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The effects of the IR aspects of gravity on quantum mechanics is investigated. At large distances where,

due to gravity, the space-time is curved, there appears nonzero minimal uncertainty �p0 in the momentum

of a quantum mechanical particle. We apply the minimal uncertainty momentum to some quantum

mechanical interferometry examples and show that the phase shift depends on the area surrounded by the

path of the test particle. We also put some limits on the related parameters. This prediction may be tested

through future experiments. The assumption of minimal uncertainty in momentum can also explain the

anomalous excess of the mass of the Cooper pair in a thin, rotating, superconductor ring.
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I. INTRODUCTION

The quantum mechanics (QM) on a Riemannian curved
space-time background is the simplest part of the funda-
mental problem associated with general relativity and the
quantum world. On the other hand, it is not possible to
detect the classical gravitational effects on quantum me-
chanical experiments except during the interferometry ex-
periments with neutrons, as discussed in [1]. In this paper
we investigate another possibility for studying the effects
of gravity on quantum mechanical systems using minimal
uncertainty in momentum assumption. It is known that for
large distances, where the curvature of space-time becomes
important, there is no notion of a plane wave on a general
curved space-time [2]. This means that there is a limit to
the precision with which the corresponding momentum can
be described. One can express this as a nonzero minimal
uncertainty in momentum (MUM) measurement. The
minimal uncertainty in momentum appears as an IR effect
of gravity on a quantum mechanical system.

On the other hand, it has been discussed in the literature
that a minimal uncertainty in position will be inevitable
when a test particle tries to resolve short distances [2]. In
order to probe the short distances of the order of Planck
length, ‘P, test particles require very high energies.
According to Einstein’s equation, the gravity effects of
high energy test particles must significantly disturb the
space-time structure when probed. Because of this phe-
nomenon, one expects a finite limit to the possible resolu-
tion of distances. Therefore, due to the UV effects of
gravity, quantum mechanics experiences a minimal uncer-
tainty in position. It has been shown that the minimal
uncertainty in position can also be obtained by assuming
a noncommutative space-time [3]. In one dimension, the
minimal uncertainty in position and momentum can be
generalized in quantum mechanics as follows [2]:

�x�p � @

2
ð1þ �ð�xÞ2 þ �ð�pÞ2 þ �Þ; (1)

where �, �, and � are positive and independent of �x and
�p. While in ordinary QM the uncertainty�p can be made
arbitrarily small by letting�x grow correspondingly, this is
no longer the case in the modified Heisenberg uncertainty
relation (1). Equation (1) can be deduced from the com-
mutation relation of the form

½x̂i; p̂j� ¼ @

i
�ijð1þ �r2 þ �p2Þ; (2)

with � ¼ �hxi2 þ �hpi2 and r2 ¼ P
x2i . In order to have a

closure form for the commutation relations, Eq. (2) is
extended to the following form:

½x̂i; x̂j� � 0; ½p̂i; p̂j� � 0; (3)

where the commutator ½x̂i; x̂j� � 0 implies a noncommu-

tative structure for space-time.
The UV aspects of these UV/IR effects of gravity on

quantum mechanics, i.e., minimal uncertainty in position,
have been investigated widely in previous years [4]. Also,
it has been shown recently that this may be testable in a
STM device [5].
At first, we concentrate on the IR aspects of gravity and

its effects on quantummechanics. So, we assume that in (1)
� ¼ 0, and we study only the quantum mechanics with
minimal uncertainty in momentum. The Heisenberg uncer-
tainty principle has been verified experimentally for the
fullerence molecules in [6]. We used the data generated in
this work, fit the generalized relation (1) for � ¼ 0 into
these data, and found the following bound on �:ffiffiffiffi

�
p � 3� 106 m�1: (4)

Also, it is possible to apply the MUM assumption to other
quantum mechanical examples for constraining the pa-
rameter �.
In order to construct an effective quantum theory and

compare it with experimental data, similar to the minimal
length theories [7], we redefine the x̂ and p̂ in terms of the
coordinate and momentum which satisfy the usual
Heisenberg uncertainty relation. Then the whole effect of
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the MUM is transferred to a new effective Schrödinger
equation which has terms dependent on the parameter �.
Therefore, we find an effective quantummechanical theory
with corrections coming from the MUM assumption.

The generalized Heisenberg algebra with nonzero � and
� can be represented on a position space wave function
c ðxÞ ¼ hxjc i by letting x and p act as operators.

p̂ i � c ðxÞ ¼ @

i
ð1þ �r2Þ@ic ðxÞ; (5)

x̂ i � c ðxÞ ¼ xic ðxÞ: (6)

Here, it must be noticed that the x’s are noncommutative
coordinates. Thus, in order to study each quantum me-
chanical problem with the minimal uncertainty in momen-
tum, it is sufficient to modify the Schrödinger equation to a
noncommutative one and replace the momentum operator
with the modified one given in (5).

Here, we study the effects of minimal uncertainty mo-
mentum on well-understood quantum mechanic phe-
nomena, such as the Aharonov-Bohm (AB) effect [8], the
Aharonov-Casher (AC) effect [9], the COW effect [10],
flux quantization in superconductors [11], a rotating super-
conducting quantum interference device (SQUID) [12], the
Sagnac effect [13], the gravitational AB effect [14], and the
hydrogen atom. It will be shown that MUM makes a
universal area-dependent correction in all these phe-
nomena. This correction disturbs the topological properties
of these effects and may be observed by suitably con-
structed experiments.

II. THE AHARONOV-BOHM EFFECT

In 1959, Aharonov and Bohm proposed an experiment to
explore the effects of the electromagnetic potential in the
quantum domain [8]. The standard configuration consid-
ered was the interferometer pattern of the two slit diffrac-
tion experiments involving a magnetic flux enclosed by
two charged particle beams to detect the phase shift.
Excellent agreement was found between the measured
phase shift and the theoretical prediction,

�’0 ¼ q

@

I
A � d‘; (7)

where q is the charge of the particle, A is the vector
potential, and the contour encloses the magnetic flux of a
solenoid. In this section, we calculate the modification in
the phase shift due to MUM using quantum mechanics and
semiclassical approaches.

A. The quantum mechanics approach

In noncommutative space the Schrödinger equation can
be written as [15]

H ? jc i ¼ Ejc i; (8)

where the ? product is defined as

ðA ?BÞðxÞ ¼ Aðx1Þeði=2Þ�ij@
ð1Þ
i @ð2Þj Bðx2Þjx1¼x2¼x: (9)

The Schrödinger equation (8) in the presence of a vector
potential is

H ? c ¼ 1

2m
Dj ?Dj ? c ¼ kjkjc ; (10)

where the variables kj are the eigenvalues of the operators

Dj ¼ p̂j � qAj,

D j ? c ¼ kjc : (11)

Here, Aj is the vector potential associated with magnetic

field B, q is the charge of the test particle, and the operator
p̂ is the �-dependent momentum operator defined in (5).
One can solve this equation by choosing c as

c ¼ e�: (12)

Now we assume that noncommutativity is small; then
Eq. (11) can be solved by perturbative expansion of Aj

and � as follows:

Aj ¼ Að0Þ
j þ �Að1Þ

j þ � � � ; (13)

� ¼ �ð0Þ þ ��ð1Þ þ � � � : (14)

Then, in the two slit experiments the wave function c of
the charged particle satisfies the following equation:

D j ? c ¼ �i@ð1þ �r2Þ@je� � qAj ? e�

¼ e�
�
�i@ð1þ �r2Þ@j�� qAj

þ iq

2
�lm@lAj@m�þOð��; �2Þ

�

¼ kjc : (15)

In order for the Schrödinger equation to be gauge invariant,
� must satisfy the following equation:

� i@ð1þ �r2Þ@j�� qAj þ iq

2
�lm@lAj@m� ¼ kj: (16)

Now, for the first order of Aj and �, one finds

� i@ð1þ �r2Þ@j�ð0Þ � qAð0Þ
j ¼ kj; (17)

which can be solved by a simple computation,

@j�
ð0Þ ¼ iq

@

1

1þ �r2
ðAð0Þ

j þ kjÞ

�
�
iq

@
� iq�

@
r2
�
ðkj þ Að0Þ

j Þ: (18)

Therefore,
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�ð0Þ ¼ iq

@

Z ‘2

‘1

k � d‘� iq�

@

Z ‘2

‘1

r2k � d‘

þ iq

@

Z ‘2

‘1

A � d‘� iq�

@

Z ‘2

‘1

r2A � d‘;
(19)

where the terms containing kj are the free particle solutions

in the absence of a magnetic field and will be discussed in
Sec. IV. The terms containing Aj give the Aharonov-Bohm

phase shift ’AB. For a closed path the phase ’AB is
corrected as

�’AB ¼ �’0 þ �’1 ¼ q

@

Z
B � ds� q�

@

I
r2A � d‘

¼ q

@
�� q�

@

Z
r� ðr2AÞ � n̂ds: (20)

For a finite-radius solenoid, the vector potential for the
regions inside and outside of the solenoid are given by

A in ¼ B

2
ð�y; x; 0Þ; (21)

A out ¼ B

2

a2

x2 þ y2
ð�y; x; 0Þ; (22)

where a is the radius of the solenoid. Using this, the surface
integral in (20) for both inside and outside regions of the
solenoid is written as

Z
r� ðr2AÞ � n̂ds ¼ 2

Z
in
ðr�AÞ � n̂dsþ

Z
in
r2r

�A � n̂dsþ 2
Z
out
ð~r�AÞ � n̂ds

þ
Z
out

r2r�A � n̂ds: (23)

Inserting (21) and (22) into (23), one finds

�’1 ¼ �q

@
�

�
�
Sout
�

� �
2

�a2

Z
in
r2ds

�
; (24)

where, provided that the radius of the solenoid, a, is small,
the second term becomes negligible. Consequently, Sout
can be approximated by S, the total area of the surface
bounded by a closed path. Therefore,’AB can be written as

�’AB ¼ q

@
�

�
1� �

S

�

�
: (25)

The second term in the phase shift causes the AB effect to
lose its topological properties. Before discussing the phe-
nomenological importance of (25), we will derive this
result using a semiclassical method in the next subsection.
The parameter � on the right-hand side of (25) may be
dependent on the cosmological constant. The example that
we have studied here is 2þ 1-dimensional systems living

on a Reð2Þ � f0g manifold. The use of three-dimensional
gravity has been suggested as a test bed for the quantiza-
tion of gravity [16]. Because of the smaller number of

dimensions, this theory has tremendous mathematical sim-
plicity. The Einstein theory of gravity in 2þ 1 space-time
dimensions has a well-know result; namely, the only non-
trivial solution for the Einstein equation is the de Sitter (or
anti–de Sitter) one and, therefore, the � coefficient should
correspond to the cosmological constant. Then the
�-dependent part of Eq. (10) is actually the Schrödinger
one in a de Sitter background.
If one retains the terms of the order of the noncommu-

tative parameter �, the following equation is found:

� i@ð1þ �r2Þ@j�ð1Þ � qAð1Þ
j þ iq

2
�lm@lA

ð0Þ
j @m� ¼ 0;

(26)

which, by integrating, gives the �ð1Þ term contributing the
noncommutative effects in the AB phase shift. Here, we do
not deal with this equation anymore, and the solution can
be found in [15,17]. In the following we ignore the
�-dependent terms and only consider the �-dependent
corrections to the ordinary phase shifts.

B. The semiclassical approach

In an interferometry experiment, the wave function of
two spatially separated beams, c 1ð~r; tÞ ¼ �1ðrÞei!t and
c 2ðr; tÞ ¼ �2ðrÞei!t, can be described in terms of particle
trajectories. In this semiclassical approximation, �iðrÞ is
written in the following form [1],

�iðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
�iðrÞ

q
exp

�
iSiðrÞ
@

�
; (27)

where S can be identified with the classical action.
Substitution of (27) in the minimal momentum
Schrödinger equation will show that S obeys the following
minimal momentum eikonal equation,

ðð1þ �r2ÞrSiÞ2 ¼ p2
c; (28)

where pc is the canonical momentum. Then, Eq. (28) can
easily be solved, and the wave function will be

�iðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
�iðrÞ

q
exp

�
iSiðrÞ
@

�
� �0 exp

�
i

@

I pc � d‘
1þ �r2

�
;

(29)

where �0 is the unperturbed part of the wave function. In
the AB experiment, the integration encloses the interfer-
ometry surface, and pc is defined by the Lagrangian of a
charged particle in a magnetic field,

L ¼ p2

2m
þ qv �A: (30)

From this, the canonical momentum will be given by pc ¼
m _rþ qA. The phase of the perturbed part of the wave
function will then be given by
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S ¼ q
I A � d‘

1þ �r2
� q

�I
A � d‘� �

I
r2A � d‘

�
:

(31)

Therefore, the correction to the Aharonov-Bohm phase is
calculated as

�’AB ¼ S=@ ¼ �’0

�
1� �

S

�

�
; (32)

where �’0 ¼ q
@
�. An estimation for the upper bound on

the parameter of � can be made using the available ex-
perimental data on the Aharonov-Bohm effect. The ratio of
the modified phase shift due to MUM and the usual phase
shift is ��������

�’1

�’0

��������¼ �S

�
: (33)

Fitting the ratio (33) into the accuracy bound of the experi-
ments to verify the AB effect, one obtains a bound on the
parameter �. The experiment reported in [18] with an error
of 11% gives a constraint on � as follows,ffiffiffiffi

�
p � 6� 102 m�1; (34)

where we have estimated the area surrounded by two
electron beams as S � 1 	m2.

III. THE AHARONOV-CASHER EFFECT

Following the semiclassical approach of the previous
section, we study the AC effect [9] by assuming a minimal
uncertainty in momentum and find variation in the AC
phase shift �’AC. The AC effect is the dual of the AB
effect. The AC phase will accumulate when a test particle
carrying a magnetic moment 	 travels around a charged
wire. It is simple to verify that the canonical momentum for
the MUM condition is given by

p c ¼ m _rþ 1

1þ �r2
	�E; (35)

where the electric field E is

E ¼ 


2�r
r̂; (36)

where 
 is the charge per unit length. The phase shift for a
test particle diffracting around the line charge is calculated
by

�’AC ¼ 1

@

I pc � d‘
1þ �r2

¼ 


2�"o@

I 	� E � d‘
r2ð1þ �r2Þ

� 


2�"o@

I 	� r � d‘
r2

� �



2�"o@

I
	� r � d‘

¼ �’0 � �



2�"o@

Z
r� ð	� rÞ � n̂ds: (37)

Therefore,

�’AC ¼ �’0

�
1� �S

�

�
; (38)

where �’0 ¼ 
	. Similar to the previous section, the
experimental observations on the AC phase shift can be
used to put a limit on the � parameter. In the experiment
described in [19], the area can be approximated as S �
4 cm2. Then, fitting (38) into the accuracy bound of this
experiment, which is 24%, one obtainsffiffiffiffi

�
p � 0:5� 102 m�1; (39)

which is close to the AB case. The effect of noncommuta-
tivity on the AC phase shift has been studied in [15].

IV. THE COW EFFECT

The effect of the MUM assumption on the results of an
experiment was studied by Colella, Overhauser, and
Werner [10] in 1975 with neutron interferometry in the
gravitational field of the Earth. In this experiment the beam
of a neutron is split into two parts, such that they can travel
at different heights in the gravitational field of the Earth
with different velocities. Using the first term of the canoni-
cal momentum, m _r, the phase shift in the interferometer
experiment in a situation where the neutron goes through
the ABCD loop is given as

�’0 ¼ m

@

I
v � d‘ � mðv0 � v1Þ

@
AB; (40)

where v0 and v1 denote the velocities along the paths AB

and CD. Then, following the discussion of the previous
sections, the MUM modification phase shift is given by

�’ ¼ �’0

�
1� �

S

�

�
; (41)

and using the 1% accuracy confirmed by the COWexperi-
ment, the following bound on � is obtained:ffiffiffiffi

�
p � 0:5� 10 m�1: (42)

V. THE FLUX QUANTIZATION

It is well known that the magnetic flux passing through
any area bounded by a superconducting ring is quantized
[11]. The quantization of the magnetic flux is closely
related to the Aharonov-Bohm effect. The quantum of
this magnetic flux is universal, independent of the ring
properties, and is equal to

�0 ¼ �@

e
� 2� 10�7 gauss-cm: (43)

But this value changes when we consider the MUM as-
sumption. Under such conditions, the flux quantization is
modified as

� ¼ q

@

I A � d‘
1þ �r2

: (44)
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The only physical requirement is that there can be only one
value of the wave function,

c ¼ ffiffiffiffi
�

p
eiðq=@Þ

H
A�d‘=ð1þ�r2Þ; (45)

on a closed path. Then the flux becomes

� � �n@

e

�
1� �S

�

�
; (46)

where S is the horizontal area bounded by a supercurrent
(superconducting electrical current). Hence, the quantum
of the magnetic flux is changed as

�0 � �@

e

�
1� �S

�

�
: (47)

Among the experiments for measuring �0 which can be
used to constrain �, Ref. [20] has found that the quantum
of the magnetic flux trapped in a hollow superconductor is
�@=e	 4%. In this experiment, the area is S �
3� 10�8 cm2; therefore, we will haveffiffiffiffi

�
p � 4� 105 m�1 (48)

which is near the bound obtained in Sec. I.

VI. THE SAGNAC EFFECT

The Sagnac effect [13] for light waves is also valid for
matter waves, and it has been verified experimentally [1].
In the well-known Sagnac effect, an extra shift �’S arises
when observing the interference between two beams in flat
space-time along a closed path due to the rotation of the
interferometer. In this section, we study the effect of the
rotating frame on an electron-wave interferometry experi-
ment. Similar to the previous section, the eikonal approxi-
mation is used in combination with the assumption that the
interferometer is small in comparison to the radius of the
Earth. Using the Lagrangian of a charged particle on the
rotating Earth, one can find the canonical momentum pc as

p c ¼ m _rþm!� r; (49)

where m is the mass of the particle and ! is the angular
velocity. The phase shift induced by the rotation of the
frame is given by

�’S ¼ m

@

I
!� r � d‘: (50)

If one assumes that the MUM condition holds, then the
phase shift is modified as follows:

�’S ¼ m

@

I !� r � d‘
1þ �r2

¼ �’0 �m�

@

I
r2!� r � d‘:

(51)

The calculation of the second term gives the following
solution:

�’1 ¼ �m�

@

I
r2!� r � d‘

¼ �m�

@

Z
r� ½r2!� r� � n̂ds (52)

For horizontally incident beams, �’ð1Þ becomes

�’1 ¼ � 4m

@
�
Z

r2ds � ��’0�

�
2S

�

�
; (53)

where �’0 ¼ ð2m=@Þ!S. The dependence on the surface
indicates that the Sagnac effect is not as topological as the
Aharonov-Bohm effect. The total Sagnac phase shift is
given by

�’S ¼ �’0

�
1� �

2S

�

�
: (54)

In Ref. [21], the phase shift caused by rotation of an
electron biprism interferometer placed on a turntable has
been measured for different areas. In the experimental
setup with !=2� ¼ 0:5 s�1, area S � 2:8 mm2, and an
error of about 30%, the parameter � is bounded asffiffiffiffi

�
p � 4� 102 m�1: (55)

For different areas, this bound will have the same order of
magnitude.

VII. ROTATING SUPERCONDUCTOR

An interesting investigation of the Sagnac effect can be
made in a rotating superconducting system by the use of a
SQUID [12]. We consider a SQUID involving an interfer-
ence between currents that flow through a pair of
Josephson junctions, which rotate with a constant angular
speed! about the z axis perpendicular to the SQUID. Now
if x	 denotes the coordinates of the initial framework and

x0	 denotes the coordinates of the rotating framework, then

one can verify that

x ¼ x0 cos!t0 � y0 sin!t0; (56)

y ¼ x0 sin!t0 þ y0 cos!t0; (57)

and the Lagrangian for motion in the rotating frame be-
comes

L ¼ �mðg	� _x
0	 _x0�Þ1=2; (58)

where g	� is defined as

g	�ðx0Þ ¼ @x�

@x0	
@x�

@x0�
���; (59)

with ��� the Minkowski metric. The g	� component is

given by

g00 ¼ 1� ð!� x0Þ � ð!� x0Þ;
g0i ¼ ðx0 �!Þi; gij ¼ �ij;

(60)
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and therefore

L ¼ �mþ 1
2m _x02 þ e ~�� e _x0 � ~A; (61)

where the effective scalar and vector potentials, ~� and ~A,
due to rotation are defined as

~� ¼ m

2e
ð!� x0Þ � ð!� x0Þ; ~A ¼ �m

e
ðx0 �!Þ;

(62)

and the angular velocity! can be interpreted as a magnetic
B field which becomes zero within the rotating supercon-
ductor. This leads to a phase shift �’0 in the interference
pattern between two supercurrents flowing through differ-
ent paths in the SQUID. For the MUM condition, the phase
shift is calculated as follows,

�’ ¼ 2e

@

I ~A � d‘
1þ �r2

� �’0

�
1� �

S

�

�
; (63)

where �’0 is given by

�’0 ¼ 4m!S

@
; (64)

and S is the area of the nonsuperconducting region en-
closed by two supercurrents. An experiment on the rotating
superconductor has been reported in [22], in which the
phase shift (64) is measured indirectly with an error of
about 30%. In this experiment, S � 0:074 cm2 and ! ¼
10 rad s�1. With this information, the bound on � is given
as ffiffiffiffi

�
p � 3:6� 102 m�1: (65)

It can also be possible to use the MUM assumption in
order to interpret the Cabrera and Tate experiment [23],
which reported an anomalous excess of mass for the
Cooper pair in a thin, rotating, superconductor ring. In
this experiment the difference between the experimental
Cooper massm
 and its theoretical predictionm is reported
as

�m ¼ m
 �m

¼ 1:000 084ð21Þ � 2me � 0:999 992� 2me

¼ 94:147 240ð21Þ eV: (66)

So far, this experimental result has never received an
explanation in the context of superconductor physics.
Hence, somework has been done in the context of quantum
gravity and dark energy to interpret it [24]. For the case in
which MUM is assumed, one finds that

@

m
 ¼ 2S��

�
1� �
 S

�

�
; (67)

where S is the area bounded by the closed path, �� is the
flux null spacing, and�
 is the constant of MUM defined in
the rotating frame. As shown in [25], the coefficient � can
be dependent on the metric of space-time. Therefore, one

expects that � in a rotating frame will be different from �
in a nonrotating frame. Hence, one can write

�m

m
� S��; (68)

where �m was defined in (66) and �� ¼ �
 � �. So
MUM can give an alternative interpretation for the anoma-
lous Cooper pair excess. From the numerical values of the
Cabrera and Tate experiment, we find �� as

�� � 5� 10�2 m�2: (69)

VIII. THE GRAVITATIONAL AHARONOV-BOHM
EFFECT

In this section, we will consider the minimal uncertainty
in momentum in the gravitational analog of the Aharonov-
Bohm effect. This teleparallel approach to gravitation con-
sists in a shift similar to the Aharonov-Bohm effect, but
produced by the presence of a gravitational gauge poten-
tial. This analog phase shift is zero in Newtonian gravity. In
general relativity, both mass and angular momentum act as
the source of gravity, but in Newtonian gravity only the
mass, not the angular momentum, gravitates. These 2
degrees of freedom are analog to the charge and magnetic
moments in an electromagnetic field.
Therefore, the analog of the AB effect for gravity is the

phase shift �’ acquired by a mass going around a string or
rod that has angular momentum.
We now consider the linearized limit of general relativ-

ity and write the metric as g	� ¼ �	� þ h	�, where

h	� � 1 and ~h0 ¼ �ðh01; h02; h03Þ are the Coriolis vector
potentials. The phase shift due to gravitational fields in a
situation where a particle with massm and spin S interferes
around a cylinder is given by

�’ ¼ � 1

2@

I
h	a;bS

abdx	; (70)

where Sab (a, b ¼ 0, 1, 2, 3) is a generator for Lorentz
transformation in the spin space related to the spin vector
Sa and the 4-velocity vb as

Sab ¼ 
abcdvcSd: (71)

The above phase shift is the gravitational analog of the AC
phase shift [26] and can be simplified further to

�’ ¼ � 2

@

I
g� S � d‘; (72)

where S is the spin of the test particle and g is the
acceleration due to gravity, defined as g ¼ � 1

2rh00. The

dual of this situation is the gravitational analog of the AB
effect [27], which is given by

�’ ¼ m

@

I
h0;	dx

	: (73)
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This phase shift is given by interfering a massm around the
cylinder with an angular momentum J given by

~h 0 ¼ � 4G

�2
0

J� r; (74)

where �0 is the radius of the cylinder and G is Newton’s
constant. The two phase shifts obtained above can also be
derived through a Lagrangian of the form

L ¼ 1

2m
ðp�m ~h0 � 2S� gÞ2 þ 1

2
mh00: (75)

Using this Lagrangian, one can extend the phase shifts for
the case of the minimal uncertainty in momentum condi-
tion. In a semiclassical situation, the modified phase shifts
are given by

�’m ¼ �’ð1Þ þ �’ð2Þ

¼ � 2

@

I g� S � d‘
1þ �r2

þm

@

I ~h0 � d‘
1þ �r2

(76)

where calculations are straightforward and lead to results
similar to those in the previous sections.

The AB phase shift is given by a solenoid producing a
vector potential, which satisfies the Maxwell equation.
Corresponding to this solenoid, for the Einstein equation
there is a spinning cosmic string solution which has angu-
lar momentum and mass. A gravitational AB phase shift
can be produced by such a cosmic string; i.e. the solenoid
may be replaced by a cosmic string. Outside the cosmic
string, the curvature and torsion vanish, which is analogous
to the vanishing of the electromagnetic field strength out-
side the solenoid. Then a quantummechanical particle with
the state jc i enclosing the cosmic string develops an AB
phase shift.

Another interesting issue is to consider the AB scattering
of a cosmic string with a quantum-charge particle. The AB
effect is a mechanism for detecting cosmic strings [28].
This effect is similar to the case of a charge particle
scattering off an infinitesimally thin solenoid. For the
interaction of a cosmic string with a relativistic quantum
particle, the differential cross section is given by writing
the Dirac equation and then calculating the scattering
amplitude. The MUM assumption will modify the AB
cross section into a cross section with � corrections.

IX. THE HYDROGEN ATOM

The effects of MUM can also be studied at atomic
scales. We have calculated the effects of MUM on a hydro-

gen atom, where energy levels are modified as

En;l ¼ Eð0Þ
n;l þ

ð�@Þ2
2me

�
ðnþ lÞ2 þ lðlþ 1Þ � lðlþ 1Þ

n

�
;

(77)

where Eð0Þ
n;l is the energy related to the usual hydrogen

system. In order to constrain �, we use measurements on
the hydrogen energy levels similar to what has been done
in Ref. [29]. In that paper, the hydrogen 1S-2S transition
frequency ! has been measured with an accuracy of 1.8
parts in 1014. Using this measurement, one has

�!

!
� 1:8� 10�14: (78)

Then, the parameter � is constrained asffiffiffiffi
�

p � 1:6� 102 m�1: (79)

X. CONCLUSION

We argued that QM on a curved space-time experiences
a minimal uncertainty in momentum. This feature can be
considered as the effect of IR aspects of gravity on quan-
tum mechanics. Based on this assumption, we resolved
some quantum mechanics examples such as the
Aharonov-Bohm effect, the Aharonov-Casher effect, the
COW effect, flux quantization, the Sagnac effect, rotating
superconductors, the gravitational Aharonov-Bohm effect,
and hydrogen atom energy levels. We found that the phase
shift due to these effects is corrected by an area-dependent
term. By fitting this new phase shift with the experiments
performed to verify the above effects and also the data of
the experiment performed for exploring the Heisenberg
uncertainty relation, we found that the parameter � is
bounded as

ffiffiffiffi
�

p � 10� 106 m�1. In order to explore the
area-dependent phase shift predicted in this paper, one can,
for instance, prepare and perform the interferometry ex-
periment with different area conditions similar to the setup
used in [21]. It was also shown that the assumption of
minimal uncertainty in momentum can explain the anoma-
lous excess of the mass of the Cooper pair in a thin,
rotating, superconductor ring in the Cabrera and Tate
experiment.
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