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A stationary distribution of matter outside a Kerr black hole will cause the angular momen-
tum of the black hole to decrease with time provided the distribution is not symmetric about
the axis defined by the black hole’s angular momentum. The rate of decrease of angular
momentum is calculated in the case that (a) the effects of the exterior matter can be treated
as a perturbation to the Kerr geometry and (b) the angular momentum of the black hole is

small.

I. INTRODUCTION

The detection and observation of black holes
will depend not so much on an understanding of
the properties of a black hole in isolation but on
an understanding of how a black hole interacts
with a realistic astrophysical environment. Itis
appropriate, therefore, to examine in detail the
interactions of a black hole with matter which is
exterior to it. In this paper we examine one as-
pect of this interaction —the decrease in angular
momentum of a Kerr black hole caused by the
presence of a stationary exterior distribution of
matter which is not symmetric about the axis de-
fined by the black hole’s angular momentum.

That exterior matter could slow down a rotating
black hole was already strongly suggested by a
theorem of Hawking! which shows that any station-
ary nonstatic black hole must also be axially
symmetric. It seemed reasonable to conclude
that a nonaxisymmetric black hole, such as a
Kerr black hole perturbed by nonaxisymmetric
exterior masses, could not be stationary but must
tend towards a static black hole, thatis, the angu-
lar momentum must tend to zero. A simple pic-
ture of the origin of the effect may be presented in
the following way®: One knows that if there is a
relative rotation between infinity and a body which
is not symmetric about the axis of rotation then
the body will emit gravitational radiation to null
infinity.® The gravitational radiation causes the
relative rotation between the body and infinity to
decrease with time. There is a close analogy
between Penrose’s concept of null infinity and the
event horizon of a black hole. Both the event hori-
zon and null infinity are null surfaces. Both have
the “one-way” property that radiation which reach-
es or crosses them can never reemerge. Pursuing
the analogy, one would expect that if there is a
relative rotation between an event horizon and a
distribution of matter which is not symmetric
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about the direction of rotation, then there would
be gravitational dissipation which would act to
decrease the relative rotation of the matter and
the black hole. In particular, even if the matter
is stationary with respect to infinity it would slow
down a rotating black hole.

The slowing down of a rotating black hole due to
the gravitational dissipation produced by exterior
matter is analogous to the slowing down of a rota-
ting planet by viscous dissipation due to tides
caused by an exterior moon. In effect the gravita-
tional attraction of the exterior matter raises a
tide in the event horizon of a black hole. As the
black hole rotates under this tide its rotational
energy is dissipated gravitationally. Even the form
of the expressions for the rate of decrease in the
angular momentum in the two cases are similar.
It is this close analogy which leads us to call the
slowing down of black holes by exterior matter
gravitational tidal friction.

In a previous paper? a simple general expression
was found for the rate of decrease in angular mo-
mentum of a Kerr black hole due to a stationary
gravitational perturbation,

da_ A w
dt"mfl" Pda . (1.1)

Here, a is the Kerr angular momentum parameter,
M is the black hole’s mass, A its area, and ¢ the
shear of the properly normalized null generators
of the perturbed event horizon. The area integral
extends over the intersection of the perturbed
event horizon and a surface of constant ¢.

This simple and elegant formula is not so simple
to evaluate. In this paper we will evaluate Eq. (1.1)
for the particularly simple limiting case when the
angular momentum of the Kerr black hole is small,

akM . (1.2)
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The equations governing the perturbations can then
be expanded simultaneously in powers of the per-
turbation and in powers of /M and solved in the
lowest relevant orders. The rate of decrease in
angular momentum can then be calculated to the
lowest nonvanishing order which is second order
in the perturbation and first order in a.

In Sec. II we briefly review the derivation of the
expression for da/dt. In Sec. III the analogy to
tidal friction is pointed out. In Secs. IV and V the
general perturbations of the Kerr metric are eval-
uated to the relevant orders. In Secs. VI and VII
the rate of change of angular momentum is eval-
uated for a general perturbation, and in Sec. VIII
the effect for the case of a stationary point particle
located outside the black hole is treated. Finally
in Sec. IX we discuss possible astrophysical con-
sequences of our results.

II. RATE OF DECREASE OF ANGULAR MOMENTUM

The expression for the rate of decrease of angu-
lar momentum of a black hole due to a station-
ary perturbation [Eq. (1.1)] is so simple to de-
rive that it is appropriate to briefly sketch that
derivation here as a guide to making our explicit
calculation. The details are in Ref. 4.

A Kerr black hole is characterized by two param-
eters: the total mass, M, and the specific angu-
lar momentum, a. We want to calculate the rates
of change of these parameters with respect to any
time ¢ such that 8/8¢ is a timelike Killing vector
at infinity caused by a stationary exterior pertur-
bation. A stationary perturbation cannot cause a
rate of change of the mass. To see this we can
invoke the familiar argument of Edelstein®: Find
that solution of the everywhere source-free per-
turbed Einstein equations which agrees with the
stationary perturbation under consideration at the
horizon. At infinity, this solution must be a super-
position of ingoing and outgoing gravitational waves.
The energy which is crossing the horizon is the
difference between the energy which is being car-
ried inward and that which is being carried out-
ward at infinity. A stationary perturbation, how-
ever, will contain no radiation at infinity either
ingoing or outgoing. The energy crossing the ho-
rizon is, therefore, zero.

The mass, angular momentum, and area of a
Kerr black hole are related by

A =8uM[M + (M2 -a?)*?] . (2.1)

The rate of decrease of angular momentum, J, is
thus related to the rate of increase in area by

fd_f_ (Mz_az)x/z dA 59
dt 8ma dt (2.2)
In turn the rate of increase in area is given by

-2
7= -2 ) pdA. (2.3)

Here, p is the convergence of the null geodesic
generators of the event horizon and the integral is
over the two surface formed by the intersection of
the event horizon with a surface of constant ¢. If
I¥ is the normal to the horizon, normalized so that
It ,=1and m* and m* are complex conjugate null
vectors chosen so that "], =0 and m"m, = -1, then

p=l,,,m'm’ . (2.4)
The convergence, p, can be calculated from one

of the Newman-Penrose® equations. In the absence
of sources the relevant equation is

Dp=1l'p,,
=p?+00 +(e+€)p . (2.5)
Here,
o =1, m'w’ (2.6)
and
€=3 (L 1’ +my,,m'l") 2.7

where #" is a real null vector orthogonal to » and
satisfying {#n,=1. The vector m" is not determined
up to a rotation m*~e*®m*, and, by proper choice
of the function ¢, € can always be made real. If
all quantities in Eq. (2.5) are now expanded in
powers of the perturbation the lowest-order (the
unperturbed Kerr metric) values on the horizon
are 0@ =p® =0 and

(Mz_az)l/z

o= 8

To first order in the perturbation p vanishes. This
is reasonable since the flux of angular momentum
should be second order in the perturbation [cf. Egs.
(2.2) and (2.3)]. Further, to second order in the
perturbation the rate of change of angular momen-
tum and area due to a stationary perturbation
should themselves be stationary. Taking Eq. (2.5)
to second order in the perturbation, and integrating
it over the two-surface formed by intersection of
the event horizon and a constant { hypersurface,
one finds

€© =
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o=f|o<1>l=d,4+2e<°>ﬁ>@>d4 . (2.9)

Here, 0@ is the shear calculated to first order in
the perturbation. The left-hand side of the equa-
tion vanished because it is d24/dt? and the rate of
change in area is stationary. Using Eq. (2.3) one
has for the rate of increase of area to second order
in the perturbation [and thereby through Eq. (2.2)
the rate of decrease in angular momentum]|

dA 1
aT:z(a)_flo(l)lsz

Equation (2.10) is the expression which we wish
to evaluate to lowest order in a. The calculation
can be done in the following steps: (1) Expand the
metric about the Schwarzschild metric simulta-
neously in powersof a and the perturbation. To keep
track of the orders in this expansion we introduce
a formal parameter € to keep track of the orders
in a and a parameter ¢ to keep track of the orders
in the perturbation. (Thus, order €{ means first
order in a and first order in the perturbation.)

(2) Calculate the metric to order € and order ¢
(Sec. IV). The metric to order € is simply the
Kerr metric. Order ¢ contains the stationary per-
turbations of the Schwarzschild geometry caused
by the stationary exterior sources. The calculation
of the perturbations to order ¢ is not difficult be-
cause the perturbations separate in the spherically
symmetric background Schwarzschild geometry
into perturbations transforming under rotations
like spherical harmonics with quantum numbers
(I,m). To both order € and order ¢ the shear will
vanish on the horizon; the Kerr geometry is sta-
tionary and a stationary perturbation will not cause
evolution of a nonrotating Schwarzschild black hole.
(3) Write out and solve Einstein’s equations in
order €¢ which is the lowest order in which o is
nonvanishing (Sec.V). The equations for the per-
turbations of this order will contain driving terms
which are products of order € and order {. The
terms of order € transform like (l=1, m=0). An
exterior perturbation transforming are (I,7) can
therefore produce driving terms in the equations
of order €¢ which transform only like (I+1,m),
(I,m), (I-1,m). It is this simple coupling which
makes the calculation of the perturbation in this
order feasible. (4) Locate the position of the per-
turbed horizon (Sec. V). (5) From the perturba-
tions of order €¢ calculate the shear ¢’ on the
perturbed horizon (Sec. VI) and evaluate the rate
of decrease of angular momentum (Sec. VII).

(2.10)

III. CONNECTION WITH TIDAL FRICTION

Before proceeding with the calculation of tidal
friction in black holes it is appropriate to review
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briefly the theory of viscous tidal friction in a
moon-planet system to bring out the close analogy
between the two cases.

Consider a rotating planet covered with a shal-
low sea of incompressible viscous fluid and pos-
sessing a stationary external moon. The gravita-
tional pull of the moon will raise a tide in the sea
and the tidal friction between the sea and the ro-
tating planet underneath will cause the rotation of
the planet to decrease. We can estimate the rate
for this process from the expression for the rate
of energy dissipation in a viscous fluid,

dé ;

=-tov 0,0 av. 3.1)
Here, p is the fluid density, v is the viscosity co-
efficient, and oy, is the volume shear of the fluid,

_9v; dv

04 =5 Tt (3.2)

The integral extends over the whole volume of the
sea.

The dissipation of the planet’s rotational energy
means a decrease in its angular momentum, J. If
I is the planet’s moment of inertia then 8=J2/21

and
aJ pVI
E = ﬁU;jUiJ)dV

(3.3)
Equation (3.3) is similar to Eq. (1.1) except that
here the integral is over a volume shear rather
than a surface shear.

Suppose that the mass of the planet is M and its
angular velocity is 2. Let the mass of the moon be
i and let it be located a distance R away from the
planet’s center. If the moon is sufficiently far
away only the quadrupole part of the perturbing
gravitational potential will significantly influence
the tides on the surface of the planet. This per-
turbing potential is (we are still using G=1)

0= p.

P »(cosy) , (3.4)

RS
where x is the angle between the direction of the
moon and the direction where 6® is evaluated and
7 is the distance from the planet’s center. This
perturbing gravitational force will change the
height of the sea from its original radius R, to a
new radius Ry +0R;. The change 8R; must be such
that the gravitational potential energy of a fluid el-
ement as it rises in the tide remains unchanged,

M
R—EORS ’”(OQ’)RS
s

2

~Usr (3.5)
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Here we have neglected all angular dependence to
obtain the simplest dimensional arguments.

The typical excursion of a given fluid element as
it rotates through the tidal distortion will be 6R;
and the velocities in the fluid will be of order of
magnitude Q0R,. Derivatives of the velocity will
then be of order of magnitude Q6R, /R, and we
have for the square of the shear

2
0,,0”“0%%)

s

~(j—4)2(%>6 Q. (3.6)

The last line follows from Eq. (3.5). If M, denotes
the mass of the sea, then we have for the rate of
decrease of J from Eq. (3.3)

o tma(sf(Bfe on

A more detailed analysis bears out these simple
dimensional estimates and yields the character-
istic sin®6 angular dependence.

The moment of inertia of the planet will be of
order of magnitude MR,? and its angular momentum
is IQ. Using this, one has

4 2
dJ _(uMsRs> J L (3.8)

at \"mM )MR®"

If we were to apply this result to guess the rate of
slowing down of a black hole by gravitational tidal
friction caused by an external moon, it would seem
reasonable to put M, ~R,~M and for v/M, the di-
mensionless measure of viscosity, a number of
order unity. One would then have

dJ JuimMms®

o He (3.9)
for an estimate of the tidal friction effect in a black
hole. In Sec. VIII we will see that this estimate is
borne out by the detailed calculation.

IV. THE METRIC TO FIRST ORDER IN THE ANGULAR
MOMENTUM AND FIRST ORDER
IN THE PERTURBATION

To begin the program outlined in Sec. II for cal-
culating the slowing-down rate of a slowly rotating
black hole we must expand the metric simulta-
neously in powers of the exterior perturbation and
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the angular momentum. To lowest order the met-
ric may be taken to be the familiar Schwarzschild
metric,

(ds?),= (1_2—;—”>dt= - ( —¥> e

~r3(d6? + sin®0d¢?) . (4.1)

We choose initially to perturb about the metric ex-
pressed in these Schwarzschild coordinates even
though the coordinates are singular on the horizon.
Their advantage is that the expression of time-
reversal symmetry has the simple form ¢ - —¢and
this is useful in restricting the form of stationary
perturbations. Later the coordinate system will
be transformed to one which is not singular on the
horizon.

The perturbation of order € is simply the Kerr
metric. Expressed in terms of Boyer -Lindquist
coordinates, the perturbation in this order has the
form

(ds?), = zi:’f sin?6d dt . (4.2)

To calculate the perturbations due to the exteri-
or stationary sources we can draw on the exten-
sive previous studies of the perturbations of the
Schwarzschild geometry.” ® The perturbations
may be decomposed into terms which transform
under rotations like the appropriate scalar, vector,
and tensor spherical harmonics with quantum num-
bers (I,m). They may further be decomposed into
so-called odd-[(-1)"*!] and even-[(-1)}] parity
parts. Of interest here, however, are not the gen-
eral perturbations of the Schwarzschild geometry
but only the static, time-reversal-invariant per-
turbations arising from static, time-reversal-
invariant sources. These perturbations are in-
dependent of £ and have vanishing components
8:; - In the standard Regge-Wheeler gauge these
perturbations have the form?!°®

1 8Y7J}
sinfé 9¢

YT )
—Ld
d6 +siné 50 0]

-

(ds?)g o0dd parity = Iydr (—
4.3)

M 2M \™*
(dsz)c » even pa:ity:'[( _7> Hodtz +<1 - T ) sz’)’z

+1'2K(d62+sin26dqf)]Y'," . (4.4)
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Here h,, H,, H,, and K are functions of 7 alone.

The index ! which should properly label these func-
tions has been suppressed. The vacuum field equa-
tions for these functions may easily be found by
specializing the appropriate equations of Ref. 9.
From Eqgs. (8d) and (B3) of Ref. 9 one finds in

this static case

Hy=H,=H , (4.5)

h=0. (4.6)
Thus, the odd-parity perturbations do not occur in
this problem. Combining Egs. (8a) and (9a) of Ref.
9 to eliminate second derivatives, using Eq. (8c),

and making the definition V(r)=K(r)-H(r), one ar-
rives at the following two first-order equations for
the unknown metric coefficients:

dH 2(r-M) 1(i+1)

trr—2m) M< 2 1) =0, D
av.__ M
dar 'r('r-ZM) =0. (4.8)

The solution of these equations is most readily
found by writing a single second-order equation
for H in terms of the variable z=r/M—1,

(-2 SH _p, 9 ( 2 )u-0. w9

—’IThiisi is a form of Legendre’s equation so that the
general solution for H is™

H()=AP? (r/M -1) + BQ¥(r/M~1), (4.10)

where A and B are unknown constants. The asso-
ciated solution for V can then be found from Eq.
(3.7,

V(r)=2M[r(r-2M)] /2 [AP} ({7_1)

+B@Q} (%-1)] (4.11)

The constants A and B are determined from the
distribution of energy and stresses in the sources.
Outside the sources H and V must decrease at large
7 so that space becomes asymptotically flat. At
large 7, P? behaves like ' while Q32 behaves like

7 (M \**T(+3)I(3) -
Q”'(M°1> (ﬁ) TTa+y 0 T

(4.12)

The coefficient of P? in H must therefore vanish
outside the sources.

J. B. HARTLE 8

At v=2M, Q2 (v/M -1) is infinite while the be-
havior of P! and P} is given by

p? (r/M_1)~W—1—g *2,2))" (r-2M) , (4.13)
P}(r/M-1)~%- 8*'3,( 2M)H2 (4.14)

In order for the perturbation to be finite at =2M
and in order to avoid a real singularity there the
coefficient B in Eqs. (4.10) and (4.11) must vanish
inside the sources.

Let the multipole moments M7 of the source at
infinity be defined by an expansion of g;; in inverse
powers of 7,

8t = 1+22 Mmym(s 9), (4.15)

In the Newtonian limit the M7 become the usual
Newtonian multipole moments. The solution out-
side the sources then has the form

_o2MT  T(+3)

H(?‘) (Mtﬂ r( )I‘(l2+3) Q;( ) ) (4168,)
_2MT  T(+3) s i (7

V) =ity e oy 200 @4 (-1).

(4.16b)

It is convenient to define horizon multipole mo-
ments S7 such that

K(r)~ST, 7-2M. (4.17)
In terms of these the solution inside the sources
has the form

Hx)=[1@+1)]" STP?(r/M-1), (4.18a)
V(r) =@M [1(1+1)] 72 ST [ (r—2M)] 2/2
x P} (r/M-1). (4.18b)

As a consequence of Eqs. (4.15) and (4.16) H van-
ishes on the horizon while V (and hence K) remains
finite there.

The constants ST and M7 are determined by in-
tegrating the perturbed field equations through the
source. If the source is confined to a thin shell
they are determined by the jump conditions on the
metric and its first derivatives there. An example
of determining S7 and M7 will be given in Sec. VIII,
but for the present we will confine ourselves to
evaluating the rate of increase in area of the hori-
zon in terms of these characteristic parameters
of the source.
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V. METRIC AND EVENT HORIZON IN ORDER ¢¢

The lowest order in which the shear is nonvan-
ishing is €e{—first order in the perturbation and
first order in the angular momentum of the black
hole. To calculate ¢ in the approach being used
here we must calculate the relevant parts of the
metric in this order and locate the event horizon.
In this section the form of the metric in order €g
is given and the event horizon located. The rele-
vant parts of the metric and the shear are calcu-
lated in the next two sections.

A. Metric in Order €¢

An important boundary condition on the pertur-
bation of order €¢ is that it be regular on the fu-
ture component of the event horizon. Regularity
on the past component is not necessary since if the
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black hole arises from a realistic collapse that
component will be unphysical.’? It is, therefore,
convenient to discuss the perturbations in a coor-
dinate system which is itself regular on the future
horizon. The Schwarzschild, Boyer-Lindquist, and
Regge-Wheeler coordinates used to discuss the
lower -order perturbations in Sec. IV do not have
this property. We will transform the lower -order
perturbations to coordinates which are regular on
the future event horizon before discussing the per-
turbations of order €g¢.

The transformation

dt—du —dr (1-2M/7)™2, (5.1a)

de— do —(a/r?) dr (1-2M/r)™! (5.1b)

transforms the metric for a particular multipole
(I, m) accurate to orders € and ¢ into the form

ds®= (1-2M/7)(1+ HY™) du? -2(1+ HY™) dudr + 2HY? (1-2M/r)"* dr®

-r*(1-KY7) (d6?+ sin®6d¢?) + (4Ma/7) sin®0d¢du —2a sin®6drde +O(€g) .

In order € this is just the standard form of the Kerr
metric. The coordinates and metric in Eq. (5.2)
are clearly regular on the surface »=2M since
H(») vanishes there [Eqs. (4.19) and (4.13)].

The perturbations of order €¢ may also be ex-
panded in spherical harmonics and decomposed
into even- and odd-parity parts. The perturbations
may be written in the Regge-Wheeler gauges using
the coordinates used in Eq. (5.2). We then write
for a particular multipole (I,m)

(dsz)c = (dsz)cven'*' (dsz)odd, (5.33.)

-1
(d8%) eyen = \ 1—2—A—4- | Adu? + 2Bdudy + C I—Z-Ad— dr?
, v »

+ Dy? (d6? + sin®0d¢?) ] Yr, (5.3b)
. oYy 1 8Y7}
d32 = Vi + i —L — —L
(d$?)oad = 2(Ndu + Qdr) (sm@ Y d¢ Sind 09 dG) s
(5.3¢)

where A, B, C, D, N, and @ are functions of » alone.

The complete metric to order €£ is given by the
sum of Eq. (5.2) and (5.3a) then summed over all
(Z,m). The functions of » which are involved, A,
B,..., H, K,..., depend on (I,m) but these indices
have been suppressed. Which multipoles occur in
order ¢ depends on the structure of the source. If
a given multipole (L,m) occurs in the source and

(5.2)

therefore in order ¢, it will combine with the /=1,
m=0 terms of order € to give multipoles (L+1,m),
(L,m), and (L-1,m) in order e according to the
familiar law of addition of angular momenta. The
parity of the terms in order ¢ is w=(-~1)f while
order € has n=+1. Thus, the (L+1,m), (L-1,m)
terms will occur only in the odd-parity [7=(-1)¥*]
part of the expansion of order €, while the (L,m)
terms will occur only in the even-parity part.

B. Location of the Perturbed Event Horizon

The information obtained above and in Sec. III
about the perturbation to order ¢ is already enough
to find the coordinate location of the perturbed
event horizon to order €¢. The event horizon is,
to order €{, the largest closed, stationary null
surface. If the equation of the horizon to this
order is written

F(r,6,¢)=vr-2M+f,(0, ) +€Lf,(0, ¢)

=0, (5.4)
then the condition that the surface is null is
gYF F ,=0. (5.5)
To evaluate this relation let us first write
g'l=yr e BV v e Ly, (5.6)
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where y*? is the Kerr metric to order €, B’ are
the perturbations of order ¢ found in Sec. IV and
K'Y are the as yet undetermined perturbations of
order €¢ whose form is discussed in Sec. V A.
Written out to order ¢, Eq. (5.5) becomes

@M)7f 1 (6, ¢) + (), -2u=0. (5.7

The metric coefficient %" can be found from Eq.
(5.3) and is

7 = (1-2M/7) H(r) Y7(6,$) . (5.8)

The function H is regular at »=2M [Eq. (4.19)] so
that ;" vanishes at =2M. Thus, f,(6, ¢)=0 and
the coordinate position of the event horizon does
not change to order ¢&.

The situation is similar in order €{. Taking
account of the result that f,=0, Eq. (5.5) in this
order is

@MY 5(8, ¢) = =" ), =2u
= -[(1-2M/7)A@)], .,y YT (6, §).

(5.9)

The function A(») must be regular at »=2M in order
that the perturbation be regular there.® Thus f,
(6, ¢)=0 and the coordinate position of the event
horizon does not change to order €. To the accu-
racy necessary for this calculation the event hori-
zon is the surface 7=2M.

C. The Shape of the Perturbed Event Horizon

The fact that the coordinate position of the event
horizon remains unchanged by the perturbation is
a convenient property of the gauge being used here.
The geometry of the event horizon, however ¢s
changed by the perturbation. A convenient way to
describe this change is to embed the two-surface
formed by the intersection of the horizon and a
constant-time surface in a flat three-dimensional
space. The metric on this two-surface is given by
[Egs. (5.2) and (4.18)]

5= 4M? (1 ST YN, ¢)> (d6 + sin®0d¢?) |
Im

(5.10)
where the ST are the horizon multipole moments
of the source. In a flat space with polar coordi-
nates (7,9, ¢) the line element has the form

do?=dr® +7%(d6? +sin*0d¢?) . (5.11)
To order ¢ a surface which has the intrinsic geom-
etry of Eq. (5.10) is

J. B. HARTLE 8

72 (1-43 STYPE,5) ). (5.12)
im

The shape of the horizon is clearly distorted by
the perturbation. To obtain some insight into kow
a given perturbation distorts the horizon we antic-
ipate the result of Sec. VIII [Egs. (8.11) and (8.2)]
for the horizon multipole moments due to a point
particle of mass u located a coordinate distance R
away from the center of the black hole. The polar
axis in Eq. (5.10) can be oriented in the direction
of the particle. If we further consider the case
that R/M>> 1, then only the quadrupole (L=2) mo-
ments are significant and the only nonvanishing one
of these is

Sg=—4uM?/R3 . (5.13)
The equation for the surface of the horizon then
becomes

7 =2M[1+2u(M?/R®) P, (cosb)] . (5.14)
This is the equation for an axially symmetric ellip-
soid elongated along the axis connecting the center
of the black hole and the point particle. The exter-
nal point particle thus causes a distortion in the
event horizon similar to the tide raised by a moon
in an ocean on the surface of a planet.

VI. EXPRESSION FOR THE PERTURBATION
OF THE SHEAR

Not every metric coefficient of order € given
in Eq. (5.3) need be calculated in order to deter-
mine the perturbation in the shear o® of order €¢.
To determine what information is needed we use
this section to express ¢® in terms of the per-
turbed metric. '

The shear, o, is defined by Eq. (2.6). For typo-
graphical reasons we introduce an alternate no-
tation 6f for that perturbation in any quantity f
which is first order in the source (first order in ¢)
and contains all orders in the angular momentum
of the black hole (all orders in €). We will let L¥*
and M" denote vectors of the unperturbed tetrad
associated with the Kerr geometry and a stroke
denote covariant differentiation with respect to the
Kerr metric. Thus,

I,=L, +6l,+0(&?) , (6.1a)

my =M, +(7mp +0(&%) . (6.1b)

The perturbation in the shear on the horizon is
then
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oW =50 =- 6I‘§,,M”My L+ 0l M*M”
+L ., (M* om” + om*M"). (6.2)

To order €¢ the horizon is the surface »=2M. The
vector [, being normal to the horizon has only I,
as a nonvanishing covariant component. Thus, we
can put

6l,=AL, +0 (¢?) (6.3)

for some functionA. The second term in Eq. (6.2)
then must vanish in the interesting order since the
shear of the Kerr metric vanishes on the horizon
and L*¥ M, =0.

Perturbation of the relations I*m, =m"m, =0 and
Eq. (6.3) gives

om L, + 0(e?)=0 , (6.4a)

om*M, + O (e2)=0 . (6.4b)
The vector &m" can then be generally written

om* =BL" + CM* (6.5)

for some functions B and C. Inserting this in Eq.
(6.2), recalling that L, is tangent to the null
geodesic generators of the Kerr metric, and that
the shear vanishes on the horizon in the Kerr met-
ric, one finds that the last two terms in Eq. (6.2)
vanish.

The vector L* is normalized so that L*=1. This
implies L, =1[Eq. (5.2)]. The expression for 6¢
may thus be written

80 = —6I], M"M" +0 (€?) . (6.6)

An explicit form for the vector M* accurate to
order € is

M*=M"=0,
(6.7)

1 i
o_ ¢t
M =35 M= 3 TE M sing

Thus, for evaluating ¢ to order €, we can write

1 1 2i
= ——— | 6" — —— &T" _ar 7 2y |
80 8M2( To~ inze ®T'%¢ * 5ino m"") 0 ()

(6.8)
A short calculation expresses the perturbed

Christoffel symbols in terms of the metric of
order € [Eq. (5.3)]:

6rz’é"si%E 0L30 = ‘2N573>_255 <silnG %)
—aK%I;T‘m+O(ez) , (6.9a)
+%sin2956—9 »<aKY’,"+;N§i-11—9- %I;Lm>+ 0(€?),
(6.9b)

all quantities being evaluated on the horizon r=2M.

Thus to evaluate ¢ to order €¢ the only metric
coefficient of order €¢ which need be known is N
and that only on the horizon. This greatly simpli-
fies the computation. In the next section we will
evaluate N on the horizon from the Einstein equa-
tions of order €¢.

VII. THE RATE OF INCREASE IN AREA

A. Evaluation of NT*

The value of N on the horizon may be obtained
from the two Einstein equations Ri=0 and A= (6, ¢).
Since Rf transforms as a vector under rotations
these equations in order €¢ must have the general
form

V=gRy -z [6Tur4+07em4]-D"=0 . (7.1)

Here, the terms in the brackets (the homogeneous
part) involve the metric perturbations of order €¢
while the term D* (the driving term) involves prod-
ucts of the perturbations of order € and order ¢
already determined in Sec. IV. The quantities ¥
and ™ are, respectively, the even- and odd-
parity vector spherical harmonics defined in Ap-
pendix A. The coefficients &7 and O} therefore
involve, respectively, only even- and odd-parity.
radial functions of the expanded metric. In the
present case only the odd-parity function N is of
interest and it is appropriate therefore to consider
only the odd-parity part of Bq. (7.1). This may be
separated out by multiplying Eq. (7.1) by ®74 inte-
grating over solid angle dQ and using Eq. (A10),

l(l+1)(~)”‘=fd(26’,"A:DA ] (7.2)

Using modern algebraic computer languages*
it is not extremely difficult to evaluate the various
pieces of Eq. (7.2). The quantity ©7, for example,
is most simply found by writing out R? in the case
m=0. We find
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or =_<1_27ﬂ>§£—v +<l(l+1) —4—5"-/1—)% (7.3)

The driving terms will be sums over as many

aM( 82ym . 32Y”>
o_ 1 L _ L
DY= o 4K cosé PY:) 2Hs1n0396¢ s

aM

D= -5 {-4K5% (cos6 Y7)+27%sinf Y7 [(l —_—

Substituting Eqgs. (7.3) and (7.4) into Eq. (7.2) will
give us a simple second-order differential equa-
tion for N. The boundary conditions for its solu-
tion are that N vanish at infinity and be regular at
the horizon #=2M. On the horizon the driving
terms are regular and their form is greatly
simplified because H vanishes there. From Eqgs.
(4.19) and (4.20) we have

oo 05T YT

-mz PY:d +O(’)’—2M), (7.53)
¢ —‘%’;(—cos& % +L(—lzill Yy sinG)
+0(r-2m). (7.5b)

The above behavior of the driving terms near 7
=2M shows that the differential equation formed
from Eqgs. (7.2) and (7.4) will have as a particular
solution a power series which is regular at »=2M.
Let this particular solution be denoted by ﬁ’," The
first term in this series is easily found from Eqs.
(7.2) and (7.3) and is given by
~ 2aST

7 =mIT(L) +0(7'—2M) 5 (7-6)

where IT is the angular integral [Egs. (7.5) and
(A5b)]

I an( aYT I(l+1) . m)
I,(L)-fdﬂ[ 50 —cosé 56 T3 siné Y7
o mjl
- 50 Y7YZ | . (7.7)

The most general solution of the differential equa-
tion is a sum of this particular solution and a lin-
ear combination of the two independent solutions
to the homogeneous equation O7=0. Near the ho-
rizon the two independent solutions of the homoge -
neous equation behave like (»—2M) and like [con-
stant + (#—2M)1n (»—2M)]. The latter behavior
leads to a divergence in the physical component of
the Riemann tensor on the horizon. [For example,

m® \ H
P E et (l(l+1) +2- sin29>7§:l }

multipoles as are contained in the source. For
simplicity let us focus on a particular multipole
(L,m) and later perform the sum. The driving
terms are then

(7.4a)

(7.4p)

R(r) @) (r) (&) = (].—-ZM/?’)I/Z ('rzsine)_l/zR,@,,
~(-2M/r) 2 o%g, /07
~(1_2M/1,)—1/2

near the horizon.] The general solution therefore
must consist of a homogeneous solution which van-
ishes on the horizon and the particular solution
whose behavior near r=2M is given in Eq. (7.6).
Thus, one concludes that on the horizon

N™=N™ + 0 (r=2M) . (7.8)

The angular integral [Eq. (7.7)] can be evaluated
to yield the following result for N7 on the horizon:

_ aSy <L—M+1>
La=or i \"L+1 )’ (7.92)
_ Sy <L+M>
Ni-= =3I\ ) (7.90)
N7=0, 1+L*1. (7.9¢)

As expected a multipole (L,m) of the source pro-
duces an odd-parity perturbation in order €{ with
only multipoles (L*1,m). This result is now to be
used with Eqgs. (6.8), (6.9), and (2.10) to find the
rate of increase in area of the horizon.

B. Evaluation of the Perturbation in the Shear
and the Rate of Increase in Area

The important quantity in Eqgs. (6.8) and (6.9) is
the sum };,, N'Y7. Equations (7.9) and elementary
identities for the derivatives of spherical harmon-
ics can be used to evaluate this as

aST .
D INTFY)=——%t—ginf —% (7.10)
Im +
The expression for 60=0(* may then be evaluated.
Reinstating the sum over the source multipoles
(L ,m), one has'®
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Z L IL({L+ 1)M® [T%6) (o) + 1T o) (0]
(7.11)

where TT4, ) are the physical components of the
tensor spherical harmonics defined in Appendix A
[Egs. (A14)]. This result is now to be inserted in
the expression for dA/dt, Eq. (2.10). The result-
ing angular integral can be done using Egs. (Al4a)
and (A13),

dA  a? L(L+1)-2 m

(_i?- W m? (m")lsle . (7.12)
Lm
Equation (7.12) is the central result of this paper.
It expresses the rate of increase of area of the
horizon in terms of the horizon multipoles S7 of
the source. Several features of this expression
should be noted: (1) When the source is axially
symmetric S7 vanishes for m+0 anddA/d¢t there-
fore vanishes as expected. (2) The source multi-
poles L=0 and L =1 do not contribute to dA/dt.
The L =0 multipole is of course axially symmetric
and therefore could not contribute. The L =1 multi-
pole does not contribute because it represents a
uniform gravitational field perturbation of the hori-
zon; only the “tidal” L=2 multipoles contribute to
the rate of area increase.

VIII. THE RATE OF SLOWING DOWN DUE
TO AN EXTERNAL MOON

A. Boundary Conditions

The general result of the previous section for
the rate of slowing down of a slowly rotating black
hole due to an external perturbation will be applied
in this section to the simple case when the pertur-
bation is due to a stationary point particle of mass
4, i.e., an external moon.

A point particle will not remain stationary in the
gravitational field of the black hole without some
stresses to support it. If the particle is located at
Schwarzschild coordinates =R, 6=0, and ¢=2,
we will take these stresses to be localized in the
spherical shell of radius R. The radial gravita-
tional pull of the black hole is then to be balanced
by the tangential stresses in the shell. The radial
components of the stress vanish. The stress-ener-
gy tensor for the source is then, to order ¢,

Ti=p
1/2
=u (1_2’—”> Rz—slmé o(r-R) 6(6-0) 8 (p—%),

(8.1a)
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15 = -t o(r-R), (8.1b)
where A and B run over the tangential directions
6 and ¢ and all other components of T, vanish. The
multipole moments of this source may be found by
expanding T,’j in the appropriate spherical harmon-
ics. In particular,
2M 1/2 1
p?":“'(l"ﬁ—) R—Z‘YT(G,Q)G(’}’—R)

=¢70(r-R) . (8.2)
The expansion of the t2 we will simply denote by
()i

The horizon multipole moments, ST, which enter
into the expression [Eq. (7.12)] for the rate of in-
crease in the area of the black hole must be found
by matching at the shell the perturbation which is
regular on the horizon [Eq. (4.18)] to one which is
regular at infinity [Eq. (4.16)]. The matching con-
ditions at the shell could, of course, be found from
an examination of the Einstein equations using the
stress energy given in Eq. (8.1). We prefer to use
the equivalent general results of Israel'® on the
boundary conditions across thin shells because of
their ease of application.

The Regge-Wheeler gauge is not suitable for
applying Israel’s boundary conditions because the
coordinates are singular on the shell. Periiaps the
easiest way to see this is to evaluate

RS-R%=-8n(¢3-t3)6(r-R)
[} [}

and notice that this requires Hy—H, < 6(» -R) so
that some of the metric coefficients must be sin-
gular on the shell. We therefore first make a
transformation to what Israel calls “natural coor-
dinates” in which the perturbation in g,, vanishes.
If we write the transformation

xtext 1t (x) , (8.3)
where n* is of order ¢, then the vector n* which
makes g,, vanish has in a particular multipole the
components

m:O, (8.43)
oM 1/2

ny (1——,,*) FYT , (8.4b)

Na r:GUT (840)

c_if‘__ N < @)1/2
—= - H, (1- — , (8.5)
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1/2
—d£-=—r'2 (1—2—:—4> F . (8.6)

dar

The perturbation in the metric of order (%)
then becomes

o 1202 23] 7

-1/2
hlAB=72 |:K+’§-<1—2—’VA£> F}Q’EAB +2726‘I’2AB ,

(8.7b)

where all other components vanish and 745 and
¥7,p are the standard Regge-Wheeler tensor spher-
ical harmonics discussed in Appendix A. In these
coordinates Israel shows that &,,, is continuous
across the shell. The discontinuities in the deriv-
atives are given in terms of the stress energy in
the shell S’,j y

Disc[a—h"’i} IG‘H(S“U ""é—guv S) ,

o (8.8)

where T,,=S,,0(-R), S=S};, and Disc [ ] denotes
the discontinuity of a function. That part of the Eq.
(8.8) which involves p alone serves to determine
the discontinuity in the derivatives of the metric in
terms of the mass p. The rest of the relations
may be thought of as fixing the stresses t§ in the
shell necessary to support the moon. The relation
which involves p alone is from Eq. (8.1),

U, (2) = (22-1) [22@2(2) + 2(22 =12 QX(z) | <% [L(L+1)-2] (22-1) +22—1>'1 ‘
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Disc [;%’?-‘]: -16707, (8.9)

where the indices on 7, are raised with the un-
perturbed metric and the summation is over A=6,
¢. Using Eqgs. (8.7) these conditions may be trans-
lated into discontinuity relations for our functions
H and K,

(L%—’) Disc [H] M bise [K]=0, (8.10a)

R

M

. g}_{_] 1(1(1+1) 2M
DlSC[ + 3 +1—R

3 — m
o >DISC[H]-87I'0L .

(8.10b)

Thus in the Regge-Wheeler gauge the metric coef-
ficients themselves are not continuous across the

shell. In the Newtonian limit when 2/R<1 and H
and K approach twice the perturbation in the New-
tonian potential 6® these relations imply correctly
Disc [6&]=0, Disc [d(6@)/dr]=4m0T.

B. The Rate of Slowing Down

The relations (8.10) are sufficient to determine
the two unknown constants S7 and M7 [Eqs. (3.16)
and (3.18)] in the solution for the perturbation of
order ¢. A tedious calculation yields

m R
S7=47M o7 UL(—M— > , (8.11)
where U.(z) is the function
1 (8.12)

Inserting (8.11) into the expression for dA/dt [Eq. (7.12)] and using Eq. (8.2) for ¢, we find the sum over

m may be done. The relevant sum is

2
Tm|vye,8) 2=~ | L5 7re, 540 170, 0)]

2L+1 [ 8%
47 | 3x?
2L+1 L(L+1)

e 3 sin%0 .

The final expression for dA/dt due to a point ex-
ternal mass u at (R,0) is

-5 2 ) ool
ar "o \m) \g/ sive %yl

where F(z) is the sum

(8.14)

A=0

— P, (cos?© +sin’© cos?\)}

A=0

(8.13)

ﬁ(z)=<;;i> éz (2L+1)[L(L+1)-2] | U.(2)|? (8.15)

and Uy (z) is given by Eq. (8.12). We have evaluated
the function F(z) numerically and the results are
given in Fig. 1 and Table I.

The factor sin®© appearing in the result means
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FIG. 1. The function F(z) which governs the magnitude
of the tidal-friction effect due to a single external moon
at a distance of a Schwarzschild coordinate radius
R =Mz +1) from the center of a slowly rotating black
hole. J is defined in Eq. (8.15). For large values of z
it falls off as 1/z% leading to the 1/R°® falloff in the rate of
slowdown of the black hole characteristic of tidal-
friction processes. The horizon is located at z2=1. If
the moon is close to the horizon the tidal-friction effect
becomes large.

that the slowing down rate vanishes when the mass
i is on the axis of rotation (axial symmetry) and
is a maximum when the source is at the equator.

The limiting cases which are of interest are
when the source is far from the horizon and when
it is close to it. For large values of /M, z is
large and Q7 behaves like 2" %™, The L=2 (quad-
rupole) term becomes the dominant one in the sum
for F and using Eq. (4.12) one finds

dA_(16\ ma® p,)z .o (M\® M
dt_(_5_>M (M Sme(li) s gL

This is precisely the combination of a2, u?, M ind
R predicted in Ref. 4 on simple dimensional
grounds. Translating the result in Eq. (8.16) into
a result for dJ/dt through Eq. (2.2) one has

(8.16)

Julm?
RS

2 2 M
-5 sin®0, E«l' (8.17)

This result has the same form as the expression
[Eq. (3.8)] for the slowing down of a planet due to
the tidal friction caused by a stationary external
moon in the case that the planet’s radius and mass
are comparable and when the dimensionless mea-
sure of viscosity is a number of order unity. Both
expressions have the same dependence on J, u, M,
R, and © characteristic of tidal-friction processes.
This similarity justifies the use of the tidal-fric-
tion analogy for the slowing down of a rotating
black hole due to exterior matter.

When the source is close to the horizon z is near
unity. Near z=1, @Q*(z)=(z-1)"! and Q}(z)=[2(z
-1)] 1/2 g0 that the series for & diverges. The
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TABLE I. The function F(z).

z F(z) z F(z)
1.0 © 5.0 0.356
1.1 7.40 5.5 0.303
1.2 4.88 6.0 0.261
1.3 3.79 6.5 0.227
14 3.14 7.0 0.200
1.5 2.70 7.5 0.179
2.0 1.59 8.0 ‘ 0.156
2.5 1.10 8.5 0.142
3.0 0.822 9.0 0.128
3.5 0.641 9.5 0.116
4.0 0.516 10.0 0.106
4.5 0.425

dominant behavior near z =1 of the relevant sums
of products of @7(z)’s is calculated in Appendix
B. Using the results of Appendix B one finds

e 8 o ) (-2
-1 \M sin®© In M—Z (—-E— s
R~2M. (8.18)

The slow-down rate thus becomes large when the
perturbation approaches the horizon.

IX. CONCLUSIONS

The interactions of a black hole and its exterior
environment is an important class of problems for
astrophysics and for relativity as well. Only
through a study of such interactions will the role,
if any, which black holes play in puzzles such as
quasars, x-ray sources, and Weber’s pulses of
gravitational radiation be understood. Further, it
is only through such interactions that the black
hole will be detected. Recently great progress has
been made in the study of the motion of test parti-
cles in the field of black holes and the possible
astrophysical consequences of the resulting elec-
tromagnetic and gravitational radiation.!?

In this paper the slowing down of a slowly rota-
ting black hole due to an exterior moon has been
calculated. This effect represents a dynamical
coupling between the black hole and its exterior
environment. As has been emphasized by Press'®
(see also Ref. 4) the slowing-down effect is unlike-
ly to be detectable in binary systems in which the
components are widely separated R>M. In such
systems the gravitational radiation provides a
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much more efficient mechanism for the dissipa-
tion of the system’s angular momentum. When R
becomes close to 2M however the slowing-down
effect becomes large (cf. Fig. 1). The evolution
of binary systems so closely spaced is likely to
be rapid and therefore the slowing-down effect
difficult to disentangle from the observations.

The calculations presented in this paper have
been limited to the slowly rotating-black-hole case,
a <M. This limitation did not arise out of any
physical circumstance but only because of the
mathematical tractability of solution by expansion
about the Schwarzschild geometry. Simple dimen-
sional estimates of Hawking* indicate that the slow-
ing-down effect could be very large if there were a
resonance between the orbital angular velocity of
a perturbing mass and the effective angular veloc-
ity (1/2M) of a maximal, a=M, black hole. It would
be of great interest to investigate this case in de-
tail and the recent work of Teukolsky!® separating
the wave equation for the radiative perturbations
to the Kerr geometry may provide us with a way to
do this.

ACKNOWLEDGMENTS

This work was begun in collaboration with Stephen
Hawking, and many of the basic ideas are due to
him. It is a pleasure for the author to thank him
for his constant advice and encouragement.

APPENDIX A: ORTHOGONALITY AND NORMALIZATION
OF REGGE-WHEELER SPHERICAL HARMONICS

The overlap and normalization integrals for the
Regge-Wheeler spherical harmonics occur fre-
quently in problems in which the Schwarzschild
geometry is perturbed. Here, we show how a
covariant approach allows these integrals to be
evaluated simply.

Let upper case Latin indices A,B,... run over
the two coordinates which locate a point on the
surface of a sphere. The metric on the sphere
Yap is given in a standard spherical coordinate
system x'=6, ¥*= ¢ by

Y= 1, Y12=72,=0, ¥ge=sin®6. (A1)
Covariant differentiation with respect to this met-

ric is denoted by a stroke, viz., v,,;5. The two-
dimensional alternating symbol €45 is defined by

€,,= —siné. A2)

€pa = —€4p,

Scalar spherical harmonics are denoted by Y7 and

J. B. HARTLE 8

are assumed normalized so that
fdQYTY'In"=6H’ Omm’ » (A3)

where the integral ranges over all solid angle. The
spherical harmonics satisfy

?’ABYTMB:'Z(Z‘*‘UY? . (A4)

The Regge-Wheeler vector and tensor harmonics
are constructed from the differentiated scalar har-
monics, the y,45 and the e,5. In the notation of
Thorne and Campolattaro,®

¥ia=YTa, (A5a)
®1a=€" YT 5, (A5Db)
®1a5=Yas Y7 , (A5c)

Tap = Y7 1AB > (A5d)
X745 =3 (€4 ¥Pcp +€5°WT,,). (Abe)

We denote the scalar product of two general har-
monics H'yp...and K745... by

(B} KT) = [dQHT g KT (a6)

all indices being contracted. We now evaluate all
the integrals of the form (A6) for the harmonics
defined in (A5). The technique in every case is the
same. [dQ is written [d?x/y. Covariant integra-
tion by parts is performed in the sense that when

(tABc.oos tABC-..

BCe - )1a= |ASBCe o

+tABC s a (A7)

is integrated over the sphere, the left-hand side
vanishes for any two tensors 2" "and sy.. .. .
Where appropriate, use is made of the identities

€ap1c =0, Yapic=0, (A8a)
€568 =05 (A8Db)
Vaipc=Vaica+RPapctp , (A8c)
Rapcp=€ap€en (A8d)

for arbitrary vector v,. We will not reproduce the
details of the calculations in every case but con-
fine ourselves to an illustrative case useful here.
For the tensor harmonics ¥7,5,
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(¥7,¥70) (X XE) =3 U+ D) [UL+1)=2] 0,4 1 6pe . (A11)
= ﬁ%ﬁ Y22V T 1an Y'x": 1cp Thus for the particular combination which occurs
c _ , in the work of Price and Thorne and here
=—fd2x\/7)’A I ST ST
- , me=3l({l+1)d™,, +9™; s (A12)
=—fd2x\/";/‘ PP (YT 15pa +RE4p YT\ )Y T ic AR E 4B T TIAB
we have

fdzx‘/—Y—(YACYBDYT:BDYT: tac =YY T AY T i5)

S+ D) [1A+1)=1] 65,0 0,0 A9) (PP, Y7 ) =310+ 1[I +1)-2]8,;+ 0y - (A13)

The tensor harmonics &4z, TV45, and X7as form

i 1t
For the vector harmonics the results are an orthogonal set in contrast to the Regge-Wheeler

’ ones. Furthermore, both T7,5 and x745 are
m miy - , , 1 ’ 1AB 1AB
(‘Ill)‘I’l ) l(l+1)6” 6mm ) (A 03,) traceless.
m oaemty _ The physical components of the tensor spherical
(¥7, 877) =0, (4100) harmonics are defined for example by
@7, ®7)) =1(1+1)8,;+ 6, - Al0c n n
(27, 87) =1(1+1)0y, ( ) TTeay (s = [v*4 12]yBR{L /2, (no sum).
For the tensor spherical harmonics one finds (A14)
(BT, 8™) =26y7+ Oy (Al1a) The explicit form of these particular harmonics
which are useful in the body of the paper are
(@7, )= =1 (1+1)0;;+ 6y (A11b)
™ =rm
1(0) ©) OIC))
(@7,x7)=0, (Allc) 2
=§z(z+1)y';'+%—;;—"", (A14a)
) =1+ 1)1 +1)-1]6,10 6,0, (Alld)
1 aY 7T aYT
m m m—— | — 1
(W7, X1)=0 (Alte) T 0 = 5np <86a¢ cotd 53 > (A14v)

APPENDIX B: SUMS RELEVANT TO SLOWDOWN RATE FOR MASS NEAR THE HORIZON

The sum for & near the horizon can be decomposed into sums of products of @} and @? with themselves
and with each other. At z=1 the sums diverge like }J ;(1/L). The divergent behavior of the sums for z
near unity is thus governed by the large-L behavior of the series and is the same as

8m(2)=2 (L+1)™ QE(2) @4(a) (B1)

Using the Rodrigues’s formula for the Q7 [Ref. 11, Eq. (3.6.5)] and the dispersion integral representation
for @.(z) [Ref. 11, Eq. (3.6.29)], we can write

B ()= 51" -1 [ [ (e o) ) (82)
where
€ (x,x") =32L+1) Py(x) Py(x) . (B3)
L=0

Using the addition formula [ Ref. 11, Eq. (3.11.1)] and the generating function for Legendre functions [Ref.
11, Eq. (3.6.33)], this can be expressed as

ete,x)= o= [ap [ aya-aper o= 2 [ T apmfi-fa-x0 (84)
21 J, 0 21 J

where
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X =xx" +(1-x2)2 (1-x2)/2 cosy .

(B5)

Near z=1 the divergent part of the integral in Eq. (B2) comes from x and x’ near unity. Writing 2=1+¢€,

x=1+€k, and x'=1+€&’, we find that for small €

1 /9\(m+n)/2 r2/c 2/€ - n-p 1 2m 1 1 “1/2
Smnﬁ‘({) fo dgfo dg’ (1+£) ™14 &) lﬂfo d4>{—Elne+ln{€‘/z+<2—€(1—X)> }]

(B6)

The last term remains finite and integrable as €-0 so that doing the remaining simple integral we have for

8., as €-0

S

mn €

(B7)
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