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Since the important work of Newton and Wigner on the position operator and the localized states,
several methods have been developed in the literature to deal with the problem of finding a position
operator for relativistic systems. One of the most relevant has been the method based on the use of
‘“‘canonical” transformations such as the Foldy-Wouthuysen transformation. In this paper, we strictly
consider the Foldy-Wouthuysen transformation as a procedure which allows one to write the
Bargmann-Wigner equations in a form which in the nonrelativistic limit leads to the Galilei-invariant
Schrodinger equations for arbitrary spin. As a result of this interpretation, we derive for the position
operator and the localized states of elementary systems the same expressions as Newton and Wigner;
the spin operator is also obtained. Finally, the Chakrabarti transformation is considered in the same

spirit.

1. INTRODUCTION

As is well known, the invariance requirements
imposed on a physical theory lead to the enumera-
tion® and construction® of the relativistic equations
for elementary systems, which, in turn, are de-
fined® as those whose manifold of states provide
the support space of an irreducible unitary rep-
resentation of the restricted Poincaré group.
Within this scheme, only the expression for the
dynamical quantities associated with the infinitesi-
mal generators of the group (as the momentum,
energy, and angular momentum) is provided by
the theory, whereas for other observable quantities
there is no straightforward procedure leading to
their explicit form, which has to be found by means
of other considerations. This is the case, for
instance, of the position operator in relativistic
quantum mechanics. In contrast, there is no am-
biguity in defining the position operator in nonrel-
ativistic quantum mechanics, where it is simply
given by the multiplicative operator X.* In this
case, the physically meaningful®~® elementary
systems are classified according to nontrivial®®
projective representations of the Galilei group,
the group which is obtained (by contraction'!) from
the Poincaré group by taking the limit ¢ - . In-
stead of the parameters (mass, spin, and sign of
the energy) which characterize the elementary
massive relativistic systems, the nonrelativistic
ones are determined by the spin and mass (which
comes through the system of factors of the projec-
tive representation), the other invariant of the
Galilei group, the “internal energy,” not having
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physical significance for a free particle. In this
case, the position operator belongs to the Lie
algebra of the Galilei group; more precisely, it
is given by N/ k, where N is the generator of the
accelerations (Galilean boosts) and « is to be in-
terpreted as the mass.” Since Galilean boosts
commute among themselves, this guarantees that
the position operator is left unaltered under the
action of accelerations.

In relativistic quantum mechanics, the problem
of finding a position operator and its localized
states has been treated in various ways. Since in
this paper we shall be concerned only with the
Newton-Wigner (NW) position operator and with
those which can be obtained by using “canonical”
transformations as the Foldy-Wouthuysen one, we
shall not review them but instead refer the reader
to the papers by Kilnay'? and DeVries.!?

The classical paper of Newton and Wigner?® cor-
responds to what Kdlnay*? calls “the equivalent
frames of reference approach.” NW found their
position operator as well as an expression for the
localized states by imposing the following condi-
tions: (NW 1, 2) the states localized at =0 at
time ¢ =0 form a linear manifold invariant under
rotations about the origin and under reflections of
both the spatial and time coordinates; (NW 3) two
localized states related to each other by a spatial
displacement are orthogonal; and (NW 4) (regular-
ity condition) the infinitesimal operators of the
Lorentz group have to be applicable to the localized
states. NW found these axioms sufficient to deter-
mine an operator §y acting on the positive-energy
solutions of the corresponding wave equation,
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Hermitian within the relativistic scalar product,
and having a continuous spectrum. As noted by
NW themselves, §yy has no simple covariant
meaning under the Lorentz group, a feature to be
expected since (NW 1,2) imposes the physical
equivalence of only spatially rotated frames of
equivalence.

The “canonical transformations approach” to
the position operator, first used by Foldy and
Wouthuysen, '* makes, the assumption that the rep-
resentation provided by the (manifestly covariant)
relativistic equation is not adequate to identify X
with the position operator, and one then looks in
this representation for the operator X which corre-
sponds to X in the new (conjugate) representation
obtained by means of the canonical transformation.
The operator X has the important property of pos-
sessing as temporal derivative the relativistic
velocity P/p, and describes the mean position of
the relativistic particle, which oscillates around
it with an amplitude of the order of the Compton
wavelength (1/k in natural units, k being the mass).

The Foldy-Wouthuysen (FW) transformation
allows the definition of a position operator in the
aforementioned way as well as the definition of a
mean-spin or intrinsic-spin operator which is a
constant of the motion. On the other hand, this
transformation provides a canonical form of the
wave equation’® which leads in a natural way to
the nonrelativistic wave equation by restricting it
to the subspace of positive-energy solutions and
considering |P|< k. It is then not surprising to
find in the usual representation a position operator
with adequate properties since precisely this mean
position X is the transformed one of the operator
X =i5/8p, which has a precise meaning in nonrel-
ativistic quantum mechanics. However, and in
contrast to the position operator of NW, the FW
mean-position operator has the inconvenience of
not being observable, i.e., Hermitian within the
relativistic scalar product which is defined for
the solutions of the corresponding wave equation.

In the literature the FW formalism has been
extensively developed to obtain operators for rel-
ativistic particles of various spins, and other
transformations, like the Chakrabarti transforma-
tion'® have been introduced in a similar spirit (a
list of references can be found in Refs. 12, 13, and
17). Repeatedly the differences arising between
the NW position operator and those obtained by
means of the aforementioned canonical transforma-
tions have been noticed. However, we feel that the
problem of conciliating both procedures has not
yet been fully treated. This is the object of the
present work. In this paper we show that the strict
interpretation of the FW transformation as a pro-
cedure which leads to a representation which per-
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mits one to perform trivially the nonrelativistic
limit of the wave equation together with the as-
sumption that in this new representation the posi-
tion operator is given by i8/8p is sufficient to
obtain for the localized states and the position
operator precisely the same results as Newton
and Wigner. Moreover, the localized states will
also be eigenstates of the third component of the
mean-spin operator derived at the same time as
the NW position operator and not considered by
these authors.

We shall not discuss the difficulties which arise
in the search for a Lorentz-covariant position
operator. These have been considered by many
authors from different points of view leading to
different answers according to which of the NW
axioms is abandoned. We refer to the clear anal-
ysis and references of the already mentioned re-
view by Kdlnay.?

This paper is organized as follows: In Secs. II
and III, for the sake of simplicity, we treat the
simplest case of a Dirac particle giving in Sec. II
the generalities of the method, and in Sec. III the
position and spin operators and their eigenstates.
In Sec. IV we analyze the arbitrary spin case by
means of the Foldy-Wouthuysen-Pursey (FWP)
transformation’®''” for the Bargmann-Wigner (BW)
equations? and derive the NW operator, the spin
operator, and the localized states for (massive)
elementary systems of any spin.'® Finally, Sec. V
is devoted to the consideration of the Chakrabarti
transformation for any spin.?°**” As the FWP and
Chakrabarti transformations are given by different
operators leaving invariant different scalar prod-
ucts, we obtain in Sec. V a slightly different form
for the position and spin operators and the local-
ized states corresponding to the “second” scalar
product that can be defined for the BW equations.
The connection between the operators derived in
Secs. IV and V and the “mean” operators which
are obtained by means of the FWP and Chakrabarti
transformations'” is also explicitly shown in both
cases.

II. OBSERVABLES IN THE DIRAC AND PAULI
REPRESENTATIONS (SPIN £)

The Dirac equation

(y‘“pp—x)zpu=0 (2.1a)
can be written in the Hamiltonian form
°p= (@D +BK)p= Hp. (2.1b)

For its solutions y,(p, £) (¢ being the four-valued
spin variable), one usually defines the positive-
definite invariant scalar product
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(¥p, ¥0) =fw—fw£¢p ; (2.22)
which is equivalent to?!
d3
(W, o)’ = %f 'Zjb’w;'yo% ’ (2.2b)

where e=sgnp°®, w=+(k*+p?)*%. We shall consider
here (2.2a), since it is the scalar product which is
left invariant by the FW transformation.

The FW representation is obtained by applying
to (2.1b) the FW transformation with the result

POZPFW =Bw‘ppw ’ (23)
where
Ygw =Fip (2.4)

and [a=7"7, 8=7"]

F=[2w(w+K)] Y (w+k+Ba-P),

(2.5)
F'F=1I,
which satisfies, as mentioned,
(¥ps ¥0) = (Dpw > Ypw ) - (2.6)

Introducing the projectors to the positive- and neg-
ative-energy states in the FW representation

AY=3(12p), 2.7)
Eq. (2.3) splits into
U =xwild , oD =AYy, . (2.8)

The equation satisfied by the positive-energy
(9

spinor Py easily provides the nonrelativistic limit.

In fact, the spinor defined by

vp=w YN (2.9)
with norm

(ps V) = f a°p ¥re = Wiy » ¥ (2.10)
satisfies the equation

PoUp=wip, (2.11)

which in the nonrelativistic limit |§|< k reduces
to

Edng =0%/26) g (2.12)

or Schrodinger equation for a particle of spin 3
(E=p°—k).

1t should be clear that step (2.9) (redefinition of
the amplitudes) is an essential one in our proce-
dure. It allows the definition of the nonrelativeis-
ticlike scalar product (, ) within which the operator
X is Hermitian and thus can be adopted as the posi-
tion operator in the representation defined by y,
(Sec. II).
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The presence of the spin in (2.12) through the
variable ¢ [¢p=Pp(D, £)] is of course not at all
surprising; it is a well-known fact, particularly
stressed by Lévy-Leblond, 822 that the spin is not
a relativistic effect. In fact (2.12) is what could
be called the canonical form of the Schrédinger
equation® for a particle of mass « and spin  for
which the internal energy E —52/2« has been taken
equal to zero. Thus, the transition to the nonrel-
ativistic equation and to the corresponding scalar
product has been accomplished by means of the
following steps: (a) the FW transformation, (b)
restriction to the subspace of positive-energy
states, (c) redefinition of the amplitudes (multipli-
cation by w™!), and (d) the condition |p|<k. The
representation (2.10) is obtained by (a), (b), and
(c) and has qualitatively [except for condition (d)]
all the properties of the nonrelativistic limit: It
satisfies the Schriddinger-like equation (2.11) and
its corresponding scalar product is defined by
(2.10). Hereafter we shall call this representation
the Pauli or nonrelativisticlike representation.

We consider now the form of the observables in
the different representations introduced.?* This is
done by means of the following. ‘

Proposition: Let O, be a Pauli observable and
¥p be an eigenstate corresponding to the eigenvalue
o:

Opp=09p- (2.13)
Then, the Dirac observable O, is given by

0p=F w0 pw 'AYF (2.14)
and satisfies (yp = wF ™ '3,)

Op¥p=0Yp, (2.15)

(¥p, Op¥p) = (¥py O p¥p) » (2.18)

Op being Hermitian within (2.2a). (The demonstra-
tion is trivial.) By construction, O, acts only on
the positive-energy states.

III. POSITION AND SPIN OBSERVABLES IN THE
DIRAC REPRESENTATION

The position operator for a massive nonrelativis-
tic particle [Eq. (2.12)] is given in momentum
space by

X=i0/0p. : (3.1)

As discussed in the Introduction (3.1) behaves
adequately under Galilean transformations. We

now make the assumption that the position operator
in the relativistic case is again given by §=16/9p
in the Schrodingev -like (Pauli) representation de-
fined by (2.11) and (2.10) which, as discussed in
Sec. II, has formally all the properties of the non-
relativistic limit (except |P|<<«). It is clear that
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in the passage from the Galilei to the Poincaré

group § will still transform as a vector under

the rotation part of the latter group, but its trans-
formation properties under Lorentz boosts will

be modified. For instance, [N,,q,]#0, meaning
that a Lorentz transformation in the direction of
the first axis changes the components of § perpen-
dicular to it.?® Accordingly, a Lorentz-covariant
meaning cannot be attached to §, and this feature
will appear again in the Dirac representation
where, as we are going to show, we shall find the
NW operator § -

Let us consider now the spin operator. In the
nonrelativistic case § is given simply by the Pauli
matrices §=33. In the relativistic case, the spin
operator in the nonrelativisticlike representation
is written

§=16A9, (3.2)

where, in terms of the Dirac y matrices, ¢*
=4y'yi(i,j, keyel). Strictly speaking, the projector
A® could be omitted since § operates on the two
nonzero components of ., which is a positive-
energy function [(2.9)].

The observables § and § commute, and therefore
the solutions of Eq. (2.11), eigenstates of the two
operators, can be written in the form (w? —p2=«?)

o n(Fs 15D, £) = (2m)¥2e~ B T-00y (5)  (3.3)

the two functions v,,(£) (m =+3, —3) satisfying the
conditions

S3'I)m(£) =mvm(£)) (3.43)
Upm=1, (3.4b)
va=’l)m, (3.40)

the last one due to the fact that Spp=9,. In fact,
it is evident that

p, T, ;D5 &) =F0p w(F, ;D5 £) (3.5)
ss‘pP,m(?’ t; 5; 5) =mwp,m(?s t; ﬁ) £) . (3.6)

Two localized states in different points ¥ and §’
are orthogonal:

<¢P,m(-}7’ t; ﬁ’ g): (I)P,m’(-ila t; ﬁ’ ‘g)): 6(-}7 _—il)émm’ ’
3.7
and, in coordinate representation, the states local-
ized at ¥ at =0 are written
S 1 -i5% S
lﬂp,m(Y;X,E)=Wfd3Pe P XY, T35 D5 £)

=8(& - F)v,(£). (3.8)

We now proceed to find the form of these observ-
ables in the Dirac representation. In accordance
with (2.14), this is given by

dp=F'widyw  APF, (3.9)
3,=Fwiw APF, (3.10)
which, after some algebra, can be written in the
form

3/2 9 -1/2

w

ﬁD:E(l+B)(w(‘:K)”2i$(w+K)1/2E’ (3.11)
s _[kE_ _@G-BP _iplaxp)
Sp= [w 2 (w0 | 2w ]E’ 3.12)

where E is the projector for positive-energy states

E=%<1+a-p+6fc) =H+w.
w 2w

(3.13)

The operator @, is nothing other than the NW oper-
ator gy, for spin 3, and §,, is, exciept for the pro-
jector E, the mean-spin operator S obtained from
the FW representation. The process followed

then leads to the position and spin operators (3.11)
and (3.12) which are the physical observables in
the Dirac representation. On the contrary, the
direct application of the FW transformation to the
operator ia/a‘ﬁ leads to the FW mean-position
operator X which is not Hermitian within (2.2a) and
which is not restricted to positive-energy states
as is §p= §yy. In fact, the FW operators X and S
are related to 5, and §, by the expressions

§,=X -ip/WE, (3.14)

3,=SE; (3.15)

the term —ip/w? in (3.14) is necessary to obtain
a Hermitian operator (see Sec. IV and Ref. 26).

The eigenstates of the operators g, and §,, are
given by (2.15)

Von(Fs 3, £) =(21) 2w e~ (PT-00 F1y (£);
(3.16)

obviously, by Eq. (2.10), two states localized at
¥ and ¥’ are orthogonal:

(ll)D,m(-§3 t; 57 E); z1bD,m' (-}.” t; ﬁ’ g)) = 6(? - ?’)Gmm" (3'17)

We show now the identity of the localized states
(3.16) with those obtained by Newton and Wigner.
Taking into account the relation (3.4c) and that

_(w+K)B+a-D

=[2w(w+K) 1/2E1}m, (3.18)
one finally obtains
o nlF, 15, ) =(2m)~3/2e7 B Y00
lelzwslz(w'*'K)—l/zEUm(E) , (3‘19)
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which, with
V(B €)= Ev,(8),
can be written in the form
Vo.nlFs 13, £) =(2m) /274 P -
X220 + )TV, (5, £),
(3.21)

(3.20)

which coincides at ¥ =0, ¢t =0 with the expression of
the NW localized states for s=3

The form of the localized states in coordinate
space is now not that of a 6 function.?

_ IV. THE ARBITRARY SPIN CASE

The reasoning in Sec. III for s =4 can be extended
without difficulties to the general case. For arbi-
trary spin, we consider the Bargmann-Wigner
(BW) equations?

"7, — gy =0, ¥=1,...,2s (4.1a)
in the form
powa = ('&v(ﬂ P +B(7)K)¢Bw (4.1b)

The solutions gy (D, &;° * « £;,) are symmetric in

the 2s four-valued variables. Considering ¥,

as an element of the 4?s-dimensional space obtained
by taking the Kronecker product of the 2s 4-dimen-
sional spaces, the ", 4™, etc., can be written
in the form

+®1® 1 (2s factors),
(4.2)

Y=10 19910 y'® 10 - -

the term different from unity being placed in the
rth position. For the solutions of the BW equations
we shall consider the equivalent scalar products

(lp sw > ¥pw )= f 2s+l ‘PBW Pw » (4.3a)

. ) 2
(Vpw > Ypw)'= (‘) f_p‘l’nw A Y gy

(4.3p)

expressions which, for s=3, reproduce (2.2a) and
(2.2b) [in (4.3Db), Hfily0(7)=’y°® YV®---®9°, 25
factors. ]

Applying the FWP transformation defined by 2+
(the new index s refers to the spin)

2
Fs= ﬂ F® (4.4)
r=1
to Egs. (4.1b), one obtains
PUsp =BV W0Syp, 7=1,...,2s. (4.5)

Introducing the projectors?’

4379
2s
AP = n [3(1+8™)], (4.6)
we see that (4.5) split into
p d)s(ﬂ =4 lps(t) (4.73.)

with the nondynamical constraints!'®

B(r\(w(;‘)m‘ ) B(s)(d)(+)

p) for all 7, s,
(4.7b)

which are identities due to the relations pgPAs®
=As(+)’ B("‘)As(‘)= - AS(_).

Proceeding as in Sec. II we define the nonrela-
tivisticlike or Pauli spinor by

w; =w—(s+1/2)¢sF(v;l+l)) . (4.8)
This spinor satisfies the Schrddinger-like equation
»° P = WPp , (4.9)

which, for |P|« k, reduces to the Schrddinger
equation for a particle of mass « and spin s.2” The
FWP transformation (4.4) is unitary within (4,3a),
and therefore we find again

i visd) = [ @py

The observable O3, associated with Of is given
now by the expression

5 0p= (U5, U3) - (4.10)

Olsiw =(Fs)_"w“"/zOf,w'(s+1/2)As(+)Fs, (4.11)
and again the relation
(Pows ORwipw) =(¥5, Opv3) (4.12)

and the expressions corresponding to (2.15) are
seen to hold.

Let us now introduce the posmon and spin opera-
tors in the Pauli representation. Since in the non-
relativistic case [Eq. (4.9) for |P|< «] ¥ is given
by i9/6D for any spin, we take for the position
operator in the Pauli representation

G°=40/0D

and, in an analogous way, we take for the spin
operator

(4.13)

=§5°A°0, (4.14)

where

ok = 2 VOGN
&

The solutions of Eq. (4.9), eigenstates of the two
operators § and s3, now adopt the form

. £2s) =(27) -3/26-4(.1;-;-wt)
X Um(gx.‘ M 523) ’

« £,,), symmetric in the £’s, are

i,j,k cycl . (4.15)

ll)f;,,,,(?, t;-ﬁ) 51‘ ¢
(4.16)

where the v,(&,° -
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the 2s +1 independent functions satisfying the equa-
tions®

v, =v,, r=1,...,2s, (4.17a)
S35V, =MV, m=—=S8,...;, 0,...,s, (4.17b)
ol =1. (4.17¢)
Obviously,
& Ypm=TVp,m> (4.18)
S3Up m=MPP ms (4.19)
and
Wp T, 150, £ * €203 V3. m» (7, 655, 6100+ £20))

=6(F - )0 . (4.20)

The expressions for the observables in the rep-
resentation (4.1) are now obtained as in Sec. III,
with the result

2 2s+1/2 -1/2
— s o(r) 0w s
G =5[] @i
(4.21)
_[rko, GDB _igas Xp)]
Spw _[w 2 2w(w+x)' 2w (4.22)

where in Egs. (4.21) and (4.22) E* is given by

2
s= I‘I E(r)

[with E® given by (3.13) and (4.2)] and, in (4.22),

(4.23)

=358, (4.24)

Again, §;, coincides with the NW position operator
Gyw,® and §;, is, except for the energy projector
E*, the FWP mean-spin operator'” §¢. @y is
Hermitian within (4.3a) and is related to the FWP
mean-position operator (which is not, Ref. 26)

iBa* @ xPw+ip(a*-P)p

=s_s
XS$=X+ 5% 2% 1) (4.25)
through the expression
Gy = X°—i(s+ 2)% E*; (4.26)

for the spin operator the analogous equation to
(3.15) is
Byw =S°E°. (4.27)
Let us now turn to the localized states These
are given by

oy m= (27)"3/2 (/D i (3-y-wd

(4.28)
1 BY) with E* and

X(F9) v,(&" + * &3
and again, comparing (F%)"}(I] 2¢

taking into account Eq. (4.17a), one obtains for
the Py ,, localized states the (2s +1) functions:

ZpBw ,m(.f’) [ f’, 51' ° gzs)

= (27)73/228 252+ K)-se-i(P'v-wt)Es v (ke £,

(4.29)
which, in terms of the spin functions
VD) €1 0+ €2 = ES0,(Er0* - &) (4.30)
can be written as
Ppw ,m(‘}” 4D, Epee Ezs)
=(2m)"3/228 (B /2y + k)78
xeT Ty (Bih ), (4.31)

which is the expression of the NW localized states.
Obviously the 2s +1 functions given by (4.30) are
solutions of Eqs. (4.1) as they should be, the

Voulb, &40+ + £5,) being normalized through

v, |2= <w+f<>

Thus, we have shown that the transition to the
nonrelativisticlike equations provided by the FW
(or FWP) transformation allows us to obtain in a
naive and easy way the relativistic NW position
operator and the localized states. Moreover, the
localized states are eigenstates of the third com-
ponent of the spin operator, which is also obtained
at the same time.

(4.32)

V. A SECOND FORM FOR THE NW POSITION OPERATOR

We consider now the definition of a position op-
erator when the scalar product (4.3b) is used in-
stead of (4.3a). This can be accomplished following
a similar procedure to that used in Sec. IV by
means of a generalization of the Chakrabarti trans-
formation. This transformation, which is given by
the Lorentz boost that carries the vector p* to
(%, 0), dlagonahzes the “mass operator” [y “p, for
the spin-+ case] and gives rise to a realization of
the [m, s] representation which corresponds to
the canonical one introduced by Wigner’; it leaves
(4.3b) invariant and allows the definition of new
operators in a way similar to the FW case. In
this section we intend to show that theory already
developed is also applicable to this case, the es-
sential difference being the use of (4.3b) instead
of (4.3a). We consider directly the problem for
any spin.

The Chakrabarti transformation for arbitrary
spin is defined by

2
e=ITe", , SENCRY

r=1



8 DEFINITION OF POSITION AND SPIN OPERATORS FOR... 4381

where
QU =[2m(m +)] [P +m -a"Bl,  (5.2)

e =sgnp°, and m =€(p"p,)/?. Under the action of
(5.1), the Egs. (4.1a) take the form

(my°? - )y =0, (5.3)
where ‘
U5 = Q%Ppy - (5.4)

Here, as well, the introduction of the projectors
AS™ [Eq. (4.6)] allows one to obtain from (5.3) the
equations

myg =2 kys®, (5.5)
where the + sign refers again to the energy. De-
fining

zp;,S:w-l/zK-slps(ﬂ (5.6)

and taking into account that

d3 e 3 r S+ d3 S+ S{ +i
f___wﬁwo( ) (HYO(D %()___f__(;)ﬁ%( )*d,o(’ - (5.7)

because

2s
<II,VO(7)) As(+)—_—AS(+), (5.8)

7=1

we find
(¢é(+)’ 1p5(+))l =fd3p ZM,STIP;S

=(¥p5 U5 5 (5.9)

where the prime refers to (4.3b).

As 3350 =(w/K)* P, ¥ one verifies immediately
that also y; satisfies the Schridinger-like equation
(4.9). Accordingly, we define the observables for
this case by means of the expression

O{;W :(Qs)-lwllzogw-lles(an’ (5.10)
by which definition it is verified that
(¥pw » Opw ¥aw )’ =(¥5° 0395 - (5.11)

Applying (5.10) to the operators §° and 5° defined
by (4.13) and (4.14), one obtains

172 5 -1/2

2 2s
’ =S I I 0 (7) K W N W rs
Gow =E <,=1 (1+y )> (w+r*" D (w +K)3E ’

(5.12)

, 1 S PRUPC (X3 )} ]
S = 37 |5 +i(a B - S BBes,  (5.19)

where E’S is now the covariant projector

2 [0 (r)
= II (_____V PU“‘) , (5.14)

2k

which is Hermitian within the metric defined by
2s . 0(r s
[T 25,9°7, i.e.,

2 2
Els"‘ <ﬁ ,yo(r)> = ( YO(r\) E’S.
r=1 rI:!

The connection between the operators (5.12) and
(5.13) and the mean operators obtained by use of
the transformation (5.1) is given by

(5.15)

Qo =X - iB/207E"", (5.16)
By =S"°E’®, (5.17)
where _
sy 100 1 [*s - i(as-ﬁ)ﬁ]
X7=x m 2m (m +p°) (G*xB)+ ?° )
(5.18)

Again, X'® is not Hermitian within (4.3), in con-
trast with 45, which is Hermitian.

Finally, the eigenstates for the operators (5.16)
and (5.17) are given by

Vow m= (27r)'3/2w1’ze"(E';""”(Qs)'llcsvm(él- e Ey)
(5.19)

(Vhw ,m(i’ t; B, £y 538), VBw,m’ F', D, £ ‘Eas»
=6(F =)0 - (5.20)

Comparing the effect of (Q°)~* and E’S on the VU
functions, (5.19) can be written in the form

Vow m=(2m) /22502478 (w +) 7S
Xe—i(-s';_wﬁV;,,(P, Epove 528) , (5.21)
where

Vi= E'*v,. (5.22)
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