together to forces out-
side electromagnetism, however, introduces a


