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Interaction between two nonthreshold bound states
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A general nonthreshold Bogomol’nyi-Prasad-Sommerfield (F, D) [or (D,_,, D,)] bound state can be
described by a boundary state with a quantized world-volume electric (or magnetic) flux and is
characterized by a pair of integers (m, n). With this, we calculate explicitly the interaction amplitude
between two such nonthreshold bound states with a separation ¥ when each of the states is characterized
by a pair of integers (m;, n;) with i = 1, 2. With this result, one can show that the nondegenerate (i.c.,

m;n; # 0) interaction is, in general, attractive for the case of (D -2 D p), but this is true and for certain

only at large separation for the case of (F, D). In either case, this interaction vanishes only if m, /n; =
m,/n, and nyn, > 0. We also study the analytic structure of the corresponding amplitude and calculate, in
particular, the rate of pair production of open strings in the case of (F, D).
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I. INTRODUCTION

It is well known by now that two parallel D p-branes
separated by a distance feel no force between them, inde-
pendent of their separation, when they are both at rest. This
is due to the Bogomol’nyi-Prasad-Sommerfield (BPS) na-
ture or the preservation of a certain number of space-time
supersymmetries of this system and goes by the name “‘no-
force condition. This was shown initially for brane su-
pergravity configurations through a probe [1-3] and later
through the string-level computations as an open string
one-loop annulus diagram with one end of the open string
located at one D-brane and the other end at the other
D-brane making use of the “‘usual abstruse identity’” [4].
With this feature, one can easily infer that, when one of the
branes in the above is replaced by the corresponding anti-
brane, there must be a separation-dependent nonvanishing
force to arise since such a system is not a BPS one and
breaks all space-time supersymmetry. The corresponding
forces can easily be computed given our knowledge of
computing forces between two identical branes. In general,
no separation-dependent force arising is a good indication
that the underlying system preserves a certain number of
space-time supersymmetries.

In addition to the simple strings and simple D-branes,
i.e., extended objects charged under only one Neveu-
Schwarz—Neveu-Schwarz (NS-NS) potential or one
Ramond-Ramond (R-R) potential, there also exist their
supersymmetry-preserving bound states such as (F, D,)
[5-12] and (D,—,, D,) [13-15], ie., extended objects
charged under more than one potential. It would be inter-
esting to know how to compute the forces between two
such bound states separated by a distance. Since each of the
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bound states involves at least two kinds of branes, the force
structure is richer and more interesting to explore. In this
paper, we will focus on the above-mentioned two types of
the so-called nonthreshold BPS bound states, namely,
(F,D,) and (D, ,, D,), with even p in IIA and odd p in
IIB, respectively.

The nonthreshold BPS bound state (F,D,), charged
under both the NS-NS 2-form potential and the R-R
(p + 1I)-form potential, is formed from the fundamental
strings and D ,-branes by lowering the system energy
through dissolving the strings in the D ,-branes, turning
the strings into an electric flux. A similar picture applies to
the nonthreshold BPS (D, ,, D,) bound state charged
under both the R-R (p — 1)-form potential and the R-R
(p + 1)-form potential, where the initial D, _,-branes dis-
solve in D ,-branes, turning into a magnetic flux. Dirac
charge quantization implies that the two potentials for
either bound state are characterized by their corresponding
quantized charges, and therefore each bound state is char-
acterized by a pair of integers (m, n). When the pair of
integers is coprime, the system is stable (otherwise, it is
marginally unstable) [16]. In this paper, we will use the
description of a boundary state with a quantized world-
volume flux given in [12,15,17] for the bound state to
calculate explicitly the interaction between two nonthres-
hold (F, D)) [or (D,_,, D,)] bound states separated by a
distance.' Here each state is characterized by an arbitrary
pair of integers (m;, n;) with i = 1,2. We find that the

"In this paper, we limit our consideration of the two fluxes,
with each in a bound state, being along the same plane. Two of
the present authors also considered after this work the rest of the
cases including the two fluxes being along different planes and
even being different in nature, i.e., one electric and the other
magnetic, in [18]. The basic structure of amplitude is more
general, and there also appear new instabilities. In particular,
the pair-production rate of open strings can be greatly enhanced
in certain cases.

© 2009 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.79.126002

J.X. LU, BO NING, RAN WEI, AND SHAN-SHAN XU

nondegenerate (i.e., m;n; # 0) force is, in general, attrac-
tive for the case of (D,_,, D)), but this is only certain at
large separation for the case of (F, D). This interaction in
either case vanishes only if m;/n, = m,/n, and n;n, > 0.
The expected vanishing interaction for the special case
of two identical (F,D,) bound states was previously
shown in [12].

This paper is organized as follows. In Sec. II, using the
known couplings obtained from bulk and the world-
volume effective field theories for the respective massless
modes [12], we calculate the long-range interaction be-
tween two (F, D) [or (D,_,, D,)] bound states separated
by a distance Y with each state characterized by an arbi-
trary pair of integers (m;, n;) (i = 1, 2) and study the under-
lying properties. In Sec.n III, we calculate the interaction at
the string level between two arbitrary (F,D,) [or
(D,-», D,)] bound states placed parallel to each other
with a separation Y using the closed string boundary state
approach. We summarize the results in Sec. IV.

II. THE LONG-RANGE INTERACTIONS

In this section, we will calculate the lowest-order con-
tribution to the interaction between two arbitrary (F, D)
[or (D,_», D,)] bound states placed parallel to each other
at a given separation Y due to the exchanges of massless
modes, therefore representing the force at large separation.
We will employ the couplings of the bound state to the bulk
massless modes in type II theories as given in [12] to fulfill
this purpose.2 As mentioned in the introduction, the lower
dimensional brane in the bound state can be represented by
the corresponding flux on the D ,-brane world volume. For
the present case, the F strings in (F, D,,) can be represented
by an electric flux along a given direction on the p-brane
world volune, while the D,,_,-branes in (D ,_,, D,) can be
represented by a magnetic flux similarly.

Let us begin with the nonthreshold (F, D) states. We

choose the constant electric flux £ the following way:

= o GH!

0 (p+DX(p+1)

The couplings given in [12] are for a single D ,-brane in the
bound state, and for multiple D p-branes, we should replace
the ¢, by nc, in the couplings with n an integer. The

constant flux is also quantized and is given for an electric
flux as [12]

*We here replace the T, in [12] by ¢, to avoid its possible
confusion with the usual brane tension.
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with m an integer. This gives f = —m/ A(m ) Where we
have defined
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Then we have
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With the above, we have now the explicit couplings as
2
P ni tX,B
= _CPVIJHT i hpa
(mi,n;)
. c (3 — p)n? — 2m?g?
Jz — )4 V i i5s ¢ 6
# pl 12 , (6)
2\/5 gsA(m;,"[)
Jp = \/— p+1 1)2 ViaﬂBBa
(m ;)

for the NS-NS fields and
JiCpH = \/ECPVP‘HniCOl...p)
V2n;m; @)

NV Ca.p

(mj,n;)

-
Jcp—l vap+1

for the R-R fields. Here i denotes the respective bound state
withi =1, 2.

We now calculate the long-range interaction (in momen-
tum space) between two parallel (F,D,) bound states
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separated by a transverse distance Y with each state char-
acterized by a pair of integers (m;, n;), respectively. The
gravitational contribution due to the exchange of graviton
is

1

Uy =172
Vi1 ——~
2,2
nin s
= Vo 5 am 7 VPV hgahsy  (8)
%,—J

(my,ny) = (moy,n,)

e Voir 12g4m2m3 + 2(7 — p)g2(m3n3 + m3n?) + (71— p)(p + nind
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where the propagator reads
1
K
©))

for the canonically normalized graviton propagating in the
transverse directions in the de Donder (harmonic) gauge.
The explicit expression for the interaction can be obtained
using the matrix V in the third line of (5) as

1 1
hﬁah57 = [i(nﬁﬁnay + 77a5nﬁy) - gnaﬁnyﬁ]
%r_J

h 8¢2 K

with

O=AV2 A2 _

(my,ny) = (my,ny)

Q (10)

2 2
m + ﬁ)<m2 + ﬁ) (1
\/< R AN+

The contribution to the interaction due to the exchange of dilaton can be calculated as

2

4gsm m3 —2(3 — p)gX(m?ni + n2m3) + (3 — p)*nin3

Ug=——JyJy = Sr Vot b, (12)
¢ Vp+1‘ ¢, 8g 2 Q —~
where () is given in (11) and the dilaton propagator is
06 = (13
—~ ki ’
So we have
U, = e Vi1 dmim} — 23 — p)g2(ming + nim3) + (3 — p)*n? n2 (14)
8g? K4 Q
f
The contribution due to the exchange of Kalb-Ramond s,
field can be calculated similarly as Cpi1 Vp+l_ Jc,,ﬂjc,,+l = 2¢,Vy1nn2Cor.pCor..p-

Up=——JLp2 = Py | ninS yapyyo g B,
T 5 2 + o .
Vp+1HB,-’B 28% g Q ' %B ,—Jy
(15)
Using the propagator for the Kalb-Ramond field
1
BBaB5y = (n,BSnay - naﬁnﬁy)k_z (16)
—— 1

and the explicit expression for the matrices V;, we have

2
cp Vp+1

U, = 1
g K

(—16m;myg?). (17)

We now turn to the calculations of the contributions
from R-R fields. The contribution from the exchange of
R-R potential Cy,_, is

(18)

Using the propagator for the rank-(p + 1) R-R potential

Cor.pCor.p = —k—2, (19)
—_— 1
we have
AV
Cpii =L p+]( 16nln2gs) (20)
! 8g2 kJ_

Similarly, we have
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Ue,  =——Jb J2
- ¢l
p—1 Vple p—1 p—1
mymynn

A 1Man Ny
=2cV 1 —q Cr.pCo3.p
%f_J

:i Vi1 16mymyn nyg;
8g? K Q ’

21

where we have used the propagator for the rank-(p — 1) R-
R potential

1
Co3.pCx3.p = 5 (22)
k
— 1
Note that, apart from the overall factor c%, Vlfz* L the form
1

Vv
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field contributions are independent of the dimensionality of
the bound state, while this is not case for either the graviton
or the dilaton contribution.

We would like to point out that each of the components
calculated above agrees completely with what has been
given in [12] when we set (m, n;) = (m,, n,) and g, = 1,
i.e., when the two bound states are identical with string
coupling set to one. We here generalize the calculations
there for two arbitrary bound states which are character-
ized by their respective pair of integers (m;, n;) with i =
1, 2. The total contribution to the interaction from the NS-
NS sector is

4,2 2 4 2022 2,2 2.2 4
pt1 285mims + gs(mins + msny) + 2nins — 2mym,g5Q)

UNS—NS = Uh + U¢ + UB = C2

" g:Q
_ 2V Uns( . ) 23
= oz Unslmy, nisma, my), (23)
L
where in the last line we have made use of the explicit expression for () given in (11) and
42,02 4 200 4 402 9 40)
Uns(my, nysmy, ny) = ST T TS LELE (24)

while the total R-R contribution is

|
Urr =Uc,, *Uc, = —c5 152 Ur(my, ny; my, ny),
1
(25)
where
2 Q- 2
UR(ml!nl;mZ, n2) — n1n2( mlmZ)gS. (26)

g2Q

Note that, although either the graviton or the dilaton con-
tribution apart from the factor cf, % depends on the
dimensionality of the brane, their addition is not. This
has to be so since the form field contributions are indepen-
dent of the dimensionality and the no-force condition holds
once we set the two bound states identical. The total

contribution from both sectors is
U = Uns-ns T Ur-r

L Vo [(g2mymy + nyny) — g2Q -
=35 . 0. (7)
1 85

This clearly shows that the interaction is, in general,
attractive’ and vanishes only if

g2mymy + nyn, = g2Q > 0. (28)

3We choose conventions here that U >0 means attractive
which differs from the standard one by a sign.

g0 ’

I

For the nondegenerate case, i.e., m;n; # 0 with i = 1,2,
the above implies m,/n; = m,/n, and n;n, > 0. In show-
ing this, we also have made use of the explicit expression
for Q) given in (11). The vanishing result for the special
case of (m|, n;) = (m,, n,) was previously shown in [12],
and we here generalize it.

We now turn to the case for the nonthreshold (D, _,, D)
bound state. The calculations are similar, and we list below
only the necessary steps and the main results. The constant
magnetic flux £ on the world volume is chosen as

0

9
I

(29)

0 —f
f 0 (p+1)X(p+1)

Here again we need to replace the ¢, for a single D ,-brane
in the bound state by nc, for multiple branes with n an
integer (also due to charge quantization) in the couplings.
The constant magnetic flux is also quantized and in the
present case is given by —nf = m, which gives [ =
—m/n. So we have now

2+m2

—dettp+ By =1+ =" - (30)

and
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We then have the explicit couplings for the respective
bound state denoted by index i with i = 1, 2 for the present

case as
Ji = —ch,,+n/m? + n%Vl-thﬁa,
7= cp (3 — p)(n? + m?) + 2m? é
o ptl ’ 32
2\/2 ml2 + ”12 (32)
. c N
Jp = —\/—%an/m% + n%Vi 'BBﬂa

for the NS-NS couplings and

JL o= \/Ecp Vp+1niCor_p»

P+l

. (33)
Jé?p,l = \/ECprHmiCOI...p—z

(34)

K m*+n? m22+n2
nm n
e ) (D)X (p+1) for the R-R couplings. The long-range interaction due to
(31)  the exchange of each respective massless field is
|

U ¢ Vet (5= p)?mimi + (5 - p)3 — p)(m n3 + nim3) + (3 — p)*n? n2

[ § k2
U 3 Vpi1 O = p)p = Umim3 + (7= p)(p — D(min} + nim3) + (1 = p)(p + Dn} ”z

he 8 K3 QO
U, — cp V1 16mymynn,

?ki Q

for the NS-NS fields and

\%
UC,,H = f; ]?2+ (—2nyn,),
v (35)
1
Uc, , = 2 ]:; (—2mymy)
L
for the R-R fields. In the above, we have defined
O = Jm? + nd)(m3 + nd). (36)

We again have that the interaction contribution due to the
exchange of the dilaton or the graviton in the NS-NS sector
|

2mim3 + (min3 + nim3) + 2nin3 + 2mymyn;n,

|

apart from the factor cp sz still depends on the dimen-
sionality of the world voluriie, while this is not the case for
any form field in either the NS-NS sector or the R-R sector.
The total contribution to the interaction from the NS-NS

sector is

UNSNS U¢+Uh+UB
Vp+i
%7 152+ UNS(ml: n] ) mZ: n2) (37)

where

Uns(my, ny;my, ny) =

independent of the dimensionality of the world volume.
The total interaction from the R-R sector is

Vp+1

2 ny;my, ny),
L

— — _ 2
Urr = Uc,,, T Uc,, = =€)

(39)

where

) 38
R (38)

Ur(my, nyymy, ny) = 2(nyny + mymy). (40)
The total interaction from both sectors is now

2 p+l (m1m2 + niny, — Q)Z -
I’ k2 Q -
(41)

U= Uyns-ns T Ur-r =

126002-5



J.X. LU, BO NING, RAN WEI, AND SHAN-SHAN XU

where in the second equality we have used the explicit
expression for () given in (36). This also clearly shows that
the interaction is, in general, attractive and vanishes only if

mimy + nin, = Q 42)

which again implies m, /n; = m,/n, and n;n, > 0 for the
nondegenerate case, i.e., m;n; # 0 with i = 1, 2, the ex-
pected supersymmetry-preserving result.
We can use Fourier transformation to obtain the corre-
sponding interaction in coordinate space when p <7 as
J

[(g2m my+niny)—g2 QP

PHYSICAL REVIEW D 79, 126002 (2009)

2
. - g:Q B
U(my, ny;my, ny) {[(mlm2+nln2)ﬂ]2
Q

and Y?> =YY’ with the summation index i along the
transverse directions. In the above, we have used the
following relation:

dtk, e kY 1

emt K TV 0,
where ), = 27" D/2/T((q + 1)/2) is the volume of the
unit g sphere.

(46)

III. THE STRING-LEVEL FORCE CALCULATIONS

We want to go one step further to calculate the forces
between two (F, D ») or (D, 5, D p) bound states at a
separation Y at the string level as the corresponding inter-
action vacuum amplitude.4 In addition, we will use the
results to discuss certain properties of the underlying sys-
tems such as the analytic structure of the amplitude and to
calculate the rate of pair production of open strings in the
open string channel.

The interaction vacuum amplitude can be calculated via

I' = (B(m, n))|D|B(m;, n,)), (47)

where the bound state with a constant world-volume field
in each sector has been given explicitly in [12] and is
characterized by a pair of integers (m;, n;) with i = 1,2
and D is the closed string propagator defined as

o' d’z .
D=— [ = 2zl 48)
41 Jip=1 |zI? (

Here L and L, are the respective left and right mover total
zero-mode Virasoro generators of matter fields, ghosts, and
superghosts. For example, Ly = LX + LY + L§" + L}¥",
where LY, L(‘)” , Lgh, and ngh represent contributions from
matter fields X#, matter fields ¢*, ghosts b and c, and

superghosts 8 and 7, respectively, and their explicit ex-
pressions can be found in any standard discussion of

*Actually, it is the vacuum free energy.

d'LkJ_ : C(m1 ny;nmy l’lz)
Uuy)= ke Yk ) = S A
( ) (27T)J'e ( J_) Y7_p
(43)
where
c3V,1U(my, nysmy, ny)
C(my, ny;my, ny) = - p+(7 ~ 00, (44)
with
for the case of (F,D,),
! (45)

for the case of (D,—,, D)),

|
superstring theories, for example, in [19] and therefore

will not be presented here even though we will need
them in our following calculations. The above total vac-
uum amplitude has contributions from both NS-NS and
R-R sectors, respectively, and can be written as I' = I'yg +
I'r. In calculating either I'yg or I'g, we need to keep in
mind that the boundary state used should be the Gliozzi-
Scherk-Olive (GSO) projected one and is related to the
usual two boundary states |B, n) with n = = in each
sector, respectively, as

[B)xs = 3[IB, +)xs — B, —)xs] (49)
in the NS-NS sector and
|B)x = i[IB, +)r + |B, —)&] (50)

in the R-R sector. For this purpose, we need to calculate
first the following amplitude:

['(n', n) = (B', n'|D|B? n) (51)

in each sector with »’n = = and B = B(m;, n;). In doing
the calculations, we can set L, = L, in the above propa-
gator due to the fact that L|B) = L,|B), which can be used
to simplify the calculations. Given the structure of the
boundary state in [12], the amplitude I'(n’, 7) can be
factorized as
nynycy o

4 47

d’z X ADC AW (nl /

X fl T AYAPAY (), mAPY (7', m),

Z|=1 |Z|2
(52)

I(n',n) =

where we have also replaced the ¢, in the boundary state
by nc, with n an integer to count the multiplicity of the
D ,-branes in the bound state. In the above,
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AY = (B} 20| B),

AV(n', ) = (B, n'llzI*0 |B2, m),
b 208" 2 (53)
AP = (Bl 1214 | BZ,),
sgh
APY (), 1) = (Bl 0'l12P5" | B2, m).

Note that the various components of the boundary state in
the ghost part are independent of flux and the basic struc-
ture of various components of the boundary state in the
matter part remains the same whether there is a flux present
or not. All of the information about the flux in the matter
part is encoded in the zero modes and the following §
matrix:

S=((n—F)n+EF)p —8i) (54)
|
(_ l+f2 2f
=72 1-f?
_2f  14f?
-2 1-f7
1
Sa,B == =
\ 1/ s

-

PHYSICAL REVIEW D 79, 126002 (2009)

where the Greek indices «, B, ... label the world-volume
directions 0, 1, ..., p along which the D p—brane extends,
while the Latin indices i, j, ... label the directions trans-
verse to the brane, i.e., p + 1,...,9. We also define F=
27ra’'F with F the flux. In order to perform the calcula-
tions, using the explicit expressions of various components
of the boundary state in the matter part (in addition to the
ghost part) in [12], we need to specify the world-volume
gauge field and the above S matrix for both (F, D,) and
(D,-», D,) bound states, respectively. For the case of
(F,D,), we need to use (1) for F with f determined by

@), ie., f=—m/A?

(m,n)
The corresponding longitudinal part of the S matrix as
given in (54) is now

through the charge quantization.

2
8 (A(’n n)+m2) _ zmgﬁA(]r{tvn) \
nZ
2
2’”8:A<m,1) (A + )

n 2 n

Y

(p+DX(p+1)

(55)

while for (D,_,, D,), we need to use (29) for F with the quantized f = —m/n. Now we have the longitudinal part of §

matrix as

1
Sap =
g o
1+£2 1+£2
_2f 1=f )
\ 12 142/ (p+D)X(p+1)

With the above preparations, we are now ready to perform
rather straightforward calculations for the various matrix
elements specified in (53) in either the NS-NS or R-R
sector for either of the bound states under consideration,
using the explicit expressions given in [12] for the bound-
ary states with F and the matrix S given in (54) as just
described for either of the bound states. We have now

— CFV +1e*Y2/277a/t(277.2alt)7(97p)/2
1
1|Z|2n)(1 _ |Z|2n)8’

AX

n(l — AP — A~
Abe =] 72 l'[(l = |2y (57)
n=1

for both the NS-NS and R-R sectors,

(T \

(56)
n—m*> _ 2nm
m?+n? m>+n?
2nm 2—m?
n2+m? n+m? (p+1)X(p+1)

AB?’ =|z
(n,m) =1 Il_[(1 - 7777|z|2" yel
Afs =TT + 2'nAlzl>~H(1 + n'pA~ "z

n=1

X (1 + n'nlz~ 1)} (58)

for the NS-NS sector, and

AR (', mAR (', ) = =242 D8 o [0 + Al
n=1

X1+ A 2P+ 1zP)°
(59)

for the R-R sector. Note that we have |z| = e~ 7 above, and
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in (59) we have followed the prescription given in [19,20]
not to separate the contributions from matter fields y* and
superghosts in the R-R sector in order to avoid the com-
plication due to the respective zero modes. Also in the
above, we have

_ 2 )
o _[Ju-ma-5 wreo) )

ST AT+ for (D,.D,),

—LAb  for (F,D
i Dy (61)
1+f1/s for (Dpfz, Dp)’

JA+Da+£3)

DF=

and

A+ A7l =202D% - 1)

I+ A+ =411 />
_ |2 imi o for(F.Dy), ©2)

(1=sHa f2)+4f17‘z
2 (l+f2)(]+f2) for (Dp—Z) Dp);
with the previously given

{ A]TZ’ fOr (F’ Dp)y

fr=q (63)

— o for (D,,,D,),

where i = 1,2 and the explicit expression for A, ) is
given in (3).

I'ns = ns(B'[DIB?)ns

PHYSICAL REVIEW D 79, 126002 (2009)

In calculating AX and AY(n/, ) as given explicitly
above, we have made use of an important property for
the S matrix:

ST, PS," =8,", (64)

with T denoting the transpose. We can check this using, for
example, the explicit expression (54) for S,, with the
indices raised or lowered using the corresponding metric.
This property enables us to perform unitary transforma-
tions of the respective operators in the boundary states such
that the S matrix appearing in one of the boundary states,
for example, in the boundary state originally denoted as
“1” above, completely disappears, while leaving the other
one (originally denoted as ““2”’) with a new S matrix as § =
S,S8T, in the course of evaluating the respective AX or AY.
This new S matrix shares the same property (64) as the
original §; and S, do, but its determinant is always equal to
one. Therefore this S matrix under consideration can al-
ways be diagonalized to give two eigenvalues A and A~!
with their sum as given in (62) above and the other eight
eigenvalues all equal to one. This is the basis for the
structure appearing in the contributions due to the respec-
tive oscillators to the AX and A¥(7n/, n) as given in (57)-
(59) above.

We can now have the vacuum amplitude in the NS-NS
sector as

_ ninyc Vp+lCF oodt —Y7/27ra 1= (7— p)/zl | 1[ﬁ (1 + /\|Z|2n*l)(1 + Ailllenil)(l + |Z|2n71)6
3277(2772a’)(7 n/2 Tt aot (L= AP = A 2P = [zP)°
(U A — ]
(1= AlzP)(@ = A7) = 2P T

(65)

n=1

where we have used the GSO projected boundary state in (49) for |B')ys (i = 1, 2) with B’ as defined previously and have
made use of the matrix elements in (57) and (58). Also we have used in the above

& o
f oo |, (66)
=1 |zl 0

with |z| = e~ ™. The corresponding vacuum amplitude in the R-R sector is now

nlnzcévaCFDF °°d[ 7Y2/27Tat —(7-p)/2 l—[ (1 + /\llen)(l + A 1|Z|2n)(1 + |Z|2n)6

T = o(B'IDIB)g = — ,
# TR = a2 Jo Y (1= AR = A TP~ P

(67)

where we have used the GSO projected boundary state in
(50) for |Bi)g (i = 1,2) again with B as defined previously
and made use of the matrix elements in (57) and (59) as
well as Eq. (66). In the above, we always assume both 7,
and n, are positive integers and the p-branes in the non-

|

threshold bound states are both D ,-branes (or both
anti-D ,-branes). In the case when the p-branes in either
of the nonthreshold bound states (but not both) are
anti-D ,-branes, the corresponding I'y will switch sign
from the one above but the I'yg will remain the same. In
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what follows, we will focus on the fact that the p-branes in
both nonthreshold bound states are D ,-branes; i.e., (65)
and (67) are valid. The case when the p-branes in either of
the bound states are anti-D,-branes can be similarly
analyzed.

We would like to pause here to make a few checks of the
above results (65) and (67) against known ones. When we
set n; = n, = 1 and switch off the world-volume gauge
fields, i.e., setting | = f, = 0 (therefore Cr = Dp = 1
and A = A~ = 1), our above I'yg and I'g agree with the
well-known results between two identical D p-branes
placed parallel to each other and separated by a distance
Y. For example, our results completely agree with the
calculations given in Egs. (9.285) and (9.289) in [19]
when we set p = p/, i.e., v = 0, in their case if we notice
that

2
cp 1

1
327(2m2al)7-P)/2 N (872a!)PH1)/2 X 2’

(68)

F:FN5+FR

o n]n2vp+1CF [00ﬂeiyZ/z,n.a/tt,U,p)/z{lZl,][l—[

_2(877.20(/)(14—17)/2 0o 1t

A (L= AP A = AP HA = 2P he
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where we have used ¢, = Ja2m/a')} P . For the case of
the (F, D,) bound state, when two such bound states are
identical, i.e., f; = f, = —m/A(lrfn), the results for I'yg
and I'g with the string coupling set to unity were given in
[12] as mentioned earlier. Applying the same conditions to
our calculations for the (F, D ,,) case, we again find perfect
agreements if we make use of (68) and notice the follow-
ing: (i) S; = S,, therefore the matrix § = §,57 is now a
unit matrix, and so A = A7! = 1; (ii)
2

Dr =1, C,v=1—f2=2 (69)
s = (m,n)

with A(m,n) given in (3) and g, set equal to unity; (iii) Their

integration variable ¢ is 77 times ours.

The total vacuum amplitude is now

(1 + AIZIZH_I)(l + A—1|Z|2n—l)(1 + |Z|2n—1)6

n=1

_£! (1= AP = A TP — [zPm)e

where we have used (68). This is our basic result of this
paper in addition to the long-distance one given in the
previous section. At first look, this is completely different
from the calculation given in [21] for p =1, i.e., the
D-string case in the Wick rotated version using the light-
cone boundary state. In what follows, we will show that our
result above is indeed the same as theirs for p = 1 using
various #-function relations. For this purpose, let us ex-
press our amplitude (70) in terms of @ functions and the
Dedekind m function with their standard definitions as
given, for example, in [22]. We then have

_ nlnzVPHCF sinTv mﬂe*YZ/Zﬂ'o/tt*U*P)/z 1
(877.2al)(1+p)/2 0o t 7’9(”)
[93(V|it)eg(o|it) 0,(0ling3(0lin)

01(V|lt) 01(V|lt)
B 02(V|l[)62.(0|lt)] 1)
0,(v|it)

(1= AlzlP)(@ = A7HzP) (A = [zP)°

(14 AP (1 + Az (1 + [22)6
_n4
2D410—Am%u—Alm%u—kwﬁ’(m)

where we have defined A = €™ and used the fact that
cosmv = D which can be obtained from A+ A~! =
2(2D% — 1) as given in (62). Note that v = iy, with 0 =
vy < oo for the case of (F,D,), while v = v, with 0 =
vy < 1for (D,_,, D,). Further v, — oo when f| # f, and
either of | f;| — 1 (or both |f;| — 1 when f; = —f,) in the
former case while v, — 1 when f, = —f, with |f;| — o
in the latter case but v, = 0 when f; = f, in both cases.
Now we use the following identify for 6 functions:

201 (vlT) = 6;2v|7)63(0l7) — 64(2v|7)63(0l7)
— 0,(2v|7)63(0I7), (72)

which is obtained from (iv) on page 468 in [23].” With the
identity (72), the amplitude (70) is greatly simplified to

>In obtaining the above identity from the more general one (iv)
there, we have made choices of variables x’ = y' = z/ = 0 and
w' = 2z which give w = —z and x = y = z in their notation.
Note also that their notation for @ functions is 0,(z) = 0,(z|7)
with r = 1,2, 3,4. We also use the facts that #,(0|7) = 0 and
0,(—zlm) = —0,(zl7).
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N 2n1n2VP+ICF sinmv o dt

- (8m2a’)1+1)/2 0 76

_ U(my, ny;my, ny)V,yy sinmy

2(87T201[)(1+p)/2

_ 4U(my, ny;my, ny)V, 1
(Swza/)(Hp)/z

—Y2/27Ta’tt—(7—p)/2

/OOdt
—e
o t
fmdt
—e
o I

where in the second equality we have made use of

r

ind v
sin” 5

1 1
4% = Z(cosm/ —1)? = Z(DF - 1)

nnyCp(Dp — 1) = U(my, ny; my, ny),

sin
(74)

with  U(my, ny;my, ny) = Uns(my, ny;my, ny) — Ur(my,
ny;my, ny) as given by (45) for either case under consid-
eration and with the respective quantization for f; as given
previously, and in the third equality we have made use of
explicit expressions for the Dedekind 7 function and the
theta function 6.

One can check now that our above amplitude in the
present various forms does agree with the calculations
given in [21] for the p = 1 case in the light-cone approach
up to an overall constant factor® of 1/(87°). In making the
comparison, we need also to consider that in their calcu-

o U(my, ny;my, ny)V, 4y siny wg(yQ/zM,tf(F
2(872a) 1+ P)/2 sin4% o t
_ AUy, sy 1)Vt (2 d oyt -2 —
(87T2a/)(1+p)/2 0 t
_ C(my, ny;my, ny)
y’-r ’

where C(m, n;;my, n,) is given by (44). So this is in
complete agreement with our low-energy result (43), as
expected, which in turn shows that even our normalization
constant is also correct. In reaching the last equality,
we have made use of (68) and (7— p)Qg , =
477 7=P/2JT((7 = p)/2) with Q,, the volume of the unit
q sphere.

°In making the comparison, we have considered both the zero-
mode contribution (77) and the oscillator contribution (82) in
[21] for the magnetic flux. For the case of electric flux, one
should send f;—if, and f, — if, as well as a — ia as
mentioned there. In their calculation, the volume factor was
not considered, and the overall constant factor difference men-
tioned in the text should not be of concern here since it is well
known that the light-cone calculations alone cannot fix the
overall constant.

126002-
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1 01Glir)
(ir) 01(vlir)
1 015lin)
n°(ir) 0,(vlir)
(1 — ei7TV|Z|211)4(1 — e*iwle|2n)4
’1:1(1 _ |Z|2n)6(1 _ €2i7TV|Z|2n)(1 _ e—2i7TV|Z|2n)’

(73)

lations they chose @’ = 2 and their parameter « is related
toour v as a = 27v.

We now consider the large Y limit of the amplitude (73).
This amounts to accounting for the massless-mode contri-
bution of the closed string, and therefore the result should
agree with our low-energy effective field theory calcula-
tions performed in the previous section. We will find that
this is indeed true.” For large Y, the separation-dependent
exponential suppression factor in (73) implies that the
contribution to the amplitude comes from the large ¢ in-
tegration. Note that, for large ¢, |z] = e”™ — 0 and

6,(vlit) — 2¢~"/*sinmry,

14
6.1 —
(5

e
it) — Qe /4 sin—-,

(75)
y(it) — e~ ™/12,
So
YRR 2%e”msint T
e 3m/4 e~/ singry
4U(my, ny;my, ny)V, 4y (2o (7—11)/2r 7—1p
(87T2a/)(l+p)/2 Y2 ( 2
(76)
|
The interaction amplitude (73) vanishes when

U(m,, ny; my, np,) = 0 which gives m; /n; = m,/n, (note
that n,n, > 0) as shown in the previous section (now v =
0 since f| = f5,), reflecting the BPS property of the system.
If we take one pair of integers, say, the pair (m,, n,), as
coprime, then the vanishing amplitude would need
(my, ny) = k(m,, n,) with k a positive integer. Note that,
unlike the single brane case, the nonthreshold bound states
have infinitely many stable fundamental states with each
characterized by a different pair of coprime integers (m, n).
When placing a brane with a pair of integers k(m, n)
parallel to one with its pair of integers k’'(m, n), we have

"One can also show that I'ys (65) and I'g (67) give also their
corresponding low-energy limits as discussed in the previous
section in a similar fashion.
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the system breaking no supersymmetry and being BPS if
kk' > 0; i.e., integer k and integer k' have the same sign.
When (m;, n;) and (m,, n,) are both coprime, the interac-
tion vanishes only if (m,, n;) = (m,, n,). Further, when
none of the above is satisfied, we have U(m, n;; my, ny) >
0. Note that each numerator in the infinite product in the
integrand of (73)

(1 _ ei7rV|Z|2n)4(l _ e—i7r1/|z|2n)4

= (1 — 2cosmw|z|*" + |z]*")* >0, (77

so the sign of the interaction amplitude will depend on that
of the factor in each denominator in the infinite product in
the integrand

(] _ eZiﬂ'VlZlZn)(] _ €_2i7TV|Z|2n)

= (1 = 2cos2mv|z|** + |z]*"), (78)

which is always positive for the case of (D,,_,, D,,) (now v
is real) while it is positive for large ¢, but it can be negative
for small ¢ for the case of (F, D) for which » is purely
imaginary. So for the case of (D,_,, D,), the interaction
amplitude is now greater than zero and is solely determined
by the positiveness of U(m, n;;ms, n,). In this aspect it
shares the same feature as its long-distance interaction
shown in the previous section, reflecting the attractive
nature of the interaction. For the case of (F, D), while
the long-distance interaction amplitude is again now
greater than zero (implying attractive interaction) and is
also solely determined by the positiveness of the corre-
sponding U(m, n;; my, n,) as shown in the previous sec-
tion, the sign of the small separation amplitude
(corresponding to small 7 contribution) is uncertain in the
present representation of integration variable 7 since, even
with the factor in (77) less than zero, the sign of the product
of infinitely such factors in the integrand remains indefi-
nite. So one would expect some interesting physics to
appear in this case for small 7.

The small ¢ contribution to the amplitude mainly con-
cerns the physics for small separation Y. The appropriate
frame for describing the underlying physics as well as the
analytic structure as a function of the separation in the
short cylinder limit # — O is in terms of an annulus, which
can be achieved by the Jacobi transformation r — ¢/ = 1/1.
This is also stressed in [24] that the lightest open string
modes now contribute most and the open string description
is most relevant. So in terms of the annulus variable ¢,
noting that

1 1
10 =) 79
.efiWVZ/T v 1
91(7/'7') = l(—ir)l/zel(r _;)
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the second equality in (73) now becomes

r= _iU(ml,nl;mz, ny)V, 41 sinmy
2 2 Y

2(872a’)1+P)/ sin* Z*

4(—ivt' | ;41

v ood_tle—th’/%Ta’t/(l—p)/Z 1 o1CE5Elir)

t o>it') 6,(—ivt'|it')

0 7°(i ((—=ivt|i
_AU(my, nysmy, ny)Vyiy sinay
(877.2a/)(1+p)/2
_i7TVlI)

/ s 4
X [md_tefyzr//%w/tl(l*p)/2 Sin ( 2
] : : ]
0o sin(—imvt')

A
Sin 5

ﬁ (1 _ 8771/1'|Z|2n)4(1 _ 677VI/|Z|2n)4
(1 _ |Z|2n)6(1 _ e27TI/l‘/|Z|2n)(1 _ e—27rl/t’|Z|2n)’

n=1
(80)

with now |z| = e~ ™. We follow [21] to discuss the under-
lying analytic structure and the possible associated physics
of the amplitude of (80). For the case of (D,_,, D,), we
limit ourselves to the interesting non-BPS amplitude, i.e.,
v = vy with 0 < vy < 1, and for this the above amplitude
is real and has no singularities unless ¥ = 2mva’ ,1.e.,on
the order of the string scale, for which the integrand is
dominated by, in the short cylinder limit # — oo,

e T g (— vt [2]id)
lim — - -
f—oo  in(it)0,(—imvt|it')

e V127 Gind (—izrwt' /2)

~ lim
f'—c0 isin(—imvt’)

— 1ime—(t’/Zﬂ'a’)(Yz—Zﬁzva’)‘ (81)
t'—o00

The contribution of the annulus to the vacuum amplitude
(free energy) should be real if the integrand in (80) has no
simple poles on the positive 7 axis since the imaginary part
of the amplitude is given by the sum of residues at the poles
times 7 due to the integration contour passing to the right
of all poles as dictated by the proper definition of the
Feynman propagator [25]. In the present case, the ampli-
tude appears purely real, but there are no simple poles on
the positive # axis, therefore giving zero imaginary ampli-
tude, i.e., zero pair-production (absorptive) rate, which is
consistent with the conclusion reached in [26] in the quan-
tum field theory context and also pointed out in a similar
context in [27]. When Y = 74/2v( </, i.e., on the order of
the string scale, the integration in (80) diverges, and this
therefore gives a divergent amplitude which indicates the
breakdown of the calculations and behaves similarly to the
situation of brane/antibrane systems as studied in [28,29],
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signalling the possible onset of tachyonic instability now
caused instead by the magnetic fluxes® and the relaxation
of the system to form a new nonthreshold bound state.
However, the detail of this requires further dynamical
understanding.

Let us move to the case of (F, Dp). We have now v =
ivy with 0 < yy < 00 (v = 0 corresponds to the BPS case
and is not considered here). The amplitude (80) is now

4U(my, ny;my, ny)V 4y sinhary
(Swza/)(lﬂy)/z Sinh4%

/
Oodt/ sin4(7ﬂ/0t)
X[ —e 2 7
o

sin(myyt')
ﬁ (1 _ eiwvot’|Z|2n)4(1 _ e—iﬂ'VOt’|Z|2n)4
bl 1 _ |Z|2n)6(1 _ 6217TV01’|Z|2n)(1 —e 217Tv0t’|Z|2n)

=

—th’/27ra’tl(l—p)/2

PHYSICAL REVIEW D 79, 126002 (2009)

Exactly the same as the p = 1 case given in [21], the above
integrand has also an infinite number of simple poles on the
positive real ¢ axis at ¢ = (2k+1)/vy, with k=
0,1,2,.... This leads to an imaginary part of the ampli-
tude, which is given as the sum over the residues of the
poles as described in [25,30]. Therefore the rate of pair
production of open strings per unit world volume in a
constant electric flux in the present context is

(82)
|
W = — 2 ImI’ 8U(m1,n1,m2,n2 sinh7ry « (
Ve p(872a) P2 sinh? T &0k + 1
R2mmyl 75—~ 7| w

— (my,ny) (my.ny) Z( Vo )(l +p)/2
vo(8m2a!)1tP/2 &2k + 1

where A, , is defined in (3) and », can be determined
from
2(0) —
coshmy, = g:(€ = mymy) (84)
nyn;

with ) defined in (11). This rate has been calculated in
different context before [25,30-32], but, as stressed in [21]
for the p = 1 case, the rather complicated sum over spin
structures obtained in those papers reduces to our simple
expression of (80), (82), or (83). Note that the above rate is
suppressed by the brane separation and the integer k but
increases with the value of v, which is expected. Let us
consider vy — 0 and v, — oo limits for the above rate,
respectively. The former limit corresponds to the near
extremal limit for which we can set f; = f, + € with
le| < 1, while the latter corresponds to the critical field
limit for which one can set either |f;| — 1 while keeping
the other less than unity (but fixed) or set f{ = —f, with

8Without the presence of the magnetic flux, the system is a
BPS one and the amplitude vanishes. With the presence of the
magnetic flux, in addition to the evidence given in the text, that
the open string tachyon mode appears to arise is also indicated
from the leadmg term e, which diverges in the short cylinder
limit #/ — oo, in the expansion of the # functions and 7 function
in (80) in the open string channel. The occurrence of an open
string tachyon mode at this distance can also be checked ex-
plicitly by looking at the quantization of the twisted open strings
stretched between the two D-branes. We thank the anonymous
referee for bringing the last point to our attention.

—(k+1)Y?)/2mvya’ ﬁ(
e
n—

—(2k+1)Y2) 27wy
¢ e l_[ —2nQ2k+1)7/ vy

n=1

)(1+p)/2 00 (1 + e—2nﬂ'(2k+1)/1/0)8

1—e

(83)

1+ e—2n(2k+1)7r/1/0 3
—2n(2k+1)7r/1/0)

_i\l —e

both |f;| — 1 as mentioned earlier. The definition for f;
with i = 1,2 is given in (63). For the near extremal limit,
we have, to leading order,

lel
71— f3)
and the rate (83) is now well approximated by the kK = 0
term as

vy = (85)

32n,n,| €|
- (Sﬂza/)(lﬁ))/z

X (L)(" T2 mra-pipatd (g
7(1 = f3) ’

very tiny as expected. For the critical field limit mentioned

above, now v, — o0, and it is easy to see that each term in

the summation of (83) diverges and so does the rate,

signalling also an instability as mentioned in a similar

context in [33].

IV. SUMMARY

In this paper, we calculate explicitly the interaction
amplitude between two (F, D) or (D(,—3), D,) nonthres-
hold bound states with a separation. In doing so, we make
use of their respective boundary state representation with a
quantized world-volume electric (or magnetic) flux. Each
such nonthreshold bound state is therefore characterized by
a pair of integers (m;, n;) with i = 1,2. When the two
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bound states are (D p-2 D p), the interaction is, in general,
attractive, but this remains so and can be certain only at
large brane separation when the two states are (F, D). In
both cases, the interaction vanishes only if m;/n; =
m,/n, and nyn, > 0. We also calculate the respective
long-distance interaction independently from the low-
energy field theory approach, and each agrees with the
long-distance part of the corresponding general string am-
plitude. We also study the analytic structure of the ampli-
tude, and, in particular, we calculate the rate of pair
production of open strings for the case of (F,D,). In
general, one expects that the interacting system is unstable
and will relax itself by releasing the excess energy via so-
called tachyonic condensation [34] to form eventually a
BPS nonthreshold bound state, characterized by a pair of
integers (m, + m,, n| + ny). If my + m, and n; + n, are
coprime, this state will be stable; otherwise, it will be
marginally unstable. Similar to the brane/antibrane sys-
tems studied in [28,29], the open string tachyonic conden-
sation manifests itself for the case of (D, , D,) by
showing a divergent amplitude but now caused by the
presence of magnetic fluxes when the brane separation is
on the order of the string scale. However, for the case of
(F, D,,), this manifests itself by the pair production of open

PHYSICAL REVIEW D 79, 126002 (2009)

strings which takes the excess energy away so that the
system can lower its energy and relax itself to form the
final BPS bound state. By all means, what has been said
here is just an indication being responsible for forming the
final BPS states of the systems under consideration. To
determine whether this actually leads to the formation of
final BPS states requires a more detailed dynamical under-
standing, which is beyond the scope of this paper.
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