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~4See Ref. 8, Eqs. (27)-(31).
"See Ref. 7, p. 197.
16See Ref. 7, p. 160 Eq. (12).
TThe idea of connecting the nonrelativistic approximation
for the energy, linear momentum, and angular momen-

turn with the solenoid vector potential is taken from the
work of G. T. Trammel, Phys. Rev. 134B, 1183 (1964).
However, Trammel's calculation of the angular mo-
mentum is in error.
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Classical electromagnetic lag effects can give rise to quantum interference pattern shifts such as that
observed experimentally in the Aharonov-Bohm effect involving electrons passing a solenoid. This paper
presents an extensive comparison between interference pattern shifts based upon classical electromagnetic

fields, and based upon classical electromagnetic potentials as suggested by Aharonov and Bohm. Stress
is placed upon the difference between two types of interference pattern shifts: those involving deflection
of the entire interference pattern and those involving a deflection of only the double-slit pattern while

leaving the single-slit envelope undisplaced. The first type of shift is produced by a classical deflecting

force. The second type of shift can be produced by classical electromagnetic lag effects, and is also the

type of shift associated with the Aharonov-Bohm effect. The two types are confused in the literature. A
new experiment is proposed which shows the relationship between a classical lag effect, due to
electrostatic fields on electrons passing along different paths, and the associated quantum interference
pattern shifts. The experiment is analyzed in detail using the WKB approximation in the Schrodinger
equation and also semiclassical ideas. The classical limit for the situation illustrates the Bohr
correspondence principle, showing the relative lag between the electron wave packets becoming a
measurable classical lag with a disappearance of the interference pattern as the lag becomes large
compared to the wave-packet dimensions. For small shifts, the phase change predicted for the new

experiment is identical with the scalar potential effect proposed by Aharonov and Bohm for a slightly

different, time-varying experimental arrangement. The theoretical and experimental differences for large
phase shifts are noted. The possibility is raised that a new classical electromagnetic lag effect may
occur for electrons passing a small solenoid. Using a particular model for energy conservation, the
predicted lag effect can be calculated and is associated with a quantum interference pattern shift of the
same magnitude as predicted by Aharonov and Bohm based upon the electromagnetic vector potential.
Thus the possibility exists that the experiments of Chambers and of Mollenstedt and Bayh may not
confirm the ideas of Aharonov and Bohm on the vector potential in quantum theory. Several

experiments are suggested which allow confirmation that the Aharonov-Bohm efFect indeed involves

local efFects of the classical electromagnetic potential, rather than local electromagnetic fields leading to
a new classical lag efFect and hence to the observed quantum interference pattern shift.

I. INTRODUCTION

A. The Need for an Analysis of
Interference Pattern Shifts

The diffraction patterns produced by electrons
passing through slits have formed a phenomenon'
familiar to physicists for forty years. However,
the shifts in these patterns due to electromagnetic
effects have formed a subject of interest' within
the last decade because they seem to present evi-
dence for a new break between classical and quan-
tum electrodynamics with regard to the role of the

electromagnetic potentials. In the present paper,
we will provide some new ideas and an extensive
commentary on interference pattern shifts caused
by classical electromagnetic fields, or, following
the ideas of Aharonov and Bohm, by classical
electromagnetic potentials.

It seems no surprise to physicists that classical
electromagnetic fields lead to shifts in electron
interference patterns. This influence of the clas-
sical upon the quantum aspects should be expected
because of the close ties between classical and
quantum electrodynamics. What seems unantici-
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pated is that classical electromagnetic potentials,
which apparently have no physical role in classical
theory, should also affect the electron interference
patterns in regions free of classical electromag-
netic fields. This local effect of electromagnetic
potentials appeared in 1948 in the work of Ehren-
berg and Siday, ' and was predicted clearly a de-
cade later by Aharonov and Bohm. ~ Experiments
by Chambers ' and by M611enstedt and Bayh' have
confirmed the predictions for the interference
pattern shift due to a solenoid which is now termed
the Aharonov-Bohm effect.

The local influence of classical electromagnetic
fields seems to represent a distinct and significant
break from the ways of thinking involved in clas-
sical electromagnetism. This new role for the
electromagnetic potential seems to have gradually
slipped into the literature' of physics, often without
sufficient emphasis on the theoretical significance
of the break, and also without sufficient experi-
mental proof that the break is indeed justified.
Thus this paper represents an effort to analyze in-
terference pattern shifts due to classical electro-
magnetic fields, and to suggest a number of ex-
periments which should separate these interfer-
ence pattern shifts from the new effects proposed
by Aharonov and Bohm due to classical electro-
magnetic potentials.

B. Outline of the Paper

In the first section we draw a crucial distinction
between two types of interference yattern shifts—
between those shifts which involve a deflection of
the entire interference pattern, and those shifts
which involve a deflection of only the double-slit
interference pattern, leaving the single-slit en-
velope undisplaced. The first type of shift in-
volves a classical deflecting force, whereas the
second does not. The quantum phase-shift analy-
sis appropriate for a classical deflecting force is
given.

Next we propose a classical electrostatic lag ef-
fect which is associated with a shift of only the
double-slit electron interference pattern without
involving a classical deflection. The effect is
treated from semiclassical and quantum points of
view, and later is reanalyzed in terms of Bohr's
yrinciple of complementarity.

Having shown how classical electromagnetic
fields can give rise to quantum interference pat-
tern shifts, we turn to Aharonov's and Bohm's
proposal of a shift due to the classical electro-
static potential. For small deflections, this shift
appears just like that due to a classical lag effect.
However, for large deflections, we find the dis-
tinctive features of a shift based upon classical

SOURCE

FIG. 1. The double-slit electron interference pattern
showing the single-slit intensity envelope.

electromagnetic potentials; the interference pat-
tern never breaks down no matter how large the
electrostatic potentials are chosen, and no clas-
sical analog of the effect ever appears.

Now turning to the experimentally observed
Aharonov-Bohm phase shift for electrons passing
a solenoid, the possibility is raised that the shift
may be due to an unanticipated classical electro-
magnetic lag effect and not due to the local effect
of the classical vector potential. The analysis for
a lag effect due to a solenoid is quite uncertain.
However, it is concluded that there is as yet no
firm evidence to support Aharonov's and Bohm's
suggestion of interference pattern shifts due to
classical electromagnetic potentials because no
experiment performed thus far distinguishes be-
tween shifts due to lag effects and shifts due to
electromagnetic potentials. Several experiments
are mentioned, which should allow a conclusion as
to whether or not the experimentally observed in-
terference pattern shift from a solenoid is indeed
due to local effects of the classical electromagnetic
vector potential.

II. TYPES OF INTERFERENCE PATTERN

SHIFTS—A FUNDAMENTAL DISTINCTION

A. The UndeAected Electron Interference Pattern

If a beam of electrons falls upon two slits cut in
a plane surface, then the particle impacts form an
interference pattern on a distant screen as
sketched in Fig. 1. This wavelike behavior for
particles lies entirely outside the realm of tradi-
tional classical physics. The interference pat-
tern is analogous to that of wave optics with the
wavelength A, given by the de Broglie relation

where X stands for A/2m, h =2r8' is Planck's con-
stant, and p is the electron momentum.

The interference pattern may be described
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roughly as a single-slit intensity pattern, due to
the interference between contributions from dif-
ferent parts of the same slit, inside of which is
fitted the double-slit pattern due to interference
from contributions of the two distinct slits. See
Fig. 1.

or

l emEl

evB l eBl

(2)

B. Interference Pattern Shifts

There are two types of interference pattern
shifts which will be of interest to us, and which
correspond to fundamentally different physical
situations. In the first type, the entire interfer-
ence pattern —double-slit pattern and single-slit
envelope —is deflected as a whole as in Fig. 2.
This corresponds to a classical deflection of the
beam from the forward direction, and it arises
from a classical deflecting force on the electron
beam. The second type of interference pattern
shift involves the deflection of only the double-slit
pattern, while the single-slit envelope is undis-
placed as in Fig. 3. Such an interference pattern
shift can be produced by a classical electromag-
netic lag effect. It is also the type of shift pre-
dicted theoretically and observed experimentally
for the Aharonov-Bohm effect.

C. Type J interference Pattern Shift: Deflection

of the Entire Interference Pattern due to a

Classical Deflecting Force

If a classical electric field E or a magnetic field
8 is perpendicular to an electron beam, there is
a Lorentz force present which acts to deflect the
beam. For example, if the situation is as indi-
cated in Fig. 2, with an electric field E along the
x axis present over the shaded region of width l,
or else a magnetic field B along the z axis out of
the paper, then there is a deflecting force as the
beam passes through the shaded region. The elec-
trons receive an impulse

where l, m, and v =p/m are the charge, mass, and
initial speed of the electrons. This corresponds
to deflection through an angle

(4)

giving

emEl
CM =

p'
or

eBl
CP

If the electron beam gives rise to a quantum in-
terference pattern, then we may exyect to observe
this same classical deflection of the entire inter-
ference pattern. The quantum analysis for the de-
flection can be obtained by use of the WEB approxi-
mation. Thus in the case of a transverse electric
field, the electron beam crosses a region of
length l in which there is a potential present:

V = -eEx.

In the wave function g = exp [ih '(S -Zt)], the change
in phase S/kp for an electron of initial momentum

p = (2mE)'" entering a slit at the coordinate x is

S= d& 2mE —V x x"

(d2 (2md)'" (1 —
2

—)

emElx
=pg +

p

SO

FIG. 2. DeQection of the entire interference pattern
due to classical electromagnetic deflecting fields.

FIG. 3. Deflection of only the double-slit interference
pattern. The single-slit envelope is undeQected.
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This implies a phase change

between electrons which enter the slits a distance
6x apart, 5x not necessarily infinitesimal. This
phase difference due to the electrostatic deflecting
field can be compensated so as to bring the elec-
trons back in phase provided the electrons are de-
flected through the angle n such that

ernE/5x
P (5x sinn)— =0

p
(10)

or

S = (2 mE )"'+—A„dy —=py + —A, l, (12)

since A., corresponds to a constant magnetic field
in the g direction. The phase difference at the
screen for two electrons which arrive at the slits
5x apart (5x not necessarily infinitesimal) is

5S = —A, (x+5x)l ——A„(x)l
e e

e= —Bl5x,
C

since 9=V&&A is a constant field in the z direction.
(For example, take A =j Bx )This .phase is of the
same form as was obtained for the case of electro-
static deflection, and again leads to the deflection
of the entire interference pattern, this time by the
angle

eBl
CP

(14)

emElQ=
p2

which agrees with the result obtained from the
classical analysis.

The case of deflection by a magnetic field along
the z axis can be handled in similar fashion al-
though the WKB approximation is less familiar
for this case. Carrying out this classical approxi-
mation, ' the phase may be obtained as

deflection of the electron beam, and correspond-
ingly no classical deflecting force. However, this
does not mean that such an interference pattern
shift cannot be due to classical forces; indeed
much of this paper is devoted to investigating the
connection between such shifts and classical elec-
tromagnetic lag effects. In this section, we have
treated the type 1 phase shift in some detail
because we will not deal with it further in this
paper. All of the further analysis will be con-
cerned with phase shifts of type 2.

The distinction between the two types of deflec-
tions cannot be overemphasized. There is con-
fusion of the two types of shifts repeatedly in the
author's correspondence and in the published lit-
erature. '" The type 1 shift involving a classical
deflection has even been incorrectly proposed"
as a classical analog of the Aharonov-Bohm ef-
fect, which involves a type 2 deflection of only the
double-slit pattern. The rule is as follows:

(i) A type 1 shift (deflection of the full interfer-
ence pattern as in Fig. 2) involves an average de-
flection of the electron beam, and hence a clas-
sical deflection and a classical deflecting force.

(ii) A type 2 shift (deflection of only the double-
slit pattern as in Fig. 3) involves no average de-
flection of the electron beam, and hence there is
no classical deflection and no classical deflecting
force.

III. AN ELECTROSTATIC LAG EFFECT LEADING

TO A QUANTUM INTERFERENCE PATTERN

SHIFT

A. A New Experiment

We consider the following experimental situation
involving an electron interference pattern. The
two long conducting tubes shown in Figs. 3 and 4
are charged to different electrostatic potentials
and are held at these potentials during the entire
experiment. The coherent electron beam origi-
nating at the source is split into two parts and
each is allowed to enter a conducting tube. The
electrons drift down the tubes, and the beams are
then recombined to give an interference pattern.

D. Type 2 Deflection of Only the Double-Slit
Interference Pattern

The second type of interference pattern shift in-
volves the deflection of only the double-slit inter-
ference pattern, while the single-slit envelope is
undisplaced. See Fig. 3. In this situation, the
averag .beam is undeflected from the forward di-
rection. Following Ehrenfest's theorem relating
averages of quantum observables to classical ob-
servables, it follows that there is no classical

g, (y, t) =exp[i@ '(S, (y) —Zt)j,

q, (y, t) = exp [ie-'(S, (y) F. t)j,
which cross the potential wells

(15)

B. Quantum Phase Shift

An account of the interference pattern shift pro-
duced by this new experiment can be given in
terms of the %KB approximation. The electrons
passing through the different tubes are described
in terms of plane waves:
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V, = eQ, and V, = eQ, . (16)

The time dependence exp[-ih 'Et] is the same for
both beams, and, since the beams are compared
at the same time, no phase shift occurs here.

The phases 5 'S, , 5 'S, of the wave functions are
given by

S&
— [2m(E —V;)]'~'dy

m V)l= (2mE) y —
( )~(,

mV]l=px-
p

z —1 2

where p is the initial momentum of the electron
and l is the length of each tube. It follows that the
phase difference along the two paths of equal
length is just

C. An Example of a Type 2 Shift of Only the

Double-Slit Electron Interference Pattern

The phase difference in (18) can be viewed in
terms of a deflection of the double-slit electron
interference pattern as shown in Fig. 3. When the
conducting tubes are at the same potential, the
electron interference pattern (solid line) consists
of a double-slit pattern inside a single-slit en-
velope, with the principal maximum in the forward
direction. The shift in the double-slit pattern
when the tubes are at different potentials is
sketched as the broken curve in Fig. 3; the single-
slit envelope is displaced, but the double-slit pat-
tern has been deflected through the angle 8. The
phase difference in Eq. (18) is compensated by the
difference in path lengths of the trajectories as
indicated in Fig. 5. Thus the waves of the two
packets are in phase when

ml
pd sin8+ e(P, —P, ) =0.' p

or

S, —S, e ml e ml
'p 8 'p

(18)

The angle of deflection is

e(Q, —P, )ml
p'd

e(y, -y, )l
pd

which, incidentally, is independent of S.

where

(20)

is the approximate time of transit for a particle in
either tube.

D. Classical Analysis Predicting a Lag

Under the experimental situation described
above, the electrons experience classical electro-
static forces —upon entering and leaving the tubes.
On entering the upper tube, an electron suffers a
change in velocity:

W(IlIIN

INTERFERENGE

REGION

lf(ll(~
.~,ill)lxlNIN.

FIG. 4. The experimental arrangement for an electrostatic lag effect for wave packets. The lag effect is associated
with an interference pattern shift.
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e
Dv~ ——

p
(23) LONGER X INSIDE TUBE

where p is its initial momentum, while entering
the lower tube the change is

(24)

Thus, while the electrons drift down the tubes,
there is a spatial lag introduced in the direction
of motion which is just

Ay = Av, dt — ' Av, dt

SHORTER X INSIDE TUBE

FIG. 5. Schematic indication of the electrostatic
interference pattern deflection. The cross bars indicate
wave lengths.

e e
Q dt+ —

Q dt
p

' p-

e(P, —$2)ml
p

(25)

which is inversely proportional to the speed of the
cor responding classical particle.

The group velocity properly reflects the slowing
down predicted by classical theory. Here, the
condition of stationary phase is

When the electrons emerge from the tubes, they
are restored to their initial velocities, but are
still relatively displaced by the b,y of Eq. (25).
Thus the electrostatic forces produce no net
change of momentum or energy for the electrons,
but only a classical lag effect.

E. Phase and Group Velocities for the Electrons

giving

y 1/2d

'm

[2m(E —V )]'"

(3o)

(31)

It seems tantalizing to proceed from the clas-
sical lag to a phase difference by introducing the
de Broglie wavelength A. . Thus we obtain a phase
difference

and

(32)

(26)

while the frequency remains

(28)

producing a phase velocity

P +&e
[2 (E y )]1/2 (29)

which agrees with Eq. (19). However, the con-
nections between phase and group velocities in
wave mechanics seem to introduce disconcerting
complications here.

When an electron enters a tube and is slowed
down, its phase velocity increases. The de
Broglie wavelength A,, inside tube 1 is given by

Thus if the electron beam is chopped into wave
packets, then a surprising situation seems to oc-
cur for this electrostatic experiment. The double-
slit interference pattern is deflected in one direc-
tion as in Fig. 3, whereas the principal maximum
(given by the region of overlap of the central parts
of the wave packets) is deflected by an equal angle
in the opposite direction as shown in Fig. 6.

F. Measurable Classical Lag

The experimental arrangement described above
gives rise to an interference pattern shift and also
to a classical lag effect. It is possible to make
the classical lag into a measurable effect by chop-
ping the electron beam into wave packets, and
then making the potential differences between the
tubes so large that the lag between the wave pack-
ets exceeds the spread of the wave packets. In
this case the wave packets no longer overlap, and
it is possible to obtain two distinct times of tran-
sit from the source depending upon which tube the
electrons travel through. See Fig. 4.
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IV. THE AHARONOV-BOHM EFFECT FOR THE
ELECTROMAGNETIC SCALAR POTENTIAL

PRINCIPAL MAXIMUM

A. A New Mechanism for Interference Pattern
Shifts

The interference pattern shifts based on clas-
sical electromagnetic deflecting forces form a
familiar part of the physics of electromagnetic
interactions. Also, the double-slit interference
pattern shift associated with a classical lag effect
adds nothing fundamentaily new to our understand-
ing, even if the effect is unfamiliar in the litera-
ture. It is the proposals of Aharonov and Bohm
which represent a striking new suggestion in the
physics of electromagnetism. Here a classical
electromagnetic potential acts to shift the quan-
tum interference pattern in a region free of elec-
tromagnetic fields.

B. Aharonov's and Bohm's Proposed Experiment

The following description is given by Aharonov
and Bohm for an experiment to "demonstrate the
significance of potentials in the quantum theory. "
A coherent electron beam is split into two parts
and each part is allowed to enter a long conducting
cylinder as shown in Fig. 4. After the beams
pass through the tubes, they are combined to in-
terfere coherently. By means of time-determining
electrical shutters, the beam is chopped into wave
packets that are long compared with the de Broglie
wavelength A., but short compared with the lengths
of the tubes. The electrostatic potential in each
tube is determined by a time delay mechanism in
such a way that the potential is zero until the
packet is well inside the tube. The potential then
grows to constant values Q, and Q, different for
the two tubes. Finally the potential drops back to
zero before the packet comes near the outer edge
of the tube. Thus the potential is nonzero only
while the electron is well inside the tube. The
purpose of this arrangement is to ensure that the
electron is in an electric potential without ever
being in an electric field. The electron enters
and leaves the tube when no electric fields are
present and is shielded from the electric fields
when it is inside the long conducting tubes.

The argument is now made that the phases of
the two wave packets evolve differently in time
due to the electrostatic energies eQ, and eP„
when the electron is inside one or the other of the
tubes. The interference of the two parts of the
beam will depend upon the phase difference be-
tween the two paths

(33)

FIG. 6. Deflection of the principal maximum due to
the electrostatic lag effect.

where here t is the time during which the poten-
tial exists. Interestingly enough, this phase shift
between the electrons passing through different
tubes is the same as that in (19) obtained for the
experiment of Sec. III. Again the phase differ-
ence leads to a shift of only the double-slit inter-
ference pattern by the angle 8 corresponding to
Eq. (22):

8-sin8 =
pd

(34)

C. Comments on the Aharonov-Bohm Experiment

After discussing their proposed experiment,
Aharonov and Bohm4 conclude: "Thus there is a
physical effect of the potentials even though no
force is ever exerted on the electron. The effect
is essentially quantum-. mechanical in nature be-
cause it comes in the phenomenon of interference.
%e are therefore not surprised that it does not ap-
pear in classical mechanics. "

The statement that the effect is essentially quan-
tum-mechanical because it appears in connection
with an interference pattern shift must be inter-
preted in the light of our previous analysis joining
classical electromagnetic forces and quantum in-
terference pattern shifts. However, Aharonov and
Bohm are certainly correct in emphasizing the
novelty of their ideas. Here we have the prediction
of an interference pattern shift unassociated with

any classical electromagnetic effect, a shift due
to classical electromagnetic potentials acting in a
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region where there are no electromagnetic forces.
It seems curious that the phase shift of Eq. (33)

for the Aharonov-Bohm proposal is so similar to
that of Eq. (19) in Sec. III obtained for a phase
shift based upon classical electrostatic forces.
For small phase shifts, the interference pattern
deflections have identical appearances. How-

ever, for large potential differences (Q, —p, ) be-
tween the two tubes, the behavior for Aharonov's
and Bohm's proposed shift is entirely different
from that associated with a classical lag effect.

In the deflection of Sec. III associated with a
classical lag, large values of the potential differ-
ence will destroy the double-slit interference pat-
tern when the relative lag between the waves be-
comes comparable to the coherence length of the
electron beam. Alternatively, if the beam is
chopped into wave packets, then increasing the po-
tential difference gradually produces the classical
electromagnetic lag effect when the relative lag
becomes large compared to the wave-packet
spatial dimensions. See Fig. 4. However, in the
Aharonov-Bohm experiment, there is no change
in the group velocity and no lag between the wave
packets. Each wave of the packet in one of the
tubes undergoes exactly the same phase shift
exp[-ieP, t] or exp[-ieP, t] and this appears simply
as an over-all multiplying phase factor. The po-
tential difference P, -P, may be made as large as
desired but the Aharonov-Bohm interference ef-
fect will never be washed out and no classical ef-
fect will ever appear.

sey" cheeks the consistency for certain electro-
magnetic measurements. Because of our interest
in classical lag effects, we will sketch the verifica-
tion of the principle for time-of-flight measure-
ments.

B. Time Delay and Complementarity for the
Traditional Double-Slit Interference Pattern

We consider a double-slit interference pattern,
as in Fig. 7, which is predicted by the wave me-
chanical view of physics. From the particle point
of view, the pattern is formed by particles passing
through the slits and following classical trajec-
tories to the screen. We now chop the electron
beam into wave packets and attempt to time the
period elapsed between the emission of a wave
packet from the source and its arrival at the
screen. In order to make the measurements ac-
curate, the width a of each individual slit is made
quite small, and accordingly the single-slit dif-
fraction envelope, governed by —, a sin8 = (n+ —,)A.

for a minimum, is so broad that it can be ignored
compared to the double-slit pattern. The times
required for transit from the source to either slit
are the same, but the times from the slits to the
screen are different for the two slits. The time
required to go from the screen to the first maxi-
mum at the side of the principal maximum at the
center of the pattern is x, /v for passage from the
first slit and r, /v for passage from the second.
For small angles of deflection, the time difference
At between the paths is

V. BOHR'S PRINCIPLE OF COMPLEMENTARITY

AND QUANTUM INTERFERENCE PATTERN

SHIFTS

d sin8 A. h

V V VP
(35)

A. The Role of the Complementarity Principle

Electron interference patterns involve the wave-
like properties of particles. The type 2 interfer-
ence pattern shifts of only the double-slit pattern
are not a familiar part of the textbook literature
of quantum mechanics, and hence it seems appro-
priate to comment upon the consistency of the
wave and particle interpretations. The Bohr com-
ylementarity of the wave and particle aspects re-
quires that the classical idea of a particle trajec-
tory, when subjected to the Heisenberg uncertainty
principle, shall not allow a violation of the ideas
of wave mechanics. In the present situation, the
yrinciyle requires that if it is possible to deter-
mine through which slit each electron passes on
its way to the screen, then the electron interfer-
ence pattern must vanish.

The complementarity principle ean be tested for
all the classical measurements possible on the ex-
periment. The analysis given by Furry and Ham-

h~APAy & PvAt

Or

SOURCE

a
„X

FIG. 7. Bohr's correspondence principle tested by
time-of-flight measurements.

where the de Broglie relation for the particle has
been used. However, the uncertainty At in the
time required for a particle to cross the region
from the slits to the screen follows from the Hei-
senberg uncertainty relation for the wave packet
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h~to —.
VP

Thus the time difference 4t for transit from the
different slits will be lost in the timing uncertain-
ties At associated with the Heisenberg uncertainty
relation applied to the wave packet.

However, if we are determined to find the time
lag b, t, then we should not restrict ourselves to
the first interference maximum in the region of
the principal maximum as in Fig. 7, but should
put our detector at the nth maximum from the
central maximum, where n is 10 or 100. Then by
the arguments above, we would have At-nest, and
we could indeed pick out the transit time differ-
ence ~t for particles coming from the different
slits above the time uncertainty ht. It may seem
that we have violated the principle of comple-
mentarity, but this is not the case. We must reck-
on with the uncertainties in phase in the wave
packet when the particle momentum is known only
to an accuracy bp. Thus away from the principal
maximum at the nth fringe, n =10 or 100, the in-
terference pattern will be washed out to give a
uniform classical pattern corresponding to elec-
trons rebounding from the edges of the slits. In
this case we can indeed measure time differences
corresponding to arrival from the different slits,
but now the wave interference pattern is not pres-
ent. The complementarity view is confirmed.

terference maximum in the opposite direction
from the double-slit interference pattern, and it
is of interest to see how this deflection is con.-
nected through the correspondence principle with
the classical electromagnetic lag effect. The dou-
ble-slit interference pattern slit is as in Fig. 3,
but the deflection of the principal maximum is as
in Fig. 6. If the beam is chopped into wave packets
in order to carry out time-of-flight measurements,
then the interference pattern survives in the re-
gion of the principal maximum. However, the
time of transit to the principal maximum in Fig. 6
involves two compensating effects. The electron
passing through the upper tube is slowed down on
entering the tube so that when it emerges, it lags
behind the electron through the lower tube by the
amount

However, the path length to the principal maxi-
mum is longer for the electron passing through the
lower tube by the amount d sin8. Thus the differ-
ence in transit time from the source to the princi-
pal maximum is

d sin8 e(Q, -Q, )ml
b, t=

V VP

since the principal maximum appears at the angle

C. Complementarity and Interference Pattern Shifts e(P, —Q, )ml
sin8 =

p'd

The shift of an interference pattern may seem
to introduce new aspects for the complementarity
principle. This is not the case, however, for the
nonspecific tests which make no reference to the
actual interference pattern shift. Thus, for exam-
ple, the electromagnetic measurements suggested
by Furry and Ramsey" make no use of the inter-
ference pattern shift, and are valid for any double-
slit interference pattern. The time-of-flight test
given in Sec. V B involves the principal interfer-
ence maximum formed by the overlap of the cen-
ters of the wave packets passing through the dif-
fer ent slits, and will require reconsideration only
if the principal maximum is deflected through a
large angle. For the Aharonov-Bohm experiment,
the principal maximum never departs by more
than one fringe from the forward direction, and
the time-of-flight analysis is exactly as for the
undeflected pattern. Thus it appears that the
Aharonov-Bohm phase shift is irrelevant to con-
siderations of the complementarity principle.

For the interference pattern shift described in
Sec. III, there is a deflection of the principal in-

Thus the deflection of the principal maximum is
connected with the classical time delay in pre-
cisely such a way that it is impossible by time-of-
flight measurements to determine through which
slit the electron passed on its way to the inter-
ference pattern. The correspondence principle is
again confirmed.

VI. THE POSSiBILITY OF A CLASSICAL LAG
EFFECT DUE TO A SOLENOID

A. Energy Considerations for a Lag Effect

When an electron passes alongside a constant-
current solenoid, there is a change in the energy
of the electromagnetic field due to the overlap be-
tween the magnetic field of the passing electron
and the magnetic field inside the solenoid. This
energy change has been emphasized by Liebowitz, "
and has been treated in detail recently by the pres-
ent author. " In connection with this energy change,
the possibility is raised that a physical solenoid
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might occasion a classical lag for particles pass-
ing on opposite sides of the solenoid, in a manner
analogous to the electrostatic lag discussed in
Sec. III. Such a classical lag might produce the
interference pattern shift observed experimentally
by Chambers' and by M511enstedt and Bayh.' See
Fig. 8.

It seems helpful here to make a comparison with
the electrostatic lag effect described in Sec. III.
The account of the electrostatic case seems trans-
parent. A particle passing through one of the slits
in Fig. 3 enters one of the tubes and has its veloc-
ity changed on entrance due to the electrostatic
field of the charges on the tube. One way to do the
calculation for the change in velocity as the elec-
tron enters the upper tube is to compute the change
of energy in the electromagnetic fields. Starting
with

(E'+B')d'x,
8m

shift in interference pattern.
Precisely analogous arguments may be presented

for the case when a long thin solenoid is placed
between the slits of the diffraction screen as in

Fig. 8. Now starting with the energy in the elec-
tromagnetic field in (41), the energy in the mag-
netic field is found to change due to interference
between the solenoid magnetic field and the mag-
netic field of the passing electron, the energy shift
in the nonrelativistic approximation being '

6$ =—v'A,
C

where A is the vector potential (in the Coulomb
gauge) of the solenoid evaluated at the position of
the particle. Let us assume that the change in
energy in the electromagnetic field is compen-
sated by a change in the kinetic energy of the pass-
ing electron:

0 =a (—,'m v') +a g
where R includes the fields of the electron and the
charge on the conducting tube which causes the po-
tential P, , the energy change b, b, when the elec-
tron is in the tube, is just

e
=Pd v+ —v X.

C
(45)

gg =eQ, . (42)

The energy change of the electric field is compen-
sated by the change in the kinetic energy of the
electron:

The electron is slowed when approaching the sole-
noid and then speeded up when leaving, and on the
other side of the solenoid, the order is reversed.
The relative lag between the particles passing on
opposite sides of the solenoid parallels Eq. (25):

0 =n, (2m v') +n, b hy = Av, dt — Av, dt

= Pb, v+eP„ (43)

which is just Eq. (23). The particle is slowed by
the electrostatic field when entering the tube and
is syeeded up when leaving. The relative lag in-
troduced as the particles pass through the two
tubes at different potentials is associated with the

e fA'vdt ——
l A ~ vdt

2 cP

X ds
CP

e4
CP

SOURCE

SOLENO

where the closed line integral goes along path 2
from the slit to the screen and then back along
path 1. Here 4 is the enclosed flux of the sole-
noid.

Exactly parallel to Eq. (26), we might associate
a relative phase change due to the relative dis-
placement of the packets

2m' PQx

FIG. 8. The Aharonov-Bohm interference pattern
deQection.

eC
C@
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The interference pattern shift may be calculated
as a deflection of the double-slit pattern analogous
to Eqs. (21) and (22), with

848- sinj9 =
cpd

(48)

which is independent of 5. Just such a shift in the
double-slit interference pattern has been observed
in experiments by Chambers and by Mdllenstedt
and Bayh, and is known as the Aharonov-Bohm
effect. However, none of the experimentalists
has interpreted the phase shift as associated with
a new classical electromagnetic lag effect.

B. Force Considerations for a Lag Effect

Although the energy calculations above provide
a tantalizing and transparent suggestion of a lag
effect, any attempt to give a realistic account of
the electromagnetic forces seems to involve enor-
mous complications. In the electrostatic lag ef-
fect of Sec. III, it was possible to compute both the
force on the electron and the energy in the electro-
magnetic field, while pretending that the charge
distribution on the conducting tube is exactly as it
was before the electron approached the tube. If
we try this same approximation of an unaffected
source for the case of the solenoid, then there is
absolutely no force on the passing electron, but
there is a large change of energy in the electro-
magnetic field. Clearly, unless we imagine external
forces on each of the individual charges on the
solenoid, the approximation of an unaffected source
cannot be maintained. An exactly similar situa-
tion holds for the momentum changes. In the elec-
trostatic lag case, the electron and the charge dis-
tribution on the tube exert electrostatic forces on
each other which satisfy Newton's third law for
nonrelativistic velocities. However, this is not
true of an electron passing a solenoid. In this
case the electron exerts forces on the currents of
the solenoid (associated with a large change in
momentum in the electromagnetic field), yet in the
approximation of unaffected solenoid currents
there is no force back on the passing electron.

These observations reveal that the approxima-
tion of an unaffected source is suitable for the
electrostatic case, but would violate the conserva-
tion of energy and of momentum in the solenoid
case. The currents in the solenoid must change in
some fashion so as to provide conservation of both
energy and momentum for the total system. How-
ever, calculating the changes in the solenoid cur-
rents means dealing with a multiparticle electro-

magnetic syste'm which is enormously complicated.
In an effort to deal with the multiparticle behav-

ior, the author has carried out computer calcula-
tions entirely within classical electromagnetism
for the interaction of a passing charged particle
with a model solenoid consisting of four layers of
eight charges each, the charges confined to move
in circles. The mutual interactions between all
the particles were followed when a passing charged
particle was introduced outside the solenoid. It
was found that the fields of the passing charge pro-
duced small accelerations of the particles in the
solenoid which in turn produced electric and mag-
netic fields back at the position of the passing
charge. These return fields on the passing charged
particle indeed gave rise to a relative lag effect
for particles passing on opposite sides of the sole-
noid. Unfortunately, the computer analysis of all
interparticle classical electromagnetic forces be-
came enormously cumbersome and lengthy as the
number of particles in the solenoid was increased.
It was impossible to go to a more realistic sole-
noid consisting of a large number of particles.
However, for this model solenoid involving rela-
tively few particles, the classical electromag-
netic lag effect was unambiguous.

VII. THE AHARONOV-BOHM EFFECT
FOR A SOLENOID

A. The Aharonov-Bohm Analysis

As part of proposals that quantum interference
patterns could be shifted by classical electromag-
netic potentials in regions free of classical elec-
tromagnetic fields, Aharonov and Bohm4 sug-
gested that the vector potential outside a long
solenoid would cause a shift in an electron double-
slit diffraction pattern. The experiment, involving
the insertion of a solenoid between the two slits as
shown in Fig. 8, is identical to that mentioned in
Sec. QI in terms of a possible classical electro-
magnetic lag effect. However, the theoretical in-
terpretation is distinctly different, precisely along
those lines in which the Aharonov-Bohm proposals
for the scalar potential in Sec. IV differ from the
shift associated with the electrostatic lag effect in
Sec. III.

Aharonov and Bohm remark that in a suitable
WKB approximation, the phase of the electron
wave function is changed due to the vector poten-
tial by an amount (e/ch)f A. dr. This integral has
a different value for electrons passing around op-
posite sides of a solenoid as in Fig. 8, and so oc-
casions a phase difference:
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S, -S, e, - e
A dr- — A dr

ck d2 cS
B. An Apparent Inconsistency in the Aharonov-

Bohm Analysis

e f-=—&~A dr
c@)

e4
c@

(49)

This phase difference can be observed as a shift
in the double-slit interference pattern as in Fig. 8.
The single-slit envelope involves the interference
between electrons passing through a single slit and

past the same side of the solenoid. Accordingly
there is no new phase shift due to the solenoid for
the single-slit envelope which is undisplaced. The
phase difference for electrons passing on opposite
sides of the solenoid leads to a deflection of only
the double-slit pattern. Following the familar ar-
gument of wave optics,

p d sin8~ e4
ch

(50)

and the deflection angle is

eC
AB AJ3 cpd

It seems worthwhile to list a few aspects of the
Aharonov-Bohm deflection which are someti. mes
misunderstood in the literature:

(i) The average beam is undeflected fror~ the
forward direction. This follows from the 'absence
of any shift in the single-slit envelope, and cor-
responds to the absence of any classical deflection.

(ii) The principal maximum of the double-slit
interference pattern never departs from the for-
ward direction by more than one interferenee
fringe.

(iii) The deflection angle g„s can be written in
terms of classical physical quantities and does
not depend upon the quantum of action h.

The first remark about the absence of any aver-
age deflection of the electron beam is a particularly
sore point in the literature. The reader who has
difficulty with this idea should see the experimen-
tal photographs such as Fig. 7 in the article" by
M51lenstedt and Bayh. The double-slit interfer-
ence maxima are shifted with the field in the sole-
noid, but the average intensity of the pattern,
which is given by the single-slit envelope, is in-
variant. The double-slit fringes appear at one
side of the pattern and disappear at the other as
they move with the solenoid field. ,

The classical analysis of Ref. 13 for the energy
in the electromagnetic field as a charged particle
passes a constant-current solenoid seems to re-
veal an apparent inconsistency in the analysis of
Aharonov and Bohm for the effects of the vector
as compared with the scalar electromagnetic po-
tential. Thus in the case of the analysis for the
scalar potential outlined in Sec. IV, the electron
wave functions g, and g, were said to reflect the
change in energy in the electromagnetic fields as-
sociated with the electrostatic fields carried, by
the electron, even though the electron kinetic en-
ergy was unaltered. It was this change in the elec-
tromagnetic field energy (energy furnished by the
external forces charging the conducting tube)
which led to the Aharonov-Bohm phase shift for
the scalar potential.

However, when the vector potential case was
analyzed by Aharonov and Bohm under the assump-
tion of constant solenoid currents, the change in
energy in the electromagnetic field (energy fur-
nished by the external forces maintaining the con-
stant solenoid currents) associated with the mag-
netic fields carried by the electrons was excluded
from any contribution to the phases of the wave
functions g, and (,. The situations seem quite
analogous for the two cases, and there does not
seem to be any reason for the apparent inconsis-
tency in the analysis.

It is interesting to note what happens if we at-
tempt to be consistent by including the phase
change associated with the electromagnetic field
energy for the case of particles passing a constant-
current solenoid. Following the pattern of the
Aharonov-Bohm analysis for the scalar potential
case, we expect a phase difference associated
with the electromagnetic field energy of Eq. (44):

r
Sdt+ f Sdt=- — v Adt+ — v Adt

2 "2 c

A dr+ — A. drc c

e
A drc

c

which is just equal in magnitude but opposite in
direction from the phase difference (49) associated
with the momentum part of the wave function.
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Thus applying the Aharonov-Bohm analysis for the
phase shift due to energy changes and combining
it with their analysis for the vector potential
sketched above, we apparently conclude that
Aharonov and Bohm should predict no net phase
shift for an electron beam passing around a con-
stant-current solenoid. It would seem that some
further clarification of the analysis is needed.

Note added in proof. In private conversation
Professor D. Bohm suggested that quantum phase
changes for particles should be associated with
only electrostatic energy changes and not with the
full energy changes in the electromagnetic fields
as evaluated in this section. Nevertheless it
should be emphasized that the quantum calculations
for the Aharonov-Bohm effect treat the problem
within a one-particle Hamiltonian, in effect ig-
noring the reactions of the solenoid particles. In
Sec. VIB we saw that within classical electro-
magnetism, the reactions of the solenoid particles
are crucial to the conservation of energy and mo-
mentum, providing effects in the Hamiltonian as
large as those based upon a single particle pass-
ing a solenoid with constant (external) currents.

VIII. EXPERIMENTS TO CONFIRM THE ROLE OF
CLASSICAL ELECTROMAGNETIC POTENTIALS

IN QUANTUM INTERFERENCE PATTERN SHIFTS

A. The Present Experimental Situation

In this section we summarize the present experi-
mental status of the various interference pattern
shifts suggested from theory. In the succeeding
sections, we propose some further experiments to
verify that the observed Aharonov-Bohm effect for
a solenoid is indeed caused by local effects of the
vector potential and is not associated with a clas-
sical electromagnetic lag effect.

(i) The type I shift of the entire electron inter-
ference pattern due to a classical magnetic deflect-
ing field appears in the experimental work of
Chambers' and of Bayh, "and seems to agree with
the theoretical analysis.

(ii) To the author's knowledge, no one has ob-
served a type 2 shift of only the double-slit elec-
tron interference pattern due to classical electro-
static fields and associated with a classical lag ef-
fect. The theoretical analysis for such a shift
seems to fit within the traditional connections be-
tween classical and quantum theory, and one would
be surprised if the analysis were contradicted by
experiment.

Note added in Proof. During a private conversa-
tion, Professor Q. M51lenstedt suggested that the
interference pattern shift associated with a clas-
sical electrostatic lag effect had in essence been

observed at the Institut fur Angewandte Physik in
TVibingen. The situation corresponds to Sec. III
with the two tubes at the same electrostatic po-
tential but of different lengths. In the experiments
an electron beam was split and the two parts of
the beam were passed through thin sheets of alumi-
num, the thickness in one beam being -100.A and
in the other -200 A. Since the average electro-
static potential inside the material was different
from that of the surrounding space, the electrons
changed velocities on entering and leaving the ma-
terial. The different length of material in the two
beams produced a relative classical displacement
of the electrons emerging from the different paths,
and hence an interference pattern shift. This in-
terference pattern shift was observed experi-
mentally.

(iii) The Aharonov-Bohm phase shift due to the
classical electromagnetic scalar potential has
never been observed. Experimental confirmation
of this effect would be convincing evidence for the
role of classical electromagnetic potentials in
causing quantum interference pattern shifts in re-
gions free of classical electromagnetic fields.

(iv) Type 2 shifts of only the double-slit electron
interference pattern due to a magnetic whisker and
due to a solenoid have been observed experimen-
tally by Chambers ' and by Mbllenstedt and Bayh. '
However, there seems to be no evidence which al-
lows one to decide as to whether the shift is asso-
ciated with a classical electromagnetic lag effect
such as described in Sec. VI, or is due to a local
effect of the classical magnetic vector potential
such as suggested by Aharonov and Bohm. 4 All of
the experiments suggested below are related to the
observed interference pattern shift due to a sole-
noid.

B. Attempt to Break Down the Interference Pattern
with a Large Solenoid Field

If the interference pattern deflection is asso-
ciated with a classical electromagnetic lag effect
such as described in Sec. VI, then one can break
down the double-slit electron diffraction pattern
by making the relative lag large compared to the
coherence length for the electron beam. The sin-
gle-slit pattern depends upon the coherence of the
electron beam across each separate slit and will
be unaffected by the solenoid field.

In the Aharonov-Bohm analysis, the phase shift
is exactly the same for all electrons which pass
the solenoid no matter what their momentum is.
The solenoid field may be made arbitrarily large
and the double-slit interference pattern will never
break down but will simply continue to move
through the single-slit envelope.
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C. Attempt to Observe Differences in Tilne of Flight

In the analysis based upon a classical electro-
magnetic lag effect, the lag due to the solenoid
currents may be made sufficiently large as to give
a measurable time delay for electrons passing on
opposite sides of the sxnall solenoid. In this case
the electron beam would have to be chopped into
wave packets to allow the time-of-flight measure-
ments. In the Aharonov-Bohm analysis there is
no lag effect and hence there will be no difference
in the time of flight for electrons passing on op-
posite sides of the solenoid.

D. Attempts to Observe Changes in Velocity
for the Passing Electrons

In the classical lag analysis, the electrons pass-
ing the solenoid are actually moving faster on one
side and slower on the other. If an electrostatic
deflection is arranged, then the deflections should
depend upon the particle velocities and any veloc-
ity change between the two sides of the solenoid
should be made apparent. No velocity changes are
suggested in the Aharonov-Bohm analysis.

IX. CONCLUSION

Shifts in quantum interference patterns can be
caused by classical electromagnetic fields. The
familiar type I shift of the enti'e pattern is as-
sociated with a classical electromagnetic deflect-
ing force. A type 2 shift of only the double-slit
pattern can arise in conjunction with a classical

lag effect produced by classical electromagnetic
fields.

Aharonov and Bohm have suggested the possibili-
ty of interference pattern shifts associated with
classical electromagnetic potentials in regions
free of classical electromagnetic fields, and their
view seems widely accepted in the literature. At
present there seems no conclusive experimental
evidence to support Aharonov's and Bohm's idea
of this new role for the classical electromagnetic
potentials. The suggestion of a scalar potential
effect has not been tested, and the experiments
of Chambers and of M5)1enstedt and Bayh are am-
biguous because they do not rule out an interpreta-
tion based upon a classical electromagnetic lag ef-
fect. Crucial experimental tests for the Aharonov-
Bohm hypothesis seem feasible but have not yet
been performed.
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In superstrong magnetic fields, of the order of magnitude supposed to exist in neutron stars, atoms are
I

characterized by enormous binding energies, small dimensions, and a very elongated distribution of charge

having approximately the shape of a concave-ended cylinder. Their ionization energies have a monotonic

dependence on the atomic number, and tend to level off at high Z; the very peculiar distribution of charge

favors the formation of negative ions. When the magnetic field increases, nuclei tend to align and share their

electrons, forming linear molecules. These features are very different from those of ordinary matter, and may

have important astrophysical consequences, e.g., on the emission of charged particles from the surface of a

magnetic neutron star, or the structure of its crust.

I. INTRODUCTION

In superstrong magnetic fields, of the order of
magnitude supposed to exist at the surface of neu-
tron stars (10"-10"G), the cyclotron frequency
of an electron becomes much larger than its Bohr
frequency in a hydrogenlike ion of not too high an
atomic number Z. The transverse motion (with

respect to the magnetic field) of the electron
bound in such an ion is then determined essential-
ly by the magnetic field alone; the Coulomb field
of the nucleus binds the electron along the mag-
netic lines of force. In this "adiabatic approxi-
mation" the electron moves in an one-dimension-
al Coulomb potential, truncated at some small
distance of the order of the cyclotron radius of


