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term in the unification of strong, weak, and electro-
magnetic interactions is discussed in Ref. 7.
240f course, we should expect the parameters f, g, v, k,

and A to be readjusted in order to properly fit the p, A4,
and p’ masses and the p width when the present model
is embedded in the larger M scheme,
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The question of cancellation of the logarithmic divergence appearing in the proton-neutron mass
difference is studied in a unified theory of weak and electromagnetic interactions. It is concluded that
the contribution from weak hadronic currents in an extension of the Salam-Weinberg model for leptons
to hadrons does not cancel the logarithmic divergence arising from purely electromagnetic interactions.

I. INTRODUCTION

It has been known for some time that a logarith-
mic divergence! appears in the proton-neutron
mass difference when this mass difference is cal-
culated from purely electromagnetic interactions.
Recently there has been some interest in unified
models? of weak and electromagnetic interactions,
and in one sense this interest stems from the hope
that such models would lead to a finite theory of
electromagnetic and weak physical processes. In
the version studied by Salam and Weinberg the
weak and electromagnetic interactions are medi-
ated by two charged vector bosons W,f, a neutral
massive vector boson Z,, and the massless pho-
ton A,. The model has been extended by Weinberg?
to include hadrons; and the bosons A,, W, and Z,
are coupled to the electromagnetic current J;i™, the
weak hadronic charged current J }’1’, and weak ha-
dronic neutral current Jf, respectively, with com-
parable coupling strengths. Thus for ¢Z(in the prop-
agators of massive bosons W, and Z,)> m,?, m ;*
the contributions from J% and JZ to the proton-
neutron mass difference will be of the same order
as that from J", and it is interesting to see wheth-
er the logarithmic divergence to the mass differ-
ence arising from J¢" is canceled from the contri-
butions from JZ and J%. The purpose of this paper
is to study this question. Our conclusion is that in
the Weinberg model the divergence in the mass

difference is not canceled and in fact the situation
is the same as in ordinary theory with the contri-
bution coming to the mass difference purely from
Jg"; the only difference is that e? appearing in the
coefficient of the logarithmic divergence for the
purely electromagnetic case is replaced by €2/

(2 cos?®gy,) in the Weinberg model, 6, being the
parameter appearing in the model (it is defined
below).

II. MASS FORMULA

In Weinberg’s extension® of the Salam-Weinberg
model for hadrons the electromagnetic weak had-
ronic charged and neutral currents in terms of the
four quarks q,, q,, ¢,, 4, having charges a,a,a~1,
a-1 are given by

Jm=igy,Qq,

JY=iqy,(1 +ys)Wq, (2.1a)
JE=3J8 - 4—Si;2————9WJ§‘“,

where
JHO =gy, (L+y)W. (2.1b)

Here q is the column matrix
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44
q,
9,
|5

@ is the charge matrix, W is the 4xX4 matrix
Kt Uj]

LO 0]’

with

-sing, cosGC:I
_[ cosé, sing, |’

6. being the Cabibbo angle, and W=[w, w *]_.
The parameter 6, appearing in Eq. (2.1a) is de-
fined below. The interaction Lagrangian, as far
as the interaction of the above currents with the
vector bosons is concerned, is

L= A, +3(g2+g "I EZ,

+%(meu+ﬂxwu)’ (2.2)
where
tanow=5;—', f;ié’%:ez,
g*+g”? _g°
=%’ (2.3a)
2 2 2, g2 2
ey o ~Temto costr.s (23

ﬂ:(g2+g'z)1/2: 1
My g cosé,’

w=31GeV, m,>T5GevV, (2.3c)

where e is the electric charge and G, is the Fermi
coupling constant of the weak interaction.

We now derive an expression for the proton-
]

- (2z7f )3 (mn - Mp)z == ze[(i)IAuJﬁmlp> - <n|AuJ71mln>]spin sum -1

—z——[<1>lW

It is easy to see? that to the lowest order

neutron mass difference by using the Lagrangian
(2.2). For this purpose we follow a method dis-
cussed previously by us* and define the isospin
currents
Vi=iqx)y, T *q(»),
(2.4a)
Vi =iq(x)y, T%(v),
where the matrices
0000
0010
+ _ - +\1
T*= 0000/ T-=(TH7,
0000
(2.4b)
0000
= 0100
3_ + - —
=T 1= g ooy o
0000
The corresponding isospin charges are
o) =-i [VESE, Hasx. (2.4c)
Then
9, Vi=il1*, £]
12\1/2
—ielr,gmla, +iEED B g2y,
9 pd <y
viZ 1, TV W 2.5)
2vy2 ORI ’

where we have assumed that I* commutes with
Ay, Z,, and W,. There may be additional terms
in Eq. (2.5) arising from quark masses (more ex-
plicitly from the mass difference of ¢, and g,
quarks) in the Lagrangian. Such terms give rise
to tadpole-typ e contributions which we are not
considering here.

Taking the matrix elements of Eq. (2.5) between
a neutron (initial) and a proton (final) state, using
the property of I™ as an isospin raising operator
and taking the spin sum on both sides, we have

12\1/2
(;g__ﬁ_[a)lz ﬁ|p>—<anuJﬁIn>]spinsum
mln}]spinsum' (2'6)
(V q ), (27a)

1 5
- 3 em . -1 ZL.[ 4
(27’ (N | A TS N)in sum = 2€ e dig—t5 q2
(g2+g'? 1/2 1g%2+g
—(27)° f ) (N]ZuJﬁIN)spmmm=§

f d4q6uu +(9,9,/m 5%
4 (211)4

q2+mzz ﬁu(ys qz)’ (2.7b)
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-(21r)32gﬁ<N|W V) gin sum —1<§>éﬁfd44%@%y(v,qz), (2.7¢)
where

0w, a%)=i2n) [ d%2 e KN ()] TP IO N (p)) (2.82)

2, (v, q%) =i(2n)® [ d% KN ()] T(I HRTZONI N (p) (2.8b)

1, a9 =i@n)? [ a% e YN ()] T(TY ()T ) N (9)) +T =3}, (2.80)

where the spin sum is understood and will not be written explicitly, N denotes p or n, and v=—(p* q)/m.
Thus from Eqgs. (2.6) and (2.7)

(m, —m,) = [(Am)? = (Am)°"] + [(Am)? - (Am)?"] + [(Am)¥? - (Am)¥ "], (2.92)

where
(Am)”=——g—-i—fd4qA" (@)%, (v, ¢%) (2.9b)
2(2m)% 2 a4 py R ’ :
where no summation over b is implied here and in what follows and where
2 2 2
b_ 2 8 *t8° 8"
Cee =" =%

4]
A, =—(—IP‘—21 b=e)

“ +(ququ/mz) (b=2)
q?+my

pv+(q;1QV/ W )

Femy B=w). (2.10)

After making the Cottingham5 rotation, we can write (2.9b) as
C? * 1 )
(Am)”=mé(—2n) fo dg® f_l dy ¢*(1 - y*)al, 01, (q% 19), (2.11)
where
y=v/(q*)">.

III. ANALYSIS OF THE DIVERGENCE IN THE MASS DIFFERENCE

As is well known, ¢, can be decomposed as

1 . v
Gvla?s V)=,—nz[1>u1>y-%(mu +puqu)+(pqq) q,‘q,,]T“(q2 V)+< q;q )T"(q v), 3.1)

while ¢Z, and ¢}/, have the decompositions

@ 0) = b= L @, +p00) L g0, |10, 0
_ 9.9 1
< £ ) 1( 5 V)45 9m? €uvas Pus T S(q v)
+ ,
%‘;—q— a3, V)+1—’“—q% Ti(q?, u)+z‘?——q—"——£”—Ji T%q%v), b=ZorW. (3.2)
In the above equations deep-inelastic lepton-nucleon scattering. In par-
AbSTH(?, v) =20W (g%, v), (3.3)  Hewar

where W, are the usual structure functions of Wl=Wi+Wwy. (3.4)
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The antisymmetric terms in (3.2) do not contri-
bute to (Am)? in Eq. (2.11) and therefore will not
be considered. Now from Egs. (2.10), (3.1), and
(3.2)

1 Foq? v
&0 (%, 1) =27 )@, )+ g,
(3.5)
where
b( 2 1
Agt)=5 (b=e)
1
WETr A
1
_— = .6
q2+'m 2 (b W)r (3 )

2
(¢2, 1) =3T2(q?, u)—(l +-§;)Tg<q2, v, (3.7

1
F’(q?, V)=Wq2[q2TZ(q2, v) - 2mvTi(q? v)],

(3.8a)
My =M, OF My, , (3.8b)

where in Eq. (3.7) b=e, Z, or W while in Eq. (3.8)
b=Z or W only.

It is easy to see that the term F? (b=Z or W)
arises due to the nonconservation of the current
JZ or JY. Now it has been shown' that the deep-
inelastic region (g2~, v—~w, £=q2/2m, finite)
is the relevant one in the discussion of possible
divergences in Am. In such a region one may
argue that one may effectively neglect the noncon-
servation of the currents J Z and J} so that the
contribution from F°® is suppressed in the scaling
region relative to the contribution from ¢*. More-
over, if one assumes that the divergences of the
currents J 7 and J}/ are simply given by the quark
masses in the Lagrangian, one can show by using
the Bjorken-Johnson-Low limit® that the term F°
would not give a divergent contribution to the pro-
ton-neutron mass difference in the lowest order.”
For these reasons we shall not consider the term
F?® any further and concentrate on ¢?. Thus we
write from Eq. (2.11), as far as the discussion of
possible divergence in the proton-neutron mass
difference is concerned,

, C f ® dq2A®(q?)
(am) =ma(—277) r q°A°(q

+1
X ) dy(1-y*)"2q%¢"(q? iy), (3.9)

-1

where ¢,, denotes the onset of the scaling region
and where from Eq. (3.7) we can write ¢® as

AND RIAZUDDIN 8

$*(q?, v)=-3T%(q? v)+2(1 +v2/q®)T5(q? v).

(3.10a)
Here
T3(q% v)=(1+v?/q*)T}(q? v) - T(q?, v)
(3.10b)
=T3(q? v)+ T3(q? v), (3.10c)
where
THeL VLTI - T Y 6.100)

and the corresponding absorptive parts are
AbsT}  =21W5 ,, (3.11)
with the scaling limits

vWi(g? v)=-F5(8)+0(1/q?),

Wi =L e S me|, )

2
W, )~ PO+ e
where

Fi(e):;—gF;’(e) ~FY®),
(3.12b)
HY(8) = 26F 5(E) + H(£) .

Then assuming that (i) 7, and 7, satisfy unsub-
tracted dispersion relations in the variable v for
fixed ¢® and (ii) F(£)=0 (this assumption avoids
a quadratic divergence in Am), it has been shown?®
by using Eq. (3.9) and the above equations that

3¢t “ dq?
(A ) ivergent = ~162™ ( f —>

2
a2 4

X{ fol [F’;(g) - I#]dg} . (3.13)

Substituting Eq. (3.13) in Eq. (2.9a) and using Eq.
(2.3b) and (3.4), one obtains the divergent contri-
bution of the proton-neutron mass difference as
follows:

3a * dq?
(mb - mn)divergent == Z;m <'£m2 ?‘)A ) (3. 14&)

where a=e?/4m and
A=fol{[Fé’(&)—Fg(&)]—%[Hz(s)—H;(&)J}d&,

(3.14b)
with
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F4(&)-Fa(&)=[F2(¢) - F )]

__1_.___ zZp Zn
“4sin%9, cos?s,, [F () - F (&)
1 - —
“gemrg, F8T O - FLTE],

(3.14c)
HY (&) -HL(&)=[HP () -HT(¥)]

___.._l_*_-._ zp - Zn
+4sin29W cos?6, (E2) -H7)]

_.___.1_.. (v+v)p (v+T)n
+8$in29W [H# (&) -Hy ).

(3.144)

Regarding the H;’s, two alternatives have been
considered in the literature®:

HY(£)=0 (3.15a)
or

HY(£)=0= HY (£)=2EF (%) (3.15Db)
[cf. Eq. (3.12b)]. Then

A=+ [ 1FY®) - Fu, (3.16)

where the + or — sign holds according to whether
one has alternative (3.15a) or (3.15b). We now
show that the second and third terms in Eq. (3.14c)
arising from J Z and Jl‘f do not cancel the first
term arising from J¢" so that the logarithmic di-
vergence remains in the proton-neutron mass dif-
ference. To see this we note that it has been
shown® that in the Weinberg model the following
relations hold:

Fr02(g)=F{V*n(g), (3.17a)
F2(g) - F 2(£) = -2 sin%0, (1 — 2 sin®g,,)

x[F (&) - F3'(9)] (3.17b)

which give

1

F(8) - F3(§) 2 cos?6,

[F2E) -FE)],

(3.18)

so that from Eqs. (3.16) and (3.18) we have from
Eq. (3.14a)

iy =73 ([ 90°)
My =My divergent _:F41T m e 2 q2 2c0826w

<[ lFeE -Frola, (.19

where the — or + sign holds according to whether
the alternative (3.15a) or (3.15b) holds. From the

above discussion we see that in Weinberg’s unified
model of weak and electromagnetic interactions,
the situation regarding the logarithmic divergence
in the proton-neutron mass difference is the same
as in the purely electromagnetic case; it is not
canceled and only its magnitude is changed by the
factor 1/(2 cos?4,).

Finally we discuss the effect of the scalar meson
present in the Salam-Weinberg model on the mass
difference. The portion of the Lagrangian which
gives the coupling of the quarks with such a meson
is

£,(¢) = -Aqrq -qTq¢, (3.20)

where I' is a diagonal 4X4 matrix whose diagonal
matrix elements we denote by 7; (i=4,1,2,3). In

Eq. (3.20) A=(¢,), With ¢, =¢ +A, (¢),=0. By us-
ing the first part of the Eq. (2.5), we see that the

first term of Eq. (3.20) gives a contribution to the
proton-neutron mass difference of the form

2T |qTqlp) —(rn|GTq|nY). (3.21)

This contribution we have called the “tadpole-type”
contribution previously [below Eq. (2.5)] and it is
proportional to the quark mass difference. Now
since the unified model we are considering is re-
normalizable, a parameter of the model can be
redefined so as to absorb the logarithmic diver-
gence we have found in the proton-neutron mass
difference previously. The mass renormalization
counter term for this purpose is available by re-
defining the matrix I' in Egs. (3.20) and (3.21) as

=Tp+T,, (3.22)

where the matrix elements of gI'yq are finite
while at least some of matrix elements of qI', q
are logarithmically divergent so as to cancel the
logarithmic divergence we have found previously.
Thus we rewrite Eq. (3.21) as

A2 p| GTra|p) —(n|GTRq|n))

+ ((pl 7F,¢I|P> - (ﬂl (—Irﬂln))] = (Am)ﬁnm + (Am)z s
(3.23)

where the renormalizability of the model implies
that (Am)Z cancels the logarithmic divergence we
have found previously. However, the proton-neu-
tron mass difference is then essentially a free pa-
rameter.

The term gTI'q in Eq. (3.20) gives the quark
masses so that Ay ~m,, v, denoting the diagonal
matrix elements of I'y and m, being a typical quark
mass. On the other hand g2 is of the order of vec-
tor boson mass m,. Thus y must be of the order
gm,/m,. The term gI'yg¢ in Eq. (3.20) can also
contribute to the electromagnetic mass difference
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due to the ¢-meson exchange. This contribution
would be logarithmically divergent. But since y is
of the order gm,/m,, the scalar-meson exchange
contribution would be of the order!® (m,/m,,)? and
thus highly suppressed compared to the logarith-
mically divergent contributions from the 6,, part
of the vector-boson propagators discussed previ-
ously. Thus it is impossible to cancel the leading-
logarithmic contribution from the Z-boson and
photon exchanges by means of the scalar-meson
exchange and one has to carry out the mass re-
normalization in the way indicated above. There
is a possibility of the cancellation of the contribu-
tion of the scalar-meson exchange with the contri-
bution arising from the ¢,q, part of the vector-
boson propagator which is of the same order and
type as mentioned in Ref. 7.

One can also take the point of view that in the
Lagrangian

em (g2+g12)1/2
L=eJTA, e JizZ
+-2—§—§(J3Wu +J¥W)-XgTq - qTqo

all the parameters are physical and finite. Then
the logarithmic divergence cannot be canceled.
Finally we may mention that the nucleon, being
a strongly interacting particle, should not be
treated as a pointlike Dirac particle. It should not
appear in the Lagrangian as a fundamental entity.
Strong-interaction effects must be taken into ac-
count in any discussion of proton-neutron mass
difference. In fact the proton-neutron mass dif-
ference calculated in Born approximation comes
out to be finite, the necessary convergence factor
being supplied by the electromagnetic form fac-
tors of the nucleon. One should clearly understand
the source of the possible logarithmic divergence
in the proton-neutron mass difference in the usual
theory. The deep-inelastic region g?—, y— o,
£ =q?/2mv finite is the relevant one in the discus-
sion of possible divergences in Am. In this re-
gion, the experiments on inelastic electroproduc-
tion indicate the scaling behavior of inelastic .
structure functions. Thus the experiments indicate
that we are seeing a pointlike structure in this ki-
nematic region, that is to say the nucleon behaves
as if it is made up of pointlike constituents (par-
tons). These partons are Dirac particles and may
be identified with quarks. Experiments also indi-
cate that spin-; partons are coupled to the lepton
current via pure V-~ A currents of type 77“(1 +75)4.
Thus it is very relevant that the fundamental La-
grangian written from gauge-theory considerations

|oo

should involve only quark fields; the nucleon,
being the composite of the quarks, should not en-
ter in the primitive Lagrangian. The hadronic
currents which enter this Lagrangian satisfy light-
cone algebra. Light-cone algebra is relevant for
the scaling region. In our approach, this basic
Lagrangian is used to extract the underlying alge-
bra and the various coupling strengths for calcu-
lating the neutron-proton mass difference. It may
be mentioned that the real test of gauge theories
for hadrons lies in the deep-inelastic region where
we are directly probing the pointlike constituents
of the nucleon, the pointlike constituents being
described by the primitive Lagrangian written
from gauge-theory considerations.

We conclude that as far as the proton-neutron
mass difference is concerned the unified model we
have discussed does not lead us to a satisfactory
situation. The situation regarding this problem is
more or less similar to the one in pure electro-
dynamics since in the latter case one has also in
general a logarithmic divergence due to photon ex-
change in the mass difference which can be re-
moved by introducing a counterterm (which may
be taken again as arising from a “tadpole-type”
contribution) leaving the mass difference essen-
tially a free parameter.

Note added. While we were writing this paper,
we came across a report by A. Love and G. G.
Ross [Nucl Phys. (to be published)] reaching es-
sentially the same conclusion as ours by consider-
ing the contribution from the neutral weak current
JZ

fv‘ote added in proof. After the submission of the
paper we came across a paper by S. Weinberg
[Phys. Rev. Letter 29, 388 (1972)] where the prob-
lem of mass differences in spontaneously broken
gauge theories is discussed. In particular he has
discussed another extension of the Salam-Weinberg
model of leptons to hadrons where there are six
massive intermediate bosons and a photon and the
proton-neutron mass difference is finite. The
model we have discussed involves only three mas-
sive intermediate bosons and a photon.
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It is shown in a simple model of quarks and mesons with Yukawa coupling that consistency
conditions determine all dimensionless parameters of the model. Similar results are discussed for models
also containing baryons (bound states of three quarks) and SU(3) symmetry. We use the static limit of

the ladder approximation.

I. INTRODUCTION

Since the bootsirap idea was first formulated*
no one has succeeded, to the author’s knowledge,
in constructing a completely bootstrapped model,
that is, a model in which all dimensionless con-
stants are uniquely determined by consistency
conditions.

In a recent publication® (hereafter referred to as
II) 2 model of quarks, mesons, and nucleons was
constructed from a four-fermion point interaction,
where all particles are bound states. However,
as emphasized in II, the four-fermion coupling
constant was left as a free parameter, arbitrarily
chosen to ensure some simple situation, hence
failing to achieve a real bootstrap. We thus see
that the condition that all particles be bound states
(i.e., that there be no “elementary” particles) is
not equivalent to a complete bootstrap.

It is the purpose of this paper to construct a

simple soluble model which is completely boot-
strapped. While constructing this model, we
emphasize mathematical and conceptual simplicity
and the bootstrap idea more than the need for pre-
cise description of experimental data. From this
point of view our model is a mathematical presen-
tation of the bootstrap idea and not a phenomenologi-
cal physical theory. Nevertheless, we will build
our model as much as possible from physical data
and intuition.

In Sec. II we define our model, consisting of a
spin-% quark and a scalar meson interacting via
a Yukawa coupling, and we show that in the static
limit of the ladder approximation all dimensionless
parameters are determined.

In Sec. III we briefly outline some generalizations
of our basic model: We include pseudoscalar as
well as scalar mesons, we include spin-§ and -3
baryons (bound states of three quarks) as well as
mesons, and we include SU(3) symmetry.



