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A model of the X° -7 decay amplitude is constructed using finite dispersion relations. The
predicted decay width and energy dependence of the Dalitz plot are consistent with the latest data.

I. INTRODUCTION

Our understanding of scattering amplitudes has
been greatly extended over the past few years
through the application of Cauchy’s theorem over
(either effectively or explicitly) finite contours.

In particular, finite-energy sum rules (FESR)
have led to interesting relations between the high-
energy (Regge) and low-energy (resonance) forms
of scattering amplitudes.»? In addition, the utility
of finite dispersion relations (FDR), as a means
of exploiting a knowledge of the Regge and reso-
nance parts of an amplitude to determine its low-
energy behavior, has come to be recognized.?>~¢

One of the most promising applications of FDR
is to three-body decays, where the decay ampli-
tude is related by crossing to the corresponding
two-body scattering amplitude. This approach was
used by Aviv and Nussinov ® to describe the decay
w-2ny, with encouraging results. Later applica-
tions of FDR to n—n%y (Ref. 4) and - mry (Ref.
5) have yielded results in good agreement with

experiment.

In view of the above successes, we were led to
apply FDR to the decay X°(957) -~ nnm, where the
X° is assumed to have JP=0". Whereas previous
attempts "~!° to describe X° - nr7r could predict
only the width o7 the slope of the decay distribu-
tion, we have attempted to predict ot the width
and the slope. Our results are consistent with the
latest data.

In Sec. II we give the details of our model for the
X°—~nmm decay amplitude. Our results are pre-
sented in Sec. I, where they are compared with
the experimental data. Section IV contains a dis-
cussion of our predictions in which comparison is
made with other theoretical work on X°-nnr.

II. DETERMINATION OF THE AMPLITUDE

We begin by considering the two-body scattering
process

X(p)+m(—q,)~nk)+7(,) @2.1)

(see Fig. 1). The respective momenta of the parti-
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FIG. 1. The scattering process 1+ X —r+ 7.

cles are indicated in parentheses and satisfy p =k
+¢,+q,. (The pions can, of course, be charged
or neutral.) The amplitude for this process

A (v, t) is even under crossing, v— -v: A(v,t)
=A(-v,t). Here

v=%(s -u),
s=(p —Q1)21
t=(q1 +q2)2)
and
u=(p-q,¢.
A(v,?) is assumed to satisfy the following FDR:
_ 1 JAV',t)
Ab, t)—Zm'de v —v
'2fN , ImA@E,E) 1
A WV E T Yo
AW’ t)
13 2
xf av £l @.2)

Cy
along the contour shown in Fig. 2. The first term
arises from the portion of the contour along the
usual cuts on the positive and negative Rev axis,
while the last integral is the contribution from
semicircles with radii |v’| =N in the upper and
lower half-planes, denoted collectively by C,.

N is given by

N =Smax —%(mx2+mn2+2m,,2)+%t. 2.3)

Our choice of sy, will be given below. We now
make the assumption that A (v, ¢), as determined
from the FDR, correctly describes the decay

X(p)=nk) +m(g,) +7 () (2.4)

throughout the allowed phase space.®

The determination of A (v, ¢) depends on the eval-
uation of the two terms in Eq. (1). It is reasonable
to expect that the first term will be dominated by
nm resonances. On the other hand, we have the
perhaps unreasonable hope that the second term
may be evaluated by making use of the Regge as-
ymptotic form of A (v, ¢) along C,, even when Smax
in Eq. (2.3) lies in the intermediate-energy re-
gion. This approximation has been vindicated in
past calculations and can be justified theoretically
on the basis of duality.? We denote the two terms

GRAHAM AND TOANING NG 8

in Eq. 2.2) by Ars(v, t) and Ag, (v, t), respectively,
and so we have

AW, 1) =Aresv, 1) +Age ¥, 1). (2.5)

We first discuss the determination of A .

As the data on nm resonances are rather meager
at the present time, we will assume, with Young
and Lassila,® that the integral along the cut is
saturated by the contribution from the A, meson,
provided that sm. is not too large. We take® spax
to lie midway between m ,? and Im 2, the position
of the Regge recurrence of the A, with J© =4*,
Hence,

Smax =oM% =2.86 GeV?2, 2.6)

The couplings of the A, to 7 and X° are defined
as

Lynn=8 - C R @.7)
and
£A2x°1r = gA2X"Klle-X5§u‘5v'ﬁ . (2.8)
Ay is found to be
AwesV, ) = 8 4,51 8 aynr %+ V- =),
-2

2.9)
where

B=4(my? - 0)+4(my? —-m ) (m,2 —m, *)/mj?,
(2.10)

C=(my2-o)f

+2(m g = 0)(my® =m.?)(m,? —=m,?)/m ¢

+5 (my® —m 2 (m? —m 2 fm

- 3(m? =2my? = 2m, 2)(m,2 = 2m,? —2m,?)

+[@my? +2m, 2 —mA"’)(mn2 -m,2)?

+@2m,2 +2m,% —m %) (my® —m 2)?] /3m 2,

(2.11)

FIG. 2. v-plane contour over which the FDR in Eq.
(2.2) and the FESR in Eq. (2.21) are taken.
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and

(2.12)

(2.13)

The A, contribution is proportional t0 & 4,5+ & 4,nr
which can be obtained, up to an unimportant sign,
from the respective widths !’ of A, - X7 and
A,-nm and Eq. (2.7). There is more experimental
uncertainty in the width of A, - X7 ; however the
mean of the allowed values of this width,'’~1 MeV,
agrees with the prediction of Glashow and
Socolow.'® As our inputs, we choose

= 2 2 2
T=my +my®+2m, .

I'4,~X°) =1 MeV (2.14)
and

I'4,-nm)=16 MeV, 2.15)
which lead to

|8 apxn & apnel =9.95 GeV 2. (2.16).

We next turn to the determination of Age;. In
general we expect the asymptotic form of A(v, t)
to be governed by ordinary (P’,€,...) Regge ex-
change plus Pomeranchuk exchange. Thus we have

A@p,t) ~ "Bt

e D(@pe (t)) sinm g, (2) [v P! 4 ()2 @]

TBe o .
"T(a ) +1) sinna,{) [ %e® 4 (—p)%e®)]

+ (Pomeranchuk), 2.17)

where Bp, and B, are taken to be constants.'®* How-
ever, we use only the first two terms in evaluating
the integral along C,, in keeping with the éxpec-
tation that the Pomeranchuk contribution in the de-
cay region will be small,32°

Substituting Eq. (2.17) into the second term of
Eq. (2.2) we obtain

_ Bpr L3 Nop'#®) .‘i 2n
AReg(V, t) =2 I‘(a::(t)) ;J aP’(t) -2n (N)

0

B

N"‘e“) v 2h
€ —_
+2 M(a(t)+1) ;o a.t) -2n <N) ’
(2.18)
The P’ Regge trajectory is taken to be
Qpr(t)=0.5+1. ' (2.19)

As for the € trajectory, we will assume initially
that it is likewise purely real, i.e., that the width
of the € resonance may be neglected in the calcula-
tion since the € lies well outside the decay region.
Thus we choose

a(t)=-0.8 +, (2.20)

8 PREDICTION OF THE WIDTH AND SLOPE OF THE DECAY. .. 2959

corresponding to a J¥ =0* € resonance at ~900
MeV.2422 The effect of other possible forms for
a,(t) will be discussed in Sec. III.

We can determine 8, and 8, in terms of
& a,xn & aynn Py means of the FESR

3 (¥ 1
_;fo quImA(V,t)-riﬁchduvA(v, 1) (@.21)

taken along the contour shown in Fig. 2. Satura-
tion of the first integral with the A, and substitu-
tion of Eq. (2.17) into the second integral leads to

& a,xn8aynn@t -D)(@t? +Bt +C)

ﬂP'Nap'(t)i'Z BeNae“ )+2
“T(ap ) ap @ +2] T e, @)+ Da,0)+2] ’

(2.22)

where we have assumed the validity of the Freund-
Harari conjecture,? according to which only the
non-Pemeranchuk Regge exchanges are related to
the resonances via the FESR. The first two terms
in an expansion of Eq. (2.22) about £ =0 lead to two
simultaneous equations in 8., and 8., which can
be solved in terms of g4, xy & 4,qr aNd Smax.® Note
that a rather small extrapolation is involved in
going from t =0 to the decay region, in which the
maximum value of ¢ is ~0,17 GeV?,

HI. RESULTS

" We have thus arrived at an expression for
A(v,t) which contains no free parameters and .
which may now be used to predict the decay width
and slope of X°—~7nmr. We find, with the values of
the A, partial widths, the trajectory intercepts
and Smax given above, that the total decay width T’
(into both charged and neutral pions) is

=T, (X°~nr1)=2.85 MeV. 3.1)

If the radiative decay X°— 7y accounts for a third
of the total width!7*2* then we would have

I'(X°~all)= 4.25 MeV. (3.2)

This is consistent with the preferred!” upper
bound of 10 MeV.

Next we consider the decay distribution of the 7.
To a good approximation, A (v, ¢) can be expanded
in the decay region as

A(,t)=A(0,t)~const(l +ay), (3.3)
where
y=—"—l*—'—'~9~T,,-1, 3.4)

m,Q
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with
Q=m,-m, -2m, ,

and T, is the kinetic energy of the 7 in the rest-
frame of the X°. The parameter a is referred to
as the slope. We predict that

=-0.15. (3.5)

The decay distribution for X°- nrm has been mea-
sured by a number of groups.?®~2° The early ex-
periment of London et al.?® and the more recent
work of Dufey et al.?® and Aguilar-Benitez et al.?®
support a value of a in the range -0.22 a= -0.5.
On the other hand, the recent analysis by Ritten-
berg?” and the experiment of Danburg et al.2® in-
dicate a much smaller value in the range 0.0= a
=z -0.16.

These determinations of a cover a fair range of
values. Nevertheless, several conclusions can be
drawn from the data. In the first place, a is cer-
tainly negative. In addition, |a| is probably fairly
small. Qur estimate, based on the latest data,
especially those of Danburg et al.?® which have ~500
events (corresponding to 7 decay into neutrals)
indicating a =~ -0.05, is that a lies in the range
-0.05=2a= -0.25.

If A(v, t) is expanded to order y2 so that

A(v, t)=const X (1 +ay +by?),

20
1.5 1\
)
c
3
> L
S 1.0 -
.é
o
N——
w
= 05
0 | | | | 1

-1 -05 O 05 | vy

FIG. 3. Decay spectrum for X — nnm. The modulus-
squared of the matrix element ME is plotted, in arbi-
trary units, against the variable y defined in Eq. (3.4).
[MExA(0,t)]. The data are from Ref. 26.

TABLE I. Predictions of I'= I'(X?— nr7) and a [defined
in Eq. (3.3)] for selected values of the parameters differ-
ent from the preferred choices of sp,,=2.86 GeV?, ap(0)
=0.5, and @ (0)=-0.8. «’ represents the common slope
of the P’ and € Regge trajectories. The predictions op-
posite a parameter in the table correspond to changes in
that one parameter, all other parameters having their
preferred values.

Parameter Value T (MeV) a
S max 2.62 GeV? 3.9 —-0.16
3.12 GeV? 2.1 —-0.14
o 0.9 GeV-? 3.7 -0.13
@ pi(0) 0.3 13.5 —-0.11
0.7 1.8 -0.17
a(0) -0.6 42 -0.10
—-0.9 0.08 -0.23

then we predict
b=+0.01.

This may be compared with the result of Dufey
et al.?® that

b=0.03+0.04.

In Fig. 3 we compare the decay distribution pre-
dicted by our model with the data of Dufey et al.?®
The complete y dependence of our amplitude has
been used (with v=0). It can be seen that the mod-
el is quite compatible with the data, even though
the data favor a larger value of |a| than does the
model.

An indication of the sensitivity of our results to
changes in the various parameters of the model
is given in Table I. As can be seen immediately
from Table I, the predicted width and slope change
very little when fairly sizable changes are made
in smx and @’. This is also true for changes in
a@,,(0), since we have allowed a quite exaggerated
variation in this parameter. In fact, the best
fits 3° to high-energy elastic scattering data in-
variably have a,.(0)=3.

On the other hand, one is left with the impres-
sion from Table I that our results depend strongly
on the value of ¢,(0). This impression may be
somewhat misleading for the following reasons.

In the first place, while there is indeed variation
in the slope, the predicted values of a lie well
within the acceptable range. Secondly, the unac-
ceptably large values of I' obtained by decreasing
|@ (0)] arise from the neglect of the possibly con-
siderable width of the € resonance.’' In order to
estimate the effect of a finite width € on our re-
sults, we have repeated the calculation with the €
trajectory of Eq. (2.20) replaced by
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TABLE II. Predictions based on the use of the com-
plex € Regge trajectory given in Eq. (3.6) in place of the
real trajectory of Eq. (2.20).

' T' (MeV) a
-0.5 21 -0.22
-0.6 4.8 -0.23
-0.7 1.5 -0.24
-0.8 1.1 -0.28
a (t)=a,+t +i0.28( — 4m,2)/?, (3.6)

which corresponds to I'(e = 27)=~ 270 MeV. The
results for a range of a, [~ a.(0)] are shown in
Table II. The predicted widths, with the excep-
tion®2 of that corresponding to a,=-0.5, are all
acceptable. The magnitudes of the slopes have
increased ® over the zero-width € case but are
compatible with most of the data. In fact, it is
encouraging to note from Tables I and II that the
slope obtained in the present work is quite insen-
sitive to reasonable changes in any of the param-
eters.

Finally, we would like to make several com-
ments on the dependence of our results on the
product g xv8 aynm> which can be seen from Egs.
(2.9) and ?ﬁ 22). Of course the prediction of a is
completely independent of the coupling constants.

However T is proportional to I'A ,~ Xm)I" (A, =~ n).

While the value of I'(A,~77) is reasonably well
established,!” there is uncertainty in the value of
T'(A,~Xw). Nevertheless, we want to reemphasize
that the number we have used for this width is not
only the mean experimental value, but also the one
predicted by the successful model of Glashow and
Socolow.!®

IV. DISCUSSION

There have been a number of previous predic-
tions 7% of the width o7 the slope of X°-nn.
These have been based on crossing-symmetric
models,” ® on chiral Lagrangians,®® and on cur-
rent algebra.!*!% Until the present calculation
however, no model has yielded reasonable values
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for both the width and the slope, although several
approaches '2:!% have led to plausible relations
between the two.

The decay width has not proved excessively dif -
ficult to predict. Calculations based on a variety
of different techniques %°!1+14 have all produced
values in the range 1 MeV < I'<10 MeV. An ex-
ception is the prediction of Weisz et al.'® of the
rather small value, I'=0.2 MeV. Their result
was obtained by determining the decay amplitude
from the o term for 7X°-7n and using?® a=-0.28.
From Table I it can be seen that this connection
between slope and width roughly corresponds in
our model to the case ¢.(0)=-0.9. We are now
investigating the current-algebra properties of
our model.

The X°—nwm decay distribution has been much
more difficult to explain than the width. Two
previous models™!? have yielded values of a which
were negative but had magnitudes which, while
not ruled out, seemed large compared with the
latest data. Both the models of Moen and Moffat’
and Schwinger !° predict ¢ < -0.4. While this is
compatible with the analyses of London et al,?®
Dufey et al.,?® and Aguilar-Benitez et al.,? it is
certainly inconsistent with the work of Rittenberg?’
and Danburg et al.?®

The calculations of Majumdar !? and Schechter
and Ueda,!® while yielding relationships between
T and a which are consistent with the present ex-
perimental data, are unable to predict either
without a knowledge of the other, due to undeter-
mined parameters. In addition, in Majumdar’s
model a is not a single-valued function of I'.

In the foregoing we have presented a calculation,
based on finite dispersion relations, in which doth
the width and the slope of the decay X°—nnr are
predicted in good agreement with the data. We
regard our prediction of the slope in particular as
a major success of the FDR approach.
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