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The electromagnetic perturbation equations are solved in a closed Robertson-Walker space-time; the
frequency spectrum and the proper modes are found. A simple quantum theory of electromagnetic waves in
the background metric is then developed using the proper modes of the static metric conformally connected
with the closed Robertson-Walker metric. It is shown that the number of “photons” does not change as a
result of expansion (or contraction). The application of these results to the cosmic background radiation is

discussed.

I. INTRODUCTION

In an attempt to connect the quantum nature of
matter and light with the curvature of space-time
Schrédinger! pointed out an interesting phenom-
enon. In an expanding (or contracting) universe,
matter could be created or annihilated merely by
expansion (or contraction), whereas with light
there would be a reflection of electromagnetic
waves in space. The question of the backscattering
of light by expansion (or contraction) has been
investigated further by Parker? in a classical con-
text. It is the purpose of this paper to present a
simple quantum theory of electromagnetic waves
in an expanding model universe given by the
Robertson-Walker metric (with positive spatial
curvature) and prove that the corresponding “pho-
ton” number operator is independent of time. This
is a partial generalization of Parker’s result that
in Robertson-Walker space-times there is no back-

scattering of light due to expansion (or contraction).

As also noted by Parker,? the basic reason for the
absence of “photon” creation or annihilation is the
conformal invariance of Maxwell’s equations and
the fact that expansion (or contraction) is isotropic
in a Robertson-Walker space-time. When the rel-
ative expansion rates for different spatial direc-
tions vary with time, the number of photons is
expected to change also.

The perturbations of the expanding model uni-
verse under consideration have been studied be-
fore.® However, we present an explicitly con-

formally invariant formalism which is convenient
for quantization. The frequency spectrum and the
eigenfunctions of the proper modes are found in

the comoving coordinate frame, and a simple
quantization procedure based on the usual Dirac
method is proposed. An important defect of our
method is its explicit dependence on the comoving
coordinate frame. It is well known? that difficulties
arise when attempts are made to give generally
covariant quantization rules.

Finally, we discuss the application of our results
to the cosmic background radiation and show that
the frequency spectrum thus obtained is the same
as the Planck spectrum for usual frequencies.

II. ELECTROMAGNETIC PERTURBATIONS

The covariant Maxwell’s equations for electro-
magnetic waves in a gravitational field are®

v =0
and 1)
Fuo +F,,,J +Fc“,, =0.
In a given coordinate frame where the background
metric is g,,, —ds®=g,,dx"dx", these equations can
be written as
[(-gW2FH] , =0
and 2)
o+ Eg utFouy =0,

vo , it

where g =Det(gp,,) .
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It can be shown® that in a Cartesian coordinate
system the substitution F,, - (£, B) and (- g)"/2F"
~ (- D, H) casts Egs. (2) into the form of Maxwell’s
equations in a material medium. The equations of
electromagnetic waves in a gravitational field (for
a given metric gp,,) can then be interpreted as the
Maxwell’s equations in flat space-time but in a
material medium? with the constitutive relations®

D;=¢,,E, - GxH),

and (3)
B, =y, H, + GxE),,
where
1/28”‘
€p =h;; = == |\=0O —
in = Mg ( g) Zoo
and 4)
G,=-&i .
8oo

The problem of the propagation of electromagnetic
waves in a gravitational field can thus be reduced
to the problem of wave propagation in a material
medium in flat space-time.

The well-known duality rotation

- - -
E’=E cosa -Hsina,

D’=Dcosa - Bsina,

. .. 5)
H’=Esina +Hcosa,

B’ =Dsina +Bcosa

leaves invariant not only the Maxwell’s equations

(6)

but also the constitutive relations (3). This latter
fact is due to the equality of €,, and p,, .

The energy-momentum tensor of the electromag-
netic field is given by

4rT,® == F, F* + F, F"5,° ")

which in the formalism under discussion has
components®

sr(-gl2 1 =E-D+B A, ®
tn(-g) 1} = (ExH),,
an(-g)2T,°= BxB), ,
4n(~g)* T, =EE, + BB, - 3E D +B-H)o,’ .

1

)

(10)

Let us now restrict our attention to a particular
gravitational field, namely, the field of an isotrop-
ic expanding model universe. We shall consider
the “closed” Robertson-Walker metric given by

~ds?= —dt? +a*(t)R? [dy? +8in’y (d 62 +sin?6d ¢?)],
(11)

where a(¢) is the expansion parameter and R is the
radius of the model universe at time 7, a(7)=1.

The electromagnetic perturbations of the radiation-
free space-time satisfy Maxwell’s equations (1)
with the metric given by (11). Under the coordinate
transformation

dt=a(t)dn,

%' =2R tan(3y)sinfcos ¢, 12)
x%=2R tan(3y)sinésing ,
x%=2R tan(3y)cosé,

the metric takes the form
~ds? =a?[—dn? + f2(p)(5; dx'idx’)] (13)

where
p= [Z‘:(xi)z]m

= 2R tan(zy)
and
f(p)=( +p%4R?)".

This isotropic form of the metric in the comoving
coordinate system is particularly convenient for
the discussion of the electromagnetic perturbations
in this expanding model. In fact, the perturbation
equations can be thought of as Maxwell’s equations
in flat space-time but in a material medium with

€p =k =(0)0,, .

Let F=E +iH, then one can show that

-

-ﬁxf‘=f(p)%%
and (14)
V(fF)=0

are equivalent to Maxwell’s equations (6) and the
constitutive relations (3). The expansion factor
does not come into Eqgs. (14) due to the explicit
conformal invariance of the formalism we have
used. The spherical symmetry of the comoving
coordinate system implies that a solution can be
found for a definite angular momentum J and its
component M along the x3 axis. Let?
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P (D)e9m = 2 FO(p)T(pleien  (15)

o=e.m,0

be a solution of (14) and define

320 =Rp(FQ(p(), n=Rw
and
J(J+1)
Uy (x)= sin®y

The substitution of (15) into (14) gives

(M)

& — + (P = Uy =0, (16)
(m)
o ==n" 1—%‘("-, @
and
©) -1 1/2 ZP‘(;::)
Y =— N [J(J+1)] é?x (18)

It turns out that the solution of Eq. (16) with the
boundary condition that the electromagnetic per-
turbation be finite everywhere is

n't

1/2
¢;¢>=2J+1nJ1[ ] (siny)™*'C}" (cosy),

(e +J)!
(19)
where CJ#! is a Gegenbauer polynomial'® and
n=n'+J +1, (20)
withJ=1,2,3,... andn’=0,1,2,... . The Gegen-

bauer polynomials C}(x) are orthogonal over the
interval (-1, 1) with the weight function w(x)

=(1 =x2)»2 x>-1. The solutions (19) are nor-
malized such that

[ IO OT A T Y

Thus the frequency of the electromagnetic modes
in a “closed” expanding model universe character-
ized by a Robertson-Walker metric can be obtained
from the formula w, =n/R where n=2,3,4,.

It is simple to show that a solution for the elec-
tric and magnetic fields exists which has a definite
parity and angular momentum, namely,

En (D) =Frn(m¥@p) (22)
and
(P)F(D) +F2,(p)Y (D).
(23)

an,., (3 =-ilF,

In analogy with the flat-space case, we call this

solution the magnetic J-pole radiation. From Eq.

(5) we see that another independent solution is
Efyu=— H’J"Mw

and (24)
Hiyw= Efw,

which we shall call the electric J-pole radiation.

The general solution of the perturbation equations
is then a linear combination of these independent

solutions. Thus
E(p n) = }: (aJ'MuJ JMw+aJMwEJMu)) (25)
kgt v
and
H(ﬁ;n) = E (aJMwHJMuJ + aJMwHJMuJ (26)
)\J=Meu,)m
where

d .
an OE ~iwag, ()

and an asterisk denotes complex conjugation.

It should be emphasized that Eqs. (25) and (26)
give the electric and magnetic fields in the expand-
ing model universe at a time 7 corresponding to
t=7. For any other 7 they give the field quantities
for the static metric conformally connected to
(13), namely,

—d3® =—dn? +f*(p)(5;;dx* dx’), (137)

where f(p) depends on the parameter R. Thus the
conformal invariance of Maxwell’s equations is
reflected in the fact that the expanding model uni-
verse given by (13) is electromagnetically equiv-
alent to the static space-time given by (13’) at the
instant when the parameter R in (13’) is equal to
the radius of the expanding universe. Then Eqs.
(25) and (26) are valid for both metrics at that
instant. This is a general result and holds for any
instant of time. That is, for any given time {=7',
when the radius of the universe is R/, R(¢)=a()R
=a'(t)R’ and a’(7')=1, all the steps from Eqgs. (11)
to (26) can be repeated with R—~R’ and 1~ 17/,
where dt=a’(t)dn’'. It follows that the frequencies
of the electromagnetic modes (of the static space-
time conformally connected to the expanding uni-
verse) at 7/ are given by w,=n/R’, n=2,3,4,...

) ’Therefore_ for a given mode =, the frequency de-

creases as the universe expands. This is the fa-
miliar red shift of the spectral lines of the distant
galaxies due to the expansion of the universe.

III. QUANTIZATION OF THE ELECTROMAGNETIC WAVES

A quantum theory of electromagnetic waves in the
gravitational field under consideration can be de-
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veloped along the same lines as the standard meth-
od! for the flat space. That is, using Eqgs. (8),
(25), and (26), the total electromagnetic field ener-
gy can be written as the sum of the energies of
harmonic oscillators which-correspond to the
electromagnetic modes of the model universe. The
canonical quantization of the oscillators results in
the interpretation that aly,() and aly(n)~ ahl.(n)
are the annihilation and creation operators for
“photons” of total angular momentum J, x* compo-
nent of angular momentum M, energy w, and type

A =¢,m. The time 7 is such that if the radius of the
model universe is R at 7, then w=w, for some #,
where w, =n/R and n=2,3,4,... . These opera-
tors satisfy the equal-time commutation relations

A A’

[aJMu) » ’M'u)’] =0,
A Al

[aJJw ’ aJ’MT'w’] =0 )

and @)

X A
[aJ'Mw ’ aJ’M""u}’] = QfJ 4 GMM' Oy Oanr .

The total energy of the system can be written as
U= f (_g)I/ZToopz dp as
= Z w(a}Jwa}Mw"’%): (28)
TJHwA

where the energy associated with a mode is as-
sumed to be equal to its frequency.

The energy, total angular momentum, and the
component of angular momentum along the x® axis
should be diagonal in this particle-number repre-
sentation. The angular momentum operator is

i= [ GxB)ao, (29)

where P is the Hermitian operator corresponding
to (-g)'T,°. Hence

87M = fT)X (ﬁXﬁ - ﬁXﬁ)fa(p)pzdpdﬂ .
An explicit calculation of M, using
81M, = f(Eaﬁ p+H PE,-HE-p-E -pH,)

X f2(p)p°dpds

reduces, after somewhat tedious algebra, to
M= Z M(a}Jwa}Mw) . (30)
JMwA

This result confirms the interpretation a }‘Mw and
a}‘Jw as the annihilation and creation operators for
“photons”, i.e., the quanta of electromagnetic
waves inthe curved space-time under consideration.
We are now in a position to discuss the commu-
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tation relations between the field operators. Only
the equal-time commutators will be considered
since the explicit calculation of the unequal-time
commutators appears to be difficult. Let us con-
sider then

[Ei (5;77) ’ Ej (5’)77)] = 27/ Im@ij (—5’ 5’) ’
where
;= 2 [By (B)-# 1B, (7)) #71*.
TMWA
From the fact that
>3k - -
E;\Mu.l (P)=(- 1)J+M+EE.:}-Mw (o),

where € =1 for A =¢, and € =0 for A =m, one can
easily show that ¢;; is real, and hence

(E,(B,m),E;(p",m)]=0. (31)
Similarly, we have
(& (p,m), H,(p',m]=0. (32)

The results (31) and (32) are the same as in the
flat-space theory. The same components of elec-
tric and magnetic fields also commute with each
other at a given time. More generally, it can be
shown (see the Appendix) that

(E,(Bym) , H, (5" m)] =4mif ~Y(p)e?

x 2 L1400 (5 =),
X
(33)

The relation (33) reduces to the flat-space result
when R —«. We note that one can measure E(p,n)
throughout all of space at a fixed time 7. The same
statement is true for H(E,n), too. However, the
simultaneous measurement of E;(p,n) and H,(p,n),
i#j is not possible, in general. The uncertainty
relation in such a measurement will depend on the
radius of the model universe at 7.

The formalism we have used above breaks down
for wz w,, where w,=1 in the units we have used.
In conventional units w,=c/L*, L* = (#G/c®}''?
~1.,6x107% cm is the Planck length.!? For such
frequencies the energy of a mode is comparable to
the fluctuation energy of the gravitational field
(~7%c/L*) and the quantum nature of this field should
be taken into account. We note that with an upper
bound of w, for the range of possible frequencies,
the zero-point energy of the electromagnetic field
~(R/L*)*(ic/R) is comparable in magnitude to the
energy of the gravitational fluctuations!? ~ — (g /L*)?
X (fic/L*).

IV. DISCUSSION

We have seen that creation and annihilation
operators for “photons” in the expanding model
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universe vary with time as exp(+iwn), where w
=n/R for some n=2,3,4,..., and R is the radius
of the universe at 7. Let R (¢) =Ra(¢); then these
operators vary with time as expl+inf/*R™1(’)d¢t’]
for some . It is then clear that the number oper-
ator ay,aly., for a given x is independent of time.
Therefore as the model universe expands, the
number of “photons” in the universe does not
change.'®

The above considerations find application in the
cosmic background radiation. The thermal micro-
wave radiation discovered by Penzias and Wilson!*
has been interpreted to be the primeval fireball
radiation with a black-body spectrum and tempera-
ture T~2.,7 °K15:1¢ The striking isotropy of the
background radiation leads one to suppose that on
a large scale the universe was essentially homo-
geneous and isotropic at about the red shift z,~10%,
at which the radiation decoupled from matter. We
shall thus assume that the large-scale structure of
the universe can be described by the Robertson-
Walker metric (11) for 0<z<z,. From the
estimate for the present matter density (p,.c?
~10"? erg/cm?®) and background electromagnetic-
radiation density (p,c?=~3X107'% erg/cm?), it
follows that p,>p, up to a red shift z ~z,. This
apparent coincidence!” allows one to treat the
background radiation as the electromagnetic
perturbation on the matter -dominated expanding
universe since the moment of last scattering of
the radiation.

When the radiation is at a temperature 7T, then
the average number of “photons” with frequency
w, is [exp(w,/kT)-1]"1. For a given n=Rw, the
number of “photons” does not change during the
expansion, so RT is a constant. The total electro-
magnetic energy is then

U=22 w,R%w,?-1)explw,/kT)-1]",  (34)
n=2
where we have used the fact that for a given » the
degeneracy of the corresponding mode is 2(n% -1).

It is clear from (34) that for n> 2 there is de-
viation from the usual black-body spectrum. For ex-
perimentally significant energies, however, n>1,
so the energy spectrum is 2R%w 2 lexp(w, /kT) 1]
which is the same as the Planck spectrum for a
frequency w, and volume of the space V =2m°R3.
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APPENDIX
We start with

(&, (3,n),H,(3",m)]= ZZ (BN, (B)- %]

X[ﬁ}uw (5’) : 7?]]* ’
(A1)

and substitute in the right-hand side of this equa-
tion for 2, and H),, using (22), (23), and (24).
The completeness of Gegenbauer polynomials can
then be used to write Eq. (A1) in the form

&, (B,m),H;(p,n)] = e [S—M";&—)PH

RP%pp’ L oy’

=y ’Qi,] (a2)

Slnx

where
Py =S (TR £ ) #
=[50 (p)-2 ) [¥53 (57) 271"}

and
{,=§IJ<J+1>1"2{[Y<M>(,3> 2[R9 (p) 2]
T (p) 2T (57) 271

From the relations between the vector spherical
harmonics and their completeness, we get

Py=en (5,5, (A3)
o3 i
Q=[x @i |op). @)
When we put (A3) and (A4) back in (A2) we get
LE, (B,m), #,(5',m) =4mi £~ (p")e* =

x[p 22 (p")o(p - p")o(p, p')].

From this result Eq. (33) follows immediately.
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It is suggested that very hot and dense nuclear matter may be formed in a transient state
in “head-on” collisions of very energetic heavy ions with medium and heavy nuclei. A study
of the particles emitted in these collisions should give clues as to the nature of dense hot
nuclear matter. Some simple models regarding the effects of meson and N * production on
the properties of dense hot nuclear matter are discussed.

I. INTRODUCTION

Heavy cosmic-ray particles impinging on nitro-
gen nuclei in the atmosphere have produced char -
acteristic patterns. These patterns are the result
of small momentum exchange between the collision
partners accompanied by an excitation of both
partners. The originally stationary partner dis-
integrates and forms a moré or less isotropic
star. The moving partner would form a similar
star in its rest system which, however, appears
in the lab as a narrow forward-directed jet. It
is indeed highly plausible that collisions of this
kind should be the most prevalent ones. Full-
body collisions with big momentum exchange are
less probable and could be studied with cosmic
rays only to a limited extent.

The Bevalac, producing nuclei with 2 GeV per
nucleon, ! could be used to study the rare phenom -
ena of strong momentum exchange. The ideal
situation would be to shoot a fully accelerated

uranium atom on another uranium atom where
roughly half the energy would be available in the
center -of -mass system. This would provide sev-
eral hundred MeV per nucleon in the center-of-
mass system. In general, for the collision of
two identical nuclei the energy per baryon, €,

in the center-of-mass system will be

€=Mc*(1 +E/ 2Mc?)'? (1)

where E is the lab kinetic energy per nucleon of
the incident nucleus and M is the nucleon rest
mass. In the near future, the uranium-on-uranium
collision is out of the question. However, argon
on argon may be quite feasible, and experiments
of argon on uranium are also quite interesting.
In the latter case we have the advantage of bigger
cross sections than for argon on argon, but some-
what lesser energy per nucleon.

In the case of two equal nuclei the resulting
picture which we expect to hold is that three re-
gions may develop: a segment of the target nu-



