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This is the conserved vector'* associated with the
Brans-Dicke theory. Note that it reduces to
Komar’s expression if ¢ is taken to be constant.
This is consistent with the reduction of the Brans-
Dicke Lagrangian to the Lagrangian of general
relativity for constant ¢.

The physical consequences of (8) for the Brans-
Dicke analog of the Schwarzschild solution'® are
under investigation at the present time. A general

consideration of invariants, their compatibility
identities, and Komar-type expressions, will be
discussed in a forthcoming paper.
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We treat a Lorentz-covariant two-body problem due to Fokker: One electric charge experiences the
retarded field of a second, while the second experiences the advanced field of the first; this is pure action at
a distance, with no self-action; conservation principles exist. We show that this (apparently generally soluble)
time-asymmetric problem is exactly soluble for straight-line motion and admits solutions in which the
charges move in circles about a common center. We briefly consider nonelectrodynamic time-asymmetric

interactions and aspects of quantizing the motions.

We begin a study here of the following Lorentz-
covariant two-body problem, originally posed by
Fokker': One electric charge is acted upon by
the retarded electromagnetic field of a second
charge, while the second charge is acted upon by
the advanced field of the first; the interaction is
pure “action at a distance,” with the fields treated
merely as convenient tools for describing the in-
teraction; there is no self-action. This problemis
time-asymmetric, in contrast to the time-sym-
metric two-body problem in the Wheeler-Feyn-
man® formulation of electrodynamics, in which

each charge is acted upon by half the advanced
plus half the retarded field of the other.

The symmetric problem has so far defied gen-
eral analysis, since its solution apparently re-
quires knowledge of an infinite set of position-
velocity data for each charge. Attempts®:? have
been made to reduce the Wheeler-Feynman two-
body problem to Newtonian-type equations re-
quiring only an ordinary set of initial conditions,
but various mathematical questions arise,® e.g.,
whether the series expansions used converge.
Only one class of rigorous solutions of the time-
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symmetric problem exists: Schild’s motion,® in
which the charges move in circles about a common
center.”

The asymmetric two-body problem, on the other
hand, is exactly soluble in the case of straight-
line motion (as we show here), and appears to be
soluble in general (we will investigate the general
case in a later paper). It is hoped that a study of
this problem and its solutions will lead to a better
understanding of the general Lorentz-covariant
two-body problem.

In Sec. I the dynamics of the problem is given:
The Fokker action principle, the equations of mo-
tion, and the conserved quantities are written
down. Section II deals with straight-line motion;
a set of “generalized” coordinates for this case
reduces the problem to an ordinary pair of coupled
differential equations; all the tools of classical
mechanics, e.g., Hamiltonian methods, become
available; the generalized coordinates offer a
bonus in that the simple form of a Lorentz trans-
formation (along the line of the straight-line mo-
tion) for these coordinates facilitates the con-
struction of other types of Lorentz-covariant in-
teractions. In Sec. IIT we show that periodic mo-
tions are possible for the time-asymmetric inter-
action: A class of solutions (the analog of Schild’s
motion) is given in which the two charges move
in circles about a common center, In Sec, IV we
briefly discuss some of the nonelectrodynamic
Lorentz-covariant interactions that can be con-
structed for the case of one space dimension;
some of these can be readily generalized to three
space dimensions, some to the time-symmetric
case. In Sec. V we consider some aspects of the
problem of quantizing the motions.

I. DYNAMICS

The Minkowski line element in the usual co-
ordinates x° x', x%, x°, with x°=c¢, is written
as (cds)? = (dx°f — (dx')? = (dx?)? - (dx*)?. The sca-
lar product of two four vectors A¥, B* will be
denoted by (AB):

(AB)E(AOBO)Z_(AlBl)Z - (A2B2)2 - (AaBa)z .

The two charges will be labeled g, b in such a way
(see Fig. 1) that a is acted upon by the retarded
potential of b, while b is acted upon by the ad-
vanced potential of a. Quantities referring to the
two charges will be labeled by the appropriate
subscript, e.g., the proper time for a is taken as
ds, =(dx /c)(1 - z,2)"/?, where z, is the magnitude
of the three vector z, with components (dx,/dx?,
dx?/dx%, dx3/dx%). The masses and charges will
-be denoted by m,, m, and ¢,, e,, respectively.

Dots will be used with the above set of coordinates
to indicate differentiation with respect to the prop-
er time, e.g., %, =dx;/ds,. (Another usage of the
dot notation, which should not cause confusion, is
given in Sec, II.)

When the two charges are on the same light cone,
the scalar product of the vector R* =x¥ - x} with
itself is zero:

(RR)=(x3 =P -7r2=0, (1)

where »=|%|,T=7%, -T,, with, e.g., T, =(x}, x2,
x3). The two charges interact only when a is on

the forward light cone of b (we shall refer to this
portion of b’s light cone as the “interaction light
cone;” see Fig. 1); for this case we have

X9 =Xy =7, (2)

If a and b lie on an interaction light cone, then
for infinitesimal displacements dx!, dx{ such
that they again lie on an interaction light cone,
Eq. (1) gives (Rdx,)=(Rdx,), and so ds,/ds,
= (R#,)/(R4,).

The Fokker action for this problem can now be
written as (using Gaussian units)® ’

S=-m, cjdsa (, %y )12 = mbcfds,, (%, %) 2

- f ds, (%, %,)/(R%,),

r=eqe,/c, (3)

FIG. 1. The two charges on an “interaction light cone”
@ on the forward light cone of b). The{, n are the
“generalized” coordinates used for straight-line motion
(Sec. II).
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together with the subsidiary condition (2). The
form of S in (3) is convenient when obtaining the
equations of motion of a; since (Rdx,)=(Rdx,),
the integrand in the last term of (3) may be re-
placed by ds, (%, %,)/(R%,) when obtaining the
equations of motion of . References 1 and 2 give
the usual procedure® for obtaining the equations
of motion and conserved quantities from an action
principle of the above type; the results below can,
of course, also be obtained by starting with the
expressions for the retarded fields of b and the
advanced fields of ¢ and using the Lorentz force
F=e(E+2xB).

The equations of motion for the two charges are
similar in form, and we shall write them as one
equation by using subscripts ¢, j and introducing
factors G; ; =+1; the equations of motion for a
can be obtained from (4) below by substituting
i=a, j=0b; the substitution ¢ =b, j=aq yields the
equations of motion for b, Equations (4)-(8) hold
only under the condition (2), e.g., (4) gives the
four-accelerations of ¢ and b when they lie on an

interaction light cone:
J

my /= =X4p, /o2 + 2 (RX)p; /ps°
+R*[(x,5,)/p,% = (4, %, )(R¥ )/,
+G, (/pA = 2p; +R* (%, 2,)];  (4)
Po =(R%,); p, =(R%,); G,=+1; G,=-1.

The conserved quantities energy-momentum (P*)
and angular momentum (L*¥) are given by

Pt = xb+m, x5 +1[ 25 /p, + 2 /p,
= R¥(%,%,)/PaPy] (5)
L¥ =m, (xE Xl = xlxl) +my (xh %) — %y %5)
+A[ (B gy = x25p)/py + (xh %y = 2y %8)/Pa
+ (%, %, )t xl = x2x2)/papy] - (6)
Equations (4) can be simplified by noting that they
yield
(R¥;) = =G xcp /myp® . (7)

Using (7) and substituting ¥% from the equations
of motion of @ into the equations of motionof b and
vice versa, and using (#; ¥,)=0, we find

B my =2/myp,p;) =G, (4" =REC/p X /m;pyp, )0/ myp = 1/p,)
+[54p, =R (%,%,)] (W/p,2 )W/ m;p, 2 =1/p,)} . (8)

In addition to the expected singularity for » =0,
there is the interesting possibility of a singularity
when the factor m,; - 7&2/7;'Ljpi p; is zero. In the
case of straight-line motion, such a singularity
does not occur, since then the same factor occurs
on the right-hand side of the applicable equations
of (8); for the circular motions considered in
Sec. III it is impossible for the factor multiplying
X} in (8) to be zero. Yet we can pick values of
the coordinates and velocities that make this fac-
tor zero, but for which the right-hand side of (8)
is not in general zero; e.g., b is instantaneously
at rest at the origin, x} =x2%=2"%y, x3=0, 42
=r=(0\/c)m,m,)?, it =2%%c, % =i%=0., For
this set of conditions the right-hand side of (8)
for ¥} is not zero unless m, =m,. The role, if
any, that this singularity plays in the three-space-
dimensional solutions will be investigated in later
work.

As the equations of motion stand in (8), it ap-
pears possible to construct solutions given a set
of initial conditions which satisfy the constraint
(2) and for which ¥} and ¥} are finite and well
defined, Using the subscript zero to indicate
initial values, we suppose that the initial position
and velocity of b are specified at x),=0; then the
initial position and velocity of a are specified at
%% ,=%, according to (2); the three accelerations
can be found using (8), and the positions and ve-

r

locities of a and b found short times A, and A,
later, i.e., at xy =A, and % =#%,+A,. To continue
this step-by-step integration, we have to pick A,
and A, so that (2) still holds, i.e., %+4, —= A,
=7(r,+4A,,4,). The constraint introduces a com-
plication, but does not seem to prohibit this meth-
od of solution,

From the point of view of the above method of
solution, there are only six degrees of freedom,
i.e., if we take x) as the parameter for the mo-
tion, we can pick the spatial coordinates of a and
b arbitrarily (away from possible singularities),
and then 0 is fixed by (2). It seems reasonable,
then, to attempt to find a set of generalized co-
ordinates for the problem which would take the
constraint into account automatically (as in La-
grangian descriptions of ordinary mechanics prob-
lems), and at the same time try to find a con-
venient parameter which would play the role of
the time variable in ordinary mechanics.

It is possible to do this in the case of straight-
line motion, as shown in Sec. II; preliminary
work indicates no essential difficulty in carrying
this out for the full four-dimensional case.

II. STRAIGHT-LINE MOTION

If the initial conditions are such that %%, %3,

v2 3 2 3 s
X3, X3, R, R®are all zero, we have straight-
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line motion parallel to the x' axis. We shall sim-
plify the notation here: Let x=x!, 7=x°% The
equations of motion for this case are most readily
obtained from (7); they are [using the i,j nota-
tion as for Eq. (4)]

md®x,; /dT® _ Me 1%z
(1 _2‘2)3/2 q:Gi (xi - xj )2 1 £2; H (9)

with the constraint

T, =Ty =2(= %, +2), (10)

where the upper (lower) sign holds if a is to the
left (right) of b, where, e.g., “a left of b” means
X, <%,. From now on we shall presume that a is
initially to the left of b (if the charges repel, a
will remain to the left of b, while if they attract
a singularity occurs at » =0); we shall, however,
indicate how the procedure below is modified if
a is initially to the right of b.

We introduce the coordinates &, 7 (see Fig. 1)
byw

£=2""%(x+7); x=2""2(t-1n);
N=2""(=x+7); T=2"Y2(¢ 4 7).

We have, then, for example, dx,/[d7,=(1-dn,/dt,)/
(1+dn,/dt,). The constraint (10) becomes simply
£, =£,. We can thus drop the subscript on the &’s
and write 7, =dn,/d&, 10, =dn,/d&, i.e., & can be
taken as a convenient parameter for describing
the motion. As indicated, dots will be used with
the &, n coordinates to indicate differentiation with
respect to £, The values 0, 1, « of the general-
ized velocity 7 correspond to dx/dt =¢,0, - ¢,
respectively.

The equations of motion (9) (using the upper
signs) can now be written as two ordinary coupled
differential equations'!:

m, nl /m 3/2 =G¢k771./(77¢ -n; )2 ,

11
B=2%2)\/c. 1)

For a Lorentz transformation to a frame moving
along the line of motion of the charges (we shall
hereafter refer to such a transformation as a
one-space Loventz transformation), we have
x' =y(x=B7), 7' =y(T - Bx); here y=(1-p%)"12,
and Bc is the velocity of the frame (x’, 7’) relative
to the frame (x, 7). Defining &’ =2-"%(x’ +7’),
n'=2"Y%(~x’+7'), we have

g'=0t, n'=n/o; o=[(1-B)/(1+p)]"%, (12)

i.e., the one-space Lorentz transformation cor-
responds merely to a change in scale of the &, n;
we have also 77=0%)’, if =0%j’, so it is clear
that (11) is invariant in form under this one-space
Lorentz transformation (it also becomes clear
how to construct other types of covariant inter-

actions for the case of one space dimension-see
Sec. IV),
The action (3) becomes here [£d¢, with

£=4m, 0,2+ 4m, 1,
+3 k), +11,)/ (g =1,) (13)

The three conserved quantities (denoted by p,, H,
1) obtained using this Lagrangian are (with p,, p,
the momenta conjugate to 7,, 1,; “=1, =1,)

b, =D, +Dy

=2m, /N, % +2m,y /1, P+ R/, = 1,);  (14)
H==2m 1, = 2m, 1, ?

=—4m? /(p, —k/2u) - 4m’ /(p, =k /2u); (15)
L=p,n, +P,n, +HE; (16)

here H is the Hamiltonian®; (16) follows from
the invariance of form of f£d ¢ under a one-space
Lorentz transformation., These quantities are
related to the P°, P!, L° of (5) and (6) by

P°=%c(p,-H); P'=ic(p,+H);

Lo'=¢l /232 (17)

The Hamiltonian for this problem is thus not equal
to the energy of the system, although in the cen-
ter-of-momentum frame (frame in which P'=0),
we have H= — 2P%/c. In the nonrelativistic limit
(c =~ =), the center-of-momentum frame becomes
the center-of-mass (c.m.) frame [despite the
fact that P! as given by (17) is not simply the sum
of the free-particle momenta], while the energy
E ¢ mom, Of the center-of-momentum frame be-
comes in this limit the rest-mass energy plus

the internal or c.m. energy (as opposed to the
translational energy). We have, then, for the in-
ternal energy Ei,: the invariant:

Ejn =E, mom, = %C 2(_1),,1{)1/2
=c[ (PO = (PR (18)

If we introduce coordinates u, v by u=n, ~1,,
v=3(n, +n,), then the p, of (14) is the momentum
conjugate to v, and p, =3(p, =p,); v is then an
ignorable coordinate (but dv/d¢ is not a constant).
This transformation, or a more general one with
v=an, +a,n,, does not greatly simplify the prob-
lem as does the c.m. transformation for the non-
relativistic problem,

We shall not write down here the explicit solu-
tions of the equations of motion (they can be ob-
tained in a straightforward manner using, e.g.,
the Hamilton-Jacobi method) since, as in the
classical problem, the general nature of the mo-
tion is more readily determined from the equa-
tions of motion and the conservation theorems.
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In particular, if we plot Eqs. (14) and (15) as in
Fig. 2 (with p, and H as constants), then the mo-
tion of the two charges can be represented by the
motion of a point along the straight line obtained
from the plot of (15). The plot of (14) yields a
family of curves corresponding to various pos-
sible values of u (only the right branch of each of
the latter curves is admissible, since the left
branch corresponds to 7j,/2<0). Equations (11)
show that 7j, monotonically increases (decreases)
for k>0 (<0), while 7, has just the opposite be-
havior. For repulsion, then, the system point
moves along the straight line from I to III; point
I corresponds to infinite separation with the par-
ticles approaching each other; point II corre-
sponds to the “closest approach;” point III cor-
responds to infinite separation with the particles
receding from each other. For attraction, the
system point moves along the line directed from
I to IV; point I corresponds to infinite separation,
point IV to » =0; as the system point approaches
IV, the speed of charge a approaches the speed of
light ¢, while the speed of b approaches a value
less than c. As in the classical problem, point
IV is singular.

III. CIRCULAR MOTION

We assume «a and b travel at constant speeds
cz,, ¢z, in circular orbits of radii A and B, re-
spectively; we have, e.g., A=cz,/w, where w is
the frequency of the motion. We further assume
that « is an angle 7+ ¢ ahead of b at time ¢ (see
Fig. 3), so that the positions of a and b at the
same time ¢ are given by x% =x% =0 and

k<O

ﬁtI)/Z

FIG. 2. The motion of the two charges can be repre-
sented by the motion of a point along the straight line

from I to III for repulsion and from I to IV for attraction.

x5 (t)=Acos(wt +7+¢); x}(t)=Bcoswt;
x3(t)=Asin(wt+m+¢); x2(t)=Bsinwt,

The points a,, b, in Fig. 3 give the positions of
aand b at time ¢; a,,,,., b, are the positions of
a and b when they lie on an interaction light cone.
If a light signal leaves b at time ¢ (leaves b,), it
arrives at a at time ¢ +7/c, with » given by 72
=A?+ B®+2ABcos@; atravels through the angle

6 - ¢ during the time 7/c: w¥/c=6- ¢. When the
two charges lie on an interaction light cone, we
then have

%y (L+7/c)==(cz,/w)cos(w,s, +6);
x2(t+7/c)==(cz,/w)sin(w,s, +6);
x3(t)=(cz,/w)coswys, ; (19)
x5 () =(cz,/w) sinw,s, ;
s =t(1-2,2)"%; w,=w(l-z72)""?,
where we have assumed for the proper times
s, =s, =0 when £=0.
Substitution of (19) into the equations of motion
(4) or (8) yields the conditions which the four

quantities z,, z,, w, 6 must satisfy in order that
(19) be a solution. We find

-1 1=-2,%)
2 - .2 l/2= J .
mz et/ w(l-z, (z;+2; cosb)(z;2; sinf+2)’

(20)

z,%sinf+z,%sinf+z, 2, sinfcosé
+(z,2, +c080)Z - sing=0; (21)

Z=(z,%+2,% +2z,2, cos6)"?,

FIG. 3. At time ¢, a is ata, and b is atb,. Whena is
at a; 4 4, it is on the forward (“interaction”) light cone
of b;.
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Equations (20) correspond to the radial equations
of motion [they are obtained most readily from
(M]; (21) is just the requirement that the tangen-
tial component of the electric field of each charge
vanish at the appropriate space-time position of
the other charge (the existence of the circular-
motion solutions depends on the fact that the same
condition is obtained for each charge).

It is easy to show that solutions of (20) and (21)
exist. For example, we can assume =37,
z,/z, =3'%; then (21) gives z, ~0.4, If we elimi-
nate w from Eqgs. (20) and substitute these values
into the resulting equation, we find m, /m, ~0.5,
i.e., the above values for 6, z,,z, constitute a
solution for this particular ratio of the masses.
In general, the allowed range of ¢ depends on the
comparative sizes of m, and m,, e.g., if m,=m,
then z, =z, and 0< 9<m.

The only quantities P* and L"” which are non-
zero for this circular motion can be written as

Pl=m c(l - 2,2) "2 +myc(l-2,%)"2,

L2=—-A(1+2,2, c0s6)/(z,2, sing+Z).

These are identical in form to the P° L™ of the
Schild motion.® As for the Schild motion, the
energy of the bound system is less than the free-
particle energy. It is interesting to note that while
the total momentum §=0, the center of mass of
the two charges moves with constant speed in a
circle about the origin.

IV. NONELECTRODYNAMIC INTERACTIONS

The form (12) of the one-space Lorentz trans-
formation using the &, n coordinates makes it
easy to construct other types of covariant dynam-
ics for the case of one space dimension; all we
need do is see that on transformation the same
power of o occurs in all terms of the equations
written down.

For example,'® m,if, /1,%* =k(n; —n, )/, for
a to the left of b and m £, /€22 =k(§, - &,)/£,?
for a to the right'! of » (¢>0) is one of several
possible generalizations of the classical harmonic
oscillator equations of motion, This particular
dynamics (i) admits super-light speeds; however,
if the initial speeds are less than ¢ they remain
so and the motion is oscillatory; (ii) can (for
speeds less than c¢) be obtained from the Hamil-
tonian H = m, exp(p, /m,)+ m, exp(p,/m,) +35 ku?;
for this H, the one-space Lorentz transformation
is not canonical'; (iii) can be readily generalized
to three space dimensions—simply use (8) with
the right-hand side multiplied by the invariant
Pi° 04+

We can guarantee a Lagrangian-Hamiltonian
dynamics for which the one-space Lorentz trans-
formation is canonical by starting with (13) and
varying only the last or “potential” term; for a
relativistic oscillator, one possible potential®® is
3k(n, =n, P/, +1,)?. The equations of motion
for this case are considerably more involved than
for the oscillator given above.

If the resulting equations of motion are of the
form m, if;/1,%* = f(n;, n,,1,,1,) for aleft of b
and m, £,/€,%%=7(¢,,¢,, ;, £;) for a right of b,
where f is arbitrary, they can be readily gener-
alized to the time-symmetric case,

V. ASPECTS OF QUANTIZING THE MOTIONS

The one-space-dimension Klein-Gordon equation
for a free particle in the &, n coordinates is
0%y/0¢om= —3(mc/n)fyP, which can be obtained
from the free-particle Hamiltonian H=~ 4 m?/p
if we make the replacements H - — i 8/2(7%/c)0/ 8¢,
p ~i8Y%(m/c)o/om. Attempts to obtain a Schréding-
er-type wave equation from the H of (15) lead to
difficulties, e.g., the operators (p; —k/2u)" have
to be defined. Since H is not in general the energy
of the system, we might ask if it is the proper
quantity to quantize.

The Bohr-Sommerfeld quantum conditions
(BSQC) suggest otherwise; they can be applied
when the action-angle integrals exist (these exist
for, e.g., versions of a relativistic oscillator).

If the first, or “kinetic,” part of the Lagrangian
has the same form as in (13), the quantity p,du

is invariant under a one-space Lorentz transfor-
mation, and thus so is the BSQC §p,du =constant,
where the constant is presumed to be the same

in all frames, I as in the Hamilton-Jacobi meth-
od, p, is expressed in terms of the constants of
the motion p, and H, the BSQC is of the form

f (p,, H) =invariant; this implies that f must be

a function of the invariant p H. The BSQC thus
specifies the allowed values of Ei;; as given by
(18). This agrees with the classical quantum re-
sult: The internal energy is quantized, while the
translational energy is not. These ideas do not
apply if p,du is not an invariant, e.g., in the case
of the first relativistic oscillator given in Sec. IV,

For the circular motions of Sec. III, we can ap-
ply naive Bohr quantization by setting L2 =n#
[this is an invariant quantum condition since it
corresponds in a general frame to L"'L,, = (nR)].
This quantum condition yields, of course, the non-
relativistic result as a first approximation. For
positronium,’ for example, we find cP)
=2mc?(1- a®/8n* +A,); here mis the mass of the
electron, a=e?/%c is the fine-structure constant;
2mc®A, is the deviation from the nonrelativistic
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result. For z=1, we have A, ~-5a*/128; this
is smaller than the perturbation theory correc-
tion'® (~ - o*/6) for the singlet ground state of
positronium, We find nothing here corresponding
to spin.

loo
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