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We compute the contribution to the Lagrangian from the leading order (2.5 post-Newtonian) radiation

reaction and the quadrupolar gravitational waves emitted from a binary system using the effective field

theory (EFT) approach of Goldberger and Rothstein. We use an initial value formulation of the underlying

(quantum) framework to implement retarded boundary conditions and describe these real-time dissipative

processes. We also demonstrate why the usual scattering formalism of quantum field theory inadequately

accounts for these. The methods discussed here should be useful for deriving real-time quantities

(including radiation reaction forces and gravitational wave emission) and hereditary terms in the post-

Newtonian approximation (including memory, tail and other causal, history-dependent integrals) within

the EFT approach. We also provide a consistent formulation of the radiation sector in the equivalent

effective field theory approach of Kol and Smolkin.
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I. INTRODUCTION

The anticipated detection of gravitational waves using
ground-based laser interferometers [1–4] has spurred sig-
nificant advances towards a detailed theoretical description
of binary compact objects. From a semianalytical point of
view, a major tool for understanding these systems comes
from the post-Newtonian (PN) expansion, which is a per-
turbation theory based on the small relative velocity v of
the binary’s constituents. Chief among these accomplish-
ments are the heroic calculations of the equations of mo-
tion for the orbital dynamics through 3.5PN order and the
power emitted in gravitational waves, which are estimated
to be sufficiently accurate for precisely estimating the
parameters of the detected gravitational wave sources.
See [5,6] for reviews of the standard treatments of the
PN approximation and their main results.

The recently introduced effective field theory (EFT)
approach of Goldberger and Rothstein [7], called nonrela-
tivistic general relativity (NRGR), provides an economical
way to apply the PN approximation to compact binaries.
The NRGR approach is viable in any system wherein the
wavelengths of gravitational perturbations are much larger
than the sources or scatterers. It is a valuable tool that
utilizes the efficient diagrammatic and regularization tech-
niques of perturbative quantum field theory to calculate
quantities of interest within the post-Newtonian expansion.
Only tree-level Feynman diagrams are relevant for (classi-
cal) astrophysical systems so that quantum corrections are
completely ignorable. NRGR was further developed in
[8,9] to incorporate spin effects and dissipation from gravi-
tational wave absorption, respectively. It has also been
recently used to derive the 2PN equations of motion for

nonspinning compact objects in [10] using Kol-Smolkin
variables [11] to streamline the number of contributing
Feynman diagrams. NRGR has also been used in [12] to
derive the radiation reaction force on an electrically
charged extended body interacting with its own electro-
magnetic radiation (see Sec. II C for discussion pertaining
to the applicability and consistency of the particular
method used in [12]). See [13] for a good review of
NRGR and also [14–17] for applications beyond the two-
body problem. In addition, NRGR has provided the first
derivation of the 3PN spin-spin potential [18–21] and of a
quadrupole-spin correction to the gravitational energy
[22].
NRGR uses the language and formalism of perturbative

quantum field theory via path integral methods. However,
only the classical limit of the theory is relevant for describ-
ing astrophysical compact binary systems so that all quan-
tum effects are blatantly ignored. Nevertheless, there are
different path integral formalisms that can be used in
NRGR to implement different boundary conditions on
the gravitational perturbations. The boundary conditions
are typically chosen to conform to the questions being
asked. The ‘‘in-out’’ formalism, which is the framework
typically discussed in many quantum field theory texts and
was used in [7] to introduce NRGR, is based on a scattering
formalism that uses the Feynman Green’s function to
implement scattering boundary conditions on the gravita-
tional perturbations at the asymptotic past and future. As
such, the in-out construction is appropriate for calculating
instantaneous conservative forces on the compact objects
and for computing the instantaneous total power emitted in
gravitational waves (at least, in a particular method),
among other things.
One of the goals of this paper is to emphasize that the

symmetric nature of the Feynman propagator, which is a
consequence of the scattering boundary conditions em-
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ployed in the in-out formalism, implies that it is unsuitable
for self-consistently and systematically describing time-
asymmetric processes related to dissipation and radiation
reaction in compact binaries [23]. We stress that this is not
a systematic flaw or shortcoming of NRGR but instead
arises from not imposing retarded boundary conditions on
the radiated gravitational perturbations.

To address these and other issues in NRGR here we
instead implement the ‘‘in-in’’ formalism to enforce re-
tarded boundary conditions in a path integral framework.
The in-in construction is an initial value formulation that
evolves the system in real time from a given initial state
and allows for the final state to be determined dynamically
given only initial data. This is in contrast to the ab initio
stipulation of the final state in the in-out construction for
scattering processes.

The in-in approach was first introduced by Schwinger
[24] as a way of computing expectation values in quantum
mechanics from a path integral formalism and was further
developed by others in [25–34].

Since its introduction, the in-in formalism has been
extensively applied to problems where an initial value
formulation is crucial for describing a system’s dynamical
evolution, typically involving nonequilibrium processes,
from an initial state to an unknown final state. These
include semiclassical gravity and stochastic gravity (see
[35] and references therein), inflationary cosmology,
quark-gluon plasmas, disoriented chiral condensates, ther-
mal field theory, Bose-Einstein condensates and quantum
Brownian motion, to name a few. See [36] for correspond-
ing references. The in-in formalism is also useful for
addressing issues related to the quantum-to-classical tran-
sition (e.g., decoherence), macroscopic coherence, quan-
tum kinetic theory, noise and fluctuations in open quantum
systems, among other things [36,37].

In the extreme mass ratio inspiral scenario, the in-in
formalism is crucial to guarantee the causal evolution of
the binary in a curved background spacetime (e.g., Kerr)
and has been successfully used in [38] to rederive the first
order self-force [39,40] acting on the small compact object.

In this paper the in-in framework is used to derive, in the
context of NRGR, the well-known compact object equa-
tions of motion with radiation reaction at 2.5PN order (first
derived by Burke and Thorne [41–43]) and the quadrupole
gravitational waves emitted by the binary. The in-in for-

mulation of NRGR should also be useful for deriving real-
time quantities and the hereditary terms (e.g., memory and
tail integrals) that appear in higher order expressions for
the metric components (the gravitational waveform) and
the radiated power.
In Sec. II we provide a brief description of the in-out

formulation of the radiation sector in NRGR. In Sec. III we
provide a pedagogical presentation of the in-out frame-
work and discuss its shortcomings for describing the real-
time causal propagation of gravitational waves. We also
review the in-in formalism. We then apply the in-in ap-
proach to derive the well-known results for the 2.5PN
radiation reaction forces and for the emitted quadrupole
gravitational radiation in Sec. IV. In Appendix D, we apply
the in-in framework to formulate the equivalent classical
effective field theory (ClEFT) approach of Kol and
Smolkin [44] in a form suitable to self-consistently derive
radiation reaction and other real-time quantities. This pro-
vides an alternative derivation of the in-in approach to
NRGR. In this paper we focus on nonspinning compact
objects and use the same conventions as [7].

II. THE IN-OUT FORMULATION OF NRGR

The central quantity in the NRGR paradigm is the
effective action, Seff . At the orbital scale r of the binary,
the compact objects can effectively be treated as point
particles interacting with nearly instantaneous potentials
H�� and coupled to long wavelength (� � r), slowly

varying, external radiation fields �h��. In the ‘‘in-out’’

path integral formulation the effective action is given by

eiSeff ¼
Z

D �h��

Z
DH�� exp

�
iS½�þ �hþH�

þ i
X2
K¼1

Spp½xKðtÞ; �þ �hþH�
�

(2.1)

where S is the (gauge-fixed) Einstein-Hilbert action, Spp is

the point particle action for each compact object in the
binary and the index K labels each particle.
Integrating out the potential gravitons H�� from the

theory at the orbital scale (in the Lorenz gauge and on
the long wavelength background spacetime) schematically
gives for the effective action

where a curly line denotes a radiation graviton and the double solid line represents the compact binary. We take the
radiation graviton to be in the Lorenz gauge

@� �h�� ¼ 1

2
@� �h�� (2.3)

throughout the remainder. The diagrams in (2.2) can be written perturbatively in powers of the relative velocity v of the
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binary by matching onto the effective theory at the orbital scale so that

Here L�mvr is the typical angular momentum of the
binary. The first diagram in (2.4) represents the leading
order Newtonian contribution to the effective action,

iSv0L1 ¼ i
Z

dt

�X
K

1

2
mKv

2
K þ GNm1m2

jx1 � x2j2
�
; (2.5)

the second diagram provides the 1PN corrections [7] (from
which the Einstein-Infeld-Hoffman equations of motion
[45] are derived), and the third diagram gives the 2PN
corrections, which have been recently computed using
the NRGR approach in [10] and agree with previous cal-
culations using traditional methods (see [5]).

The diagrams in (2.4) do not couple to radiation grav-
itons, implying that there is no mechanism for the compact

objects to dissipate energy (aside from possible tidal heat-
ing in neutron stars at higher orders) via radiation reaction.
However, the remaining diagrams in (2.2) describe the
interactions of the compact binary with radiation gravitons
and are responsible for driving the inspiral toward coales-
cence from the emission of gravitational waves.
The diagrams containing a radiation graviton in (2.2)

represent a multipole expansion in terms of the size of the
binary r and the wavelength of the radiation �. These
lengths are related, since r=�� v, which implies that these
diagrams scale as powers of v. For example, the second
diagram in (2.2) represents the full coupling of a single
radiation graviton to the binary’s center of mass and has a
multipole expansion given schematically by

where the first three diagrams above are computed explic-
itly in [7],

iSv1=2L1=2 ¼ � i

2mpl

Z
dt
X
K

mK
�h00ðt; 0Þ (2.7)

iSv3=2L1=2 ¼ � i

mpl

Z
dt
X
K

mKx
i
K
�hi0ðt; 0Þ

¼ 0 in center of mass frame (2.8)

iSv5=2L1=2 ¼ i

2mpl

Z
dtf�E �h00ðt; 0Þ � �ijkLk@j �hi0ðt; 0Þ

þQijðtÞR0i0jðt; 0Þg: (2.9)

and their scaling with ðv; LÞ is given in the subscript. Here
E is the leading order (Newtonian) total energy, L is the
leading order angular momentum, Qij is the quadrupole
moment of the binary

QijðtÞ ¼ X2
K¼1

mK

�
xiKðtÞxjKðtÞ �

1

3
�ijx2

KðtÞ
�

(2.10)

and R0i0j is the linearized Riemann tensor, given by

R0i0j ¼ 1

2
ð@20 �hij þ @i@j �h00 � @0@i �hj0 � @0@j �hi0Þ

þOð �h2Þ: (2.11)

In obtaining these expressions, the radiation graviton field
�h��ðt;xÞ is expanded in multipoles around the center of
mass, which is taken to be the origin of coordinates.
Explicitly writing the velocity expansion into the effective
action gives

eiSeff ¼
Z

D �h�� expfiSpot½x1;x2; �h�g: (2.12)

where

Spot½x1;x2; �h� ¼ S½�þ �h� þ Sv0L1 þ Sv2L1 þ Sv4L1 þ � � �
þ Sv1=2L1=2 þ Sv3=2L1=2 þ Sv5=2L1=2 þ � � �

(2.13)

is the (effective) action obtained by integrating out the
potential gravitons. This expression for the in-out effective
action is useful for deriving the conservative forces acting
on the compact objects [7,10], for computing the instanta-
neous power emitted in gravitational waves [7,46], and can
even be used to recover the Schwarzschild metric of a
single compact object [47]. However, to derive the radia-
tion reaction forces in the equations of motion and to
compute the multipole expansion of the emitted gravita-
tional waves in NRGR requires imposing retarded bound-
ary conditions by using an initial value (or ‘‘in-in’’)
formulation to describe these quantities in real-time. To
demonstrate that the in-out path integral formulation above
is inadequate for these latter purposes, let us attempt to
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derive the leading order radiation reaction forces acting on
the compact objects using (2.12).

A. Radiation reaction

Integrating out the radiation gravitons involves calculat-
ing all tree-level and connected Feynman diagrams to the
desired order in v and is equivalent to performing the path
integral over �h��. The resulting theory describes the mo-

tion of the compact objects (effectively as point particles)
subject to radiation reaction due to the backreaction of
gravitational wave emission. The diagrams that can con-
tribute to radiation reaction through 2.5PN are given in
Fig. 1.

In Appendix A we show that diagrams with a time-
dependent (but otherwise generic) vertex coupled via a
radiation graviton to a conserved quantity will not contrib-
ute to the equations of motion or the radiated power. The
vertex associated with Sv1=2L1=2 is proportional to the total
mass of the binaryM, which is conserved at leading order,
implying that the single 0.5PN diagram in Fig. 1(a) van-

ishes. Likewise, the v3=2 vertex is zero in the center of mass
frame; see (2.8). Therefore, both diagrams in Fig. 1(b)
vanish. Similar reasoning implies that only the diagram

containing two v5=2 vertices in Fig. 1(c) does not automati-
cally equal zero. Furthermore, the first two terms in (2.9)
are conserved at this order suggesting that these give a
vanishing contribution in the effective action at 2.5PN.
Indeed, only the quadrupole term in (2.9) is relevant so that

Fig :ð1cÞ ¼ iS2:5PNeff

¼
�
1

2

��
i

2mpl

�
2 Z

dt
Z

dt0QijðtÞ

� hR0i0jðt; 0ÞR0k0lðt0; 0ÞiQklðt0Þ: (2.14)

The leading factor of 1=2 is the symmetry factor of the
diagram. The imaginary part of Fig. 1(c) is originally
computed in [7] and generalized to d spacetime dimen-
sions in [46]. The real part of this diagram yields a con-
tribution to the equations of motion upon variation with
respect to the particle coordinates.

The two-point function of the product of linearized
Riemann tensors is

hR0i0jðt; 0ÞR0k0lðt0; 0Þi

¼ i

20

Z
k0;k

e�ik0ðt�t0Þ ðk0Þ4
ðk0Þ2 � k2 þ i�

�
�
�ik�jl þ �ik�jl � 2

3
�ij�kl

�
(2.15)

so that

iS2:5PNeff ¼ � i

80m2
pl

Z
dt
Z

dt0QijðtÞQijðt0Þ

�
Z
k0;k

e�ik0ðt�t0Þ ðk0Þ4
ðk0Þ2 � k2 þ i�

(2.16)

and the distributional identity in (A3) implies

iS2:5PNeff ¼ � 2	iGN

5

Z
dt
Z

dt0QijðtÞQijðt0Þ

�
Z
k

�
PV

Z
k0

ðk0Þ4e�ik0ðt�t0Þ

ðk0Þ2 � k2

þ i	
Z
k0
ðk0Þ4e�ik0ðt�t0Þ�ððk0Þ2 � k2Þ

�
: (2.17)

In the t0 integral of the first term, t is constant so we may
shift the variable to s ¼ t0 � t and expand Qijðtþ sÞ in
powers of s, giving

iS2:5PNeff ¼ � 2	iGN

5

Z
dtQijðtÞ

X1
n¼0

1

n!

dn

dtn
QijðtÞ

�
Z

ds
Z
k
PV

Z
k0

snðk0Þ4eik0s
ðk0Þ2 � k2

þ 2	2GN

5

�
Z
k;k0

ðk0Þ4�ððk0Þ2 � k2Þ ~Qijðk0Þ ~Qijð�k0Þ
(2.18)

where ~Qijðk0Þ is the Fourier transform of the binary’s

quadrupole moment; see (A6) for our conventions. In the
first term, we recognize the master integral Iðn; 4; 0Þ de-

FIG. 1. The diagrams that potentially contribute to radiation
reaction at (a) 0.5PN, (b) 1.5PN and (c) 2.5PN orders.
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fined in (B1) and evaluated in Appendix B. This implies
that only the n ¼ 5 term contributes, so that

iS2:5PNeff ¼ � iGN

10

Z
dtQijðtÞ

d5QijðtÞ
dt5

þ 	GN

5

�
Z d3k

ð2	Þ3 jkj
3j ~QijðjkjÞj2 (2.19)

with Ið5; 4; 0Þ ¼ 5!=ð4	Þ from (B9).
Our expression for the imaginary part of the effective

action in (2.19) agrees with [7,46] and yields the quadru-
pole formula for power loss upon inserting another factor
of jkj to the integrand. The real part is proportional to the
time integral of the Burke-Thorne ‘‘reaction potential’’
[41–43]

�BTðt;xÞ ¼ GN

5
xixj

d5QijðtÞ
dt5

(2.20)

evaluated at the positions of the two particles. However,
two integration by parts in the first term of (2.19) reveals
that

Re S2:5PNeff ¼ �GN

10

Z
dt €QijðtÞQ

:::
ijðtÞ

¼ �GN

20

Z
dt

d

dt
ð €QijÞ2; (2.21)

which is a total time derivative and does not yield a con-
tribution to the equations of motion.
In the next section, we compute the emitted gravitational

waves in the quadrupole approximation using the in-out
effective action (2.12) and demonstrate that the gravita-
tional radiation does not propagate causally from the
source.

B. Quadrupole radiation

The first few diagrams contributing to the gravitational
radiation emitted by the compact binary are shown in (2.6).
In the physically relevant transverse-traceless (TT) gauge,
the first two diagrams in (2.6) vanish. This is expected
since these correspond to monopole and dipole radiation,
which are pure gauge effects and can be transformed away.
This leaves the third diagram in (2.6), wherein the first two
terms of (2.9) do not contribute in the TT gauge. Applying
the Feynman rules gives the leading order contribution

where n̂ is the unit vector pointing in the direction of
propagation and �ij;kl is given explicitly by

�ij;klðn̂Þ ¼ �ik�jl � 1

2
�ij�kl � njnl�ik � nink�jl

þ 1

2
nknl�ij þ 1

2
ninj�kl þ 1

2
ninjnknl; (2.23)

which is pairwise symmetric in ij, kl. See [48] for a more
detailed discussion regarding the relationship between the
Lorenz and TT gauges.

From the expression for the linearized Riemann tensor in
(2.11) we see that the two-point function in (2.22) is

h �hklðt;xÞR0m0nðt0; 0Þi
¼ 1

2
h �hklðt;xÞ½@2t0 �hmnðt0; 0Þ þ @m@n �h00ðt0; 0Þ

� @t0@m �hn0ðt0; 0Þ � @t0@n �hm0ðt0; 0Þ�i: (2.24)

Only the first term contributes, so that

m�1
pl

�hTTij ðt;xÞ ¼
i

4m2
pl

�ij;klðn̂Þ
Z

dt0DF
klmnðt� t0;xÞ €Qmnðt0Þ

(2.25)

where we have integrated by parts twice to move the time
derivatives onto the quadrupole moment.
Taking the (physically relevant) real part of �hTTij using

Re iDF
klmnðt� t0;xÞ ¼ 1

2
ðDret

klmn þDadv
klmnÞ

¼ � 1

4	
�ððt� t0Þ2 � x2ÞPklmn

(2.26)

where Pklmn ¼ ð�km�ln þ �kn�lm � �kl�mnÞ=2 and per-
forming the time integral gives

m�1
pl Re �hTTij ðt;xÞ ¼ �GN

jxj �ij;klðn̂Þ½ €Qklðt� jxjÞ
þ €Qklðtþ jxjÞ�: (2.27)

We see that the gravitational waves do not causally propa-
gate from the source because of the dependence on the
quadrupole moment at the advanced time tþ jxj.
Furthermore, (2.27) implies that there is no power emitted
by the compact binary.
To see this, recall that the power emitted in gravitational

waves is the surface integral of the radial flux of gravita-
tional waves t0r [48]
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P ¼
Z

dAt0r ¼ �
Z

dAh@0 �hTTij @r �hTTij i (2.28)

where angled brackets here denote averaging over many
cycles of the gravitational wave and the surface integral is
over a very large sphere centered on the binary’s center of
mass. Using (2.27) and the relation @rfðt� jxjÞ ¼
�@0fðt� jxjÞ one finds that

t0r / hQ:::ijðt� jxjÞQ:::ijðt� jxjÞi
� hQ:::ijðtþ jxjÞQ:::ijðtþ jxjjÞi: (2.29)

Both terms can be shown to have the same Fourier trans-
form implying that the flux of purely retarded radiation is
cancelled by the flux of purely advanced radiation leading
to t0r ¼ 0 and vanishing power loss. This explains the lack
of radiation reaction in the equations of motion seen in the
previous section.

This raises an interesting observation about the in-out
approach. Computing the power loss directly from the
gravitational perturbations �h�� gives a vanishing result

because the scattering boundary conditions imply that
there is no net flux of gravitational waves leaving the
compact binary in an irreversible and asymmetric manner.
However, since the imaginary part of the effective action
S2:5PNeff is related to decay processes then a nonzero expres-

sion for the power loss can be computed in the manner
discussed in [7]. In particular, this quantity is related to the
total number of gravitons emitted by the system during a
large time T ! 1

1

T
ImSeff ¼ 1

2

Z
d!d�

d2�

d!d�
; (2.30)

where d� is the differential rate for graviton emission.
Therefore, the differential power is dP ¼ !d� so that
the integrated power spectrum is

P ¼
Z

d!d�!
d2�

d!d�
(2.31)

and was used to derive the famous quadrupole power loss
formula in NRGR in [7,46].

C. Radiation reaction, self-consistency and hereditary
effects

Before continuing, we mention some technical subtleties
associated with the in-out calculation of the radiation
reaction presented above. There we demonstrated that the
initially divergent effective action in (2.14) has a finite real
part that is the integral of a time derivative, which implies
that the radiation reaction force is zero when derived from
a variational principle; see (2.21). However, the correct
expression could be calculated by first varying the diver-
gent effective action (2.14) and then regularizing the di-
vergence in the resulting force [49]. It is straightforward to
show that doing so yields,

�ReS2:5PNeff

�xiKðtÞ
¼ � 2mKGN

5

d5QijðtÞ
dt5

xjKðtÞ; (2.32)

which is the correct radiation reaction force first given by
Burke and Thorne [41–43]. However, we remark that this
procedure (of regularizing the variation of the action in-
stead of the action itself) can lead to inconsistencies within
the in-out formalism and to incorrect expressions for
history-dependent or hereditary quantities.
For example, the finite part of the real part of the

effective action in (2.14) gives the integral of a total time
derivative (2.21) and yields a radiation reaction force equal
to zero and not (2.32). Either one has a regular effective
action that yields a vanishing radiation reaction or one has
a divergent and ill-defined Lagrangian that provides a finite
and correct expression for the radiation reaction force (at
least, if it is local in time). Therefore, it seems that the in-
out formalism does not give a finite effective action that
simultaneously provides the correct expression for the
radiation reaction force.
In addition, the force (2.32) is not conservative and

represents a dissipative component to the compact object
equations of motion that should correspond with the emis-
sion of gravitational waves satisfying retarded boundary
conditions. However, the gravitational perturbations are
still given by (2.27) and yield no power loss (when com-
puted from the field directly as in (2.28) instead of from the
imaginary part of the effective action) despite the appear-
ance of physical radiation reaction forces on the compact
objects according to (2.32).
Finally, consider the extreme mass ratio inspiral (see

[50] for a comprehensive pedagogical review). In this
system, the radiation reaction (more appropriately called
‘‘self-force’’) is a force on the small compact object that
depends on the entire past history of the small compact
object’s worldline and on the configuration of the gravita-
tional perturbations it couples to in the past. As such, the
self-force at proper time 
 is affected only by gravitational
perturbations that have evolved from within the past null
cone of the worldline. It is straightforward to show that
using the in-out formalism to calculate the self-force by
first varying the effective action and then regularizing the
resulting self-force leads to an extra dependence from the
future null cone due to the advanced propagator, thus
violating causality.
In general, the in-out formalism may not give correct

expressions for quantities that ought to have a causal
history-dependence. This likely includes the hereditary
terms in the PN expansion of the near-zone metric, in the
radiative field at future null infinity, and in the radiated
power at higher orders (1.5PN relative order and beyond).
If one wants to use NRGR to systematically and self-
consistently compute the kinds of quantities discussed
throughout this section then one should implement a
framework different from the in-out prescription discussed
here.
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In the next section, after presenting the underlying as-
sumptions and construction of the in-out framework, we
discuss the ‘‘in-in’’ approach, which provides a self-
consistent formalism suitable for describing the causal
evolution of the compact binary as it undergoes the real-
time processes of dissipation and backreaction from the
emission of gravitational radiation that causally propagates
to future null infinity.

III. COMPARING THE IN-OUT AND IN-IN
FORMALISMS

We strongly emphasize that the problems encountered in
the previous section do not stem from a systematic flaw
with NRGR. Rather, these issues follow from using a
particular formalism for computing the effective action
that does not implement the (asymmetric) retarded bound-
ary condition on radiation gravitons. This condition is
necessary for self-consistently describing the real-time
processes of dissipation (via radiation reaction) and back-
reaction (from gravitational wave emission) that occur
during the dynamical evolution of the compact binary. In
this section, we provide motivation for these statements
and review the framework appropriate for addressing these
issues. Our discussion will be somewhat pedagogical. The
reader already familiar with the in-out and in-in formal-
isms can proceed ahead to Sec. IV for the in-in represen-
tation of NRGR or to Sec. IVA for the corresponding
Feynman rules.

We first present the in-out formulation of NRGR within
the more standard notation of quantum field theory found
in many common texts (e.g., [51–53]). This will allow for a
more transparent presentation of the details regarding the
in-out and in-in formalisms.

In the in-out path integral formulation (i.e., the one
commonly encountered in textbooks), the generator of
connected correlation functions W is a functional of sev-
eral auxiliary sources that couple to the radiation gravitons
and to the coordinates of each particle’s trajectory:

eiW½j1;j2;J��� ¼
Z Y2

K¼1

DxK

Z
D �h�� exp

�
iSpot½x1;x2; �h�

þ i
X2
K¼1

Z
dtjK � xK þ i

Z
d4xJ�� �h��

�
;

(3.1)

where Spot is the (effective) action describing the two

compact objects coupled to the radiation gravitons, which
is computed by integrating out the potential gravitons from
the theory [7]; see (2.13). Variation of W with respect to
J�� gives the one-point function of the radiation graviton
(i.e., the quadrupole radiation computed in Sec. II B)

h �̂h��ðx�Þiin-out ¼ �W

�J��ðx�Þ
��������j1¼j2¼J��¼0

(3.2)

while a similar variation with respect to jKðtÞ gives
hx̂KðtÞiin-out. A partial Legendre transform of W

�½hx̂1i; hx̂2i; J��� ¼ W½j1; j2; J���

� X2
K¼1

Z
dtjK � hx̂Kiin-out (3.3)

gives the functional whose variation of the real part yields
the equations of motion for the orbital motion of the
compact objects

0 ¼ �Re�

�hx̂KðtÞiin-out
��������j1¼j2¼J��¼0

: (3.4)

These equations describe the evolution of hx̂KðtÞiin-out,
which are assumed to be the classical variables xKðtÞ (since
the masses of the compact objects are astronomically large
implying that there are negligible quantum fluctuations of
x̂KðtÞ).
Actually, (3.1) describes a first principles description of

the compact binary where the trajectories of the compact
objects are quantum mechanical and the gravitons are
quantum fields. As such, a mechanism for decohering the
quantum trajectories x̂KðtÞ is needed to ensure that the
compact objects evolve within a (semi-)classical limit.
However, this requires a more detailed discussion of the
suppression of quantum interference effects, which is usu-
ally given in a density matrix formulation and is intrinsi-
cally an initial value problem. See [36,54–56] and
references therein for further discussion on this and related
points.
Nevertheless, in the assumed classical limit, the path

integral over the compact object trajectories is dropped and
hx̂KðtÞiin-out is taken as an external field from the point of
view of the radiation gravitons. As we are about to show
below, hx̂KðtÞiin-out (as derived from W above) is not the
expectation value of the position operator. Therefore, in-
terpreting the (in-out) one-point function as a classical
variable, which ought to be selected by physical mecha-
nisms of decoherence, is inaccurate and can lead to certain
problems when trying to describe the classical limit of a
quantum theory. Indeed, classical variables are real and
evolve causally in time.

A. One-point functions in the in-out formalism

We demonstrated earlier that using the in-out formalism
does not give a contribution to the radiation reaction forces
from an action principle and does not describe the causal
propagation of gravitational waves emitted from the bi-
nary. In this section, we show why this occurs.
Let us consider a much simpler theory to focus our

attention on without having the distraction of cumbersome
details that are otherwise irrelevant for this discussion.
Consider a real, massive and linear scalar field in flat
spacetime coupled linearly to a physical source Qðt;xÞ
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S½�� ¼ 1

2

Z
d4x½@��@��þm2�2 þ 2Q��: (3.5)

The last term is analogous to the interaction terms,
Sv1=2L1=2 þ � � � , which are linear in the radiation graviton
field and depend on the trajectories of the compact objects.

In the interaction picture, a state j�i evolves from t ¼
�1 according to j�; ti ¼ ÛJþQðt;�1Þj�iwhere Jðt;xÞ is
an auxiliary source whose role will be obvious below. The
time-evolution operator is

Û JþQðt; t0Þ � T exp

�
i
Z t

t0
d


Z
d3x½Jð
;xÞ

þQð
;xÞ��̂Ið
;xÞ
�
; (3.6)

where T is the time-ordering operator and �̂I is the field in
the interaction picture, which is related to the Heisenberg
picture by

�̂ Iðt;xÞ ¼ ÛJþQðt;�1Þ�̂Hðt;xÞÛJþQð�1; tÞ: (3.7)

The generating functional W½J� for connected correla-
tion functions of the field operator is defined as [51,57]

eiW½J� � h0; outjÛJþQð1;�1Þj0; ini: (3.8)

Here j0; ini denotes the vacuum state in the distant past (the
‘‘in’’ vacuum) and j0; outi is the vacuum state in the distant
future (the ‘‘out’’ vacuum), which does not necessarily
equal j0; ini, especially in a general background spacetime.
The presence of these vacua in (3.8) provides the name of
this formalism, the so-called ‘‘in-out’’ approach. When the
auxiliary source J and the interaction Q are adiabatically
turned on and off (as is usually assumed in quantum field
theory) we can set the in- and out-vacua equal to the state
j0i since there is a preferred vacuum selected by the
Poincare symmetry of the underlying background
Minkowski spacetime. Therefore, we write (3.8) as

eiW½J� ¼ h0jÛJþQð1;�1Þj0i: (3.9)

The one-point function of the field is the functional deriva-
tive of W with respect to the source so that

h�̂Hðt;xÞiin-out � �W

�Jðt;xÞ
��������J¼0

(3.10)

and is the analogue of the one-point function in (3.2). It is
commonly implied that (3.10) is an expectation value of the
field because the in- and out-vacua are equal. We will now
show that while the in-out one-point function (as derived
fromW) is the expectation value of some operator, it is not
of the field.

To see this, we use (3.6) to show that

�ÛJþQð1;�1Þ
�Jðt;xÞ ¼ iÛJþQð1; tÞ�̂Iðt;xÞÛJþQðt;�1Þ

(3.11)

from which it follows that (3.10) can be written as

h�̂Hðt;xÞiin-out ¼ h0jÛQðþ1; tÞ�̂Iðt;xÞÛQðt;�1Þj0i:
(3.12)

Writing the right side in terms of the Heisenberg picture
field, with J ¼ 0 in (3.7), gives

h�̂Hðt;xÞiin-out ¼ h0jÛQð1;�1Þ�̂Hðt;xÞj0i (3.13)

¼ hQj�̂Hðt;xÞj0i; (3.14)

where jQi � ÛQð�1;1Þj0i is the state j0i evolved from

the distant future to the distant past in the presence of the
physical interaction Q. Notice that (3.13) is not the expec-

tation value of the field but of the operator ÛQ�̂H, instead.

Therefore, one-point functions (and, more generally,
n-point functions) in the in-out formalism are not true
expectation values of the field.
Instead, (3.14) is a matrix element of the field operator

for a nonvanishing interaction Q and is generally complex.
For our real scalar field it is easy to show that (3.13) is not
purely real, which also suggests that the in-out one-point
function is not a classical field. (Recall that to make the
graviton one-point function purely real, we simply took the
real part of the generally complex expression in (2.25)
using (2.26).)
Most importantly, and not unrelated, is the fact that the

in-out one-point function does not describe the retarded
propagation of the field perturbations that are induced by
Q. This can be seen by either computing the right side of
(3.12) directly or using a path integral representation for
eiW and computing the variation as in (3.10). Both methods
give

h�̂Hðt;xÞiin-out ¼ i
Z

d4yDFðx� yÞQðyÞ (3.15)

¼ 1

2

Z
d4y½Dretðx� yÞ þDadvðx� yÞ � iDHðx� yÞ�QðyÞ

(3.16)

after using (C17). Note the dependence on the advanced
propagator and on the nonlocal Hadamard two-point func-
tionDH, which is nonzero even when x

� � y� is spacelike.
While taking the real part of (3.16) removes the latter, the
advanced propagator remains and is responsible for the
dependence at advanced times seen in (2.27).
To summarize, the in-out one-point function, as derived

fromW in (3.8) or (3.9), is actually a matrix element of the
field operator between the (in-)vacuum and a state jQi that
depends on the details of the evolution of the interacting
field (see the definition of jQi below (3.14)). This matrix
element is neither real nor causal and the final state of the
system (j0; outi ¼ j0i here) is specified ab initio instead of
being determined dynamically from a given initial state, as
would be appropriate when given only initial data. We will
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see below that a description of true expectation values is
intimately related to an initial value formalism.

B. In-in formalism for expectation values and causality

To ensure that retarded boundary conditions are em-
ployed it is important to develop the appropriate generating
functional. This is the so-called ‘‘in-in’’ generating func-
tional, which was first introduced by Schwinger [24] and
further developed by many others since (see Sec. I for
references). Here we review the construction of the ‘‘in-
in’’ effective action.

Let the in-in one-point function equal the true expecta-
tion value of the field so that

h�̂Hðt;xÞiin-in ¼ h0j�̂Hðt;xÞj0i (3.17)

¼ h0jÛQð�1; tÞ�̂Iðt;xÞÛQðt;�1Þj0i: (3.18)

The first line implies that the one-point function on the left
hand side is equivalent to the true expectation value of the
field, and the last line shows that it is manifestly causal and
real (Hermitian). The subscript ‘‘in-in’’ is included because
the vacuum states that appear above are, more generally,
the in-vacuum j0; ini, which gives it the name ‘‘in-in.’’ We
seek to determine the functional whose derivative with
respect to the auxiliary source yields these expressions.

In analogy with (3.9), a first guess might be

eiW½J� ¼ h0jÛJþQð�1;1ÞÛJþQð1;�1Þj0i: (3.19)

However, (3.19) trivially equals one since the evolution
operators are inverses of each other. Instead, we introduce
an auxiliary source J1 that couples to the field during the
forward evolution in time and a second source J2 for the
evolution backward in time,

eiW½J1;J2� ¼ h0jÛJ2þQð�1;1ÞÛJ1þQð1;�1Þj0i: (3.20)

Using (3.11), the one-point functions are

h�̂1
Hðt;xÞiin-in � �W

�J1ðt;xÞ
��������J1¼J2¼0

¼ h0jÛQð�1;1ÞÛQð1; tÞ�̂Iðt;xÞ
� ÛQðt;�1Þj0i (3.21)

h�̂2
Hðt;xÞiin-in � � �W

�J2ðt;xÞ
��������J1¼J2¼0

¼ h0jÛQð�1; tÞ�̂Iðt;xÞÛQðt;1Þ
� ÛQð1;�1Þj0i (3.22)

and equals the expectation value of the field in the vacuum
state

h�̂1
Hðt;xÞiin-in ¼ h�̂2

Hðt;xÞiin-in ¼ h0j�̂Hðt;xÞj0i; (3.23)

as required.

The functional in (3.20) has a path integral representa-
tion given by

eiW½J1;J2� ¼
Z

D�1D�2 exp

�
iS½�1� � iS½�2�

þ i
Z

d4xJ1�1 � i
Z

d4xJ2�2

�
; (3.24)

where �1 ¼ �2 at t ¼ 1 according to (3.20). This condi-
tion on the path integral contour provides an alternative
name, the ‘‘closed-time-path’’ or CTP formalism. We will
use ‘‘CTP’’ and ‘‘in-in’’ interchangeably throughout the
remainder. Notice that the presence of two sources implies
path integrals over two fields, one each for the forward and
backward time-evolution depicted in (3.20).
For a linear scalar field, the path integrals can be eval-

uated exactly

W½J1; J2� ¼ i

2

Z
d4x

Z
d4y½JAðxÞ þQAðxÞ�

�GABðx� yÞ½JBðyÞ þQBðyÞ�; (3.25)

which can also be computed directly from (3.20). Here A,
B ¼ f1; 2g, Q1 � Q2 and

GAB ¼ GF �G�
�Gþ GD

� �
; (3.26)

where the quantities GF;�;D are given in Appendix C. If Q
itself depends on a dynamical quantity (as in the next
section where the quadrupole moment depends on the
particle coordinates) then Q1 � Q2.
To check that this generating functional gives the appro-

priate causal structure for the one-point function, we com-
pute the variation of W with respect to one of the sources,
using (3.21) or (3.22), and after using again the identities in
Appendix C find

h�̂Hðt;xÞiin-in ¼
Z

d4yGretðx� yÞQðyÞ: (3.27)

This demonstrates that the in-in one-point function mani-
festly satisfies retarded boundary conditions, which should
be expected since (3.20) depends on the initial state
j0; ini ¼ j0i only and not a final state ab initio. Indeed,
the propagators GAB always combine to ensure that quan-
tities of physical interest, such as equations of motion and
expectation values, are manifestly real and causal
[24,27,32,33].

C. The Keldysh representation

The two-point functions appearing in the matrixGAB are
not all independent, implying that we can isolate the fun-
damental ones by a suitable change of basis [58]. This is
accomplished by writing the sources in terms of their
average Jþ and difference J�,

J� ¼ J1 � J2 (3.28)
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Jþ ¼ 1

2
ðJ1 þ J2Þ; (3.29)

so that

W½Jþ; J�� ¼ i

2

Z
d4x

Z
d4y½JaðxÞ þQaðxÞ�

�Gabðx� yÞ½JbðyÞ þQbðyÞ�: (3.30)

Here a, b ¼ � and the matrix of two-point functions is
given in the so-called Keldysh representation [27] by

Gab ¼ 0 �iGadv

�iGret
1
2GH

� �
; (3.31)

where Gþþ ¼ 0 and GH is the symmetric (Hadamard)
two-point function (see Appendix C). The a, b indices
are raised and lowered with the ‘‘metric’’

cab ¼ 0 1
1 0

� �
¼ cab (3.32)

implying that J� ¼ J	. The expectation value of the scalar
field in the Keldysh basis is

h�̂Hðt;xÞiin-in ¼ h�̂Hþðt;xÞiin-injJ�¼0 ¼ �W

�Jþ

��������J�¼0

¼ �W

�J�

��������J�¼0
(3.33)

and is easily shown to equal (3.27) using (3.30).

IV. THE IN-IN FORMULATION OF NRGR

The retarded propagation of gravitational waves and
their backreaction on the compact binary in the form of
radiation reaction can be self-consistently and systemati-
cally implemented using the initial value formulation of
quantum field theory in terms of the in-in effective action
introduced in the previous section. We show how this
effective action gives rise to the (classical) equations of
motion for the binary system and how the emitted gravi-
tational waves (i.e., the gravitational waveform) can be
computed using the in-in framework within NRGR. We
begin by perturbatively expanding the effective action and
writing down the corresponding Feynman rules that allows
one to circumvent the explicit evaluation of the path
integrals.
Following (3.24) a path integral representation for the in-

in generating functional in NRGR is given by

eiW½fjK1g;fjK2g;J��
1

;J
��
2

� ¼
Z Y2

K¼1

DxK1DxK2D �h��
1 D �h��

2 exp

�
iSpot½fxK1g; �h1� � iSpot½fxK2g; �h2�

þ i
X2
K¼1

Z
dtðjK1 � xK1 � jK2 � xK2Þ þ i

Z
d4xðJ1��

�h
��
1 � J2��

�h
��
2 Þ

�
; (4.1)

where the conditions xK1 ¼ xK2 and h
��
1 ¼ h

��
2 are met at t ¼ 1. (Gauge-fixing in the in-in formalism follows the well-

known Faddeev-Popov [59] procedure and is applied to both graviton fields, �h
��
1 and �h

��
2 .)

Perturbation theory in the in-in and in-out frameworks are similarly formulated. In particular, integrating out the
radiation gravitons allows for (4.1) to be written as

eiW½fjK1g;fjK2g;J��
1

;J
��
2

� ¼
Z Y2

K¼1

DxK1DxK2 exp

�
i
X2
K¼1

ðSð0Þpp ½xK1� � Sð0Þpp ½xK2�Þ þ i
X2
K¼1

Z
dtðjK1 � xK1 � jK2 � xK2Þ

þ i
Z

d4xLint

�
fxK1g; fxK2g;�i

�

�J��1
;�i

�

�J��2

��
Z0½J��

1 ; J
��
2 �; (4.2)

which is expressed as a certain functional derivative op-
erator acting on a Gaussian functional of the sources J��

1;2

and where the interaction Lagrangian is

Z
d4xLint ¼

X1
n¼1

ðSðnÞpot½fxK1g; �h1� � SðnÞpot½fxK2g; �h2�Þ:

(4.3)

Here a superscript in parentheses denotes the number of
radiation graviton fields contained in the interaction term.
The quantity Z0 is the free field generating functional for

the radiation gravitons

Z0½J��
1 ; J��

2 � ¼
Z

D �h��
1 D �h��

2 exp

�
iSð2Þ½ �h1� � iSð2Þ½ �h2�

þ i
Z

d4xðJ1��
�h��
1 � J2��

�h��
2 Þ

�
(4.4)

and is calculated by integrating the Gaussian along the
CTP contour, which gives
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Z0½J��
� � ¼ exp

�
� 1

2

Z
d4x

Z
d4x0J��a ðxÞDab

����ðx� x0Þ

� J��b ðx0Þ
�
: (4.5)

In the Keldysh representation, the matrix of free graviton
two-point functions is

Dab
����ðx� x0Þ ¼ 0 �iDadv

����

�iDret
����

1
2D

H
����

 !
; (4.6)

where a, b ¼ � and Dþþ
���� ¼ 0. By construction, W

yields true expectation values of both x̂K and �̂h��.
Computing the (partial) Legendre transform of W gives

the in-in effective action

�½fhx̂K�ig; J��
� � ¼ W½fjK�g; J��

� � � X2
K¼1

Z
dtjaK � hx̂Kai

(4.7)

� Seff½fhx̂K�ig; J��
� �: (4.8)

The equations of motion for the true expectation values of
the particle coordinates are then found by varying the
effective action,

0 ¼ ��

�hx̂K�i
��������xK�¼0;xKþ¼xK;jK�¼J

��
� ¼0

: (4.9)

One can show that the large masses of the compact objects
and the influence from graviton quantum fluctuations suf-
ficiently decohere the coordinate operators x̂K and ensure
that the above equations of motion for the expectation
value appropriately describe the classical limit of the com-
pact binary. See [54–56,60] and references therein for
elaboration of this point. The gravitational waves radiated
by the binary can be computed from the graviton in-in one-
point function (see (3.33))

h �̂h��ðt;xÞi ¼ �W

�J��� ðt;xÞ
��������xK�¼0;xKþ¼xK;jK�¼J

��
� ¼0

(4.10)

and forms the vacuum expectation value of the radiation
graviton field.

One can generally show that (4.9) yields equations of
motion for the trajectories of the compact objects that are
manifestly real and causal. Furthermore, (4.10) is a solu-
tion to the field equations for the radiation modes and is
guaranteed to satisfy retarded boundary conditions. See
[33,34] for proofs of these statements. See also [36] for a
more thorough discussion of the in-in/CTP formalism and
its use for describing dissipative and, more generally,
nonequilibrium processes in quantum field theory and
quantum mechanics.

A. NRGR Feynman rules in the in-in formalism

The diagrammatic structure of in-in perturbation theory
is nearly identical to the in-out approach. However, when
drawing Feynman diagrams in the in-in formalism it is
necessary to include CTP labels a; b; c; . . . at each vertex to
keep track of the forward and backward branches of time in
the CTP path integral. For example, the leading order
contribution to radiation reaction in the in-in approach is
given in Fig. 2.
The Feynman rules for calculating the in-in effective

action (e.g., for deriving radiation reaction forces) are
similar to those given in [7]:
(i) Include a factor of the radiation graviton two-point

function Dab
���0�0 ðx; x0Þ connecting particle-field ver-

tices labeled by CTP indices a and b at spacetime
points x and x0,

(ii) A vertex coupled to n radiation gravitons is labeled
with n CTP indices, one for each graviton,

(iii) Sum over all CTP indices.

When computing the one-point function of the radiation
graviton there is an additional rule for those graviton lines
that connect to a distant field point. In the Keldysh repre-
sentation:
(i) Include a factor of D�a

���0�0 ðx; x0Þ for each radiation

graviton that connects a vertex at event x0 with CTP
index a to the field point x.

In the following sections, we use these rules to derive the
expressions for the leading order radiation reaction and
gravitational wave emission. Initially, we use the matrix of
propagators given in (4.6) to demonstrate these rules.
However, one can equivalently use (4.19) instead for all
tree-level diagrams since (4.19) contains only the relevant
propagators for constructing the effective action and gravi-
ton 1-point functions in the classical limit as we show
below.

B. Radiation reaction

The diagram for the leading order radiation reaction is
given in Fig. 2. From the Feynman rules above we write
down the term in the 2.5PN effective action that corre-
sponds to Fig. 2,

FIG. 2. The nonzero diagram contributing to the leading order
(2.5PN) radiation reaction in NRGR using the in-in formalism.
Note the CTP indices a, b that relate to the forward and back-
ward branches of time in the closed-time-path contour of the
CTP path integral.
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iS2:5PNeff ½fxK�g� ¼
�
1

2

��
i

2mpl

�
2 Z

dt
Z

dt0Qij
a ðtÞ

� hRa
0i0jðtÞRb

0k0lðt0ÞiQkl
b ðt0Þ (4.11)

where we are using the summation convention for the CTP
indices a, b ¼ �. The two-point function of the product of
linearized Riemann tensors is as in (2.15) but replacing the
Feynman propagator there by the in-in two-point functions
(4.6) so that

hRa
0i0jðtÞRb

0k0lðt0Þi ¼
1

20

�
�ik�jl þ �ik�jl � 2

3
�ij�kl

�

� d2

dt2
d2

dt02
Dabðt� t0; 0Þ (4.12)

where Dab
ijkl ¼ PijklD

ab defines Dab and

P���� ¼ 1

2
ð������ þ ������ � ������Þ (4.13)

in four spacetime dimensions. Performing the CTP sum-
mations gives

iS2:5PNeff ½fxK�g� ¼ � 1

80m2
pl

Z
dt
Z

dt0
�
�2iQij�ðtÞ d

2

dt2

� d2

dt02
Dretðt� t0; 0ÞQij

þðt0Þ þ
1

2
Qij�ðtÞ

� d2

dt2
d2

dt02
DHðt� t0; 0ÞQij�ðt0Þ

�
;

(4.14)

where the differenced and averaged quadrupole moments
are

Qij�ðtÞ � Qij
1 ðtÞ �Qij

2 ðtÞ; (4.15)

Qij
þðtÞ �

1

2
ðQij

1 ðtÞ þQij
2 ðtÞÞ; (4.16)

and Qij
1;2 are the quadrupole moments for the worldline

histories fx1;2
K g. In terms of the xK� variables one can show

that

Qij�ðtÞ ¼
X
K

mK

�
xiK�x

j
Kþ þ xiKþx

j
K� � 2

3
�ijxK� � xKþ

�
(4.17)

Qij
þðtÞ ¼

X
K

mK

�
xiKþx

j
Kþ � 1

3
�ijx2

Kþ
�
þOðx3�Þ: (4.18)

According to (4.9) we can ignore the last term in (4.14) and

the Oðx3�Þ terms from Qij
þ since these do not contribute to

the equations of motion. In fact, the Oðx2�Þ terms are
related to the effects that the quantum fluctuations of the
radiation graviton field have on the trajectories. This is
discussed in more detail for the case of a particle moving in
a curved background spacetime in [55,56]. We will ignore

these higher order terms throughout the remainder since
they do not contribute to the equations of motion or the
gravitational wave emission in the classical limit. In fact, in
the Feynman rules we can (and from here on we do) simply
use the following matrix of propagators

Dab
����ðx� x0Þ ¼ 0 �iDadv

����

�iDret
���� 0

 !
(4.19)

instead of (4.6).
The 2.5PN effective action can then be written as

iS2:5PNeff ½fxK�g� ¼ i

20m2
pl

Z
dt
Z

dt0
d2

dt2
d2

dt02
Dretðt� t0; 0Þ

� X2
K¼1

mKx
i
K�ðtÞxjKþðtÞQij

þðt0Þ: (4.20)

where we ignore the Oðx3�Þ terms in Qij
þ. Using

Dretðt� t0; 0Þ ¼ � 1

2	

ðt� t0Þ�ððt� t0Þ2Þ (4.21)

and dimensional regularization one can show that

Z
dt0

d2

dt2
d2

dt02
Dretðt� t0; 0ÞQij

þðt0Þ ¼ � 1

4	

d5Qij
þðtÞ

dt5
;

(4.22)

from which the effective action follows

iS2:5PNeff ½fxK�g� ¼ � i

80	m2
pl

Z
dt

X2
K¼1

mKx
i
K�ðtÞxjKþðtÞ

� d5Qij
þðtÞ

dt5
(4.23)

and provides the following term to the equations of motion

�S2:5PNeff

�xiK�ðtÞ
��������xK�¼0;xKþ¼xK

¼ � 2mKGN

5

d5QijðtÞ
dt5

xjKðtÞ
(4.24)

with m�2
pl ¼ 32	GN. We observe that this is precisely the

radiation reaction force on theKth body obtained by Burke
and Thorne [41–43,48].

C. Quadrupole radiation

The diagram for the leading order (quadrupole) radiation
is given in (2.6) with the addition of the CTP labels ‘‘�’’
and ‘‘a’’ at the free end of the radiation graviton and at the
vertex, respectively, so that

�hTTij ðt;xÞ ¼
�

i

2mpl

�
�ij;klðn̂Þ

Z
dt0
�
1

2
D�a

klmnðt� t0;xÞ
�

� €Qmn
a ðt0ÞjxK�¼0;xKþ¼xK

(4.25)

in the TT gauge. The factor of 1=2 in the square brackets
comes from the linearized Riemann tensor. Only the

CHAD R. GALLEYAND MANUEL TIGLIO PHYSICAL REVIEW D 79, 124027 (2009)

124027-12



a ¼ þ term contributes in the CTP summation so that

m�1
pl

�hTTij ðt;xÞ ¼
1

4m2
pl

�ij;kl

Z
dt0Dret

klmnðt� t0;xÞ €Qmnðt0Þ;

(4.26)

with

Dret
klmnðt� t0;xÞ ¼ �
ðt� t0Þ�ðt� t0 � jxjÞ

4	jxj Pklmn:

(4.27)

It follows that the quadrupole radiation is causally propa-
gated from the source,

m�1
pl

�hTTij ðt;xÞ ¼ � 2GN

jxj �ij;kl
€Qklðt� jxjÞ: (4.28)

Notice that (4.28) is purely real and causal, which is
guaranteed by the in-in formalism, and that the causal
and time-asymmetric emission of gravitational waves is
consistent with the presence of radiation reaction forces in
(4.24).

From (4.28) one can compute the leading order contri-
bution in a multipole expansion to the power radiated per
unit solid angle

dP

d�
¼ jxj2h _�hTTij ðt;xÞ _�hTTij ðt;xÞi (4.29)

from which the total power is given by

P ¼ GN

5
hQ:::ijðt� jxjÞQ:::ijðt� jxjÞi þ � � � ; (4.30)

where here the angled brackets denote a temporal average
over several periods of the gravitational wave and
. . .represents higher order contributions in the multipole
expansion. Notice that the power depends on the quadru-
pole moment of the binary at retarded times.

Interestingly, the multipole expansion of the power loss
and change in time of the linear and angular momenta can
also be computed directly in the in-in approach using
Feynman diagrams. Indeed, the expectation value of the
graviton stress tensor is related to the coincidence limit of
the Hadamard two-point function,DH

����ðx; x0Þ [57], and is
in turn related to the imaginary part of the effective action
in (4.14).

V. CONCLUSIONS

In this paper we computed the leading order radiation
reaction forces on the compact objects within NRGR using
an initial value formulation of the underlying path integral
framework to implement retarded boundary conditions on
the radiated gravitational perturbations. We also calculated
the quadrupole radiation emitted causally by the compact
binary and the leading order contribution to the radiated
power. We showed that using the in-out framework is not
suitable for describing the retarded propagation of true

expectation values of radiation gravitons and their back-
reaction on the compact objects in the form of radiation
reaction. Using the in-in formalism guarantees real and
causal n-point functions and equations of motion for ex-
pectation values.
Whereas the in-out formalism is usefully applicable for

the practical purposes of describing the conservative forces
appearing in the equations of motion for the compact
objects and the instantaneous power emitted in gravita-
tional waves, the in-in formalism is necessary for self-
consistently deriving the radiation reaction forces on the
compact objects and the multipole expansion of gravita-
tional waves propagating causally in the far-zone, among
other things. The self-consistent nature of the in-in ap-
proach to NRGR should also be useful for computing the
hereditary contributions to the power loss and radiation
field.
In Appendix D we discussed the equivalence of NRGR

and the classical effective field theory (ClEFT) approach of
Kol and Smolkin [44]. We also showed that using only
retarded propagators does not lead to a consistent theory in
the original formulation of [44]. We provided a new for-
mulation of ClEFT, which is simply an alternative deriva-
tion of the in-in approach to NRGR, that is appropriate for
the radiation sector and consistently implements retarded
boundary conditions within a strictly classical framework.
This is achieved by doubling the degrees of freedom in a
manner that is equivalent to the in-in formulation of
NRGR. The appearance of advanced propagators at inter-
mediate steps is necessary to ensure the self-consistency
and causality of the derived equations of motion and
gravitational waves.

ACKNOWLEDGMENTS

C.R.G. sincerely thanks Ted Jacobson and Ira Rothstein
for a critical reading of a previous draft. He also thanks Ira
Rothstein for many engaging and enlightening discussions
on the applicability of in-out and in-in techniques. We also
thank Barak Kol for discussions. This research has been
supported by NSF Grant No. 0801213 to the University of
Maryland.

APPENDIX A: COUPLING TO CONSERVED
QUANTITIES

In this Appendix we show that the coupling of a generic
vertex V��ðtÞ to a conserved quantity C�� gives a vanish-
ing contribution to the equations of motion. Applying the
(in-out) Feynman rules to the diagram in Fig. 3 gives

Fig :ð3Þ ¼ iS

¼
Z 1

�1
dt
Z 1

�1
dt0iC��DF

����ðt� t0; 0ÞiV��ðt0Þ;
(A1)

where C�� is time-independent to the given order in ve-
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locity. The vertex V��ðt0Þ could be built out of other
radiation gravitons but its exact structure is irrelevant for
this general discussion. The momentum space representa-
tion for the Feynman propagator gives

iS ¼ �C��P����

Z
dt
Z

dt0
Z
k0;k

ie�ik0ðt�t0Þ

ðk0Þ2 � k2 þ i�
V��ðt0Þ:
(A2)

Using the distributional identity [46]

Z
dk0

fðk0Þ
ðk0Þ2 � k2 þ i�

¼ PV
Z

dk0
fðk0Þ

ðk0Þ2 � k2

þ i	
Z

dk0fðk0Þ�ððk0Þ2 � k2Þ;
(A3)

where PV denotes the principal value of the integral and
fðk0Þ is an arbitrary function, yields an expression more
amenable for isolating the real and imaginary parts of S

iS ¼ �iC��P����

Z
dt
Z

dt0
Z
k

�
PV

Z
k0

e�ik0ðt�t0Þ

ðk0Þ2 � k2

� V��ðt0Þ þ i	
Z
k0
e�ik0ðt�t0Þ�ððk0Þ2 � k2ÞV��ðt0Þ

�
:

(A4)

In the first term, define s ¼ t0 � t and expand V��ðtþ sÞ in
powers of s so that

iS ¼ �iC��P����

Z
dt

�X1
n¼0

1

n!

dn

dtn
V��ðtÞ

�
Z 1

�1
ds
Z
k
PV

Z
k0

sneik
0s

ðk0Þ2 � k2

þ i	
Z
k

Z
k0
e�ik0t�ððk0Þ2 � k2Þ ~V��ðk0Þ

�
; (A5)

where the Fourier transform of V��ðt0Þ is

~V ��ðk0Þ ¼
Z 1

�1
dt0eik0t0V��ðt0Þ: (A6)

From the discussion in Appendix B, the only contribution
from the master integral to the first term in (A5) occurs
when n ¼ 1. Also, the second term vanishes entirely since

Z
dt
Z
k

Z
k0
e�ik0t�ððk0Þ2 � k2Þ ~V��ðk0Þ

¼ ~V��ð0Þ
Z
k
�ðk2Þ ¼ 0: (A7)

Therefore, the contribution to the effective action from a
diagram with the structure given in Fig. 3 is

S ¼ �C��P����

Z
dt

dV��

dt
; (A8)

which is a total time derivative and does not contribute to
the equations of motion, as claimed. It is a straightforward
matter to extend the calculation here to the in-in case.

APPENDIX B: MASTER INTEGRAL

The master integral we use in the main body of the text is
defined as

Iðn; p; qÞ �
Z 1

�1
ds
Z
k
PV

Z
k0

eik
0s

ðk0Þ2 � k2
snðk0Þpki1 � � � kiq

(B1)

and is nonzero when q is an even integer. Writing sn as n

derivatives of eik
0s with respect to k0 then integrating over s

and k0 gives

Iðn; p; qÞ ¼ in
�

dn

dðk0Þn
�
ðk0Þp

Z
k

ki1 � � � kiq
ðk0Þ2 � k2

��
k0¼0

: (B2)

Under the k integral the product of momentum vector
components can be written as

ki1 � � � kiq ¼
jkjq

ðqþ 1Þ!! ð�i1i2 � � ��iq�1iq þ � � �Þ (B3)

� jkjq
ðqþ 1Þ!!�i1���iq ; (B4)

where the quantity in parentheses represents all possible
pairings of the q indices [48]. In spherical coordinates, the
k integral becomes

Z
k
¼
Z 1

�1
dd�1k

ð2	Þd�1
¼ 1

ð2	Þd�1

Z
Sd�2

d�
Z 1

0
dkkd�2

(B5)

and integrating over the d� 2 dimensional sphere gives

Iðn; p; qÞ ¼ in�i1���iq
ðqþ 1Þ!!2d�2	ððd�1Þ=ð2ÞÞ�ðd�1

2 Þ

�
�

dn

dðk0Þn
�
ðk0Þp

Z 1

0
dk

kd�2þq

ðk0Þ2 � k2

��
k0¼0

:

(B6)

Using dimensional regularization to evaluate the remaining
integral and computing the k0 derivatives on the resulting
expression yields

FIG. 3. The coupling of a radiation graviton to a time-
independent vertex C�� and a general, time-dependent vertex
V��ðtÞ, represented here as a gray circle.
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Iðn; p; qÞ ¼ in�dþ3 secð	d2 Þ
2d�1	ððd�3Þ=ð2ÞÞ�ðd�1

2 Þ
�i1���iq

ðqþ 1Þ!!

� ðpþ qþ d� 3Þ!
ðpþ qþ d� 3� nÞ! ðk

0Þpþqþd�3�njk0¼0:

(B7)

Notice that there is a nonzero contribution only when pþ
qþ d� 3 ¼ n implying that the master integral in d
spacetime dimensions is

Iðpþ qþ d� 3; p; qÞ ¼ in�dþ3 secð	d2 Þ
2d�1	ððd�3Þ=ð2ÞÞ�ðd�1

2 Þ

� �i1���iq
ðqþ 1Þ!! n! (B8)

and in d ¼ 4 dimensions becomes

Iðpþ qþ 1; p; qÞ ¼ in�1n!

4	ðqþ 1Þ!!�i1���iq : (B9)

For n � pþ qþ d� 3, the master integral vanishes.

APPENDIX C: PROPAGATORS AND TWO-POINT
FUNCTIONS

In this Appendix we collect some definitions, identities
and relations for the quantum two-point functions that are
relevant for this work.

The positive and negative frequency Wightman func-
tions are defined as

Dþ
���0�0 ðx; x0Þ ¼ hĥ��ðxÞĥ�0�0 ðx0Þi (C1)

D�
���0�0 ðx; x0Þ ¼ hĥ�0�0 ðx0Þĥ��ðxÞi; (C2)

respectively. The Feynman, Dyson, Hadamard, and com-
mutator two-point functions are, respectively,

DF
���0�0 ðx; x0Þ ¼ hTĥ��ðxÞĥ�0�0 ðx0Þi (C3)

DD
���0�0 ðx; x0Þ ¼ hT
ĥ��ðxÞĥ�0�0 ðx0Þi (C4)

DH
���0�0 ðx; x0Þ ¼ hfĥ��ðxÞ; ĥ�0�0 ðx0Þgi (C5)

DC
���0�0 ðx; x0Þ ¼ h½ĥ��ðxÞ; ĥ�0�0 ðx0Þ�i (C6)

where T is the time-ordering operator and T
 is the anti-
time-ordering operator. The field commutator is indepen-
dent of the particular state used to evaluate it. Given the
Wightman functions in (C1) and (C2) we write the above
two-point functions in the form (ignoring the tensor indices
from here on)

DFðx; x0Þ ¼ 
ðt� t0ÞDþðx; x0Þ þ 
ðt0 � tÞD�ðx; x0Þ (C7)

DDðx; x0Þ ¼ 
ðt0 � tÞDþðx; x0Þ þ 
ðt� t0ÞD�ðx; x0Þ (C8)

DHðx; x0Þ ¼ Dþðx; x0Þ þD�ðx; x0Þ (C9)

DCðx; x0Þ ¼ Dþðx; x0Þ �D�ðx; x0Þ: (C10)

From these we define the retarded and advanced propaga-
tors by

� iDretðx; x0Þ ¼ 
ðt� t0ÞDCðx; x0Þ (C11)

þ iDadvðx; x0Þ ¼ 
ðt0 � tÞDCðx; x0Þ: (C12)

These propagators also satisfy the following useful identi-
ties

� iDretðx; x0Þ ¼ DFðx; x0Þ �D�ðx; x0Þ (C13)

¼ Dþðx; x0Þ �DDðx; x0Þ (C14)

iDadvðx; x0Þ ¼ DDðx; x0Þ �D�ðx; x0Þ (C15)

¼ Dþðx; x0Þ �DFðx; x0Þ (C16)

from which the Feynman propagator can be written in
terms of its real and imaginary parts as

DFðx; x0Þ ¼ � i

2
½Dretðx; x0Þ þDadvðx; x0Þ� � 1

2
DHðx; x0Þ:

(C17)

The Feynman, Dyson and Wightman functions are not all
independent since

DHðx; x0Þ ¼ DFðx; x0Þ þDDðx; x0Þ (C18)

¼ Dþðx; x0Þ þD�ðx; x0Þ: (C19)

Under the interchange of x and x0 the Feynman, Dyson and
Hadamard two-point functions are symmetric, the commu-
tator is antisymmetric and

Dþðx; x0Þ ¼ D�ðx0; xÞ (C20)

Dretðx; x0Þ ¼ Dadvðx0; xÞ: (C21)

APPENDIX D: GRAVITATIONALWAVES IN
CLASSICAL EFFECTIVE FIELD THEORY

The classical effective field theory (ClEFT) approach,
introduced in [44] and developed further in [11,46,61,62],
is an attempt to simplify NRGR [44] by using only classi-
cal methods and techniques. More specifically, ClEFT uses
Newton’s constant GN in the power counting instead of the
Planck mass m�2

pl ¼ 32	GN , vertices and propagators are

defined without factors of i, integrating out gravitons from
the theory does not use nonrigorous path integral methods,
and radiation graviton lines in Feynman diagrams repre-
sent retarded propagators since one is working within a
classical field theory with retarded boundary conditions
[63]. The first two differences are superficial since these
are related to subjective conventions [64]. The third at-
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tempts to eliminate the use of path integrals and to inte-
grate out gravitons by solving for the short wavelength
perturbations on the long wavelength classical back-
ground, then evaluating the resulting action [44]. Of
course, this is equivalent to integrating out gravitons in
NRGR by using the saddle point approximation to evaluate
the path integral, viz., by drawing all tree-level Feynman
diagrams. Calculating potentials and power loss in both
NRGR and ClEFT boils down to the same set of Feynman
rules so using path integrals (which are not directly eval-
uated anyway) or not does not seem like a significant
simplification or modification of NRGR. Finally, the fourth
embodies an attempt to apply retarded boundary conditions
to the radiation sector of NRGR using only classical meth-
ods and quantities. At the orbital scale, perturbations
propagate (nearly) instantaneously so there is no difference
in using the Feynman or retarded propagators for calculat-
ing potentials. Hence, ClEFT is equivalent to NRGR at this
scale since both approaches describe the same system in
the same classical limit using the same techniques
(Feynman diagrams and dimensional regularization) with
the same Feynman rules and propagators. To avoid con-
fusing the reader, we emphasize that in computations to
date, ClEFTand NRGR are equivalent and we are reluctant
to distinguish ClEFT as an approach that is markedly
different from or simpler than NRGR.

However, it is worth pointing out that implementing
retarded boundary conditions in a purely classical frame-
work is more involved than stipulating that radiation grav-
itons represent retarded propagators in Feynman diagrams.
Indeed, this Feynman rule is not correct as it leads to an
inconsistency.

To see this, we compute the quadrupole radiation. From
the third diagram in (2.6) this is found in the TT gauge in
ClEFT to be

m�1
pl

�hTT�� ¼ 1

4m2
pl

�ij;kl

Z
dt0Dret

klmnðt� t0;xÞ €Qmnðt0Þ

¼ � 2GN

jxj �ij;kl
€Qklðt� jxjÞ; (D1)

which is the correct expression. However, the quadrupole
radiation can be computed directly from the effective
action by coupling the radiation graviton to an auxiliary
source J��ðx�Þ and taking the variation of Seff so that

�h ��ðt;xÞ ¼ �Seff
�J��ðt;xÞ

��������J��¼0
: (D2)

The effective action is calculated by solving the wave
equation subject to retarded boundary conditions.
Reinserting this solution back into the action, which is
what is meant by ‘‘integrating out’’ [44], it is easy to
show that

Seff ¼ 1

2

Z
d4x

Z
d4x0½S��ðxÞ þ J��ðxÞ�

�Dret
����ðx� x0Þ½S��ðx0Þ þ J��ðx0Þ� (D3)

where S�� represents the quadrupole source for the gravi-

tational perturbations and is defined by

S��ðt;xÞ �h��ðt;xÞ ¼ QijðtÞ
2mpl

R0i0jðt; 0Þ�3ðxÞ: (D4)

(S�� should be considered as an operator since the line-
arized Riemann tensor contains two derivatives acting on
the graviton field.) We assume that the radiation gravitons
couple to the auxiliary source bilinearly,

R
d4xJ�� �h��.

Relabeling the integration variables t $ t0 allows us to
write the retarded propagator in (D3) as the average of
the retarded and advanced propagators. Taking the func-
tional derivative of (D3), as in (D2), gives in the TT gauge

m�1
pl

�hTTij ðt;xÞ ¼
i

4m2
pl

�ij;kl

Z
dt0
�
1

2
ðDret

klmnðt� t0; 0Þ

þDadv
klmnðt� t0; 0ÞÞ

�
€Qmnðt0Þ; (D5)

which is not equal to (D1).
The Feynman rule for radiation gravitons in ClEFT is

therefore seen to be

and is not given by the retarded propagator alone. Indeed,
this rule is equivalently given by Re½iDF

����� and is there-

fore closely related to the in-out formalism of NRGR. As
such, it is easy to show that there is no corresponding
radiation reaction term in the equations of motion. The
problem lies with the fact that the EFT paradigm works at
the level of the action and not the equations of motion.
Implementing retarded boundary conditions at the level of
the Lagrangian requires something different from demand-
ing that all gravitons be retarded solutions to the wave
equation.
Recall that imposing retarded boundary conditions on

the radiated perturbations in NRGR effectively amounts to
doubling the degrees of freedom such that each set of
variables combines in the appropriate way to ensure that
the binary’s equations of motion and radiated gravitational
waves are manifestly real and causal. Motivated by the in-
in formalism, we generalize the radiation sector of ClEFT
so that radiation reaction and gravitational waves are ap-
propriately derived within a purely classical framework.
Indeed, this may be viewed as an alternative derivation of
the in-in approach to NRGR.
To make the presentation below clearer we ignore non-

linear interactions in the radiation sector. However, their
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inclusion does not introduce any conceptual obstacles to
the framework.

Consider the action for the compact objects and gravi-
tational perturbations that results from doubling the de-
grees of freedom in a manner analogous to the in-in
construction

S½fxK1g; fxK2g; �h��
1;2 � ¼ S½fxK1g; �h��

1 � � S½fxK2g; �h��
2 �
(D7)

where, in the Lorenz gauge,

S½fxKAg; �h��
A � ¼ 1

2

Z
d4x

�
@� �hA��@

� �h��A � 1

2
@� �hA@

� �hA

�

þ
Z

d4xðJA�� þ SA��Þ �h��A þOð �h3Þ;
(D8)

�h is the trace of the radiation graviton field and A ¼ 1, 2.
Here J

��
1;2 are auxiliary sources and S

��
1;2 denotes the quad-

rupole source as before. The first term in (D7) is the usual
action from classical field theory while the second term can
be regarded as the action for the system (with 1 ! 2)
evolving backward in time. We remark that (D7) is the
same action appearing in the CTP path integral of (4.1)
with jK1 ¼ jK2 ¼ 0. Also, (D7) is not an action typically
considered in classical field theory but seems necessary to
achieve our purposes here.

Working with the �h��
� variables gives

S½fxK�g; �h��
� � ¼ 1

2

Z
d4x

�
@�h

a
��@

�h��a � 1

2
@� �ha@� �ha

�

þ
Z

d4xðJa�� þ Sa��Þ �h��a þOð �h3�Þ;
(D9)

where the metric cab is used as before to contract the CTP
indices. Integrating out the gravitational perturbations in-
volves first solving the wave equations

P��
��h

�h��� ¼ J
��
� þ S

��
� þOð �h2�Þ (D10)

subject to the appropriate boundary conditions and insert-
ing the solutions back into (D9). In other words, we ex-
tremize the action with respect to variations in the radiation
graviton fields and then compute the extremal ‘‘value’’ of S
to obtain the effective action.

As with the in-in formalism, we will set xK1 ¼ xK2 ¼
xK and J��

� ¼ 0 at the end of all functional variations,
which implies that, momentarily dropping the spacetime
indices, �hþ ! �h and �h� ! 0. Notice that the �hþ equation
is sourced by terms that remain nonzero when xK1 ¼ xK2.
Since �hþ corresponds to radiated gravitational waves in
this limit then these must satisfy retarded boundary con-
ditions so that

�hþ��ðxÞ ¼
Z

d4yDret
����ðx� yÞ½S��þ ðyÞ þ J��þ ðyÞ�:

(D11)

Solving the �h� equation in (D10) under momentarily un-
specified boundary conditions gives

�h���ðxÞ ¼
Z

d4yD����ðx� yÞ½S��� ðyÞ þ J��� ðyÞ�
(D12)

for some propagatorD���� that will be determined shortly.

Putting these solutions into (D9) gives the effective action

Seff½fxK�g� ¼ 1

2

Z
d4x

Z
d4y½S��� ðxÞ þ J��� ðxÞ�

� ½Dret
����ðx� yÞ þD����ðy� xÞ�

� ½S��þ ðyÞ þ J��þ ðyÞ� þOð �h3�Þ: (D13)

Calculating the variation of the effective action using

�h��ðt;xÞ ¼ �hþ��ðt;xÞjxK�¼0;xKþ¼xK;J
��� ¼J��

þ ¼0 (D14)

¼ �Seff
�J��� ðt;xÞ

��������xK�¼0;xKþ¼xK;J
��� ¼J��

þ ¼0
(D15)

gives the gravitational waves radiated by the binary

�h��ðt;xÞ ¼ 1

2

Z
d4y½Dret

����ðx� yÞ þD����ðy� xÞ�
� S��ðy;xKÞ: (D16)

Self-consistency demands (D16) to equal (D11) when
xK1 ¼ xK2 ¼ xK and J

��
� ¼ 0. Therefore, D����ðx� yÞ

must be the advanced propagator. With this choice it is
straightforward to show that (D16) is equivalent to (4.28),
in the TT gauge, when the y-integral is evaluated.
The fact that �h� satisfies advanced boundary conditions

is not a problem because xK� and J��
� are set to zero at the

end of the calculations (implying �h� vanishes, from (D12))
so that there is no contribution to the equations of motion
and gravitational waves from advanced radiation. The
effective action is therefore

Seff½fxK�g� ¼
Z

d4x
Z

d4y½S��� ðxÞ þ J��� ðxÞ�

�Dret
����ðx� yÞ½S��þ ðyÞ þ J��þ ðyÞ� þOð �h3�Þ:

(D17)

We can write (D17) in terms of i times the matrix of
propagators introduced earlier in the in-in formalism
(4.19)

Dab
���� ¼ 0 Dadv

����

Dret
���� 0

 !
(D18)

with a, b ¼ � so that (D17) becomes
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Seff½fxK�g� ¼ 1

2

Z
d4x

Z
d4y½S��a ðxÞ þ J��a ðxÞ�

�Dab
����ðx� yÞ½S��b ðyÞ þ J��b ðyÞ� þOð �h3�Þ:

(D19)

The CTP indices a, b are raised and lowered with the
metric cab in (3.32). It is straightforward to show that
setting the auxiliary sources to zero in (D19) and varying
the effective action with respect to xK� gives the radiation
reaction force [41–43,48] derived above in (4.24). Indeed,
(D19) is simply the in-in effective action of NRGR (4.20)
with factors of i rearranged accordingly.

The formulation of the radiation sector discussed here
can be straightforwardly applied to the extreme mass ratio
inspiral of a small compact object. In this context, there are
only radiation gravitons and no potential gravitons to
integrate out. Using an appropriate regularization scheme
in the presence of a curved background spacetime we have
calculated (but do not present the details here) the well-
known self-force on the small compact object that was first
derived in [39,40]. Indeed, the calculation is nearly iden-
tical (up to factors of i from applying the Feynman rules) to
that given in [38], which uses the in-in path integral
framework.
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