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We study the bulk viscosity of neutron star matter including � hyperons in the presence of quantizing

magnetic fields. Relaxation time and bulk viscosity due to both the nonleptonic weak process involving �

hyperons and direct Urca processes are calculated here. In the presence of a strong magnetic field of

1017 G, the hyperon bulk viscosity coefficient is reduced, whereas bulk viscosity coefficients due to direct

Urca processes are enhanced compared with their field free cases when many Landau levels are populated

by protons, electrons, and muons.
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I. INTRODUCTION

R-mode instability plays an important role in regulating
spins of newly born neutron stars as well as old and
accreting neutron stars in low mass x-ray binaries [1].
Gravitational radiation drives the r mode unstable due to
the Chandrasekhar-Friedman-Schutz mechanism [2–10].
R-mode instability could be a promising source of gravi-
tational radiation. It would be possible to probe neutron
star interior if it is detected by gravity wave detectors.

Like gravitational radiation, electromagnetic radiation
also drives the r mode unstable through the Chandrasekhar-
Friedman-Schutz mechanism. There exists a class of neu-
tron stars called magnetars [11] with strong surface mag-
netic fields 1014–1015 G as predicted by observations on
soft gamma-ray repeaters and anomalous x-ray pulsars
[12,13]. The effects of magnetic fields on the spin evolu-
tion and r modes in protomagnetars were investigated by
different groups [14–16]. On the one hand, it was shown
that the growth of the r mode due to electromagnetic and
Alfvén wave emission for a strong magnetic field and slow
rotation could compete with that of gravitational radiation
[15]. On the other hand, it was argued that the distortion of
magnetic fields in neutron stars due to r modes might damp
the mode when the field is �1016 G or more [14,16].

The evolution of r modes proceeds through three steps
[17]. In the first phase, the mode amplitude grows expo-
nentially with time. In the next stage, the mode saturates
due to nonlinear effects. In this case viscosity becomes
important. Finally, viscous forces dominate over gravita-
tional radiation driven instability and damp the r mode.
This shows that viscosity plays an important role on the
evolution of r mode. Bulk and shear viscosities were ex-
tensively investigated in connection with the damping of
the r-mode instability [1,18–36]. In particular, it was
shown that the hyperon bulk viscosity might effectively
damp r-mode instability [25]. However, all these calcula-
tions of viscosity were performed in the absence of mag-
netic fields. The only calculation of bulk viscosity due to
the Urca process in magnetized neutron star matter was
presented in Ref. [37]. This motivates us to investigate bulk

viscosity due to nonleptonic process involving hyperons in
the presence of strong magnetic fields. It is to be noted that
the magnetic field in neutron star’s interior might be higher
by several orders of magnitude than the surface magnetic
field [38]. Further it was shown that neutron stars could
sustain a strong interior magnetic field �1018 G [39,40].
The paper is organized in the following way. In Sec. II,

we describe hyperon matter in strong magnetic fields. We
calculate bulk viscosity due to the nonleptonic process
involving � hyperons and due to leptonic processes in
Sec. III. We discuss results in Sec. IV and a summary is
given in Sec. V.

II. HYPERON MATTER IN MAGNETIC FIELD

We describe � equilibrated and charge neutral neutron
star matter made of neutrons, protons, � hyperons, elec-
trons, and muons within a relativistic mean field approach
[41,42]. The baryon-baryon interaction is mediated by �,
!, and � mesons. In the absence of a magnetic field, the
baryon-baryon interaction is given by the Lagrangian den-
sity [43,44]
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The scalar self-interaction term [43–45] is

Uð�Þ ¼ 1
3g1mNðg�N�Þ3 þ 1

4g2ðg�N�Þ4; (2)

and

!�� ¼ @�!� � @�!�; (3)

� �� ¼ @��� � @���: (4)

In mean field approximation, the effective mass of baryons
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B is

m�
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where � is given by its ground state expectation value

� ¼ 1

m2
�

�X
B

g�Bn
B
S � @U

@�

�
: (6)

The scalar density is given by

nBS ¼ 2
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The chemical potential for baryons B is
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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where I3B is the isospin projection and
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The total baryon number density is nb ¼ P
BnB.

Now we consider the effects of strong magnetic fields on
hyperon matter. The motion of charged particles in a
magnetic field is Landau quantized in the plane perpen-
dicular to the direction of the field. We solve Dirac equa-
tions for charged particles using the gauge corresponding
to the constant magnetic field Bm along the z axis as A0 ¼
0, ~A ¼ ð0; xBm; 0Þ. In the presence of a constant magnetic
field, the Lagrangian density for protons is taken from
Ref. [46]. The positive energy solutions for protons are

c � ¼
ð

ffiffi
b

p
2��!

ffiffiffi
�

p Þ1=2ffiffiffiffiffiffiffiffiffiffiffi
LyLz
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with 	 ¼ ffiffiffi
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p ðx� ky
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Þ and b ¼ qBm.

The positive energy spinors,U�ðk; xÞ, [47–50] are given
by
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where 
0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm�2
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q
.

The proton number density np and scalar density npS are

given by [46]

np ¼ qBm

2�2
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g�kpð�Þ; (14)
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The maximum number of Landau levels populated is de-
noted by �max, and the Landau level degeneracy g� is 1 for
� ¼ 0 and 2 for � > 0. Similarly, we treat noninteracting
electrons and muons in constant magnetic fields.
The total energy density of neutron star matter is
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Similarly, the total pressure of the system is given by
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where klð�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2Fl

� 2�qBm

q
. The relation between pres-

sure and energy density defines the equation of state (EoS).

III. BULK VISCOSITY

The macroscopic compression (or expansion) of a fluid
element leads to departure from chemical equilibrium.
Nonequilibrium processes cause dissipation of energy,
which is the origin of bulk viscosity in neutron stars.
Weak interaction processes bring the system back to equi-
librium. In this calculation, we consider the nonleptonic
reaction

nþ p ! pþ�; (18)

as well as direct Urca (dUrca) processes, which are repre-
sented by

n ! pþ l� þ ��l; (19)

where l stands for e or �. When the chemical equilibrium
is achieved, chemical potentials involved in the above
reactions satisfy �n ��� ¼ 0 and �n ��p ��l ¼ 0,

respectively. In this case the forward and reverse reaction
rates �f and �r are same. The departure from chemical

equilibrium due to macroscopic perturbation gives rise to
the difference between forward and reverse reaction rates
� ¼ �f � �r � 0. For a rotating neutron star, the r-mode

oscillation provides the macroscopic perturbation, which
drives the system out of chemical equilibrium.

The real part of bulk viscosity coefficient can be written
as [51]

� ¼ � n2b�

1þ ð!�Þ2
�
@P

@nn

�
d �xn
dnb

; (20)

where �xi ¼ ni=nb is the equilibrium fraction of i-th spe-
cies, ! is the angular velocity of ðl; mÞ r mode, and � is the
microscopic relaxation time. For a neutron star rotating
with angular velocity�, the angular velocity (!) of ðl; mÞ r
mode is given by

! ¼ 2m

lðlþ 1Þ�: (21)

We are interested in l ¼ m ¼ 2 r mode in this calculation.
The relaxation time is given by

1

�
¼ �


�


�
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xn
; (22)

where 
� refers to the chemical imbalance. Here, � is the
total reaction rate.

The partial derivative of pressure with respect to neutron
number density can be evaluated from the EoS under
consideration as
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The total derivative dxn=dnb can be evaluated numerically.
Now, we calculate relaxation times for above mentioned

processes in the presence of a magnetic field Bm using the
EoS as described in Sec. II.

A. Nonleptonic process

Here, we consider the nonleptonic process given by
Eq. (18). In this case, only protons are affected by magnetic
fields. The reaction rate is given by

� ¼
Z Vd3kn

ð2�Þ3
Z Lzdkpiz

2�

Z bLx=2

�ðbLx=2Þ

Lydkpiy
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; 
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; 
�Þ;
(25)

kpiz
and kpfz

being the z component of momenta of initial

and final protons, respectively, and kn and k� denote
momenta of neutrons and � hyperons. The Pauli blocking
factor is given by

Fð
n; 
pi
; 
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; 
�Þ ¼ fð
nÞfð
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Þf1� fð
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Þgf1� fð
�Þg
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Þg

� f1� fð
nÞg; (26)

with the Fermi distribution function at temperature T

fð
iÞ ¼ 1

1þ eð
i��Þ=kT : (27)

The matrix element Wfi is given by

Wfi ¼ 1

V3ðLyLzÞ
ð2�Þ3

16
n
pi

pf


�
jMj2e�Q2


ð
Þ
ðkyÞ
ðkzÞ;

(28)

where

Q2 ¼ ðknx � k�xÞ2 þ ðkpiy
� kpfy

Þ2
2b

and


ðkÞ � 
ðkn þ kpi
� kpf

� k�Þ: (29)

The invariant amplitude squared for the process is
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jMj2 ¼ 4G2
Fsin
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In calculating the matrix element given by Eq. (28) we
use the solutions of Dirac equation for protons in the
magnetic field given by Eqs. (12) and (13). We also assume
that the magnetic field is so strong that only zeroth Landau
level is populated. Now we integrate over kpiy

and kpfy

using 
ðkyÞ and obtain
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Here, the subscript 
ðkyÞ denotes that this condition has

been imposed on the quantity within the parenthesis. Next
we perform the integration over kn and k� and write d3k ¼
k2dkdðcos�Þd�. The delta function of z components of
momenta implies knz þ kpiz

¼ kpfz
þ k�z. Here, we note

that when protons occupy only the zeroth Landau level,
they have momenta along the direction of the magnetic
field, i.e. in z direction. Hence, we have kpz ¼ kFp

. Then

depending upon whether the initial and final protons are
moving in the same or opposite direction we have k�z �
knz ¼ 0 or k�z � knz ¼ 2kFp

. Next we perform the angle

integrations using 
ðkzÞ and change variable k to 
 to get
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Here, the subscript �int denotes the angle integrated value.
As particles reside near their Fermi surfaces in a degener-
ate matter we replace momenta and energies under inte-
gration by their respective values at their Fermi surfaces.

The matrix element squared is rewritten as
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As 
� � kT, the energy integration of Eq. (32) can be
written as [51]
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The expression of the reaction rate for a zero magnetic
field is given by [51]
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�; (36)

where the angle averaged matrix element squared is the
same as that given by [51].
Now the quantity 
�=
xn in Eq. (22) is to be evaluated

under the condition of total baryon number conservation
[51]
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Here, D is the same as given by Eq. (24). Next we evaluate
the relaxation time of the nonleptonic reaction at a given
baryon density using Eq. (22) along with Eqs. (35), (38),
and (39).

As soon as we know the relaxation time, we can calcu-
late the bulk viscosity coefficient � due to the nonleptonic
interaction at a given baryon density from Eq. (20).

B. Leptonic processes

Here, we consider dUrca processes involving nucleons,
electrons, and muons in a magnetic field. The forward
reaction rate for this process is then given by [47–49]
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Z Vd3kn
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Using the solutions of Dirac equations for protons and
electrons in a magnetic field, we obtain the matrix element
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Firstly, we treat the case following the prescription of
Baiko and Yakovlev [48] when protons and electrons
populate large numbers of Landau levels. In this case, we
have X
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where F is the Laguerre functions for both protons and
electrons [48]. The forward reaction rate is given by
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As there is chemical imbalance due to the perturbation, the
reverse reaction rate (�r) differs from the forward reaction
rate, and the net reaction rate is given by [26,48]
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One important aspect of the dUrca process is the open-
ing of this channel in the forbidden regime KFn

> KFp
þ

KFl
, which was otherwise closed in the field free case [48].

The dUrca process also operates in the allowed domain
KFp

þ KFl
> KFn

in the presence of a magnetic field. We

adopt fitting formulas for Rqc
B in both domains as given by

Ref. [48].
Next we focus on the case when both protons and

electrons populate zeroth Landau levels [47–49]. In this
case, we write the matrix element as
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In a magnetic field neutrons will be polarized because of
their anomalous magnetic moments. Hence, for two differ-
ent spin states of neutrons, matrix elements should be
evaluated separately. The invariant amplitude squared is
then jMj2 ¼ jMþj2 þ jM�j2, where
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� f �Un	ðknÞð1� gnp�
5Þ��UpþðkpÞg

� f �UpþðkpÞ��ð1þ gnp�
5ÞUn	ðknÞg

� f �Ul�ðkeÞ��ð1� �5ÞV �sðk�Þg; (50)

and 	 signs denote the up and down spins, respectively.
The spinors for nonrelativistic neutrons are given by

U n	 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n þm�

n

p �	
0

� �
; (51)

where

�þ ¼ 1
0

� �
and �� ¼ 0

1

� �
: (52)

For nonrelativistic protons in the zeroth Landau level, the
spinor has the same form as given by Eq. (51). For spin
down relativistic leptons in the zeroth Landau level, the
spinor is given by

U l� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l þml

p 0
1
0

�plz


lþml

0
BBB@

1
CCCA: (53)

For spin up and down neutrons, invariant amplitudes
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squared are

jMþj2 ¼ 8G2
Fcos

2�cm
�
nm

�
pð1þ gnpÞ2ð
l þplÞð
� þp�zÞ;

(54)

and

jM�j2 ¼ 32G2
Fcos

2�cm
�
nm

�
pg

2
npð
l þ plÞð
� � p�zÞ:

(55)

Following the same procedure as described in Sec. III A
and neglecting the neutrino momenta in momentum con-
serving delta functions, the final expression of forward
reaction rate �f is given by

�f ¼ b

ð2�Þ58
m�

nm
�
p�l

kFp
kFl

½ðjMþj2dÞ
ðkyÞ;
ðkzÞ

þ ðjM�j2dÞ
ðkyÞ;
ðkzÞ�½�fk2Fn
� ðkFp

� kFl
Þ2g

� e�½k2Fn�ðkFp�kFl Þ2�=2b þ�fk2Fn
� ðkFp

þ kFl
Þ2g

� e�½k2Fn�ðkFpþkFl Þ2�=2b�
Z

d
�

2
�

Z
d
nd
pd
l

� Fð
n; 
p; 
lÞ
ð
n � 
p � 
l � 
�Þ; (56)

where

ðjMþj2dÞ
ðkyÞ;
ðkzÞ ¼ 8G2
Fcos

2�cð1þ gnpÞ2

�
�
1þ pl


l

��
1þ p�z


�

�
: (57)

Similarly, we have

ðjM�j2dÞ
ðkyÞ;
ðkzÞ ¼ 32G2
Fcos

2�cg
2
np

�
1þ pl


l

��
1� p�z


�

�
:

(58)

It is to be noted that z component of the neutrino momen-
tum is smaller than its energy. We obtain

�f ¼ b

ð2�Þ58
m�

nm
�
p�l

kFp
kFl

½ðjMþj2dÞ
ðkyÞ;
ðkzÞ

þ ðjM�j2dÞ
ðkyÞ;
ðkzÞ�½�fk2Fn
� ðkFp

� kFl
Þ2g

� e�½k2Fn�ðkFp�kFl Þ2�=2b þ�fk2Fn
� ðkFp

þ kFl
Þ2g

� e�½k2Fn�ðkFpþkFl Þ2�=2b�
Z

d
�

2
�Jð
�Þ: (59)

Now if the reverse reaction rate is �r and there is slight
departure from chemical equilibrium 
�, then the net
reaction rate is [26]

�l ¼ �r � �f

¼ b

ð2�Þ58
m�

nm
�
p�l

kFp
kFl

½ðjMþj2dÞ
ðkyÞ;
ðkzÞ

þ ðjM�j2dÞ
ðkyÞ;
ðkzÞ�½�fk2Fn
� ðkFp

� kFl
Þ2g

� e�½k2Fn�ðkFp�kFl Þ2�=2b þ�fk2Fn
� ðkFp

þ kFl
Þ2g

� e�½k2Fn�ðkFpþkFl Þ2�=2b�
Z

d
�

2
�fJð
� � 
�Þ

� Jð
� þ 
�Þg: (60)

Using the following result from Ref. [26]

Z
d
�


2
�fJð
� � 
�Þ � Jð
� þ 
�Þg ¼ 17ð�kTÞ4

60

�;

(61)

we get

�l ¼ 17qBm

480�

m�
nm

�
p�l

kFp
kFl

G2
Fcos

2�c

�
1þ pl


l

�

�
�
1

4
ð1þ gnpÞ2 þ g2np

�
½�fk2Fn

� ðkFp
� kFl

Þ2g

� e�½k2Fn�ðkFp�kFl Þ2�=2b þ�fk2Fn
� ðkFp

þ kFl
Þ2g

� e�½k2Fn�ðkFpþkFl Þ2�=2b�ðkTÞ4
�: (62)

The zero magnetic field result is given by

�lðBm ¼ 0Þ ¼ 17

240�
m�

nm
�
p�lðjMj2dÞ�intðkTÞ4
�; (63)

where

ðjMj2dÞ�int ¼ G2
Fcos

2�c

�
ð1þ gnpÞ2

�
1� kFn

m�
n

�

þ ð1� gnpÞ2
�
1� kFp

m�
p

�
� ð1� g2npÞ

�
: (64)

IV. RESULTS AND DISCUSSION

Nucleon-meson coupling constants of the model are
obtained by reproducing the properties of nuclear matter
such as binding energy E=B ¼ �16:3 MeV, saturation
density n0 ¼ 0:153 fm�3, asymmetry energy coefficient
aasy ¼ 32:5 MeV, and incompressibility K ¼ 240 MeV

and taken from Ref [52]. The coupling strength of �
hyperons with ! mesons is determined from SU(6) sym-
metry of the quark model [53–55]. The coupling strength
of � hyperons to � mesons is determined from the poten-
tial depth of � hyperons in normal nuclear matter

U� ¼ �g���þ g!�!0: (65)

We take the potential depth U� ¼ �30 MeV as obtained
from the analysis of � hypernuclei [54,56].
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We adopt a profile of a magnetic field given by [57],

Bðnb=n0Þ ¼ Bs þ Bc

�
1� e��ðnb=n0Þ�

�
: (66)

We consider different values for the central field Bc ¼ 1016

and 1017 G, whereas the surface field strength is taken as
Bs ¼ 1014 G in this calculation. We chose � ¼ 0:01 and
� ¼ 3. The magnetic field strength depends on the baryon
density in the above parameterization. Further, the mag-
netic field at each density point is constant and uniform.
The effects of anomalous magnetic moments of nucleons
and contributions of the magnetic field to energy density
and pressure are negligible because the magnetic fields
considered in this calculation are not too strong.

Numbers of Landau levels populated by electrons and
protons, are sensitive to the magnetic field strength and
baryon density. As the field strength increases, the popu-
lation of Landau levels decreases. In a weak magnetic field,
when many Landau levels are populated, we treat charged
particles unaffected by the magnetic field. Further, the
effects of magnetic fields are most pronounced when
only zeroth Landau levels are populated. Protons, electrons
and muons populate zeroth Landau levels if central field
strength Bc � 1019 G. Figure 1 shows fractions of various
particle species with normalized baryon density. We find
large numbers of Landau levels of charged particles even
when the magnetic field reaches its central value 1017 G.
Populations of charged particles are enhanced in the mag-
netic field due to Landau quantization than those of field
free case (not shown in the figure). It is noted in Fig. 1 that
the threshold density of� hyperons is shifted to 1:7n0 from
its zero magnetic field value of 2:6n0 because of phase
space modifications of charged particles in a magnetic
field.

The variation of pressure with energy density in the
presence of a magnetic field with central field strength
Bc ¼ 1017 G (solid curve) is shown in Fig. 2. The dashed
curve denotes the EoS without a magnetic field. The EoS in
the presence of the magnetic field becomes stiffer when
charged particles are Landau quantized. Here, magnetic
field contributions to the energy density and pressure are
insignificant.

Now we compute the relaxation time for both nonlep-
tonic and leptonic reactions as given by Eq. (22). To
calculate the matrix element we take gnp ¼ �1:27 and

gp� ¼ �0:72 [51], and the Cabibbo angle (�c) is given

by sin�c ¼ 0:222. As we have already noted, charged
particles populate many Landau levels in a magnetic field
having central value Bc ¼ 1017 G over the entire density
range considered in our calculation. For the nonleptonic
process, when protons populate large number of Landau
levels, we use the field free expression of � as given by
Eq. (36). For leptonic reactions we use the expression as
given by Eq. (47) when leptons and protons populate finite
numbers of Landau levels. Chemical potentials and Fermi

momenta of constituent particles are obtained from the
EoS. The partial derivative of chemical potentials with
respect to baryon density can be calculated from the EoS.
Using these inputs, we can compute relaxation times for
both reactions as a function of baryon density at a particu-
lar temperature. Figure 3 displays relaxation time (�) of the
nonleptonic process involving � hyperons in a magnetic
field having its central value Bc ¼ 1017 G and at different
temperatures as a function of normalized baryon number
density. Here, � decreases with increasing baryon density.
Further the relaxation time in a magnetic field increases
with decreasing temperature as was earlier noted in the
field free case [23].
Relaxation times for dUrca reactions involving electrons

and muons in a magnetic field with Bc ¼ 1017 G, and at
different temperatures are plotted in Figs. 4 and 5, respec-
tively. For leptonic processes, relaxation times are affected
by the magnetic field. For the field free case, the dUrca
process sets in at 1:4n0. In the magnetic field, relaxation
times due to dUrca reactions drop sharply from large
values in the forbidden domain KFn

> KFp
þ KFe

. This is

 0.001

 0.01

 0.1

 1

3 5 7 9    

n i

nb/n0

n

p

e-

µ-

Λ

Bc=1017 G 

FIG. 1. Fractions of different particle species in �-hyperon
matter in the presence of a magnetic field having central value
Bc ¼ 1017 G as a function of normalized baryon density.
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attributed to the behavior of Rqc
B , which we discuss in detail

in connection with bulk viscosity due to dUrca processes
below. The forbidden domain joins with the allowed do-
main KFp

þ KFe
> KFn

at a point from which relaxation

times increase with baryon density. Like the nonleptonic
case, relaxation times for dUrca processes also increase
with decreasing temperature.

Now we focus on the calculation of bulk viscosity due to
the nonleptonic and leptonic processes. As soon as we
know relaxation times of nonleptonic and leptonic reac-
tions, we compute bulk viscosity coefficients for the re-
spective processes from Eq. (20). In this calculation we
consider the l ¼ m ¼ 2 r mode and hence ! ¼ 2=3�.
Further, we take� ¼ 3000 s�1. In the temperature regime
considered here, we have always !� � 1 for the nonlep-
tonic process involving � hyperons. Therefore, we neglect
that term in the denominator of Eq. (20) to calculate the
hyperon bulk viscosity. The partial derivative of pressure
with respect to neutron number density is calculated from
the EoS using Eq. (23) and the total derivative of neutron
fraction with respect to baryon density is computed nu-

merically from the EoS. As the relaxation time is a func-
tion of temperature, the bulk viscosity coefficient � also
depends on temperature. The bulk viscosity coefficient for
the nonleptonic process in a magnetic field with Bc ¼
1017 G (dashed curve) and in the absence of a magnetic
field (solid curve) are exhibited as a function of the nor-
malized baryon number density in Fig. 6 at different tem-
peratures. The nonleptonic reaction involves protons that
populate many Landau levels in the magnetic field with
Bc ¼ 1017 G. In this case, we adopt the field free expres-
sion of the reaction rate as given by Eq. (36) for the
calculation of relaxation time and hyperon bulk viscosity
coefficient in Eq. (20). Therefore, the effects of the mag-
netic field enter into hyperon bulk viscosity coefficient
through the EoS, which is modified by Landau quantiza-
tion of charged particles. In Fig. 6, we find hyperon bulk
viscosity in the magnetic field is suppressed compared with
the field free case.

600

500

400

300

200

100

400 800 1200 1600

P
  (

M
eV

/fm
3 )

ε (MeV/fm3)

Bc=1017 G 

FIG. 2. Equation of state, pressure versus energy density, with
a magnetic field having central value Bc ¼ 1017 G (solid line)
and without a magnetic field (dashed curve).
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FIG. 3. Relaxation time for the nonleptonic reaction involving
� hyperons in a magnetic field having central value Bc ¼
1017 G and at different temperatures as a function of normalized
baryon density.
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We display bulk viscosity coefficient for the dUrca
process in a magnetic field with Bc ¼ 1016 G and at a
temperature T ¼ 1011 K as a function of normalized
baryon density in Fig. 7. In this case electrons and protons
populate many Landau levels. The dotted line represents
the dUrca contribution in the forbidden domain KFn

>

KFp
þ KFe

. In this regime, reaction kinetics are character-

ized by two parameters x ¼ K2
Fn
�ðKFpþKFe Þ2
K2

Fp
N�2=3

Fp

and y ¼ N2=3
Fp

,

where NFp
is the number of proton Landau levels. The

dUrca reaction in the forbidden domain is an efficient
process as long as x 
 10. This corresponds to baryon
density 
 2:3n0. The large enhancement of bulk viscosity
coefficient in this domain is attributed to the behavior of
Rqc
B [48]. It was noted that Rqc

B ¼ 1=3 at x ¼ 0, and it

becomes very small when x > 10 [48]. At x ¼ 0, the
forbidden domain merges with the allowed domain KFp

þ
KFe

> KFn
of the dUrca process. The dUrca bulk viscosity

in the allowed domain is shown by the dashed-dotted line.
The result of zero field is shown by the solid line. The bulk
coefficient increases with the magnetic field in the allowed
domain at higher baryon densities.
Figures 8 and 9 show bulk viscosity coefficients for

dUrca processes involving electrons and muons in the
presence of the magnetic field with central value Bc ¼
1017 G and at different temperatures as a function of
normalized baryon density. In both cases contributions to
bulk viscosity coefficients due to dUrca processes come
from the forbidden as well as allowed domains. As dis-
cussed above, the forbidden domain merges with the al-
lowed domain at x ¼ 0. For temperatures T ¼ 109 and
1010 K, bulk viscosity coefficients due to dUrca processes
increase with baryon density. However, the bulk viscosity
for T ¼ 1011 K initially decreases and later increases with
baryon density. This behavior can be understood in the
following way. For dUrca processes at 1011 K, we have
!� < 1. On the other hand, we find !� > 1 for dUrca
processes at 109 K and 1010 K. Consequently, bulk viscos-
ity coefficients have a T4 dependence when !� > 1,
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1 3 5 7 9

τ 
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)
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T = 1009 K

Bc=1017 G 

FIG. 5. same as Fig. 4 but for dUrca reaction including muons.
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FIG. 4. Relaxation time of dUrca reaction involving electrons
in a magnetic field having central value Bc ¼ 1017 G and at
different temperatures as a function of normalized baryon den-
sity.
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whereas it has a T�4 dependence when !� < 1. This
inversion of temperature dependence of dUrca bulk vis-
cosity coefficients is not found in the case of hyperon bulk
viscosity.

Finally, we point out what happens in case of super-
strong fields. We find that charged particles populate zeroth
Landau levels when Bc � 1019. Populations of charged
particles are enhanced because of strong modification of
their phase spaces. Further the EoS is modified due to
magnetic field contributions to the energy density and
pressure. The strong magnetic field enhances the hyperon
bulk viscosity compared with the field free case. Similarly,
we note significant modification in bulk viscosity coeffi-
cients due to dUrca processes when leptons and protons are
in zeroth Landau levels. However, there is no observational
evidence for the superstrong field �1019 G in the neutron
star’s interior so far.

V. SUMMARY

We have investigated bulk viscosity of nonleptonic pro-
cess involving � hyperons and dUrca processes in the
presence of strong magnetic fields. In this calculation we
consider magnetic fields with different central values Bc ¼
1016 and 1017 G. The equation of state has been con-
structed using the relativistic field theoretical model.
Many Landau levels of charged particles are populated
for the above values of central field. For a particular
temperature, the hyperon bulk viscosity coefficient is re-
duced compared with that of the zero field case. Further, it
is noted that the hyperon bulk viscosity decreases with
increasing temperature as was earlier reported for the field
free case. Bulk viscosity coefficients due to dUrca pro-
cesses in a magnetic field have contributions from the
forbidden as well as allowed domains. The bulk viscosity
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FIG. 6. Bulk viscosity coefficient (dashed line) for the non-
leptonic processes involving � hyperons in a magnetic field
having central value Bc ¼ 1017 G and at different temperatures
as a function of normalized baryon density. Field free cases are
shown by solid lines.
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FIG. 7. Bulk viscosity coefficient for the dUrca process in-
volving electrons in a magnetic field having central value Bc ¼
1016 G and at a temperature 1011 K as a function of normalized
baryon density. The field free case is shown by the solid line.
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coefficients in magnetic fields having central values Bc ¼
1016 and 1017 G are enhanced in the allowed domain at
higher baryon densities than those of field free cases. We
find an inversion of the temperature dependence of dUrca
bulk viscosity coefficients at 1011 K. We briefly discuss the
effects of a superstrong magnetic field �1019 G on hy-
peron and dUrca bulk viscosities when zeroth Landau
levels of charged particles are populated. However, such
a superstrong magnetic field may not be a possibility in
neutron stars.

In this calculation, we adopt the field free hyperon bulk
viscosity relation when protons populate large number of
Landau levels. This may be an approximate treatment of
the actual case. However, the exact treatment of the effects
of a magnetic field on the nonleptonic bulk viscosity would
be worth studying when protons populate many Landau
levels. Further, the investigation of bulk viscosity in mag-
netic fields has important implications for the r modes in
magnetars. This will be reported in a future publication.
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