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We discuss the ratio R (s) = o.(e+ e —hadrons) /a. (e+ e —p,
+

p, ) in stagnant (asymptotically free)

field theories. The leading correction to the scaling limit is determined.

There has been a great deal of interest recently
in stagnant (asymptotically free) field theories. ' '
These are field theories in which the origin in the
coupling-constant plane is ultrav iolet-stable. "
Indeed, there are indications" that if Bjoiken's
scaling phenomenon" is to be understood in the
framework of field theory at all the field theory
would have to be stagnant. It appears now that the
only" stagnant theory is the non-Abelian gauge
theory of Yang and Mills. "

In this paper we would like to discuss the anni. -
hilation process e'e -"y"-any hadrons within"
the framework of local field theories. The appro-
priate object to study is the vacuum polarization
tensor

w „(q)—= -i d4xe""(0~ T*J'„(x)Z,(0)~0)

=—(CpVy
—gyp' )&(0 ) ~

where J„denotes the electromagnetic current.
The total annihilation cross section o~ is given by
the absorptive part of m:

cr(s) -=(32m'o. '/s) Absm(s) .

It is customary to consider the ratio

R(s) =o(e'e -hadrons)/o(e'e -g'p, ) .

We will discuss this process in the language of the
Callan-Symanzik equation. ' The discussion dif-
fers from the usual analysis of the asymptotic be-
havior of Green's functions in two important re-

spects.

(A) The vacuum polarization function is sub-
tractively renormalizable" while Qreen's functions
are multiplicatively renormalizable. This leads to
an inhomogeneous Callan-Symanzik equation in the
asymptotic region rather than a homogeneous one
as is appropriate for Green's functions.

(B) The experimentally measured total annihila-
tion cross section is the absorptive part of n.

We will be concerned with the consequences of
these two facts.

For definiteness let us consider a Yang-Mills
model" of three quark triplets with a global sym™
metry SU(3) xSU(3)' and a gauge symmetry SU(3)'.
The eight gauge bosons are massless at the La-
grangian level but are presumed to become mas-
sive due to some miraculous nonperturbative"
mechanisms (which are not understood at present).
The electromagnetic current is an SU(3)' singlet:

~
p

=Q 0a'Y
p QVg ~

Q is some charge matrix. We treat electromag-
netism only to lowest order but strong interaction
to all orders. " The unrenormalized vacuum polar-
ization function is a function of four variables:
&0(0/m, p/m, A/m, g). Here m is the quark mass,
A is the cutoff, and g is the Yang-Mills coupling
constant. The massless gauge boson propagator
has to be renormalized at some arbitrary mo-
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mentum Qp such that Qp p The renormalized
vacuum polarlzatlon function ls given by

w„(q'/m ,2p, /m, q) =lim wo(q2/m', g/m, A/m, g)

—w, (0, g/m, A/m, g).
When we make the usual mass variation'4 on m~ to
obtain the Callan-Symanzik equation the mass vari-
ation on the subtraction w, (0, p, /m, A/m, g) contrib-
utes an inhomogeneous term C(p. /m, g), quite
apart from the usual scalar insertion term which
vanishes in the asymptotic region according to
Weinberg's theorem. " In this way we obtain

8 8 8
m +p —+P(g) —w" (q'/m', p, /m, g)8' 8p. 8g

= C(g/m, g), (1)

where w~' denotes the asymptotic form of z„.
8 8

C(p, /m, g)= lim — m + p. —w, (0, p, /m, A/m, g)8m 8p,

(2)

is the cutoff-independent inhomogeneous term
alluded to above. Equation (1) is solved by a slight
variation of standard techniques. The mass ratio
p. /m will always be kept fixed. Equation (1) may
be rewritten as

8 8-z +P(g—) wg(—z', 0/m, g) =C(p, /m, g)

or
8 8—+—wg(z', p, /m, g) =C(p, /m, g)

with t = -inc.

dg'
p ( g

p (
I
) 1

with g„a completely arbitrary constant. The solu-
tion is

wg (z', p. /m, g) =C(f -p(g))+ dg'

where 4 (x) is an arbitrary function and gs is an
arbitrary constant. We eliminate 4, g„, and g~
to obtain

w g (g'z', p /m, g ) = wg(z', p /m, g (g))

, C(p, /m, g')
P(g ')

With z fixed to be, say, =1 the asymptotic behavior
of wg is described by Eq. (3).

In Yang-Mills theory P has the perturbative ex-
pansion

P(g)=-(b g'+" )

where bp is a positive, "model-dependent but
definitely calculable number. Equation (4) deter-
mines

1g($)'- as $-
2bo 1ng

Evaluating Eq. (3) we find

w" ($'z', g/m, g) - was (z', p. /m, 0) —C(g/m, 0) In)

+corrections to be discussed.

(5)

The logarithmic term follows from the presence of
an inhomogeneous term C(p, /m, g) in the Callan-
Symanzik equation and is present in Eq. (5) pre-
cisely in order that the annihilation total cross
section scale, since the absorptive part of w(s) is
from Eq. (5)

Absws&&(s) = --,'C(p/m, 0)+ correction terms .

(6)

It is important to realize that C(p/m, 0) is eval-
uated with the strong interaction turned off. We
may now simply consult a textbook to discover that

w (0, p/m, A/m, 0) =- ZQ;21n(A/m),
1

where Q,. is the charge of the ith fundamental fer-
mion. Henc e

-12wC(g/m, 0) = ZQ,.'.
Let us turn our attention to the correction terms

indicated in Eqs. (5) and (6). These corrections
stem from two sources. Firstly, in Eq. (3) we may
expand the first term for small g($)'-(2b in)) '
thus:

wg(z', p, /m, g (&))= ws' (z', p, /m, 0)

+f (z', q/m)g'(h)+ ~ ~ ~

= const. + const. /In) + ~ ~ ~ .
This generates a correction term to R(s) which
vanishes like (lns} '. The more interesting correc-
tion to Eq. (5} comes from a more accurate de-
termination of the second term in Eq. (3). For
instance, to the next order we have

where g (g) is defined by

r dg'
P(g') (4)

and

P(g)= (b.g'+b,-g'+ "}
C(p /m, g) = (C, + C, g'+ ~ ~ ~ ) .
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Proceeding thus, we find

zg (s, p /m, g) -f, in(-s/s, ) + f, 1nln(-s/s, )

+ ~ ~ ~ + constant+ terms which vanish .

Referring to the result and the notation of Ref. 3
we find

s, is some scale not determined by the Callan-
Symanzik equation. It is to be emphasized that the
quantities f, are in principle completely determined
from a perturbative computation of P and C up to
some appropriate order in g. This is of course
the reason why it is so attractive to consider stag-
nant field theories.

Let us evaluate the first correction coefficient
f, Ast.raightforward calculation up to terms of
order ln in) gives

dg' ' ',' '-C ln)+ ' 1nln)+ ~ ~ ~ .
p(g'') ' 2t'o

Hence the ratio (f,/f, ) = (C,/C, bo). An evaluation of
this ratio without undue labor is made possible by
two marvelous sets of circumstances: firstly,
that b, does not enter to this order, and secondly,
that the nonlinearity of the Yang-Mills interaction
is not yet manifest in m~ to order g'. This happy
observation allows us to simply extract the coef-
ficient C,/Co from the calculation of Zost and Lut-
tinger" provided that the group-theoretic factor
(s, in the notation of Ref. 2) appropriate to the
theory is taken into account. We can already make
a statement independent of the specific group-
theoretic choice in the Yang-Mills theory: namely
that the discovery of Jost and Luttinger that (c,/c, )
& 0 implies that (f,/f, ) & 0. For illustration let us
consider the SU(3) xSU(3)' model described pre-
viously. In this model

(C,/C, ) = —,
' P ( tr —,'~'-,'~')(3 g'/16m')

Here C,(SU(3)) =3 and T(3) = ~. Hence (f,/f„) =9.
This leads to"

R(s)-(ZQ ')(1+- + ) .
1

9 in(s/s, )
(12)

as s-+. We may emphasize that the number ~

is a number calculated with strong interaction tak-
en fully into account. The present experimental
data points have larger error bars, but there is a
definite trend for A(s) to rise slowly with s over
the range -1 GeV' to -16 GeV' for which data have
been published. " If one believes in Eq. (12) one
would have to conclude that the asymptotic region
has not yet been reached.

The scaling behavior of the annihilation total
cross section should be compared to the asymp-
totic behavior of Green's functions [recall fact (A)].
The Green's functions I' satisfy a homogeneous
equation of the form

In stagnant theories the solution is

(I g)-e/2bo (14)

where y(g) =cg2+ ~ ~ ~ .
The possibility that the world is describable by

stagnant field theories is a very appealing one. It
is of obvious importance to see if the experimental
information on e'e annihilation and deep-inelastic
scattering is indeed consistent with the behavior
outlined in Eqs. (12) and (14), respectively

We are indebted to V. Rittenberg for interesting
us in this subject and M. A. B. B6g and T. P. Cheng
for their interest in this work.

=g'/4w'. (10)
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The cross section for the two-photon process ee ee I in colliding electron beams, in the limit

E oe with E'/s fixed (E being the energy per beam of the colliding electrons of mass m, and ~s
the invariant mass of the state P), is well known to have a leading term of order [ln(4E'/m )) .This

leading term is given correctly by the well-known Weizsacker-Williams approximation or the
equivalent-photon approximation. There are sizable corrections coming from nonleading terms, of which

the first, namely the term of order ln(4E'/m'), has been obtained for an arbitrary hadronic final
state I. The approximations made in getting the Weizsacker-Williams result and the correction terms

due to each of them have been exhibited.

I. INTRODUCTION

A considerable amount of attention has been giv-
en" in the past few years to the so-called two-
photon processes in colliding electron beams, i.e. ,
reactions of the form e+e- e+ e+I as shown in

Fig. 1. The two-photon processes are expected to
be comparable in rate to the one-photon or annihi-
lation processes shown in Fig. 2 even at present
machine energies, and will eventually dominate.
Since the final electrons in the two-photon process
tend to be nearly in the forward directions, it is
often useful to integrate over them. There are
well-known approximations for studying this inte-
grated cross section which, in the limit E-~ with

E'/s fixed (E being the energy per beam of the col-
liding electrons of mass trt, Ws the invariant mass
of the produced state I'), has a leading term of
order L', where L = 1n(4E'/m'). Unfortunately,
there does not appear to be a uniform nomenclature
for these approximations in the literature; we
shall adopt the following: The equivalent-photon
approximation involving the complete Dalitz-Yen-
nie function [ Eq. (3.3) in Ref. 1] we shall call the
double equivalent-photon approximation (DEPA).
By keeping only the leading term, namely, the
term of order L' (we are treating L, = ln(4E'/s) to-
be of order Le), we get an approximation which we
will call the Weizsacker-Williams approximation
(WWA) [Eq. (3.3) in Ref. 1 with g and It terms


