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The eikonal approximation is used to investigate the forward one-fermion matrix element of the bilocal
operator that appears in the most singular term of the canonical light-cone current commutators for the
fermion —neutral-vector-gluon model. A relationship is exhibited between this matrix element of the bilocal

operator and the leading behavior of v 8',. This relation allows calculations of contributions to the matrix
element of the bilocal operator to be applied to the corresponding contribution to v 8', . A simple set of
graphs contributing to the matrix element of the bilocal operator is calculated in the eikonal approximation.
This gives a contribution to v 8', in agreement with explicit calculations in perturbation theory for the
corresponding set of graphs of v 8'2.

I. INTRODUCTION

The determination of the structure functions for
deep-inelastic electron-proton scattering is of
great theoretical interest. Insight may be gained
by examining simple field-theoretic models. In
particular, the inelastic structure functions have
been studied for a fermion-neutral-vector- gluon
model in perturbation theory. '

In this paper the eikonal contributions to the bi-
local operator that appears in the most singular
term of the light-cone current commutators in the
fermion-neutral-vector-gluon field theory are in-
vestigated. Since the forward one-fermion matrix
element of this bilocal operator can be related to
the leadinghehavior of vW, (as -tI'-~, v-~),
therefore the behavior of v W, can also be inves-
tigated by the method. ' In particular, the contribu-
tion to this matrix element of the bilocal operator
corresponding to structureless gluon graphs can
be easily calculated in the eikonal approximation.
The results can be related to the contribution from

the corresponding graphs of v8', by means of the
relation found between the bilocal operator and
vR', . The results agree with explicit calculations
of these graphs of vR', made by Fishbane and
Sullivan. ' The eikonal approximation for these
graphs of vS; has been obtained by Fried and
Moreno'; however, the objective of the eikonal cal-
culation we willdohere isnotanew result for vW„
but a different approach, ' i.e., to study the leading
bilocal operator and then apply results to v W, .

In Sec. D, the form of the bilocal operator will
be obtained and the relationship between the for-
ward one-fermion matrix element of this bilocal
operator and vS", will be derived. In See. III, the
eikonal approximation to the bilocal operator ma-
trix element will be obtained and various approxi-
mations made to obtain numerical results. The
relationship between the matrix element of the bi-
local operator and vR', is used to obtain a result
for vW, within these approximations. In See. IV,
the physical relevance of these calculations is dis-
cussed and further calculations are suggested.

II. THE BILOCAL VERTEX FUNCTION AND ITS RELATION TO vV2

The electromagnetic current commutators at equal x+ have been computed canonically for the fermion-
neutral-vector- gluon theory. The results are

x
-2 [8 (x)~ cT"(0)1++=0 @~ a~ iPx)p'p"y"exp -ig, drBA (z) g(O) —H.c. e(x )0'(x~)

0

Now the leading term in the operator expansions as ~'- 0 of the unordered product of currents can be ob-
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tained from these light-cone commutators, and can be written

J"(x)Z" (0) ~ 0""'(xI0)s',[&i '(x)]+less singular terms,
~2 ~p

where A (x) is the negative-fre(luency part of the Pauli-Jordan commutator function. The most singular
part of ~'-' is

~g
g2 igg

0""'(xIO) is determined by the light-cone commutators to be

f X

0""'(xI0)=-l P(x)y„exp ig-, J~ dzeA (z) P(0) —H.c. (g"'g""+g"'g" —g""g'")
0

ig+is"'" P(x)y,y(;exp -ig, dzBA (z) g(0) - H.c.
40

The connected spin-averaged (CSA) one-fermion forward matrix element of the unordered product of the
electromagnetic currents is therefore

&PI&"(x)J"(0)lp&csg —, ( l)(g-" g""+g""g" g""-g")
x

x p &@~exp -igp dzaA. B z 0 -H.c. p 8", 6 x .
0

Jackiw and %'altz have shown7 that for the one-fermion forward matrix element, the T product and the un-
ordered product coincide as x2- 0; thus we may write

&PIJ"( )J"(o)Ip&„„, (-l)(g" g""+g" g""-g""g ")
x ~0

T g(x)y„exp ig, -dz8AS(z) (1)(0) —H.c. p 8" id '(x) .
0 CSA

The bilocal vertex function is defined by

pe(x', x'p) pq q(x)reezp =)g, gzez (z))q(q) p)
I 0 CSA

and defining'D(x', x p) and C(x', x p) by

(2. l)

(2.2)

lmr&(x', x p) = D(x', x p}+-,'(x"~)C(x', x p),

the leading behavior of &P IZ" (x)Z "(0)IP&c» is given by

(p I
J)'(x)J"(0)Ip&c» ~ — D(x', x p)(p" 9"+p—"8"-g""p 8) a~ '(x)+ less singular terms.

g ~0
(2.4)

Since this matrix element of the unordered product of currents is just the Fourier transform of S'"" for
q'&0, we have

(qx)* —fg'xe" *(P(q"(x)q"(q)(P)e,„='-(g""—q"q /q ))q (q', "qP').
+ 2[p"p'-(q p/q')(p" q'+p"q")+g""(q p)'/q']yi", (q', q p) .1

(2.5)

ComParison of E(ls. O.4) and (2.5) for &P IZ)'(x)J'"(0) IP&cs„gives the relation, to leading order as x'-0,

2~' 2-'(x)D(x', x p) ~ — 2, e "'" ~(q' q P)'
x

(2.5a)

or in momentum space, the leading behavior of )PW, (q', q p) as -q'- ~, &u fixed, is ((d =-q2/2q p,
v=q p/M)
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d'xe "'n.' '(x)D(x' x p) 21&'.Af
(2.6b)vW (q' q P) ~ -q'

~q2 -+ oe

&d fixed

This relation allows the determination of the leading behavior of (I/M)q pW«(q2, q p) from the behavior
of the bilocal vertex function I'" as g'- 0.

III. THE EIKONAL APPROXIMATION FOR THE BILOCAL VERTEX FUNCTION

It is convenient to use functional techniques to rewrite r "(x', x p) in a manner amenable to the eikonal
approximation. For this purpose, additional external potential interactions are introduced:

g(x) =(I)(x)(it{)'-m)P(x)- 'E""(x—)E„„(x)—g (t)(x)y «g(x)A„(x)+ 6m(l)(x)g(x)

+&I(x)y(x)+p(x)q(x)+A«(x)8„(x) .

Then the vacuum-vacuum transition amplitude is

Z(q, qB) -=& 0 out l 0 in) „-„z

= 0 7'l{xxy i d'x{-giP(x&x"rl (x)&„(x)+xmiP"(x)t&"(x)+is(x)( (x)+n(x)W'"(x&+&" (x», (x&l
l 0).

The LSZ (Lehmann-Symanmik-Zimmermann) reduction formula and functional techniques can now be used to
rewrite F " as

rx{x*,xp)=-—, d'xfd'x'e'"' "'(x((,X&(I'K.-—~)j.
x 1$~,„(x,z'; ig06/68")y „as~8«(z, 0; ig,6/68")

+y«$ „(»,0;ig 6/68") $ (z', z;ig 6/68«]
x 6 ~(0 0 8) csA

x [( 2 I{) g m)Q(p, X)] exp -g, d((&8

where $ (», 0; ig 6/68 ) is the Feynman propagator for a fermion interacting with an external potential
ig06/68", i.e.,

+iS,(», 0; ig,6/68«) =(0 outl r(I(0)p(x) lo 1n&„„,

= 0 T' 0 g exp i d'z '"zy& zig, ~~„

Finally the I,SZ reduction formula for a fermion in an external potential ig(&6/68" (x) can be used to re-
write I'" as

r«(x', x p) =- r«(x', x p)+ r«(x', x p),

r,"(x',x p)= —.g(x,'p, X;ig 6/68")y" g(0;p, A, ;ig,6/68«)exp -g, d(o„6/68, ((u)
2 0 Z0, 0, 0

(3.l)

I'«(, (x', x p) = —tr[y «$~(x, 0; ig06/68„)] '
0

'. exp -g() d((&„6/68„((d)
I „, &p, X outlp, A. in&(;/(;s ' Z(0, 0, 8")

0 Z ) s B~ =0

where

(C)(0;p, X; ig,6/68 «) =—
& 0 out l g(0) l p, X in& (/(z /& 0 out l

0 in& A/(z

(t (x, p, X; ig, 6/68" ) —=
& p, X out I (1 (») I

0 1n& (/(;z/& o out I
o 1n& (/(B

are the wave functions [for a fermion interacting with an external potential ig,6/68„(x)] that represent a
free fermion of momentum p and spin A. at time t- -~ and t-+~, respectively. Also

&p, A. Oll'tip, A. in&()/()z

& 0 out l 0 1n&,/„
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(3.2b)

is the forward one-fermion to one-fermion transition amplitude in the external potential igo5/5B (x).
Equation (3.1) is an exact formal expression for I'"(x', x p). The contributions I'," and l'", to I'» are

separately gauge-invariant so it is meaningful to discuss these terms separately .The Feynman graphs
that contribute to 1"," and I'", in lowest order are shown in Fig. 1.

In order to apply the eikonal approximation to I'", the frame p'- ~, po = 0 (p' = m') is chosen and
I' "(x ', x p) is considered in the region x' =0 (so x' ~0). The eikonal approximation is now made by simply
replacing $(xoP, X god/5B"), g(OP, A,;gob/5B"), and (P, t(. out ~P, A in)(~(e/(0 out(0 in)(~(oo by their eikonal
approximations (EA) (see Ref. 3).

j./2 OO

$(x;P, A, ;gob/5B") -i (2x) '~'m(P, X)e'o'* exp (-1)g, dvq" (3.2a)
EA p

OB" x+ q(7
0

q(0;p, Z; g,5/5B")~-i m '~'(2x) '~'
exp (-1)g, do q~q „u(p, z),

Oxx 0'(O-O')-, r, (Ox) 'fa' "'xx" Zx(O'', *X )r "x(O', X)eieax(x)

oo

x exp (-l)g, d7q"( (3.2c)

where q &
= (0, 0, 1, 1).

Now I'," is more easily ca1culated than Z'& in the eikonal approximation.
=I' f(-xo', x p'), the eikonal approximation gives

Fo»)'(x', x p)(„+=,.,+„„.-, =,

8 " ngI',"(-x~', x p') —Z,2
„—exp (-1)g,) dry(t „, , exp

5 Z(0, 0, B)')
"OB„( ) Z(0, 0, 0)

0

(-1)g, do )i", „(
—

)

(3.3)

Using the definition of Z,

z(0, 0, 8")= 0 z~eoo i o x[-pot (x)r "0 (x)Ae (x)+erne (x)O (x)+A„(x)ae(x))'
l 0) .

Rewriting S(0,0, B")in terms of one-particle connected (OPC) amplitudes and assuming that under charge
con)ugationo C, A(x) transforms as CA" (x)C '=-A" (x), we have

2

z(o, o, a")=coo I, ,o iz'," n o'x, a"~(x) (oeetlz(A„, (x,) "A„(x.„))iole)„=-,=,e=.I.1
P 2' 2g

Therefore, using this form for Z(0, 0, B")and evaluating the shift operators and then setting B"=0, Eq.
(3.3) becomes

eet'8 ~jt m
eo

( 1)tt 2tt

I',"(-%o,'ox p')~-, — exp Q -, — (g,)'" g d'x, — ~d, g",&6'( ,x- -xq, ~,)
Ea (2s) Sa m E& „(2n I

0
Pg 4

der ]q ( 5x) - 0')g ]
1

dp, x",'~'( xxp, )
0 I

x(O,out ~T(A„(x,) ~ ~ A„, (x2„)) (Oin)o~ (3.4)

In order to obtain a numerical result, the further simplification is made that gluon structure is neglected,
80

( 0out I&Aq, (x,)" A„, (x,„)) ~
0 in) = 5„(-ig„,& )Do,(x, -x,),

where the representation

dx ". , 1
D~(x) =

j.6~', i' 4x
exp g g —+ p A. —gE'
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is used for the propagator and p2 is a gluon mass introduced to eliminate infrared divergences. The con-
tribution to I'," obtained by neglecting gluon structure is denoted by f',".

The remaining integrations can be done' to obtain the eikonal approximation for the leading behavior'0 of
F as xg ~0:

p" e'~' 2 ' dnI'."(-x,', x p') ~ —,exp — ', —(e ' '~ -l)ln(l&ilpa)
HA Z, Z, (2v)' 2v', a

xg 0

or for the renormalized vertex function,

P 8 dD

{I I

x~ ~0

Now the contribution to D(x', x p) from I" is given by E{l. (2.3),

(3.6)

(2n)' D(x', x p) ~ 2ime'~'"exp —, {e '*'~"-l)ln((-x')'~'pa)

Using the relation (2.6b) between D(x~, x p) and W, iq», q p), the contribution to )d W, from I',„can be cal-
culated:

ele(e', ra) ——'ee d ee" * ' Im e'*cede — (e ' 'e -1)le{(-e ) Iea), (-.i/4m') „. g' 'da

N fiXed

%within the approximation of keeping only leading-order terms in each order of perturbation theory, the
Fourier transform can be reduced to

{)0 ~ ~
vW (q' &o) ~ —8(q p) d(x p)[e{ ' ~ ~ -e ' '~ jexp —, ~(e '~* -l)ln, . (3.6)~4~ 0

The remaining integration does not give any elementary function. However, as 1-~-0+, the leading be-
havior in 1- u may be calculated. The result then becomes

2 2

))W,(q', &) ~ —, ln(- q /g )exp, ln(-q'/g )ln(l- {d)
(x-v) o 4n' & —(u , 4m

~+2 M {)0

(3.7)

The structure of v W, has been investigated in perturbation theory by making use of the optical theorem
to relate W"" to the imaginary part of the forward spin-averaged Compton amplitude for virtual photon-
fermion scattering. Fishbane and Sullivan' have calculated, by this method, the graphs corresponding to
the contribution from I'~)' due to the graphs with no gluon "structure" (i.e., I',"„). Their results are exactly
the same as E{l. (3.7) near {I)= l.

IV. DISCUSSION OF THE ASSUMPTIONS AND RESULTS

The eikonal approximation for l," was made by
eikonally approximating the wave functions P and p
in a frame-dependent way, since the eikonal ap-
proximation keeps only the leading terms in p' in
the frame p'- ~, pd =0 (p' = m'). Since I'," de-
pends only on g and x p, dropping terms nonlead-
ing in p' may not be justified as p' comes into 1""
only through x p+. For s p large, howeverthis,
approximation is meaningful. Since the region
g p large can be seen by E(l. (3.6) to be related to
the leading behavior in 1 —~ of v@2 as I- u ap-
proaches zero, the results of the eikonal approxi-
mation should agree with explicit calculations of
these graphs vS"2 in the region -q2-~, 1-(d-0+.
It is seen in Sec. III that this is the case. Further-

0 X 0 X 0 X 0 X

0 X 0 X 0 X

P

jfe
0 X

(0)

0 X

(b)

0 X

FIG. 1. Figure 1(a) represents the graphs of 1 N& in
order gp2. Figure 1(b) represents the graphs of F~& in
order gp
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I

J (o) J (0) I J+(x)

l

J"(0) l

0 x

J (o) J+(x)
All other ways

p
+ to make the

p
I ) )nit nrjN PLIt
I

I

(a) (b)

FIG. 2. Examples of unitarity graphs contributing to
W&~ in a fermion-neutral-vector-gluon model where the
two currents J& and J~ act on different fermion lines.

FIG. 3. The correspondence between graphs of I'~ and
graphs of W"". Figure 3(a) represents two graphs con-
tributing to I; and Fig. 3(b) represents the corresponding
unitarity graphs of W"".

more, the explicit calculations of Gribov and
Lipatov' for pW, (q', v) show that these structure-
less gluon graphs dominate in this region of mo-
mentum space. More precisely, they have shown
that these graphs of v S', dominate in the "quasi-
elastic" or threshold region; I —& «1 and
in(-q'/p, ')» 1 with g'1n'(-q'/g') ™1.

If all the graphs of v8', are considered, three
types may be distinguished: graphs in which the
two currents act on different fermion lines, graphs
in which the two currents both act on the initial
fermion line (this is, of course, also the final
fermion line), and graphs in which the two currents
act on the same line of fermion propagators, but
this line does not connect to the initial or final
fermion line. Graphs of vs, in which the currer. ts
J "(x) and J"(0) act on different fermion lines, as
illustrated in Fig. 2, have no corresponding con-
tributions in 1' "(x',x p). When graphs of this type
contribute to the leading behavior of vW, in the
Bjorken limit, the relation (2.6) between the lead-
ing behavior of vs, and the behavior of j. " near
g'=0 will fail in perturbation theory since I'" has
no contributions corresponding to this type of
graph in v W, . Graphs of v W, in which the two cur-
rents act on the line of propagators connecting the
initial and final fermion correspond to the graphs
of I"" contained in j.",". The relation is iOustrated
in Fig. 3. It is found in perturbation theory" that
of these graphs, the leading behavior comes from
the graphs in which the gluons have no structure.
These are just the graphs calculated in t(",".

FinaDy there are the graphs of vS'2 in which the
two currents act on the same line of fermion prop-
agators„but this line does not connect to the initial
ox' final fermion. These palx' pl'oductlon graphs
correspond to the graphs of I". " contained in I' ", .
The relation is illustrated in Fig. 4. The explicit
calculations of Gribov and Lipatov' for vS", show
that these pair-production graphs do contribute to
the leading behavior of v 5', in the Bjorken limit,

so I'", must also be calculated. A simple method
to apply the eikonal approximation to calculate the
leading behavior of 1" ", (as x'-0) has not yet been
found.

Note added in P~oof. The experimental data on
elastic electron-proton scattering at high energy"
indicate that the electric, Gs(q'), and magnetic,
G~(q'} = g Gs(q'), form factors of the proton have
a faster decrease than the standard dipole form
factor for -q' from 5 GeV' to the largest mea-
sured momentum transfer 25 GeV'. This behavior
suggests" that asymptotically Gs(qn) = G„(q')/g~
decreases more rapidly than (-q') '.

The vertex function in the quark-neutral-vector
gluon model can be calculated for large spacelike
momentum transfer using the eikonal approxima-
tion. ' This gives the leading logarithmic behavior
of the form factor for -q'»m',

Gs(q') = G& (q')/V,
-A exp((- q '/16m'}ln'(- q'/m'))

-g(/pan/ qm)(nn/16& )In( n2/nl2)

Although the present data are not conclusive, the
form found in the quark-neutral-vector -gluon mod-
el fits the large -q' data well. This suggests that
the form factor may fall off faster than any power
but that the power will increase slowly as ln(-q').
Such behavior of the elastic form factor has the

J"(0) l J (x

FIG. 4. The correspondence between graphs of I'&" and
graphs of W"~. Figure 4(a) represents a graph contri-
buting to I~ and Fig. 4(b) represents the corresponding
unitarity graphs of $V"".
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consequence that vS", will not seal near thresh-
old if a Drell- Yan-West relation" holds. It is
interesting to note that in the quark-neutral-vector-
gluon model this is in fact the case. The Drell-
Yan-West relation holds with the simple modifica-
tion that the power depends on ln(-q'/m'). For
if the elastic form factor

Af(q ) g ( 2)

- A (m'/-q')~,

where p = (q'/16m')ln(- q'/m'), the Drell-Yan-West
relation would predict that the threshold behavior
of vR" should be

&~et B($ ~)2P-x B(1 to)-&(1 ~)tc /Sr )1n(-c /m )

[Here B may also depend on in(-q'/m'). ] This is
the form for vR', near threshold found in the
quark -neutral vector -gluonmodelinEq .(3.6)and
also in Refs. 3 and 4.
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