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The Kroll-Wada formulation of the internal conversion of mesons into lepton pairs is modified by
taking into account the correction due to the effect of exchange of leptons. Single- and double-pair
decays, such as 7K ,,m) —e*e ™y, K, () —p"p"y, 7%K,,m) —eteete~, and K (1)

— pF*pTptp, are studied under the assumption of CP invariance. A spectral analysis is made,
stressing the importance of this exchange effect in the shape of the spectra. These kinds of experiments
are proposed as a clue to obtain knowledge about the meson-photon-photon vertices.

I. INTRODUCTION

Internal conversion of a neutral pion into one or
two electron-positron pairs (71°~e*e~y and n°
—-e*e”e*e”) was first systematically studied by
Kroll and Wada® 2 in 1955. Their derivation was,
however, based on the assumption that one could
neglect the effect of exchange of electrons or posi-
trons, which is really non-negligible as was point-
ed out by the present authors in Ref. 3; we treat
the effect in this paper. Historically, the n°
—~e*e”e*e” decay was an interesting object in
view of the determination of the intrinsic parity
of the neutral pion, although it is a rare event in
fact. Now that the parities of the mesons have
been established, the decay processes of the in-
ternal-conversion type, meson— 7y and meson
—~1T17 with I=e~ or p~, are attractive in the fol-
lowing respect: The analysis of the spectra of
such decay processes allows us to obtain knowl-
edge about the form factors of the meson-y-y ver-
tices. From this we know the interaction of the
photon and meson system. The momentum depen-
dence of the form factors becomes important in
the case of decays into muonic pairs, because
there is large energy release. As will be shown in
Secs. III and IV, owing to the propagators of the
virtual photons, the momentum dependence of the
vertices is neglected in the decays into electronic
pairs, where there is small energy release.

Throughout this paper, invariance under CP
transformations is assumed and K; is regarded
as a CP-odd eigenstate. In the actual measure-
ment one could not, perhaps, explain the aspects
of Ky - " u~u*pu” or K, —e*e” e*e™ decay only by
taking the momentum dependence of the CP-con-
serving vertex into account. At the present status
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of experiments concerning the well-known K

-~ u*"pu” puzzle, the vertices K, ,-y-y are consid-
ered as violating the CP invariance.* The CP-con-
serving vertices alone induce a larger branching
ratio of the K; — u* u~ decay than that of the actual
measurement. Hence the efforts to obtain knowl-
edge about the vertices of Kl' =¥~y from the experi-
ments on the K s—171[ decays lead us to obtain
definite knowledge about the K, — u* 1~ puzzle.

The deviation from the point interaction is seen
by speculating about the spectra of the decay pro-
cesses. So in this paper we stress the spectral
analysis of the theoretical prediction. The correc-
tion of the Kroll-Wada formula by including the ef-
fect of exchange of leptons and antileptons takes a
formidable aspect. In particular the integration of
the matrix element over phase space is quite com-
plicated. We evaluate this correction in the decay
width as well as in the spectral shape. The correc-
tion is small in the decay width, but one cannot
say anything about the exact shape of the spectra
if one takes the Kroll-Wada term only. The term
alone shows a sharp peak for small values of the
four-momentum squared of lepton pairs. There
is also, however, a broad plateau which cannot
be explained with the Kroll-Wada term. This pla-
teau was neglected in the analysis of spectra in
Ref. 5. Each area represented by the two curves
is equal. Up to now, nobody has taken up the lat-
ter broad shape. Therefore these aspects of ex-
change effect are important not only for merely
modifying the Kroll-Wada formula, but also for
obtaining exact knowledge about the meson-y-¥y
vertices. In such precise measurement as to de-
cide the momentum dependence of the form factors
or the ratio of CP-conserving and -nonconserving
vertices it must play an important role.
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II. THE DECAYS OF PSEUDOSCALAR
MESONS INTO TWO PHOTONS

The basic interaction of a pseudoscalar meson
and two photons is taken as

Hr(x) = (f/4M)e“,,ch"”(x)F""(x)(p (x) ’ (1)

where F"’(x) is an electromagnetic field tensor,
and ¢(x) is a meson field with M its mass. fis a
coupling constant when the two photons are on the
mass shell. But when the photons are off the mass
shell, it depends on the momenta of the two pho-
tons in the momentum representation. Generally
it depends on (P, -k, =k, (P,-k,=k,>, and

(k, =k, ) (Fig. 1). This last, however, reduces

to the linear combination of the first two:

(B, =R, P =2(k2 +k,?) -M?2.
Hence the form factor has the form
F=fk? k7). (2)

With the interaction (1) we calculate the decay
width of the meson— vy decay, taking into account
the fact that there are identical particles in the
final state,

T'(meson— yv)=|f(0, 0)|2M/167. (3)

II. SINGLE-PAIR CONVERSION
OF PSEUDOSCALAR MESONS

This section treats the decays of the meson— [y
type. The processes were partly treated by one of
the authors (T.M.),° so we briefly review the re-
sult and analyze the spectra. As the interaction
between photons and leptons is given by conven-
tional quantum electrodynamics, one easily obtains
the matrix element of the meson— [7y decay (Fig.
2). Summing over the helicities of the final lepton
pair, we have

dI'(meson—11y) Ma |f(x? 0)]? <1 _3c__z_>3
dx 1272 X

M
2m 2 4m2\V2
(1:25) (1-28)", @

where m is the lepton mass, and x%=k’2, Here we
note that the symmetry of the meson-y-y vertex

ki

<0

FIG. 1. Meson—yy decay.

FIG. 2. Meson—Ily decay.

imposes f(0,2’%) =f(’2,0). The range of the variable
x is given by 2m <x < M.
Combining Egs. (3) and (4) we have
fx?, 0)

(0, 0) z i (1 - 364)

2m? 4m? \ 2
<(29)(1-5)" o

where the conversion rate p is introduced as

dp(meson—~11y) 2a
' dx T 37

+ v _T'(meson—1Ty)
-1 o Y
p(meson— I1y) T(meson=77)

By putting
J"?,0)=£(0,0), (8)

namely, by adopting the assumption that the mo-
mentum dependence of the form factor be neglect-
ed, we can eliminate the coupling constant in Eq.
(5). In such a case we plot the decay spectra
dp(meson~ [1y)/dx for the various decay proces-
ses of the single-pair conversion. In Figs. 3(a)
and 3(b), we plot these results with the experimen-
tal values of Samios et al.° From the plot we im-
mediately find that the contribution to the matrix
element comes, for the most part, from small
values of x. This, in turn, gives justification for
neglecting the momentum dependence of the form
factors for the decays into electron-positron pair
conversion, because it is considered as a smooth
function in the physical region and the electron
mass is very small. The remarkable agreement
of the experimental curve and the theoretical one
indicates that the assumption (6) is quite reason-
able.” For the muonic pair conversion there is not
so definite a reason for neglecting the momentum
dependence. The mass of the muon is not small,
and one may not be convinced that the momentum
dependence of the form factor could not play a
role. In the muonic case there have been no ex-
periments, unfortunately. So if the experiment
were to be done and its values were to be on the
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FIG. 3. Decay spectra with respect to the variable x/M for the (a) T—e*e”y, (b) K r—ete”y, and () K~ utuTy
decays. For the K ;- pu*u"y decay [(b)] the values multiplied by 10% are plotted. Experimental values in (a) are taken

from Refs. 5 and 7.

theoretical plot with (6) in Fig. 3(b), one could con-
clude that one has the justification for disregarding
the momentum dependence. Otherwise, however,
one must not assume Eq. (6) and one should esti-

mate the form factor from the experimental spec-
tra. As such, the experiments on meson— pu* u”y
are desired urgently.

By integrating Eq. (5) using (6) we obtain

p(meson—~ 117y) =23%{ [ln<M)] (1-%2a*+1a+(1-a)/?(-F +%a +%a2)} , (7

1-(1-a)?

where a=4m?/M?. For m° decay we have

T'(m°~e*ey)
(-~ vy)

which shows remarkable agreement with the ex-
perimental value.

For single-pair conversion of the K; meson,
one would think that the vertex might be violated
under CP transformations. So one might add to
the interaction (1)

=0.0118,

Hj (%) =(8/2M)F ,(x)F**(x)¢(x), (8)

where ¢(x) is a K, or K, field. The interaction

H ,(x) conserves CP invariance for K, and violates
it for K,; the interaction H {(x) conserves CP in-
variance for K, and violates it for K,. In the ac-
tual decay of K; and Kg, some complicated as~
pects appear. The mesons K; and Kz do not form
pure CP eigenstates,

K; =€K, +K,
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TABLE I._Numerical results of the conversion rates
p(meson—11vy) =T'(meson—I1vy) 1{meson—yvy) for var-
ious single-pair conversions.

Decay modes p(meson—11v)

MN—ete™y 1.18x1072
Kg p—e'e’y 1.59% 1072
Kg p—ruTy 4.09x107*
n—ete’y 1.62x1072
n—utpTy 5.54x 1074
and
Kg =K, +€K,,
with

)
€x~2x1073xeg™!"/"

and the terms smaller than and equal to €? being
neglected. There are two types of couplings for
each of K, ,-v7:

Klfl'g"yy
and
K 282y,

However, this complicated situation does not af-
fect the final result that the decay spectrum is
given by the form (5), with f(¥?, 0) now being re-
placed by the function of f, , and g, ,. In this case
also the factdt due to the form factor, f(k2,0)/
J(0, 0), is replaced by 1 if one disregards the mo-
mentum dependence of f, , and g,,,. The detailed
derivation of this relation is seen in Ref. 6.

Hence the experiment on the decays of meson
— [Ty is suitable for determining the form factors.
Table I gives the numerical result of Eq. (7). We
note here that the decay rate of K, — p* pu”vy is
much larger than that of K; — u* u~. In the latter
case, Clark et al.® showed

TEp—~p p’) -9
=t L ~<1.8x10
TK,~a) 8

(90% confidence level).®

On the other hand, our calculation shows

(K~ p*uy)

= -7
T(K, - all) 2.0x10

using the world average of I'(K, -y y).1°

IV. DOUBLE-PAIR CONVERSION OF A
PSEUDOSCALAR MESON

The decay matrix element 9 of the meson— 1717
decay is calculated by conventional quantum elec-
trodynamics with the interaction (1). The element

8

(a) P,
p.

R P,
Pl

(b) b,
R

R, P
P

FIG. 4. Meson— Il decay. I, comes from the dia-
gram (a), and I, from (b).

I, is divided into two parts M, and M,; the former
comes from Fig. 4(a), the latter from Fig. 4(b).
The detailed calculation is stated in Appendix B
from which we have

_2f . (Burp)(pr4p0)°
M PO (p+p )3 pi+p)?
xu(p)y*v(p)a(pl)yPo(py),

op = 2 e (Bt (pLep)°
2 M UPYO (b )by p L)

xu(pl)yro(p)a(p) v o(py).

I,

(9)

The decay width is obtained by
r= f || 2de,

where d® is the phase-space volume element.
The phase-space integration is performed in Ap-
pendix A 2.

Using Eq. (9) T is divided into three parts:

I'=T,+T,+T,,,

r1,2=f|fm1_2|2d<1>, (10)

P12=f(5m1§m’2" +&mzfm=f)d¢'

We must note here that |91,| 2 integrated over the
whole phase space is identical with |sm1l 2 integrat-
ed over the whole domain:

r,=T,.

Here we introduce the conversion rate by the rela-
tions
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p=T/T'(meson-yy),
p; =T;/T(meson~ yy).

Then we find

0 1<a>2-/ﬂ—2md fM-xld fﬂld fﬂz d fd¢

=—\7" X X

P1 \ar/ Jp, 1 o 2 on, Y1 oy Y2
x{[

2 2 2 2 2
+|:y1 +y; 4Am (x, L )} coszcj)},

where the definition of the new variables is men-
tioned in Appendixes A and B, and

M2~ [1- (2m/x1,2)2] 1z,

In the case of the K; - u*u"e"e™ decay, the situa-
tion becomes simpler. We have I', =0, and the
terms 4m?/x,* and 4m>?(x 2 + x,°)/x,°x,° of the in-
tegrand of (12) are replaced by 4m’?/x,® and
dmm/(x2 + x,2)/x °x,°, respectively, where x,° is
the four-momentum squared for the muonic pair,
with m’ its mass.

Following the same reasoning mentioned in Sec.
III, we can disregard the momentum dependence of
the form factors for the conversion into electron-
positron pairs. Then Eq. (12) just reduces to the
Kroll-Wada formula in the case of the 1°~ e’e”e’e™
decay. As was stressed in Ref. 3, Kroll and Wada
neglected the cross term p,,. This term expresses
the effect of exchange of leptons or antileptons. It
is obtained in Eq. (A6) in Appendix B. Using a
computer, we numerically calculate each term of
Eq. (11). In Table II we list each term of Eq. (11)
for various double-conversion processes with the
momentum dependence of the form factor being
neglected. As is seen immediately from Table II,
the contribution of the cross term is small by a
factor & or so compared with the direct (Kroll-
Wada) term. Notwithstanding its smallness, this
correction term is important,'’ because the main
purpose of measuring the decays of the type

TABLE II. Numerical results of the conversion rates
for various double-pair conversions.

Decay modes 2p4 P12 p

—~e*eTete” 3.46x107° —0.18x107° 3.28x107°
Kp—~e‘e ete” 6.26x107° —0.35x107° 5.89x 1075
Kp—~eteptu” 1.42x107¢ 0 1.42%1078
Kp—~ptuptp” 0.997%107° ~0.051x107° 0.946x107°
n—e*e ete” 6.50x107° —-0.36x107° 6.14x107°
n—ete ptp” 1.99x 1078 0 1.99x 107
n—ptppte” 6.73x107° -0.50%x107° 6.23x107°

2055

P=2p;+ps; . (11)

Combining with Eq. (3), we can calculate p and p;.
The first term on the right-hand side is

lf(xlz,xzz) 2 ,:1 _ 2(x12+x22)+ (xlz_ xzz)z]slz
| 7(0,0) M? M*

1 +<lﬁ+4m2><l£+ 4m2>]sin2¢
X1X2 \X x13 X2 xzs

*(12)

X1%X 2 9‘_13’52

T

of internal conversion is to try to understand

the meson-y-y vertices. For example, the
measurement of the K; — u*u~e*e” and/or K,
—~e*e~e*e” decay informs us of the K, -y-y vertex:
how much its vertex is violated under the CP
transformations. This in turn influences the rate
of the K, -~ u*u~ decay. In such precise deter-
mination of the vertex, the correction term should
not be disregarded. The discussion about the CP-
conserving and -nonconserving interaction is not
so simple in the case of double-pair conversion as
in the single-pair conversion of Sec. III. This at-
tractive problem is set aside until the future.

Henceforth we take the form factor to be an on-
shell coupling constant and calculate the spectra
of the meson 1711 decay. This is done by fixing
a special variable and integrating over the re-
maining variables in Eq. (10). We must note here
that although the contribution of |91,|? and |9, |2
to the decay width is the same, their contribution
to the decay spectrum is quite different as long as
the remaining variables are integrated. The Kroll-
Wada term only is insufficient to analyze the spec-
tra. In Figs. 5-7, we plot the decay spectra with
respect to the variables x,/M, y,, and ¢ for vari-
ous decay processes. Each contribution of |31, |2,
|on, |2, and 90, IMF + M,IM* is also plotted, as well
as the total decay spectra which can be measured.
Remarkable is the fact that the |91, |? contribution
shows a sharp peak for small x,, and the |9, >
contribution shows a rather broad plateau. This
apparent difference is due to the phase-space in-
tegration, though the area of the spectrum is just
the same in each term. The interference between
these two is what the contribution of I, ¥ + I, M ¥
shows. Adding the three contributions we have the
resultant decay spectrum.

There has been an experiment concerning the
1°~e*e~e*e” decay. Samios et al.® analyzed the
decay spectrum. But, unfortunately, their anal-
ysis is quite misleading. They assumed the condi-
tion
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FIG. 6. y-distribution for the meson—1Ill decays. Broken lines and dashed-dotted lines represent the contributions
|91 ,|2 and |IM,|%, respectively. Solid lines represent the total distribution.
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FIG. 7. Angular distribution for the meson—Iil] decays. ¢ is the angle between § and §G’. Solid, broken, and
dashed-dotted lines represent the same things as in Fig. 6.
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[om, |2 > 10 9m, |2 + (91, 9% + M, 9N F) - (13)

In the case where this condition did not hold, the
pairing which gave the larger value for the matrix
element was used. By such a procedure they ana-
lyzed the spectra only with the Kroll-Wada term.
But, evidently, this analysis was valid only for
small x,. Except in that region, one could not say
anything about the spectrum. Now we cannot em-
ploy their results of the decay spectrum. We do
hope that some experiments of this kind will be
done in the near future and analyzed, taking the
above points well into account.

We now discuss the form factors. If the experi-
mental curves lie on the theoretical ones shown
in Figs. 5-7, we can take the form factor to be an
on-shell coupling constant:

f(k2, %) = £(0,0).

This would be the case for the electronic case,™!
because near the threshold dp/dx, shows a sharp
peak. Moreover, we have the fact that the case of
the m°-y-y vertex with one off-shell photon allows
us to have approximately a constant form factor.
In muonic conversion nothing could be said about
the form factor. There has been no experiment in
this case. The threshold value of x, is large
(equal to 2mu), so it might happen that one could
not replace the form factor by a coupling constant.
Hence the spectral analysis of the decays deter-
mines the form factors, or in other words, it
determines the meson-y-vy interaction.

V. CONCLUSION

The experiments on the decays of the meson
-~ 1717 type are important in the following re-
spects.

(a) In the electronic double-pair conversion of
1~ e*e"ete” and n—-e*e"e*e”, we can check the
interaction of the form (1). Here we have good
reason to disregard the momentum dependence of
the form factor.

(b) In the muonic double-pair conversion of 7
~u*tuptu” and n—- ptuTe*e”, we can estimate
the momentum dependence of the form factor.

(c) The decays of K, ~e*e e*e”, Ky~ p*p~pu*u",
and K; - u*u"e*e” are most attractive. If the in-
variance under the CP transformations holds, the
momentum dependence of the form factor for K
—ptpptu-and K- utu~e*e” can be estimated
from the experiments. From the form factor we
can calculate the decay width of K; — u*u~ via the
two-photon intermediate state. Hence we have
definite knowledge of I'(K, - u*u~). At the present
time the estimate is done theoretically with re-
spect to the lower bound. If the theory were to be

violated under the CP transformations, especially
when the K, ,-y-y vertex does not conserve CP
invariance, the most interesting experiment would
be thaton K, - e*e"e*e".

Disregarding the momentum dependence, there
are four coupling constants:

Hp, 5(x)= <%11‘42> €uvpo Fuv(x)Fpa(x)<¢>K1 z(x),

H, 1_2(x) =<’%ﬁ>F”"(x)Fu y(x)¢K1 g(x) .

By analyzing the spectra of the K; - e¢*e~e*e™ de-
cay with the four parameters f, , and g, ,, we
know how much the CP-conserving and -noncon-~
serving interactions are mixed. This determina-
tion of the K, ,~y-y vertices allows us to obtain an
estimate of T'(K, - u* u~).

The detailed analysis of the case where the ver-
tices are violated under the CP transformations
is quite an interesting object and will appear sep-
arately. Anyway the experiments on these single-
and double-conversion decays are needed quite
urgently.

APPENDIX A: PHASE-SPACE INTEGRATION

In Appendix A we treat the phase-space integra-
tion for the decays of (a) meson— 17y and (b) me-
son—1717. Inthe whole calculation we take the
meson rest frame P, =(M, 0).

1. Three-Body Decay (Fig. 2)
The phase-space volume element d® is given by

m3d3p,.d%p_d3k

@ = ayartgi g G0 (bt pot k= Pu)
_ 2d4 +d3?_
T n R o L ).

We transform the variables b,, and p_ into 14,
A, ¢, and P by the following relations:

D, =G4+ 2(1+2)P,
P.=-q+3(1-2)P,
'ﬁ‘ﬁ:O,

and ¢ is the azimuthal angle of §. Then we im-
mediately obtain the relation

a*%,d’p_=3|3||P|d|q|axded*P
and moreover we have

0 ;0
adgo(p +p2+ k0= M) =L2f=

where

P°=pd+p°.



2060 TADASHI MIYAZAKI AND EIICHI TAKASUGI 8

The range of the variable X\ is obtained by the re-
quirement |§|?>0, where by a straightforward
calculation

2
]a|2=§P2<1 A2 ,If"‘z> m?.
We have finally

m?|P|%q| B|drd ¢d
8(27° MP° ’

with d©2 the solid-angle differential around the P
vector.

ase =

2. Four-Body Decay [Figs. 4(a) and 4(b)]

In this case we transform the integration vari-

ables p,, P_, P, and P’ by the following relations:

m® _ d°p,d®p_d®pld®p!
2M(2m)  4pppi°pl®

m4
“sm@ne ¢ 200

ae =

-

Be =q+3(1+0)B,
P =q'+ 2(1+u)P’

p.=-4+3(1- A)P

Br=—'+ 41— WP, (A1)
§-B=o,

g -Pr=0

Then we immediately obtain as before
d*p,d*p_=3|§||P|a|§|arxdaga’p,
d’pidpL=313'|18'|d|q’|axdaga’p’.

The phase-space volume element d® is calculated
using the conventional technique:

@n)*6' D (p, +p_+pl+pl = Py)

4Kd4Kp5(4)(K+K1 PM)M5(4)(P++1>_ K) d P+d p-a(é)(pl +P KI)’

plOp/_O

where the factor 1 is added because there are two sets of identical particles in the application to the final

-t -

ete” or ptuTutu state.

_ d p+d b (4)
1,= [ SLchs L= 60, +p_ - K)
=Lflalli"ld|aldxd¢d3P
2 P2

7K
ELYN

with K =P, +P_ =P and K°=p3 +p° = P°.
P

d3 /d3 :. , ,
I,= —1;?%,—56‘4’(p1+p-—1<)

7|K’
=I,{,0Ifd#a

ete

6(4)(P++p-—"K)

with K/ =P, +p.=B’=-Pand K'®=p!°+p’°=P’°. Moreover, we have

fd4Kd4K'5‘4>(K+K'-PM) .

"ﬁfdxl dx,? 71—4—.”’

‘_P.I=ZLM[x14+x24+M4—2x12x22-—2x12M2—2x22M2

Hence we have

2 2 ’
I= fd@lml __‘"“3211/12(2 )8fdx1 dx,2d\dy dpde P°P’°

The range of the variables x and u is determined by

|412>0 and [§’|2=0,

=fdx12 dr 2 d K d*K 6D (K +K' = Py)o(x,? = K2)0(x,2 = K'2)e e+

]1/2. (a2)

lom[?. (A3)
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where
I"lZ_L 2 l_lplz 2) 2 (A4
ql”=q1x o A m*=, )
I": 2_1,2 lﬁlz 2) _ .2 A
Q1% = 122," (1~ e 1®) = m®. (A5)

Of course when one applies to the K, (n)—~ e*e" "~ decay, one may remove the ; factor and replace the
m? in Eqs. (A3)-(A5), for example, by the respective m,? or m,>.
APPENDIX B: MATRIX ELEMENT FOR THE MESON - /il DECAY
The basic interaction we take for the meson-y-y vertex is
Hy (x)=(f/4M)€y, 5o F HUx)F PO (x) (%) . (B1)

With this interaction we write down the matrix element, which is divided into two parts. Each of them cor-
responds to the contribution from the diagrams of Figs. 3(a) and 3(b), respectively.

M =M, + My,

2 (ps+p)"(pr+pl)° ., )
L 5»31;»-)2(2;3:;2 wp W o(p,) @ pLh v(pl),
o, = = 2L e, o et BDABL DIy, )t p ool p).

M EUPC (p +plY(pL+pl)?

We calculate 912, summing over the helicities of the final leptons and antileptons. In this calculation there
appears a trace of the product of eight v’s, which induces 105 terms. So it is very complicated. After all
calculations, we have

4'fI2 1 2 v ’ 7\0 B( 4 Y]
mAME (P++1)_)2(P£P'_)2 EuupoeaByS(P++p—) (ps+pL)°(py+pl) (pi+p2)

9w, |% =

X[(m?+p,p Ym>+pipl) g"gPY = (m®+p,p ) g"“(pi7pLP+plPpLY)
= (m2+pLpl) gPY(pIpE+ 5 p2) + (P PE+pE P (P pLP +pLPpL)],

_alf) 1
R T N VNPT 2 P YY) PSS S PYET N

X €4y po€apys8 P (ba+p )V (ph+pl)°(py+p1)8 (pL+p.)°
X [(m?+p.p YN pLFpL® = pi¥pi#)+ (m® + pL p1) (P42 = piph) = (m® = p L) (P pL%+ i p1¥)
+(m? = p pL)(PEPL  +p2plF) = (m2+p i p ) ph pL* = pSpL*)
+(m2+py pL)(pL pi% = pZpiM)].
|on, |2 is given by the replacement of p_ - p” in |91, |2
The spectra are not studied with respect to the original variables of p,, p_, p., and p’, but with respect
to the new variables which are obtained by transforming the above variables by the relations (Al). So we
write down the matrix element in view of these new variables.

2 2 " 2. HPGXF')
’*"‘1'2=<7Elc{2_lx;2‘> Pz[%xlzxzz_xzzqz_xlzq;z+_igTq)]’

-
2
P >

9 LI+ msz='(m22|{l£‘2>z (B +p P (pL+p Y {m?+p, p)@"2-F-G)+(m?+p5 p)G* -G
+3(m? = p_pO[(A+ p=2)F+F’ + (u+ DG+ (2 + 1DF"?]
+3(m?® = py pI[-(A+ p+2)G G’ = (= DG - (A= 1)"?]
+3(m2+p pO[(=2+ p=2)F = (b= DG+ (A +1)7"?]
Hom®+p 1[0 1 = 20T (u 1= (1= D]},

(B2)
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=( 2)7]
m*(p +p Y (pL+p )

J 120m 4, p200n% b2 p (G =P+ (16 07 B7)

- 3(m?+p_pL)AEXG? + P21+ p)d — (1+ )]
—3(m?+p, pLI[AEXF'Y + PH(1 - w)F - (1-0)F") %]+ 4(P-§xq")},

where x,°=P?, x,°=P’Z, and

, P A =
popt=a:i[or 1 Wkﬂ)*(‘ﬁ-#o)l’

-

opr —E L Er L / p? A K\ pe
PPl =qq +3% (PP) ——poprork) =\ po- P,o>P My,

pap-=5x"—m®
pi ! —Exz - m?

P? is given by Eq. (A2). Finally we transform the
variables A and p into y; and y, as follows:

[P |B|
= POA Y2 = P/OIJ

With respect to these variables (x’s, y’s) and ¢
(the angle between § and §’), we analyze the spec-

tra. Note that although [9,|? and |91, |? contribute
equally in the decay width, i.e

Sl 2az = [lon,]ae

their contribution to the shape of the spectra in
these variables defined previously is quite differ-
ent. For example, the contribution from [91, [?
shows a sharp peak at a small value of x,, and that
of |91,|* shows rather a broad plateau in x,, with
the same area.

*Yukawa Postdoctoral Fellow.

IN. M. Kroll ang W. Wada, Phys. Rev. 98, 1355 (1955).

C. N. Yang, Phys. Rev. 77, 242 (1949); R. H. Dalitz,
Proc. Phys. Soc. Lond. M 667 (1951).

3T. Miyazaki and E. Takasugi, University of Tokyo
Report No. UT-170, 1972 (unpublished).

“N. Christ and T. D. Lee, Phys. Rev. D 4, 209 (1971);
M. K. Gaillard, Phys. Lett. 36B, 114 (1971); G. R.
Farrar and S. B. Treiman, Phys. Rev. D 4, 257 (1971);
S. B. Treiman, in Lectures at the 1971 International
School of Subnuclear Physics, “Ettore Majorana”
(Academic, New York, to be published); Riazuddin,
University of Maryland Report No. 72-091, 1972 (unpub-
lished).

’N. P. Samios, R. Plano, A. Prodell, M. Schwartz, and
J. Steinberger, Phys. Rev. 126, 1844 (1962).

T, Miyazaki, Nuovo Cimento Lett. 5, 125 (1972).

"Both the experimental and theoretlcal slopes of the m°
form factor are small, though the estimated values
show poor agreement between them. N. P. Samios,
Phys. Rev. 121, 275 (1961); H. Kobrak, Nuovo Cimento
20, 1115 (1961); S. Devons, P. Némethy, C. Nissim-
Sabat, E. Di Capua, and A. Lanzara, Phys. Rev. 184,
1356 (1969); M. Gell-Mann and F. Zachariasen, ibid.
124, 953 (1961); G. Barton and B. G. Smith, Nuovo
Cimento 36, 436 (1965).

8A. R. Clark, T. Elioff, R. C. Field, H. J. Frisch,
R. P. Johnson, L. T. Kerth, and W. A. Wenzel, Phys.
Rev. Lett. 26, 1667 (1971).

9Quite recently, this puzzle may have a possibility to be
solved by the reexperiment of the Columbia and CERN
collaboration group. Their preliminary result is

—uty”
LU BR) 1 040.5)x 1078 .

T(K, —all)

C. Rubbia, in Proceedings of the XVI Intevnational
Confevence on High Energy Physics, Chicago-Batavia,
1., 1972, edited by J. D. Jackson and A. Roberts
(NAL Batavia, Ill., 1973), Vol. 4, p. 157.

particle Data Group, Phys. Lett. 39]5 1 (1972).

1The contribution from the momentum- -dependent part
of the form factor of 79 is small. In fact if it is expand~
ed as

SO, %% =£(0,0) [1+a(xy? + x,2 /M2

the decay width is reduced to the form I' = I(1 + 0.1184).
The value of @ is quite small. For example, the latest
experiment of Devons et al. shows a= 0.01. Also the
radiative correction is considered as small as 1% or

so by the analogy of the radiative correction to =°

—e*e” v [K. O. Mikaelian and J. Smith, Phys. Rev.

D5, 1763 (1972)].



