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Using the model-independent amplitude for 7 — 7yy predicted by the theory of anomalies, we derive
unitarity bounds for the branching ratios I'(K * — w+2y)/I'(K * — w*7°% and

I'K$ —72y)/TKS —7t7™).

I. INTRODUCTION

The theory of anomalies in 7°~2y decay® has so
far escaped any real experimental test. The basic
question of whether the 7°~2y decay is suppressed
or not to order m, cannot be solved by examination
of this one decay rate. However, a low-energy
theorem, derived independently by Adler et al.,?
Terentiev,® and Wong* relates the 7°~2y coupling
constant to the y—3r amplitude (evaluated at un-
physical soft-pion limits). This relation, namely,

eF3"=F"f. % (1.1)

where F3" F", and f, are coupling constants
describing the y—~37 amplitude, the 7°-2y ampli-
tude, and the 7-puv amplitude, respectively,
allows a new avenue of approach to the subject.
Indeed, if Eq. (1.1) is valid, then it allows one to
conclude that the 7°~2y decay proceeds through
the anomaly and renormalized perturbation theory
is true to any finite order. The importance of
this statement has been stressed by Aviv and Zee.®
In a separate paper Zee® examined several reac-
tions with the view of checking Eq. (1.1). Unfor-
tunately, the reactions he considered have back-
ground problems.

To see this in more detail we must examine the
definitions of the quantities involved. Let us
write the general amplitudes for 7°~2y and
y—-r*r"1° as
M(1r°-y(k1)+y(k2)) = iF”(klzy kzz’(kl + kz)z)

Xe€ynys kiR €l €] (1.2)
and
M@ (R) =1°(py) +7* (p,) + 77 (b,))
= =i F((po +01), (01 +02)%, 05,017, P27,
(bo+P1+P2))e o nys €%D0P1D2 , (1.3)

where €® is the photon polarization vector and the
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external lines are off their physical mass shells.
The result in Eq. (1.1) relates F"=F"(0, 0, 0) to
F3"=F*"(0,0,0,0,0,0,). However, the usual
assumption of partial conservation of axial-vector
current (PCAC) tells us that the experimental
quantities F"(0, 0,m,%) and F*"((p, +p,)?, (b,+55)%
m o, m %, m2 (bo+p,+P,)?) can be replaced by F™
and F*" so long as (py+p,)%, (p,+P,)?, and
(po+D,+py)? are small. It is the last restriction
which is difficult to satisfy. For instance, the
reaction e*e” -y — 37 (Ref. 6) only measures F3"
where (py+p,+p,)°>9m 2. Also, this amplitude is
allowed to proceed via w-meson exchange with a
much larger rate than that expected from the F3"
contribution. Another reaction which directly
tests Eq. (1.1) is 7+ Z - 27+ Z,° but this reaction
is dominated by p-meson production.

Alternative ways of checking Eq. (1.1) use the
fact that the 2y - 7*7~#° and 2y - 7°7°%° amplitudes
contain the amplitude F*", In fact, the most gen-
eral amplitude for 2y - 37, when expanded up to
second order in the momenta, is completely de-
termined by gauge invariance, current algebra,
and PCAC, and the fact that the electromagnetic
current commutes with the neutral axial charge
at equal times. Hence the amplitude depends upon
F*" and one other parameter describing the nature
of the chiral symmetry breaking. Possible re-
actions for checking Eq. (1.1) can now be extended
to e*e™ — e*e” 37 (via two-photon exchange”®) and
y+Z-3r+Z.° Unfortunately, the cross sections
are so low that experimental detection is not pos-
sible at the present time. There are also back-
ground problems due to 7-meson production
(2y = n) followed by the decay n— 3.

We have therefore tried to find a check of Eq.
(1.1) by more indirect means. The decays
K*—~1"yy (see Refs. 10-12) and K%~ 7%y (see
Ref. 13) are possible candidates. At the present
time these decay modes have not been observed.
Theoretical estimates are usually based on pole-
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model calculations or current-algebra models.!*
Rigorous unitarity bounds for these amplitudes
based on real intermediate states would be very
useful. Possible real intermediate states contain
two pions or three pions. Sehgal®® recently ex-
amined a model with a three-pion intermediate
state for the imaginary part of the decay ampli-
tude describing K, - n°yy, i.e., K, —~n’r*'n" = 1%y,
where the two charged pions annihilate each other
and produce two real photons. The bound then
depends upon a model for the reaction 77~ —=yy,
and Sehgal used perturbation theory. However,
the bound he derived is only rigorous in a small
portion of the Dalitz plot. Sehgal also considered
the decay K*—r"yy, assuming the parity-con-
serving decay K* - n*r*7r~ is constant and two of
the final pions interact to produce two real
photons. Again, this bound is model-dependent
and is only rigorous in a small part of the Dalitz
plot.

The bounds we derive for the decay modes are
model-independent to the extent that the low-en-
ergy theorem given in Eq. (1.1) is satisfied. We
use two pion dominance of the unitarity conditions
for K*— 1*yy and K%~ 1%yv, i.e., the decays pro-
ceed in the chain K—m7r—~myy. The coupling con-
stants for the parity violating transitions K- 77
are well-known. In fact, if we compute the
branching ratios T'(K* - 7*yy)/T(K* - n* 7° and
(K%~ n"yy)/T(K%~a"7"), these coupling con-
stants cancel. The amplitude for 77 -~ 7yy is com-
pletely determined via the relation (1.1) and we
obtain a model-independent unitarity limit cal-
culated from the absorptive part of the K—~myy
amplitude. Unfortunately, we cannot give any
reliable estimate for the contribution from the
real part of the K- 7yy amplitude. We are well
aware that the. real part could be large. If ex-
periments are performed to push the present
branching ratios down and they find the decay
modes at a level significantly above our bound,
then relation (1.1) is not being tested. On the
other hand, if the decays are not seen and the
unitarity limit is violated, then Eq. (1.1) could be
in trouble. We would like to add that the soft-pion
extrapolation required in our calculation is rea-
sonable. The pions are on their physical mass
shells and the values of the other invariants are
bounded by Dalitz plot limits and the mass of the
kaon. Both decay modes have background prob-
lems from the decays K*—7*7° and K% 7°7°,
where a real 7° decays immediately into two pho-
tons. However, for K*— 7*r° this gives a sharp
spike in the decay 7t momentum spectrum at 205
MeV/c and we are forced to stay away from this
particular pole. In reality, this is advantageous
because the chiral-symmetry-breaking parameter

occurs only in the 7° pole term in the 77~ 7yy
amplitude. This term is small away from the
pole so we lose nothing by dropping it. Therefore
the bound only depends on the value of F3",

In Sec. II we discuss in detail our model for the
amplitude describing the K*— 7*yy decay and
derive the analytic expression for the bound.
Section III has a corresponding discussion for the
decay K% - 7°yy. In Sec. IV we summarize our
conclusions. Some of the integrals required in
the calculation are given in the Appendix.

II. UNITARITY BOUND FOR THE DECAY K '~ n*yy

The decay K*—r*yy has an imaginary part
given by the sequence K*— 7*7°~ 7" yy which in-
volves the parity violating K*- 7*7° amplitude.
Another contribution to the imaginary part comes
from K*—n*r*7~ = 7*yy and this involves the par-
ity conserving transition K*- 7*7*7~. We con-
centrate here on the two pion intermediate state
because we can derive a rigorous bound using
this contribution. The 37 state is suppressed by
lack of phase space. The remaining part of the
decay amplitude then involves the transition
7 7%= 7*yy. There are five terms which contrib-
ute to this transition amplitude. They are de-
picted in Fig. 1. The “seagull” term is necessary
to maintain gauge invariance. The other four
terms involve bremsstrahlung radiation from the

)’(kz)
7 (p) m*(ps) *(p)
+(py)
Y(kz) +
7%(p,) r(k) o
T (pZ) y(kl)
™p) ™3 4p) 7tk
+
7(k|) + u (03)
79(p,) y(ky) °(p,) y(ka)
n+(p)) m*(pay)
+ y (k)
.".0( pz) 7(k2)

FIG. 1. Feynman diagrams describing the amplitude
(r*n® [ M| 7).
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nm—wy amplitude. Note that there should be no
infrared divergence in our answer for the K— 7yy
amplitude because angular momentum conserva-
tion forces the amplitude for K-~ 7y to vanish iden-
tically. Hence, we expect the K- myy amplitude
to be finite as the energy of each photon
tends independently to zero (i.e., in two corners
of the Dalitz plot). There will also be terms of
higher order in the photon energy which vanish
in these corners. Generally speaking, these
terms are two orders of magnitude smaller than
the finite ones.

Fig. 1 does not contain all the possible diagrams

]

| oo

one can write down. For instance, there is the
diagram in Fig. 2. However, it makes a large
contribution only in the region where the 7° is on
mass shell and that region must be excluded be-
cause of background from the real decay
K*~7'1°~7"2y. The diagram in Fig. 2 is model-
dependent because it depends upon a chiral-sym-
metry-breaking parameter. Its inclusion (with
some appropriate cut to avoid the #° pole) would
make essentially no difference to the bound we
are about to derive.

The amplitude for 7*(p,) +7°(p,) - 7*(p,) +v (&)
+v(k,) can therefore be written in the form

T M) = F ey o| B2 kel 0y k) DI LD he2p) i)+ 5L i eRipy 4 1)

By B,
B kel (i) (k) Syt Bt Bemp)? ] (2.1)
1

where Fs’r:F”(/wzy @1"1’3)2, my® yMg?, my?, (P1+p2—p3)2) .

The invariants are constrained to be in the phys-

ical region of the Dalitz plot for the decay, so the extrapolation to the amplitude F*"(0,0, 0,0, 0, 0) is as
reasonable as any of the other extrapolations made in applying soft-pion theorems to K decays. We are
thus justified in using Eq. (1.1) to give the value for eF®". Note that the amplitude is gauge-invariant in
both photons. The rest of the calculation is straightforward. The unitarity condition for the K*(P)~7*2y

amplitude®® gives

Abs <K+|MITT+’)’Y> 2_%‘”{ - dspl f d pz 54(P—P1—1>2)<K+[.M] 7r+17°> <7I'.+7[01M|7T+'}”)’> * } . (2.2)

The K-nm amplitude {r*7°|M|K*) is a constant, so
we remove it from the integral and call it A. The
decay rate for K* -7*7° is therefore given by

(BZ: 1"4m7r2/M2)

T(K* —1"7°)=

161rM (2.3)

The evaluation of the integrations in Eq. (2.2) can
be done in the c.m. frame. However, we prefer
to have results which are explicitly covariant (and
of course gauge-invariant) so we use the integrals
tabulated in the Appendix. After some algebra we
find

. XeF3T
sl ) = (22 e,
x [ka‘kge{eg—lzkf‘efegPé
—LkeePel P + Izg—ﬁ kPRI P®

P-g,

+[Pk

kel kzpé] , (2.4)

where we have used the following notation:

T T
KPk Pk’

g, -L=28Pky

Pk
T -28P-k,

12= P‘kz ’

T=sB-2m,%V,

1+8
vem(Z5).
and s=P?=M*. The equation is still explicitly
gauge-invariant. However, it is also divergent
as the photon momenta tend to zero. The diver-
gence comes from the terms in 7/P+k, and T/P-k,
in I, and I,, respectively. Also, it does not have

the correct structure. In general, there are two
amplitudes which contribute to the parity-violating

-,r*(pl) *( ps)
Ls )’(k|)
7°(p,)
Y(kg)

FIG. 2. The 7' pole term in the amplitude (r*m%|M|7*y7).
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transition K*—7*yy. These amplitudes must be
gauge-invariant in both photons, i.e.,

(K*|M|n*yy) =Ac 5, skiRE )l

+Be g, 5[ ket (Po kye] =P+ €, k) )P®

S (Pokie]-P-€,k])P?],

(2.5)

where A and B are functions of the Dalitz-plot
variables. Both amplitudes have absorptive parts
and Eq. (2.4) cannot be written in this form. Ob-
viously we must add some other contributions to
Eq. (2.4) to cancel the infrared divergence and
make our final answer compatible with Eq. (2.5).
The extra diagrams we have to consider must
contain the Knm coupling constant and F*". Hence,
they can only have the decay K-nmy followed by
77 —~7y, and are shown in Fig. 3. We include
bremsstrahlung radiation from the Krr vertex
and, for completeness, two structure-dependent
terms corresponding to electric and magnetic
radiation. These diagrams only have absorptive
parts for (p,+p,)*=(P~k)® > 4m % where kis
either &, or k,. In the Dalitz-plot variables this
means that the energies of the photons satisfy the
inequalities w, < (M*—4m ;?)/2M and w, -
< (M?-4m %) /2M. If we write the matrix element

J

y (k)
7*(p)
K*P) &

7°%(p,)
-t 1r"’(p3)
X
70 )’(kz)
+ (k=kp)

FIG. 3. Feynman diagrams describing the absorptive
part of the amplitude for K* —ntyy in the sequence
Kt =gty —atyy.

for K* (P)~7*(p )+ 7°(p,)+7(%,) as

+ 4,0, pl_e_l__g_ﬂ>
(K*|M| w*n0%) ek[<pl_k1 Pk

3 €1kl -€lk)D, P,

Curor 1 EDEPY| | (2.6

then § and 9N are dimensionless electric and mag-
netic structure terms with phases given by the
nm-scattering phase shifts. Hence

abstacMlnty) == = [ 2 [ S8 [ L2 oippymp) G e Gl | (2.

167

If we now substitute Eq. (2.6) into Eq. (2.7) and take both photons into account, then we can use the inte-
grals listed in the Appendix. During this calculation we drop the term containing 9 because it contrib-
utes to the opposite parity transition K*—7*yy (from the product of two € terms). The answer is

+ + __M [(})L _T__ oapB_y 8 o
Abs(K*|M|1*yy) = 4, €abys %" DR, EeRBeY el - 7R k)Z(P €, K -P- kel )kef

T
—W (P'ezkg—P- kzeg)kf‘efP‘{l

L8
M

In the soft-photon regions, the infrared-divergent
terms in this equation exactly cancel the infrared-
divergent terms in Eq. (2.4) so that the amplitude
is finite as w, and w, tend to zero. The additional
terms arising from the electric multipole ampli-
tude are higher order in the photon momenta.
They vanish in the limit when w, and w, tend to
zero, and only make a small contribution when

w, and w, are large. If we now use Eq. (2.8) over
the whole Dalitz plot, we can add the two results

3
o ('%—S>{(P-kl+P-kz>kf‘k5eZe§+<P-e1k1—P-k1ez>k‘;e5P5

+(P+€,b) =P+ kel kPP Y } . (2.8)

to write the absorptive part as in Eq. (2.4) and
with new values for K, I,, and I,, namely,

(T T\ B8(P:k+P- k)
K—Z(P-k1+P-k2)— —

32 ’
8P+ b,

1==28- W‘B—, (2.9)
8P k,p°

=25 =g
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This answer can be rewritten in the form of Eq.
(2.5). Although we are only allowed to add the
answers in the region of the Dalitz plot where

w, < (M?*=4m,®)/2M and w, < (M*-4m .%)/2M, Eq.
(2.8) gives a very small contribution if we simply
extend it outside that region. Remember that the
maximum values of the photon energies are w, or
w, = (M?=m ,%)/2M. When the photon energy is
large, the powers of % in the denominator make
the terms independent of § very small. Experi-
mentally, nothing is known about the parameter
8. A recent experiment by Abrams et al.'” found
evidence for a structure-dependent term in the
decay K*— 7*r% which was compatible with mag-

J. SMITH AND
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netic rather than electric radiation. If we assume
that §=1, then the § term makes a 2% correction
to decay rate calculated from the AF3" term alone.
We are therefore quite justified in dropping the
term containing § (and also the term in 9% which
contributes to the opposite-parity amplitude in
the decay).

If we now square the amplitude and calculate
the decay rate from the absorptive part alone, we
find

M5 AeF”>2
+.‘ +, T e— ———
T(K* ~7*yy) 12877 (6417 J, (2.10)

where J is the dimensionless double integral:

1

M-m x
J= I_VIIE f ' dyf " ax [2tsz—4tuK11—4twKIZ+ 2¢ (2uw—ts) <;1— +;—}"1) K+ 2L, - 4(uw—1s)I I, + 2wl
Yo x_

2 2
—st(2uw —ts) ({Zj—z- +_I_%_>J s

w

and we have introduced the following definitions:

u=P-+k,

=Mw, ,
w=P-+Pk,

=Mw, ,
=k k,,
y=M-E,

= w1+ W, ,

012—m )

Yo="Topr >

X = %(“h"wz) ’ xi =% %[([W"‘y)z—mﬂz]l'/z .

We now assume the standard values of the cou-
pling constants, namely, F"=«/0.65mmn,, fr
=0.68m ; and calculate the double integral numer-
ically. It is convenient to first divide by the rate
for K*—7"1° to eliminate the coupling constant 2,
i.e.,

T(K*~n'yy) _ MS ( FT

T(K*=71*1°) ~ 87%8 \64nf,>
Unfortunately, the large factor (M/m,)® is more
than compensated for by the factors of 7 in the
denominator, so the numerical value of the co-

>2 J=Cd. (2.12)

efficient is very small. We find that C=4.45x10"8,

If we now use Eq. (2.4) to calculate J, then the
answer is infrared divergent in the photon ener-
gies. The pion spectrum is plotted in Fig. 4,
where we see clearly the structure-dependent
terms [i.e., the terms in Eq. (2.4) which are fi-
nite as w, or w, tends to zero] sitting on top of the
infrared-divergent terms. If we now add our re-

(2.11)

r

sult in Eq. (2.8) to the Dalitz-plot regions where
w, and w, < (M%-4m ,%)/2M, then the infrared-di-
vergent peak is canceled and the convergent part
remains essentially unchanged. The pion spec-
trum for the final answer tends to zero at both
ends of its range. Numerically we find that J
=0.14, so the final answer for the branching ratio

1.0 1 I T I I I 1
10" =
i
L
2 + +_0 !
T K¥—7*#° Decay €—— .
e '
o 1
2 2
= 10 ' -
—
(o] 1
k= !
(S
&
[}' 1
© 0% ! .
1
/
/
/
7
/
104 1 ! 1 1 1
(0] 40 80 120 160 200 220 240

P, in MeV/c

FIG. 4. The charged-pion spectrum in the decay
K*—1%yy calculated from the absorptive part of the
amplitude with a 77" intermediate state. The dashed
curve is the inner bremsstrahlung contribution which is
canceled by the contribution from the 7+r’y state.
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is
+ +
%’g?:%log =6.2x10"°. (2.13)

It is unfortunate that this bound is so low. The
numerical factors of @ and 7 already cut the
branching ratio down to the 1072 level and there
is no enhancement in the absorptive part of the
matrix element. The bound is probably only of
theoretical interest because one expects the real
part of the amplitude (coming from pole terms)
to give a large contribution. It would be very sur-
prising if the real part turned out to be as small
as the imaginary part. Our bound should be con-
sidered independently from the bound given by
Sehgal because they are rigorous in different re-
gions of the Dalitz plot. His is valid for (P-p,)?
=(ky+ k)= 4m 2, so E, < (M?-4m,?)/2M, while
the physically allowed range for E, is m; <E,
< (M?+m,?%)/2M. In other words, his bound is for
low-energy pions (or high-energy photons), while
our bound is valid over the whole Dalitz plot.

LOW-ENERGY THEOREM FOR
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1’+(p|) y(kz) 1f+(p| (93)
79(p3)
+ y(kp)
(ky)
m=(p,) 7 7(p,) 7(k2)
+ k
T*(p) ylky) *py) (ps)
7"°(p3)
y(k2)
(R vlke! 7 (pp) 7 (k)
7’"‘9[) Y(kg)
+ %(p4)
7{(py) rk)

FIG. 5. Feynman diagrams describing the amplitude
(™| M| 1Oyy).

III. UNITARITY BOUND FOR THE DECAY K3~ 7%yy

We now repeat the analysis of Sec. II for the decay K3 — n%y, under the assumption that CP is conserved
(so K§=K9). There are now two different intermediate states, namely, 7*r~ and 7°7°. When we neglect
all contributions from 7° pole terms, then only the 7*7~ state is possible. The five Feynman diagrams

which contribute to the amplitude for n*r~

- 1%y are shown in Fig. 5, and they give

(r*n~ [MT'” W> eF?® EaByG[i k ke B(pl )ypz ka BPI’(PZ )6 il ;lka (pl—kl)ypg
;;—kaa BpY (b)) o+ (By=Fy) % egpaJ . (3.1)

Straightforward application of the projection operator leads to an absorptive part almost identical to that

for K*=n*yy, i.e.,
—XeF3"

3
Abs(K%[MIn"wﬁ(——gr) €abys [Kk Reelel ~LE b elPo-L,p 2 el P® +12P k z poebpypt
+1 %7: ke kzpé] , (3.2)

where IA{=II+I2 and I, and I, are the same as in Sec. II. The main difference between Eqgs. (2.4) and (3.2)
is the factor of 327y rather than 647 in the denominator. In Eq. (3.2) X denotes the K% —7"r~ decay coupling
constant. The rest of the analysis parallels that in Sec. II and we get an infrared divergence unless we
add the additional graphs coming from the sequence K% —n*r"y =7%y. As in Sec. II these additional graphs

can be calculated and yield

AeF3" T
Abs{K§|M|r%y) = <—W> Gagyé{[ (P %,

T >k°‘ Kelel -

2 k)2 (P-e k] —P- ke kel

'TIT%? (P e k) —-P- kzeg)kf‘efp“]

— 3
+1§;( ZB ‘)[(P- B+ P by) kY kfe{e§+(P' €,k]-P- kle{)kz‘"efP‘s

) |
+(P-egk27—P-kzel)kf‘efP5]} . (3.3)
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One sees that the infrared-divergent terms now
cancel those in Eq. (3.2) and, if we apply Eq. (3.3)
over the whole of the Dalitz plot, then we can
write our final answer in the form of Eq. (2.4)
with

K=-48 - 8D kyr P ky) 3(1;4]: +P k) )

8p°P-k
I=-2p- —%-M——L (3.4)
8§B°P- &,
6M2 ’

and a factor of 327 rather than 647. Using the
absorptive part alone, we can square the ampli-
tude and write the formula for the branching ratio
as

T(KS~ndy) _ M° ( F" >2 -

T(Ks~n'r") 8n°B \32nf,>
where J is the same integral defined in Eq. (2.11)
but with values of K, I,, and I, as given by Eq.
(3.4). The numerical value of the branching ratio
is 4.6 x107° when we set § =0 and do the integra-
tions over the Dalitz-plot regions correctly [i.e.,

I,==28-

(3.5)

use Eq. (3.3) only in the region w, < (M?*~4m %) /2M,

w, < (M%-4m ,?)/2M]. The final pion spectrum is
almost identical to the structure-dependent part
of the spectrum in Fig. 4.

IV. CONCLUSIONS

We have derived a rigorous unitarity bound for
the branching ratios I'(K*— 7*yy)/T(K*~ 7*7°) and
(K%~ 7%y)/T(K%—~n*nr"). The bound for the
charged decay is the more interesting of the two.
Our input consists of experimental data on the
K—-mm rates and the model-independent prediction
of the 7w =7y y amplitude from the theory of PCAC
anomalies. This bound is a crucial test of Eq.
(1.1) and, if it is violated, it may have serious
theoretical consequences. One would first have
to examine other possible real intermediate states
to see if they could produce large cancellations.
The various pole-model calculations (which have
real amplitudes) all predict higher decay rates,

oo

but many of them are already eliminated by the
latest experimental results.
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APPENDIX

For the convenience of the reader we list the
integrals required in deriving the unitarity bound.
If we call the “projection operator”

2
—‘I—T. J d4p1 6(P2—2P’1)1)5(1’12‘"12)9(1’10)9(130_1710):“

then

Hl:ﬁ) leuz(%B)P" ’
1
O——-=0(k
o =0k,

p?

npipi=A’g*® +8'PP?,

1 =n(k)k; + p(k)P® ,

Pk
pfcpf_ aB o8 8
Hp 7 =A(R)g*"+B(k,)(P %k; + P°RY)

1 1

+D(k)PPP +E (k) R2E

where
1 1+_/3>_ 1 .
b(ky) = Pk, 1“(1-3 “P-kl"

A'= =3 B(s=4m®), B’'=3p(s-m?),

V-2
p(kl) = nge: s U(k1) = ;—EI)TSZ ’
2 — —
Alk) = 2yZPE/klsB ) 4P'Tk ’
_sB=2m?*V _ T
Bk = 3By iRy
2 —

*Work supported in part by National Science Foundation
Grant No. GP-32998X.

IS. L. Adler, Phys. Rev. 177, 2426 (1969); J. S. Bell
and R. Jackiw, Nuovo Cimento 60, 47 (1969). Excellent
reviews of the theory of partial conservation of axial-
vector current (PCAC) anomalies have been written by
S. L. Adler and R. Jackiw. See S. L. Adler [Lectures
on Elementary Particles and Quantum Field Theovy,
edited by S. Deser, M. Grisaru, and H. Pendleton
(MIT, Cambridge, Mass., 1971)], and S. B. Treiman,
R. Jackiw, and D. J. Gross, Lectures on Cuvrrent
Algebva and Its Applications (Princeton Univ. Press,
Princeton, N. J., 1972), pp. 97-254 (by R. Jackiw).

%3. L. Adler, B. W. Lee, S. B. Treiman, and A. Zee,
Phys. Rev. D 4, 3497 (1971).

M. V. Terentiev, Zh. Eksp. Teor. Fiz. Pis’ma Red. 14,
140 (1971) [JETP Lett. 14, 94 (1971)].

4T, F. Wong, Phys. Rev. Lett 27, 1617 (1971).

SR. Aviv and A. Zee, Phys. Rev D5, 2372 (1972).

®A. Zee, Phys, Rev. D 6, 900 (1972).

™. Pratap, J. Smith, and Z. E. 8. Uy, Phys. Rev. D5,
269 (1972).

SR. Kdberle, Phys. Lett. 38B, 169 (1972).

%J. Smith and N. Stanko, Phys Rev. D 6, 1332 (1973).



8

103, H. Klems, R. H. Hildebrand, and R. Stiening, Phys.
Rev. Lett. 25, 473 (1970); Phys. Rev. D4, 66 (1971).
1D, Ljung and D. Cline, Phys. Rev. D 8, 1307 (1973).
L2R. J. Abrams, A. S. Carroll, T. F. Kycia, K. K. Li,
D. N. Michael, P. M. Mockett, and R. Rubinstein, Phys.
Rev. D (to be published).
13Nothing is known experimentally about this decay mode.
As Ky —2r violates CP invariance, the unitarity bound
for K, — %27 is so small that it is not of interest at

present.

14The latest published paper is by M. Moshe and P. Singer,
Phbys. Rev. D 6, 1379 (1972). Most of the previous

PHYSICAL REVIEW D

J. SMITH AND Z. E. S. UY 3063

models have been ruled out by the experiments referred
to in Refs. 10, 11, and 12.

157,. M. Sehgal, Phys. Rev. D 6, 367 (1972).

16Analogous calculations for K —2u decay have been given
by L. M. Sehgal [Nuovo Cimento 45, 785 (1966)], and
by B. R. Martin, E. de Rafael, and J. Smith, [Phys.
Rev. D 2, 179 (1970); 272(E) (1971)]. We have done the
calculation in a longhand fashion which allows us to
check gauge invariance at every stage.

YR, J. Abrams, A.S. Carroll, T. F. Kycia, K. K. Li,
J. Menes, D. N. Michael, P. M. Mockett, and R. Rubin-
stein, Phys. Rev. Lett. 29, 1118 (1972).

VOLUME 8, NUMBER 9 1 NOVEMBER 1973

" C P Violation and Electric Dipole Moments in Gauge Theories of Weak Interactions*

A. Pais and J. R. Primack’
Rockefeller University, New York, New York 10021
(Received 14 May 1973)

We present some general considerations on computations of electric dipole moments (D) of leptons and of
hadrons in gauge theories which incorporate C P violation. Technical aspects of the isolation of the C P-
violating parts of the corresponding graphs are described. We emphasize the distinction (already familiar
from g-2 constraints) between “mixed chirality’” and “pure chirality” couplings. In the mixed-chirality case,
D’s can potentially appear to third order in the semiweak-coupling constant; in the pure-chirality case D is
at least of fifth order. Estimates are given for prototypes of two classes of gauge models: (1) C P violation is

implemented via the introduction of a small parameter. For the example considered, a model due to

Mohapatra, D

nucteon @0 D)o, are both of fifth order. (2) The violation is “maximal,” as exemplified in the

C(4) and O(@)x U(1) models. Here D .. appears to third order in the (mixed-chirality) O(4) case. All other
D’s in the “maximal” examples are of fifth order. For the “maximal” model our estimates are below but
may not be very far from the present experimental bounds. For the small-parameter model they are quite

considerably smaller.

I. INTRODUCTION AND RESULTS

The experimental discovery' of CP violation in
K; decay implies the violation of T" invariance if
one accepts the CPT theorem. In addition, the
K complex provides direct experimental tests of
T invariance.?™* In fact, it is not necessary to
assume CPT invariance at the outset in the ex-
perimental analysis of these decays since they
may serve to test independently T invariance and
CPT invariance.® Such tests have been performed®
with the result that T violation has been estab-
lished with 10 standard deviations, while there
is no evidence (here or anywhere else) for CPT
violation.®

As is well known, experimental attempts to
observe T-violating effects outside the K complex
have all turned out negative so far. This is par-
ticularly true in regard to searches for electric
dipole moments (D) of nucleons and leptons. We
recall that a nonvanishing D can only occur if
both T and P violation are present, and that.the
possibility of the existence of D’s for elementary

particles and nuclei was first raised by Purcell
and Ramsey’ well before the discovery even of
P violation. For spin-3 particles, the presence
of a D implies the existence of an effective in-
teraction of the form

iFD(qz)i(PJYso'nvw(pz)Fﬂ” ’

where F,, is the electromagnetic field and ¢*
=(p,=p,)?. D is defined by D=F(0). Note that
the possibility that F,(0)=0 (though perhaps not
natural) cannot be discarded out of hand.® That
is to say, even in the presence of P and T vio-
lation the sfatic quantity F,(0) could be zero.

It is the purpose of this paper to discuss the
question of electric dipole moments for fermions
in the context of the general strategy embodied
in the gauge theories of weak and electromagnetic
interactions.® In such theories currents appear
which are associated with the generators of a
compact Lie group. Like all relativistic local
Lagrangian field theories, such theories are
inherently CPT-invariant. They are P-violating
by construction, since the particle states with

(1.1)



