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Production of negative pions in the single-particle inclusive reactions m +p-m' + anything at 8 and
18.5 GeV/c and m++p-m + anything at 18.5 GeV/c is analyzed in terms of different sets of kinematic
variables for various reference frames. Proton fragmentation is studied in terms of (P„PT ) in the lab

system. In the c.m. system, the variables (x,P~') are useful for the study of incident-particle effects and the

energy dependence of cross sections. The variables (y, Pz~) allow a more detailed study of the kinematic

region near x =0. The variables (y „,P~ ) are particularly useful in that the reduced rapidity y,. has a fixed

kinematic boundary independent of s and PT . Topological cross sections and multiplicity moments are
presented.

I. INTRODUCTION

In the study of hadron-hadron interactions, par-
ticularly at very high energies, there has been
considerable interest in the description of inclu-
sive reactions of the type a+& - c+anything, a+5- c, +c, +anything, etc. While the applicable phe-
nomenological theory is generally asymptotic in
character, and in principle, at least, useful at on-
ly the highest energies, one is interested in know-
ing to what extent the description of inclusive re-
actions changes as the center-of-mass energy is
varied from "conventional" accelerator energies
up to the asymptotic limit.

The conscientious experimenter is faced, at the
outset, ;vith the problem that there is as yet no
clearcut choice to be made in the set of variables
with which to present the data, or even in the ref-
erence frame in which the interaction is to be de-
scribed. Different phenomenological models favor
different choices. There is a real possibility that
the experimenter may inadvertently bias his treat-
ment of the subject by his own choice of variables.

We have already extracted a certain amount of

information' ' from the Notre Dame n'p inclusive-
reaction sample. In the interests of making these
data available for wider use, the present paper is
intended to provide an analysis of the production
of negative pions in the single-particle inclusive
reactions

+p- n' +anything

at 8.05 and 18.5 GeV/c, and

n' +P- n +anything

at 18.5 GeV/c in terms of different sets of kine-
matic variables. The analysis of the two-particle
inclusive reactions and the correlations between
the produced particles will be presented in a sub-
sequent paper.

In Sec. II we discuss the kinematic properties of
the different variables and their relationships. In
Sec. III, we present the experimental procedure
used to obtain our samples of data. We present
cross sections and multiplicity moments in Sec. IV
and compare our values with results published at
other energies. This allows us to check the con-
sistency of our data with those of previously pub-
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lished experiments. In See. V we present distri-
butions for single-pion production in terms of the
different variables, and in Sec. VI we discuss our
results. E+P)= ln

II. KINEMATICS AND VARIABLES

We have studied the kinematic properties of re-
actions (1) and (2) in terms of several different
variables. The basic quantity of interest which de-
scribes the single-particle inclusive reaction is
the invariant differential cross section

where s is the square of the total c.m. energy and

(p, E) is the four-momentum of the produced par-
ticle. For unpolarized beam and target, f (p, s) is
a function of s and two other independent variables
which may be chosen from among several sets.
The sets of kinematic variables used in this paper
are (P„P '), (x, P '), (y, P '), and (y„, P„'),
where P, is the component of momentum along the
direction of the beam in the laboratory frame, x
is the Feynman scaling variable, y is the rapidity,
y„ is a "reduced" rapidity, and P~' is the square
of the transverse momentum for the produced par-
ticle.

For comparison with models of inclusive reac-
tions, the physical quantities are examined in the
reference frame for which theoretical predictions
are made. Fragmentation models lead to predic-
tions about the distribution of particles whose mo-
menta remain finite in the rest frame of the target
or projectile as s-~. Thus, the appropriate vari-
ables for the study of target fragmentation are P&

and P~ . Models which make predictions about the
distribution of particles whose momenta remain
finite in the over-all c.m. frame as s- ~ are bet-
ter studied in terms of x and Pr', where x=P,' j
P;'with P,' ' and P;™defined as the c.m. lon-
gitudinal momentum of the emitted particle and the
c.m. momentum of the projectile.

The limited range of x, namely -1&x&1 inde-
pendent of c.m. energy, makes this an attractive
variable. As we go to higher energies, however,
small but finite momenta in the c.m. system are
mapped into a progressively smaller region of x
near x =0. Thus x is not suited for a detailed
study of this region.

The rapidity variable y has the advantage ' ' of
expanding the region near x =0 and thus allowing
a detailed study of this central region. The rapid-
ity variable is related to the longitudinal momen-
tum P, in any reference frame

where the longitudinal mass p. is defined as p,

=(Pr'+ m')"' with m being the mass of the pro-
duced particle. Then P, = p. sinhy and E = p, coshy.
Rapidity may be evaluated in any reference frame
with the added feature that, under a longitudinal
Lorentz transformation, y —y + constant. Thus
distributions of rapidity in all longitudinal frames
are related by a simple shift in scale. In this pa-
per we present distributions as a function of the
c.m. rapidity. The allowed range of y is dependent
on s and on the mass of the particle. It is also
important to remember, as has been emphasized
by Van Hove, that y is not a pure longitudinal vari-
able, but depends on both P, and P~'. In fact, for
light particles (e.g. , pions) the rapidity varies
quite rapidly with P~' when P~'& m'. The kine-
matically allowed region in y for the asymptotic
limit (s» m, ' and m„') has a width

1'=ln(s jp').

Thus, the range of a y distribution varies with the
type of particle observed and with s, but not with
the nature of the beam or target particle.

We can define a reduced rapidity y„ in the e.m.
frame, similar to that suggested by Frazer et al. '
for the laboratory frame, which avoids some of the,
difficulties associated with the use of y. In the
c.m. system, y is restricted to the range ——,

' Y &y
&+—,'Y at asymptotic s. Thus it is convenient to
define y„ to be

y„=2y/1',

so that the range of y„ is -1 &y„&1 for any al-
lowed value of transverse momentum and is inde-
pendent of the mass of the particle. This reduced
rapidity retains the convenient properties of y
without the strong dependence on P~, but has a
property similar to x in that momenta which are
finite in the rest frame of the target (projectile)
are mapped into a single point at y„= -1(+1)for
very large s.

In Fig. 1 we show the allowed kinematic regions
for the production of a single pion in reactions (1)
and (2) at 18.5 GeV/c, in terms of (y„,Pr'),
(y, Pr'), (x, Pr'), and (P„Pr'). We note that the
kinematically allowed region in the (y, Pr') plot
shown by the solid lines in Fig. 1(b) narrows very
rapidly as P~' increases, while the allowed widths
in terms of x, P„and y„change only gradually
with P~'. The figure shows how lines of constant
y„map into y, x, and P, . Here y„, y, and x are
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c.m. variables, while P, refers to the laboratory
reference frame F. igure 1(a) shows lines of con-
stant y„as a function of P~' separated by an inter-
val of hy„= 0.2. Figures 1(b), 1(c), and 1(d) show
the corresponding contours in terms of y, x, and
P, . As shown in Fig. 1(b), for small c.m. longitu-
dinal momenta (approximately between lines D and
E), y is approximately independent of Pr'. For
larger values of ~y ~

there is a much stronger de-
pendence of Pr'. In Fig. 1(c) we see that the same
region of y„ is concentrated into a smaller range
of x around x=0, especially for small P~'. The
disadvantage of using the variable x in a study of
this central region is thus illustrated. Figure 1(d)
shows that the region y„&0 maps into a very small
range of P, near the minimum value. In this re-
gion lines of constant y„also correspond to fairly
constant values of P, . Thus one can study the tar-
get fragmentation region using either the P, or y„
variables. Figure 1 is useful in visualizing the re-
lationship of a phase-space element in one set of
variables to the corresponding element in another
set.

III. EXPERIMENTAL PROCEDURE

The data for this experiment mere obtained at
Brookhaven National Laboratory in several runs
of the 80-in. hydrogen bubble chamber exposed to
beams of pions from the Alternating Gradient Syn-
chrotron (AGS). A total of 152000 pictures of II'p
interactions was obtained using the rf-separated

w' beam with a. nominal momentum of 18.5 GeV/c
(measured to be 18.465 + 0.092 GeV/c). An unsep-
arated II beam of nominal momentum 18.5 GeV/c
(measured to be 18.480+ 0.092 GeV/c) was used to
obtain 170000 photographs. An earlier exposure
of 50000 pictures taken with a 71 beam of nominal
momentum 8.05 GeV/c (measured to be 8.050
+0.040 GeV/c) was also used in the present analy-
sis. The total 8.05-GeV/c exposure was included
in our study, while only 44%%uq of the II'p pictures
and 30% of the v P pictures at 18.5 GeV/c were
used.

The 18.5-GeV/c II'p and II p pictures were
scanned for all events which produced at least one
negative secondary. Thus m P events were re-
corded if they had two or more prongs while four
or more prongs were required in 7t'p interactions.
Since measurements of 2-prong, 4-prong, and 8-
prong events at 8.05 GeV/c already existed an ad-
ditional scan was made for events with 6 prongs
and «10 prongs in the whole sample. A sample of
10% of the 8.05-GeV/c film was scanned separately
for all events to determine relative numbers of
events of different multiplicities in a consistent
fashion.

Throughout our analysis we assume that all of
the observed negative particles are pions except
those which are obviously strange particles from
their decay. The ratio of ~'m: K'K: pP produc-
tion in the four-body final state for m'p and m p in-
teractions at 18.5 GeV/c has been independently
determined" to be 100:3:1. We estimate the non-
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FIG. 1. Allowed kinematic regions for a single pion produced in the reaction x+p —m+ anything at 18.5 GeV/c.
Solid lines represent the kinematic boundaries of phase space. Dashed lines of constant y„, denoted', B, . . .I, are
mapped into those with the same labels upon transformation from y„ to y, y„ to x, and y„ to I'&, as discussed in the
text.
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pion contamination in our samples to be at most a
few percent.

For each event in this experiment, measure-
ments were made of the beam track and of all neg-
ative tracks which were not obvious strange parti-
cles. All events were measured including those
with obviously associated neutral strange particles.
The events were measured on three film-plane and
two image-plane machines and were reconstructed
using the geometry program HAG (the Notre Dame
version of HGEOM").

The final result of the reconstruction process
was a "four vector" tape containing the vector mo-
menta of all negative tracks in each event for
which all tracks were successfully reconstructed.
The momentum of the beam track was assumed to
be the nominal beam momentum corrected for en-
ergy loss in the chamber. Since the relevant vari-
ables for inclusive reactions such as P~' often are
quite sensitive to the direction of the incident track
at the vertex, the beam angles were determined
from a weighted average of the measured values
in an event together with average values deter-
mined for long well-measured beam tracks. Vec-
tor momenta for secondary tracks were obtained
from the geometry program without further kine-
matic constraints.

The relative numbers of events of different mul-
tiplicity in our final sample can differ from rela-
tive numbers of events observed in scanning due
to measuring difficulties and failures in recon-
struction. To correct for this in determining final
distributions we have weighted each event so that
the number of events for each charge multiplicity
is equal to the number found in the inclusive scan
after correction for scanning efficiencies etc. A

study of remeasured events at 18.5 GeV/c showed
that, as might be expected, tracks of high momen-
tum (nearly straight tracks) were more likely to
fail in reconstruction. To correct for this bias,
events with tracks which failed in reconstruction
on first measurement but which were successfully
reconstructed after careful remeasurement were
assigned different weights than events of the same
topology which were successfully reconstructed
from initial measurements. Further details of the
procedure used in obtaining final distributions are
presented elsewhere. "

In order to obtain distributions which are nor-
malized to absolute cross sections, we have cal-
culated the values of the cross section per event
in the inclusive scans by normalizing to indepen-
dent determinations of the 4-prong cross sections.
The values are: (2.585+0.065) x10 ' mb/event for
8.05 GeV/c w p, (0.4472+0.0126) x10 ' mb/event
for 18.5 GeV/c v p, and (0.2474+0.0088x10 ' mb/
event for 18.5 GeV/c v'p.

Our final samples of negative secondary tracks
with measured momenta include 62224 tracks for
8.05 GeV/c v p interactions, and 100911 and
101 917 tracks for 18.5 GeV/c v p and w'p interac-
tions, respectively.

IV. GENERAL PROPERTIES OF 7t'P INTERACTIONS

A. Topological Cross Sections and Multiplicity Distributions

TABLE I. Cross sections.

Number of
charged

secondaries

8.05-Ge V/c
mP

g (mb)

18.5-GeV/c
rP

0 (mb)

18.5-GeV/c
Tr'P

0 (mb)

0
2

4
6
8

10
12
14
16

Total
Elastic
Inelastic
Inelastic 7f

0.80 + 0.30 a

13.80 ~0.51
10.28 + 0.20
2.70 + 0.11
0.227+ 0.025
0.005+ 0,003

27.81 + 0,63
5 05 +0 30a

22.76 + 0.70
21.96 + 0.63

+ 0.08
~ 0.34
+ 0.25
+ 0.16
+ 0.05
~ 0.013
+ 0.004
+ 0.0012
~ 0.0004

0.35
8.72
9.17
5.26
1.58
0.266
0.029
0.0031
0.0004

25.38 + 0.46
4.21 + 0.17 a

21.17 + 0.49
20.82 + 0.49

7.20 + 0.60 a

9.04 + 0,32
5,55 + 0.20
1.64 + 0.06
0.285 + 0,013
0.031 + 0.003
0.0030 + 0,0008

23.75 + 0.71
4.07 + 0 ~ 30

19.68 + 0.77
16.55 + 0.38

' The cross section for this channel is estimated from the literature.

We have obtained topological cross sections in a
consistent manner for 8.05 and 18.5 GeV/c v p and
18.5 GeV/c v'p interactions, by normalizing to in-
dependent determinations of the 4-prong topologi-
cal cross sections. (Special care was taken to in-
sure that scanning biases were minimized and
good statistical accuracy was obtained for these
determinations. ) Corrections have been made for
scanning and measuring efficiencies for different
topologies.

Topological cross sections for the different
charged multiplicities are shown in Table I. We
note that the 18.5-GeV/c v'p and v p cross sec-
tions at a given multiplicity n are equal within er-
rors for n~ 4. Also, although the total inelastic
cross sections at 18.5 GeV/c are nearly equal, the
cross sections for producing a negative pion in-
elastically differ by about 4 mb between w P and
w'p interactions.

The variation of the partial cross sections with
total c.m. energy, s'", is shown in Fig. 2. Here
we have plotted the fraction of the total inelastic
cross section for each charge multiplicity so that
one may see how the mixture of multiplicities
changes with energy. We note that our cross sec-
tions at 8.05 GeV/c (s"' =4.00 GeV) and 18.5 GeV/c
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(s"' =5.96 GeV) are in good agreement with the
data at other energies, taken from the literature.
Over the presently available energy range the in-
elastic 2-prong cross section is falling rapidly
while higher-prong (6-prong and higher) cross
sections are rising, resulting in the observed slow
variation in total cross section. In m P interac-
tions, the total cross section for inelastic 7l pro-
duction is also slowly varying. This is not the
case, however, in ~'P interactions. Since the 2-
prong cross section does not contribute, the total
cross section for producing negative pions is rap-
idly rising. The charged multiplicity distributions
for different values of incident beam momentum
are shown in Fig. 3. The distributions become
broader as the incident momentum increases.

B. Multiplicity Moments

An important quantity in multiparticle reactions,
which is related to the above multiplicity distribu-

tions, is the average number of particles produced
as a function of the total c.m. energy. The behav-
ior of the mean multiplicity as a function of s is an
important prediction of various models. In addi-
tion, the rate at which other moments increase
with s may provide even more crucial tests, as
has been pointed out by numerous authors. "

We have calculated the multiplicity moments,
using inelastic cross sections only, for m p inter-
actions at 8.05 and 18.5 GeV/c and w'p interactions
at 18.5 GeV/c. In Table II we present multiplicity
moments for n,~, the total number of charged sec-
ondaries, and for n (n, ), the number of negative
(positive) secondaries. In order to study the s de-
pendence of these moments, we have calculated
values at other energies using the topological cross
sections shown in Fig. 2. In Fig. 4, we have plot-
ted (n,h) as a function of InZ™,where E' =s'".
The straight lines represent the best fit to the ex-
pression
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(n,„)=A. +BlnE' ' I I I I I I I I I I I I

for values of E' ~4 GeV. The dashed curves
represent best fits to the power-law expression

over the same energy range. The parameters for
these fits are given in Table III. Although the data
slightly favor the power-law fit, the lnE' behav-
ior also fits the data well.

Diffraction-dissociation and multiperipheral
models both predict that (n,h) should increase as
lns. In fact, any theory which predicts a central
plateau in rapidity which scales at asymptotic s
will lead to a lns dependence. '4 Berger and Krzy-
wicki" have suggested that the lns behavior may
not become evident until much higher energies and
that, at low energies, a power-law form of s"' or
s"', might be expected on the basis of kinematics.
Our fits are consistent with either of these power-
law forms. We note that the energy dependence of
(n,„) is very similar for inelastic mp and pp inter-
actions.

We next consider multiplicity moments for x&0
and x&0 in the c.m. system. Quigg, Wang, and
Yang" emphasize the importance of these mo-
ments. They suggest that the left-hand (x&0) and
right-hand (x& 0) hemispheres in the center of
mass are independent, the left (1.) hemisphere
containing fragments of the left-hand incident par-
ticle and the right (R) hemisphere containing the
fragments of the right-hand incident particle. The
multiplicity in each hemisphere is assumed to be
independent of the multiplicity in the other, and
large fluctuations in the moments for either hemi-
sphere may be large as s is varied. We calculate
values of the right and left multiplicity moments"
for the inelastic production of negative pions. Ta-

o
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Totai c. tn. Energy (GeV)

FIG. 4. Mean charged multiplicity (n,h) as a function
of total c.m. energy for inelastic x~p interactions.

ble IV shows values of these moments for our data
at 8.05 and 18.5 GeV/C.

As has been pointed out by various authors, "
there is a connection between multiplicity distri-
butions and correlations among outgoing second-
aries through integrals over the single- and two-
particle distribution functions, f (p, s) and

g(p„p„s). A parameter of interest because there
are definite predictions for its dependence on s is
the quantity f, defined as

TABLE II. Multiplicity moments for inelastic np in-
teractions.

TABLE III. Energy dependence of (n,h) .

Mu ltiplic ity
moments

8.05-GeV/c 18.5-Ge V/c
fI P 7r p

18.5-G eV/c
x'p Reaction {n

Degrees of
freedom

&»ch'&

(n.h(n. h
—1))

{nch (n,h
—1)(n,h

—2))
{n )
(n '&

&n

{n (n -1)&
(n (n —1)(n —2))
&n, &

{n,g&

{n,(n, —1)&

(n+ (n+ —1)(n+ —2))

3.37 *0.06
13.69 + 0.30
62,92+ 1.65
10.32+ 0.25
28.58+ 0.88
1.68+ 0,03
3.42+ 0,07
7.87 + 0,21
1.74+ 0.05
0.96 + 0,04
1.68 + 0.03
3.42 + 0 ~ 07
7.87 + 0.21
1.74+ 0.05
0.96+ 0.04

4.39+0.04
23.00*0.31

136.8 + 2.1
18.61 + 0.27
76.6 +1.3
2.20+ 0.02
5 75~0 08

17.10 ~ 0.27
3.55*0.06
4.24 + 0, 08
2.20+ 0.02
5.75 + 0.08

17.10+0.27
3.55 ~ 0.06
4.24+ 0.08

4,68+ 0,09
25.19+0.72

152.0 +4,9
20.50 + 0.63
85.8 +3.0
1.34 ~ 0.05
2.61*0.09
6.13 + 0.21
1.27 + 0.04
0.96+ 0,04
3.34+ 0.05

11.98 + 0.27
45.9 +1.3
8.64+ 0.23

16.65 d: 0.57

7r p' A (EcJB,)P
A+B lnEc, m.

A (EcJT1 .
)
If

+B lnE

A (EcJTl~g

A+B lnE,

1.36 + 0,12
-0.67 ~ 0,36

1.70 *0.28
0.47+ 0.72

1.49
—0.88

0.66 + 0.05
2.87 &: 0.20

0.56+ 0,11
2.34 + 0.51

0.56
2, 76

0.1
0,9

0.08
0.11

14
8,9

~ Expressions were fitted over the incident momentum range 8~PI„."b

& 40 GeV/c.
Expressions were fitted over the incident momentum range 8~PI,"b

& 18.5 GeV/c.
~ The power-law form was fitted over the incident momentum range 12

~PI,"b 6 200 GeV/c, while the inE ' fits extended only over the 12 ~PI,"h

~ 30 GeV/c.



COMPILATION OF DATA FOR m' p INCLUSIVE REACTIONS. . . 1953

f, =(n(n —1)) —(n)'.
For a pure Poisson distribution f, =0, while f,

& 0 or f, )0 if the distribution is narrower or
broader than Poisson. The dependence of f, on s
varies with different models. Fragmentation mod-
els imply an asymptotic behavior f,- +cs'". Qn

the other hand, an independent-particle-emission
view, or multiperipheral configuration with single
emission of pions along a chain, predicts asymp-
totic distributions narrower than Poisson (f, & 0).
Several authors" have tested this behavior, in pp
and mP interactions. They all show the common
feature that f,'" is negative at very low energies
(&20 GeV/c) and becomes positive at -50 GeV/c.
We show in Fig. 5 values of f,/(n)'in terms of
the charged multiplicity (n =n,q) and of the negative
particle multiplicity (n=n ) as a function of s"'.
The observed behavior is similar to that seen by
Berger, et al."in pp interactions. For low ener-
gies f 2/(n, )|' for vp interactions is negative, be-
coming positive at -40 GeV/c. For multiplicities
for negative particles, f, /(n ) is consistently
negative even at 40 GeV/c.

In Table V, we present values of additional pa-
rameters which are of interest in the study of in-
elastic n P interactions at 8.05 and 18.5 GeV/c
and w'p interactions at 18.5 GeV/c. These param-
eters have been calculated in terms of n,b, n,
n, and n . The dispersion parameter D is defined
by the expression

0.0

TABLE IV. Right and left multiplicity moments for in-
elastic n p interactions.

Multiplicity
moments

8.05-GeV/c
Ii' P

18.5-GeV/c
fr P

18.5-Ge V/c
ff P

( R)

((n R)2)

((n R)3)
(nR(nR —1))
(nR(n —1)(n —2))

1,10
1,69
3.04
0.597
0.150

~ 0.05
*0.06
+ 0.08
*0.026
+ 0.008

1.42 + 0.06
2.70 + 0.08
6.02 + 0.12
1.28 + 0,05
0.757~ 0.029

0.795
1.21
2.20
0.413
0.162

+ 0.042
+ 0.05
+ 0.06
+ 0.022
6 0.009

((n L)2)

((n')')
(n'(n -1))
(nL (nL —1)(nL —2))

0,588 6 0.025
0.831 + 0.028
1.39 + 0.04
0.243 + 0.012
0.0752 + 0.0050

0.767 + 0.028
1.25 + 0.03
2,50 + 0.05
0.483 + 0.018
0.283 + 0.013

0.541 + 0.029
0.774 + 0,031
1.33 + 0.04
0.233 + 0.012
0.0890+ 0.0052

&n'n")
@L(nL —1)nR)
(nR(nR —1)nL)
((nL)2n R)

((n R)2nL)

0.449
0.109
0.137
0.558
0.586

+ 0.020
+ 0.007
+ 0.008
+ 0.021
+ 0.022

0,886 + 0.033
0,454 + 0.018
0.602 + 0.023
1.34 +0.04
1,49 + 0.04

0.311
0.104
0.131
0.415
0.442

~ 0.017
+ 0.006
+ 0.007
+ 0.018
+ 0,018

D'=(n') -(n)'.

Our results are consistent with Wroblewski's ob-
servation that D,~'/(n, b)' is independent of s.

C. Mean Transverse Momentum

Finally, we consider the properties of the trans-
verse momenta of secondaries in high-energy col-
lisions. It is usually stated that the average trans-
verse momentum (Pz) is small and relatively con-
stant with increasing energy. However, cosmic-
ray studies suggest" that there may be a slow rise
of (Pz) from about 0.38 GeV/c at s"' = 10 GeV to
about 0.50 GeV/c at s"' = 10' GeV.

Calculated values of (Pr) and (Pr') for our
samples of negative pions from ~ p interactions
at 8.05 and 18.5 GeV/c and n'p interactions at 18.5

Olp
c
V

TABLE V. Multiplicity parameters D and f2 for in-
elastic m p interactions.

A
Ic p p
c
'V

-0.4-

Parameter

D
(D')'

8.05-GeV/c
m' p

2.34+ 0.37
0.59+ 0.09
0.48 + 0.04
0.49*0.13

3.71 E 0.31
0.93+0.08
0.66 + 0.05
0.68+ 0.18

3.28+ 0.68
0.82 + 0.04
0.48+ 0.04
0.58+ 0.08

18.5-GeV/c 18.5-Ge V/c
xp r'p

-0 8-

0
I I I I I I I I I

2 4 6 8 Ip
Total c. m. Energy (Gev)

FIG. 5. Values of the quantity ((n(n —1))/(n) ) —1 as
a function of total c.m. energy for charged multiplicities,
n,b(X), and negative particle multiplicities, n (0), in
inelastic m. p interactions. The curves represent the
expression f&'"/(n, z) t = 0.2 —0.74s i 3.

Dch /(nch)
2/y )2

(D)/Q )
(DR)2/(n R) 2

gh
f2
fL
fR

fCh/( )2

fR/yR) 2

0.21+ 0.04
0.21 + 0.04
1.40 + 0.22
0.40 + 0.14

-1.03 + 0.40
—1.10+ 0.11
-0.10+ 0.03
-0.61+0.12

-0.09+ 0.03
-0.39+0.02
—0.30 + 0.07
-0.51+0.05

0.19+0.02
0.19+0.02
1.13+0.16
0.34 + 0.12

-0.68 + 0.34
—1.27+ 0.09
-0.10+ 0.05
—0.75+ 0.17

-0.04 2 0.02
-0.26+ 0.01
-0.18 + 0.07
-0.36 + 0.06

0.15+ 0.04
0.45+ 0.05
1.65+ 0.30
0.92+ 0.22

-1.40 + 0.75
—0.52+ 0.08
-0.06+ 0.03
-0.22+ 0.07

-0.06 s 0.03
-0.29 + 0.02
-0.20 + 0.09
-0.35+ 0.08
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GeV/c are shown in Table VI. A comparison of
the values of (Pr') for m p interactions at 8.05 and
18.5 GeV/c seems to indicate a slightly higher val-
ue at 1S.5 GeV/c. Both (Pr) and (Pr') for 18.5
GeV/c m'p interactions are lower than the w p val-
ues. Values of (Pr) and (Pr') are also given for
different charge multiplicities. For a fixed ener-
gy, the mean transverse momentum decreases as
the multiplicity increases. It has been suggested
that this is purely a phase-space effect which re-
flects a decrease in the average energy of second-
aries as the multiplicity grows.

A. Finite Laboratory Momenta and Limiting

Target Fragmentation

We first consider the hypothesis of limiting
fragmentation proposed by Benecke, et al."which
suggests that the spectra of particles with finite
momenta in the laboratory, that is, fragments of
the proton, should be independent of the total c.m.
energy s'" as s'" becomes large. In order to test
this hypothesis we present in Fig. 6(a) the struc-
ture function H, (P, ) as a function of P, for reac-
tions (1) and (2), where

V. SINGLE-PARTICLE INCLUSIVE REACTIONS

In this section we present an analysis of the pro-
duction of a single negative pion in the reactions

71 +P- m +anything

at incident momenta of S.05 and 18.5 GeV/c, and

m'+P- m +anything

at an incident momentum of 18.5 GeV/c. By si-
multaneously studying data for reaction (1) at two
different energies, we can discuss some of the
tests for scaling in this energy range. By com-
paring reactions (1) and (2) at the same energy,
we can observe the effects of the incident charge
in pion-induced reactions. In the following sec-
tions, we will discuss first the hypothesis of limit-
ing fragmentation in terms of finite momenta in
the laboratory frame (proton fragmentation), and
then distributions in terms of c.m. variables in
order to determine the most useful set with which
to study scaling, especially in the central region.
Distributions are presented in terms of x and PT',
y, and PT, and y„and PT .

IOO
I I I I I I I I I I I I I I I I I
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E 0.5-:0.2-
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ss $ 0 ~ aa

o x ~ ~
~so 0 ~

X ~ox ~
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X s

X

O I I

os
(b)

X

X 0.08-
0

X

0. I2
o ~ p

O. I 0 — ~ ~+ p

0.06—

H, (P, )= f(P„Pr )dPr
dl PT

and the Lorentz-invariant differential cross sec-
tion is given by

E do

dPdP ~
7T

We note that for reaction (1), H, ( P, ) for the 18.5-
GeV/c data are systematically lower than at 8.05
GeV/c, for P, ~ 0.4 GeV/c. For P, between 0.4
and 1.7 GeV/c, the two distributions are nearly
identical. The drop in the 8.05-GeV/c distribution

TABLE VI. Mean transverse momentum. O. I— 0.04-

0'2)
(GeV/c)

[(GeV/c)2]

Number of
charged

secondaries

all
2
4
6
8

10
12
14

all
2
4
6
8

10
12
14

0.341+0.002
0.375 + 0.003
0.341+ 0.002
0.300+ 0.003
0.250+ 0.008
0.178+ 0.034

0.159+ 0.002
0.183+0.003
0.160+ 0.002
0.128+ 0.003
0.082+ 0.005
0.043 + 0.018

0.342+ 0.001
0.361+0.002
0.356+ 0.001
0.336+ 0.001
0.307+ 0.002
0.270 + 0.003
0.233+ 0.008
0.208 + 0,023

0.170+ 0.001
0.187+ 0.002
0.185+ 0.002
0.163+ 0.001
0.137+0.002
0.104+ 0.003
0.078+ 0.006
0.070 + 0.015

0.311+0.001

0.331+0.001
0.312+ 0.001
0.289+ 0.001
0.258 + 0.002
0.228 + 0.006
0.192*0.011

0.140 ~ 0.001

0.159+ 0.001
0.140+ 0.001
0.120+ 0.001
0.096 a 0.002
0.074 + 0.004
0.046 + 0.005

8.05-GeV/c 18.5-GeV/c 18.5-GeV/c
1f P ff P r'p

0.05- 0.02—

0.02-
Xa

Xo

0.00
0.0 0.2 0.4

I

(GeV )

OOI I I I i I I i I I I I I I I I I

-0.4 0.0 0.4 0.8 l.2 I.6 2.0 2.4 2.8
P (GeV/c )

FIG. 6. (a) Distributions of the structure function
Ht(Pi) = ff(P(, Pr)de as a function of P, for the reactions

+p z + anything at 8.05 GeV/c (C)) and 18.5 GeV/c
g) and x++p n' + anything at 18.5 GeV/c (8). {b)I'0
Values of the integral g 0 4H&P', )d&, as a function of
s ~ for the reactions z +p x + anything at 8.05 and
18.5 GeV/c and 7t+p x + anything at 3.7, 7.0, and 18.5
GeV/c. The values at 3.7 and 7.0 GeV/c are taken from
Ref. 4.
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FIG. 7. Distributions of the structure function H&(P, ) as a function of P& for the various charge multiplicities n, in the
reactions x +p ~ + anythingat8. 05 and18. 5GeV/c andx++p -z + anything at 18.5GeV/c. Distributions are shown for
n = 2 {g), n =4 {0),n = 6 {X),n = 8 {8), n =10 {6,), andn = 12 {0) Refer to the left-hand scale opposite the highest
point on each curve.

for P, & 1.7 GeV/c is a result of the different kine-
matic limits of P, at the two energies. Comparing
reactions (1) and (2) at 18.5 GeV/c, we note that
reaction (2) is about 30-40% lower, but essentially
the same shape over most of the range of P, shown.
For P, &0, however, the cross section for reaction
(2) drops off faster than that for reaction (1).

In Fig. 7, we have plotted H, (P, ) as a function of
P, for different charge multiplicities, n. In the
region P, &0, we observe that the distributions de-
crease more rapidly as the multiplicity increases.
The rate of decrease for 2-prongs and 4-prongs in
reaction (1) is about the same for 8.05 and 18.5
GeV/c. However, the contribution of low-multi-
plicity events (n «4) in this region is -83% at 8.05
GeV/c and -57% at 18.5 GeV/c. Thus, the fact
that the cross section at 8.05 GeV/c is higher in
this region for the over-all distribution [Fig. 6(a)]
can be mostly attributed to a higher contribution
from low-multiplicity events.

By studying only pions produced backward (P, &0)
in the laboratory, we restrict our study to a kine-
matic region where the momenta remain finite as
s- ~ and refer to these particles as target frag-
ments. The fact that the distributions in the region
are not identical [see Fig. 6(a)] indicates that the
limiting-fragmentation hypothesis is not exactly
satisfied for proton fragmentation in reaction (1)
in this energy range. The energy dependence may
also be seen in Fig. 8 where we show the structure
functionH, (Pr') as a function of Pr', where

IO

I I I I I I I I

8.05 GeV~c 7y-p
x I8.5 GeV&c ~-p
~ l8.5 GeVlc ~+ p

P~& 0.0

0'
EP
C9

Cl
E,

lO—

N I-
CL

CV

IO—

)0 I 1 I I 1 1 1 I I

0.0 0.2 0.4 0.6 0.8 I.O

P ( GeVlc)

FIG. 8. Distributions of the structure function H2{Pz. )~

~ ~

~

~

0
p 4 f{P~ Py )dPg as a function of P~ for the three sets

of data of Fig. 6{a).

H, (P ') = f(P„P ')dP, .

Again the 8.05-GeV/c points lie above the 18.5-
GeV/c points, except in the low Pr' region [Pr'
&0.05 (Gev/c)']. In both Figs. 6(a) and 8 the points
for reaction (2) at 18.5 GeV/c lie significantly be-
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low those for reaction (1) at 18.5 GeV/c. In Fig. 9,
we show the dependence of the proton fragmenta-
tion cross section on P, and P~' in more detail.
Here we plot f(P„Pr') as a function of P, aver
aged over various P~' intervals. The deviations
from limiting fragmentation illustrated in Figs.
6(a} and 8 are seen here as differences in the in-
variant differential cross sections.

We have integratedH, (P, }over all P, &0 for re-
actions (1) and (2) and have plotted the values as a
function of s '~a in Fig. 6(b). For reaction (2), we
show values of these integrals from published data'
at 3.7 and 7.0 GeV/c, in addition to our data. As
s ' '-0 we observe a rapid fall in the cross sec-
tion for the reaction w p- w . On the other hand,
the cross section for the reaction m'p- ~, shows
a much weaker dependence on s. The differences
in the s dependence of the cross section for these
reactions are consistent with the predictions of
Chan et al." In both reactions the cross section
variation with s is consistent with the form A
+as "'

B. Distributions in Terms of x and I'
T

We present here distributions for reactions (].)
and (2) in terms of the Feynman x variable and
P~' as defined in Sec. I. The range of x is -1&x
&+1 independent of the incident momentum. Nega-
tive values of x refer to pions produced with longi-
tudinal momenta in the direction of the incident
proton in the c.m. system and positive values refer
to pions with longitudinal momenta in the direction
of the incident pion. The invariant cross section is
given by

EcJ1l

P'™ddP'7l 0 x

In Fig. 10 we show distributions of the structure
function

E,(x) = f (x, Pr')dPr'
aH~ 2

T

as a function of x for reaction (1) at 8.05 and 18.5
GeV/c and reaction (2) at 18.5 GeV/c. In contrast
to reactions such as pp- w+anyihing we clearly
see effects due to the differences between the in-
cident particles. It has been observed" that, in
many events one of the incident particles is quasi-
elastically scattered and carries off a sizable
fraction of the energy. This is referred to as a
leading particle. For reaction (1) one of the inci-
dent particles is identical to the inclusive particle
under study and, thus, leading-particle effects
may be important. %e observe an asymmetry
about x = 0 in distributions of F,(x) for both reac-
tions (1) and (2). More pions are produced with
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FIG. 10. Distribution of the structure function E&(x)
= Jf{x,Pr )de, as a function of x for the reactions z
+p 7I + anything at 8.05 and 18.5 GeV/c and x++p
+ anything at 18.5 GeV/c.

FIG. 9. Distributions of the invariant cross section

f(P„Pz ) as a function of P& for the three sets of data of
Fig. 6(a), averaged over the P& intervals: (a) 0.0 &Pz.

& 0.04, (b) 0.0«P& &0.16, (c) 0.16&Pz2&0.36, (d) 0.36
&P& &1.0, and. (e) 1.0 &P~ &2.0. All Pz intervals are
given in (GeV/c)2. Data for x +p 7I + anything at
8.05 and 18.5 GeV/c are shown as (0) and (X), respec-
tively; data for 7t'+ +p r+ + anything at 18.5 GeV/c are
shown as (~).
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x&0 than with x&0. The asymmetry for reaction
(1) is understandable as a leading-particle effect.
However, the existence of an asymmetry in F,(x)
for reaction (2), where the incident particle is a
w', would indicate that the asymmetry cannot be
explained entirely as a leading-particle effect. We
have examined separately the structure function
E,(x) for different charge multiplicities in reac-
tions (1) and (2). These distributions are shown
in Fig. 11 and are observed to differ significantly
for the various multiplicities. The distributions
for higher multiplicity are more strongly peaked
near x =0 than those for the low multiplicity events.
For a fixed energy the asymmetry about x =0 de-
creases as the multiplicity grows. . In reaction (1)
the asymmetry for a fixed multiplicity increases
between 8.05 and 18.5 GeV/c. We note that the
large ~x~ regions in the over-all distributions of
F,(x} (Fig. 10) are dominated by low-multiplicity
events.

We observe in Fig. 10 that there is little energy
dependence in F,(x}for reaction (1) between 8.05
and 18.5 GeV/c over the range -0.1&x&0.6. For
x& -0.1 the values of F,(x) for 8.05 GeV/c are con-
sistently higher than the values at 18.5 GeV/c.
This effect is equivalent to that observed in distri-
butions ofH, (PI) for P, &0.4 GeV/c [Fig. 6(a)].
The 8.05-GeV/c distribution is higher than the
18.5-GeV/c distribution for x&0.6 also. This re-
gion, near x = + 1, is dominated by 2-prong events
and includes elastic events where the m has close
to the maximum allowed laboratory momentum.

The elastic scattering cross section is decreasing
from 8.05 to 18.5 GeV/c (see Table I). The poorer
momentum resolution at 18.5 GeV/c also tends to
reduce the apparent height of the forward peak.
We note for comparison that the "unphysical"
cross section for 2-prong events with measured

momenta corresponding to x&+1 for 18.5 GeV/c
is 1.34 mb whereas it is 0.97 for 8.05 GeV/c.

Abarbanel" I(as suggested that F,(x) in the cen-
tral region near x =0 might exhibit an energy de-
pendence of the form s " . In order to compare
our data with other published values, we have
evaluated E,(x') averaged over the interval -0.02
&x'&0.02, where x'=2P,' '/s"' and

F,(x') = f (x', Pr')dPr'.
all PT2

The invariant cross section is then

2@c.m.

vs"' dx'dP '
T

In Fig. 12(a) we have plotted F,(x' = 0) as a function
of s "' for reaction (1) at 8.05 and 18.5 GeV/c and
reaction (2) at 3.7, 7.0, and 18.5 GeV/c. (The
values at 3.7 and 7.0 GeV/c are taken from Ref 4.).
The data are consistent with an s "' dependence,
but other s dependence such as s '" cannot be
ruled out. Reaction (1) exhibits very little energy
dependence, while there is a rapid increase of
F,(x' =0}with increasing energy for reaction (2).
It is not at all surprising that reaction (2) is so
strongly energy dependent since o(w ), the total
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6+0
I I I I I I I I I I I I I

— (CI) .~- p
~ 7I' P5.0—

cross section for producing at least one ~ inelas-
tically, is also rapidly rising from 3.7 to 18.5
GeV/c. We note that o(w ) has values of 10.3,
12.8, and 16.6 mb at 3.7, 7.0, and 18.5 GeV/c, re-
spectively. For reaction (1), on the other hand,
o(m ) shows little energy dependence between 8.05
and 18.5 GeV/c. Reaction (2) is obviously not de-
veloped in this sense. In Fig. 12(b) we show val-
ues of F,(x' =0) normalized by the total cross sec-
tion for producing at least one m inelastically in
reactions (1}and (2). We observe little variation
with s "' for reaction (1), and much less energy
dependence for the normalized E,(x' =0}for reac-
tion (2) than for the unnormalized structure func-
tion in Fig. 12(a).

ln Fig. 13(a}we have plotted the invariant differ-
ential cross section f (x, Pr') as a function of x av-
eraged over various P~' intervals. The invariant
cross sections for reaction (1) at 8.05 and 18.5

GeV/c are quite similar over a significant region
of x near x=0 for all but the smallest and largest
Pr' intervals. For x& -0.1 the 8.05-GeV/c distri-
butions lie above the 18.5-GeV/c distributions for
all but large values of P~'. For small P~ the dis-
tribution is sharply peaked at x =0. As P~' in-
creases the peaks of the distributions move toward
positive x and the distributions become broader.
The equivalent distributions for reaction (2) at
18.5 GeV/c, Fig. 13(b), show the same change in
shape for different Pr' intervals as reaction (1).

We now consider the features of the P~' distri-
butions for reactions (1) and (2). The structure
function

+1
F,(Pr') = f (x, Pr')dx

-1

is plotted as a function of P~' in Fig. 14 for our
three sets of data. The distributions are seen to
be qualitatively similar, although significant dif-
ferences are present. For reaction (1) E,(Pr') is
significantly larger at 18.5 GeV/c for very small
Pr', while the 18.5-GeV/c points lie below the
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FIG. 13. (a) Distribution on the invariant cross section
f(x,P&2) as a function of x for the reaction m p
+ anything at 8.05 GeV/c (0) and 18.5 GeV/c (X), averaged
over the Pz intervals: (A) 0.0 &Pz &0.04, (B) 0.04 &Pz
&0.16, (C) 0.16 &P~ &0.36, (D) 0.36 &P~ &1.0, and (E)
1.0 &Pz &2.0. All Pz intervals are given in (GeV/c) .
(b) Distributions of the invariant cross section f(x,Pz )
as a function of x for the reaction x++p m + anything
at 18.5 GeV/c, averaged over the same Pz2 intervals.
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8.05-GeV/c data over the range 0.02&P r'&0.40
(GeV/c)'. At large Pr' the 18.5-GeV/c distribu-
tion lies above the low-energy data although the
difference is less significant. As P~ increases
the distribution for reaction (2) falls more rapidly
than that for reaction (1) at 18.5 GeV/c. Distribu-
tions of E,(Pr') for the various charge multiplici-
ties are shown in Fig. 15 for reactions (1) and (2).
The distributions are more sharply peaked for the
higher-multiplicity final states. We note that the
major difference in the distribution of Fig. 14 for
reaction (1) at 8.05 and 18.5 GeV/c appears to be
due to the two-prong events.
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C. Distributions in Terms of y and I'T~
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In Sec. II we discussed the usefulness of the ra-
pidity variable y which permits the study of the re-
gion near x =0 in more detail. We present here the
inclusive reaction distributions in terms of y and
P~'. In Fig. 16 we have plotted the structure func-
tion G, (y) as a function of y for reaction (1) at &.05
and 18.5 GeV/c and reaction (2) at 18.5 GeV/c,
where
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FIG. 14. Distributions of the structure function
P2 (Pz }= ff(x, Pz, }dx as a function of P+2 for the three
sets of data of Fig. 10.
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We first note that the shapes of the distributions
for y & 0 are generally similar. The kinematically

allowed range from minimum to maximum rapidity
in reaction (1) is 6.71 units of rapidity at 8.05 GeV/
c and V.46 units of rapidity at 18.5 GeV/c. The
prominent elastic peaks observed in F,(x) at x=+1
for reaction (1) (see Fig. 10) appear in G, (y) as
broad, rounded peaks, with maxima at different
values of y for the two energies.

The distributions of G, (y) for reaction (1}show
little energy dependence in the immediate vicinity

I I I

IO p,
V

V
V

V
V
V

VN IO
0
0 V

0 V
x 0—x 00

O 0

x p
x 0

I » 0
x

I I I I I

805 m p

V

V

V

Op

pp

l8.5 w+p
-V

V
V
V

V

0
x V

xp V

xp
xp
xq
x+
xxpx

xp
d xpps
d ~s

d ~

V
V

V

v 0

0

x»00
00

0
x x 0

p

0
-0

0
0
0
0
00

0
0

x
x
x
x
x

~ x

~ X
d s x

00

x
V d ~

~ x
d ~

d ~
s

0 0
Op 0

pg

~ x
x

~ x

x

I I I I I I I I

l8.5 vr p

0

-2 .IO—

0

I I I I I I I

0.2 0.6 I.O I.4
PT (GeV/c}

»

0

d

I.8 0.2 0.6 I.o I.4
PT (Gev/c)

0
~ ~

d

' t

I I I I I I I I

I.B 0.2 0.6 1.0 I.4 I.8

PT (GeV/c)

FIG. 15. Distributions of the structure functionS&(Pz ) as a function of Pz for the various charge multiplicities n for
the three sets of data of Fig. 10. Distributions are shown for n = 2 (g), n = 4 (0), n = 6 {X), n = 8 (8), n = 10 (lg, and
n = 12 (I).



POWERS, BISWAS, CASON, KENNEY, AND SHEPHARD

of y=0, e.g. , for (y~& 0.5. For (y~ 0.5, however,
the distributions deviate significantly from one
other. The differences are due, to a great extent,
to kinematics, since the kinematically allowed re-
gion is a function of s as well as Pr' (see Sec. II).
In order to show the P~' dependence more clearly,
we have plotted f (y, Pr') as a function of y aver-
aged over various Pr' intervals for reactions (1)
and (2) in Fig. 17. As Pz' becomes larger, the
widths of the distributions of f (y, Pr') become nar-
rower [recall Fig. 1(b)]. This effect is seen clear-
ly for reaction (1) where we observe the shift of
the elastic peak toward the center of the distribu-
tion as P~' increases.

We have also studied the P~' distributions for
reactions (1) and (2) in terms of the structure
function

G, (Pr') = f (y, Pr')dy .
all y

IO.O

5.0—

2.0-

I.O—

0.5-
Xl
E

0.2-

O. l—

0.05—

0.02—

O.OI—

0.005-

0.002-4

I I I I I I I I I I I I I I

~g~u"oo,"e„
XPo sess ss ssss ~ o

OC)oft)

XX

x & x
x ~ x

6
X 0 X

X 0
X

x o 0
X ~ 0x 04

X $4

s&x ~ C)

X I
0

X
X

ee p

8.05 GeV/c 71--p

I8.5 GeV/c m-p
~ I8.5 GeV/c m-+p

0 XI

X ~

0
x c)

I I I I I I I I I I I I I I I

-3 -2 —I 0 I 2 3
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dence is most apparent for Pr'& 0.1 (GeV/c)' and
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FIG. 16. Distribution of the structure function Gl(y)
= ff(y, Pz, )dPz) as a function of y for the reactions m-

+p m + anything at 8.05 and 18.5 GeV/c and m+p

+ anything at 18,5 QeV/c.
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D. Distributions in Terms of y„and I'~ 2

We now display our data in terms of reduced ra-
pidity y„and P~', as discussed in Sec. II. In Fig.
19 we show distributions of the structure function
R, (y„) as a function of y„ for reaction (1) at 8.05
and 18.5 GeV/c and reaction (2) at 18.5 GeV/c,
where
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with the invariant cross section given by

2 do'
f(y, Pr')=, F qyr r

Using this reduced form of the rapidity variable,
which has a range of -1&y„&+1, we note that the
leading-particle effects which were smeared out
in distributions of y are now clearly discernible
for reaction (1) at the two energies. The distribu-
tions of R,(y„), however, expand the region near
x =0, thus retaining this property of the rapidity y.
The shapes of the distributions for reaction (1) and
reaction (2) are very similar for y, &0. For reac-
tion (1), only small differences in the distributions
for 8.05 and 18.5 GeV/c are observed. In order to
study this behavior in more detail, we show in Fig.
20(a) distributions of f(y„Pr') as a, function of y„
averaged over various P~' intervals. Distributions
for reaction (1) at 8.05 and 18.5 GeV/c have been
plotted together so that similarities will be evident.
We find that the invariant cross sections over a
wide range of the central region are the same at
both energies for all but the smallest and largest
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+ anything at 18.5 GeV/c.
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FIG. 18. Distributions of the structure function
G&(Pr ) = ff(y, Pr )dy as a function of Prl for the three
sets of data of Fig. 16.

FIG. 20. (a) Distributions of the invariant cross sec-
tion f(y„, P& ) as a function of y„ for the reactions z
+p x + anything at 8.05 GeV/c (0) and 18.5 GeV/c (X),
averaged over the Pz, intervals; (A) 0.0 &Pz2&0.04, (B)
0.04 &Pg &0.16, (Q) 0.16 &PT &0.36, (D) 0.36 ~PT &1.0,
(E) 1.0 &P~ &2.0. All Pz intervals are given in (GeV/c) .
(b) Distributions of the invariant cross section f(y„, P~ )
as a function of y„ for the reaction x++p m + anything
at 18.5 GeV/c, averaged over the same Pz intervals.
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shown as a function of P~' in Fig. 21. We observe
that the R,(Pr') distributions for reaction (1) at the
two incident momenta differ significantly only for
Pr'& 0.02 (GeV/c)'. The distribution for reaction
(2) decreases more rapidly as Pr' is increased
than the distributions for reaction (1}.

In Fig. 22 we show distributions of f(y„Pr') as
a function of P~' averaged over various positive
and negative y„ intervals for reactions (1) and (2).
For reaction (1) we observe excellent agreement
between the invariant cross sections at the two en-
ergies throughout the entire region of y„except
for y„&+0.6. We note, however, disagreement
for Pr' & 0.04 (GeV/c)', where the 18.5-GeV/c
points are consistently higher. The distributions
of f (y„,Pr') for reaction (2) have essentially the
same shape except for deviations at small P~'
when y„&+0.2. To emphasize the similarity, we
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FIG. 21. Distributions of the structure function A2(Pz )
= Jf(y„, Pr2)dy„as a function of Pr2 for the three sets
of data of Fig. 19.

intervals of P~'. We have also plotted, in Fig.
20(b), corresponding distributions of f (y„, Pr') for
reaction (2) at 18.5 GeV/c. We observe very little
change in the shapes of the distributions as P~' is
varied, especially in the central region. This is
to be contrasted with the striking changes in shape
for distributions of f (x, Pr') as a function x (Fig.
13}and f (y, Pr') as a function of y (Fig. 17) aver-
aged over various P~' regions.

We have also studied the P~' distributions for
reactions (1}and (2) in terms of the structure
function

+1
&,(P ')= f(y, P ')dy.

VI. DISCUSSION

In the previous sections we have presented our
data in terms of several sets of c.m. variables.
Motivated by predictions of scaling in inclusive
reactions, we have attempted to determine the set
of variables for which the distributions of the
structure functions exhibit the least energy depen-
dence. It is interesting to compare the ratios of
the various structure functions for reaction (1) at
8.05 and 18.5 GeV/c.
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FIG. 22. Distributions of the invariant cross section
f(y„, P& ) as a function of Pz~ for the three sets of data
of Figs. 19, 20, and 21 averaged over the positive y„
intervals: (a) 0.0 &y„&0.1s (b) 0.1&y„«.2s (c) 0.2&y„
&0.4, (d) 0.4 &y„&0.6, (e) 0.6 &y„&1.0, and the negative
y„ intervals: (f) —0.1 yr s (g) yr 0.1, (h)
—0.4 &y„&-0.2, (i) —0.6 &y„&-0.4, and (j) —1.0 &y„
&-0.6. The solid curves represent the expression
f{y» Pz ) = C[exp(—p/T] normalized to each distribution
separately, where p== (Pz2+ m ~)~~2 and T = 150MeV.
The dashed curves show regions of Pz which were not
consistent with this functional form. Data for the reac-
tions 7I +p n + anything at 8.05 and 18.5 GeV/c and
m+p m + anything at 18.5 GeV/care shown as (0), (X),
and (5), respectively.

have plotted curves of the form A exp( —(P~'+ m „'/
T)'"] normalized to the data of reaction (2) for
each y, interval with T =0.15 GeV/c. It is inter-
esting that this parametrization gives a rather
good fit to the data at all but the largest ~y„~ in-
tervals, and even here it fails only for small P~'.
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We compare first the structure functions F,(x)
(from the data of Fig. 10) and R,(y„) (from the data
of Fig. 19) by plotting the ratios of these functions
for events of reaction (1) at 8.05 and 18.5 GeV/c
as a function of x and y„, respectively. Incident-
energy independence would correspond to a con-
stant ratio of unity for all values of the variable
being considered. [We do not show the ratio for
G, (y) (from the data of Fig. 16) since the kinematic
limits for y at the two energies are different and
the ratio varies strongly with y. ] In Fig. 23(a), we
see that the ratio for F,(x) is close to 1.0 near x
= 0 but varies significantly as

~
x~ becomes large.

In contrast, the ratio for R,(y„}as shown in Fig.
23(b) is close to 1.0 everywhere except near y„
= + 1. The effects near x =+ 1 and y„=+1 can be
attributed to the decrease in elastic scattering
cross section as the incident momentum increases
together with poorer momentum resolution for
particles with large laboratory momenta, as noted
in Sec. V B.

In Fig. 24, we show the ratios of F,(Pr'),
G, (Pr'), and R,(P„') at 8.05 and 18.5 GeV/c in re-
action (1) as functions of Pr'. The ratio for
F,(Pz,'} shows a significant dependence on Pr' and
differs appreciably from unity for most values of
Pr'. The ratios for G,(Pr') and R,(Pr') show
smaller variation with P~'. However, the ratio
for G,(Pr') is significantly less than unity for most
values of Pr'. The ratio for R,(Pr') is close to
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unity for all but very small P~'. Thus the energy
independence of the data for reaction (1), especial-
ly in the central region, is best exhibited by using
the variables y„and P~'. %e suggest, therefore,
that it would be interesting to study the energy de-
pendence of other inclusive reactions in terms of
these variables, to compare with the data pre-
sented here.

It is evident that there are particular advantages
for each of the sets of variables, i.e., the vari-
ables (P„Pr') evaluated in the rest frame of the
target proton, and the c.m. variables (x, Pr'),
(y, Pr'), and (y„,Pr'). No one set displays all the
features of inclusive reactions that are relevant to
our understanding of strong interaction physics,
and the choice of reference frame and of variables
depends on the particular theoretical predictions.
The advantages of analyzing the data in terms of
complementary sets of variables is particularly
evident in the present study of the production of
negative pions in single-particle inclusive reac-
tions for m p interactions at 8.05 and 18.5 GeV/c
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(b) The ratio of the structure functions A&(y„) for 8.05-
GeV/c events to A&(y„) for 18.5-6eV/c events of the
same reaction, as a function of y„.
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FIG. 24. (a) The ratio of the structure function E~(Pz, )
for 8.05-6eV/c events to E2(Pz~) for 18.5-6eV/c events
of the reaction ~ +p —x + anything as a function of Pz .
(b) The ratio of the structure function G2(P& ) for 8.05-
GeV/c events to G2P'z ) for 18.5-6eV/c events of the
same reaction as a function of &+2. (c) The ratio of the
structure function A2(Pz, ) for 8.05-6eV/c events to
B2(Pz, ) for 18.5-6eV/c events of the same reaction as
a function of P&~.
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and o'p interactions at 18.5 GeV/c. Further, by
comparing m'p and ~ p interactions at the same
energy, we observe characteristics of ~p interac-
tions which depend upon the charge of the incident
pion. By simultaneously studying data for m p in-
teractions at two different energies, we are able
to draw qualitative conclusions about the limiting
fragmentation and scaling hypotheses ir this ener-
gy range. We look forward to extending this anal-
ysis to higher (NAL) energies in the near future.
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