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Relativistic corrections to the color-singlet J=c hadroproduction at the Tevatron and LHC are

calculated up to Oðv2Þ in nonrelativistic QCD (NRQCD). The short-distance coefficients are obtained

by matching full QCD with NRQCD results for the subprocess gþ g! J=c þ g. The long-distance

matrix elements are extracted from observed J=c hadronic and leptonic decay widths up to Oðv2Þ. Using
the CTEQ6 parton distribution functions, we calculate the leading-order production cross sections and

relativistic corrections for the process pþ �pðpÞ ! J=c þ X at the Tevatron and LHC. We find that the

enhancement of Oðv2Þ relativistic corrections to the cross sections over a wide range of large transverse

momentum pt is negligible, only at a level of about 1%. This tiny effect is due to the smallness of the

correction to short-distance coefficients and the suppression from long-distance matrix elements. These

results indicate that relativistic corrections cannot help to resolve the large discrepancy between leading-

order prediction and experimental data for J=c production at the Tevatron.
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I. INTRODUCTION

Nonrelativistic QCD (NRQCD) [1] is an effective field
theory to describe production and decay of heavy quark-
onium. In this formalism, inclusive production cross sec-
tions and decay widths of charmonium and bottomonium
can be factored into short-distance coefficients, indicating
the creation or annihilation of a heavy quark pair, and long-
distance matrix elements, representing the evolvement of a
free quark pair into a bound state. The short-distance part
can be calculated perturbatively in powers of coupling
constant �s, while the nonperturbative matrix elements,
which are scaled as v, the typical velocity of heavy quark
or antiquark in the meson rest frame, can be estimated by
nonperturbative methods or models, or extracted from
experimental data.

One important aspect of NRQCD is the introduction of
the color-octet mechanism, which allows the intermediate
heavy quark pair to exist in a color-octet state at short
distances and evolve into the color-singlet bound state at
long distances. This mechanism has been applied success-
fully to absorb the infrared divergences in P-wave [1–3]
and D-wave [4,5] decay widths of heavy quarkonia. In
Ref. [6], the color-octet mechanism was introduced to
account for the J=c production at the Tevatron, and the
theoretical prediction of production rate fits well with
experimental data. However, the color-octet gluon frag-
mentation predicts that the J=c is transversely polarized at
large transverse momentum pt, which is in contradiction
with the experimental data [7]. (For a review of these
issues, one can refer to Refs. [8–10]). Moreover, in
Refs. [11,12] it was pointed out that the color-octet long-

distance matrix elements of J=c production may be much
smaller than previously expected, and accordingly this may
reduce the color-octet contributions to J=c production at
the Tevatron.
In the past a couple of years, in order to resolve the large

discrepancy between the color-singlet leading-order (LO)
predictions and experimental measurements [13–15] of
J=c production at the Tevatron, the next-to-leading-order
(NLO) QCD corrections to this process have been per-
formed, and a large enhancement of an order of magnitude
for the cross section at large pt is found [16,17]. But this
still cannot make up the large discrepancy between the
color-singlet contribution and data. Similarly, the observed
double charmonium production cross sections in eþe�
annihilation at B factories [18,19] also significantly differ
from LO theoretical predictions [20]. Much work has been
done and it seems that those discrepancies could be re-
solved by including NLO QCD corrections [21–24] and
relativistic corrections [25,26]. One may wonder if the
relativistic correction could also play a role to some extent
in resolving the long standing puzzle of J=c production at
the Tevatron.
In this paper we will estimate the effect of relativistic

corrections to the color-singlet J=c production based on
NRQCD. The relativistic effects are characterized by the
relative velocity vwith which the heavy quark or antiquark
moves in the quarkonium rest frame. According to the
velocity scaling rules of NRQCD [27], the matrix elements
of operators can be organized into a hierarchy in the small
parameter v. We calculate the short-distance part pertur-
batively up to Oðv2Þ. In order to avoid model dependence
in determining the long-distance matrix elements, we ex-
tract the matrix elements of up to dimension-8 four fermion
operators from observed decay rates of J=c [28]. We find
that the relativistic effect on the color-singlet J=c produc-
tion at both the Tevatron and LHC is tiny and negligible,
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and relativistic corrections cannot offer much help to re-
solve the puzzle associated with charmonium production at
the Tevatron, and other mechanisms should be investigated
to clarify the problem.

The rest of the paper is organized as follows. In Sec. II,
the NRQCD factorization formalism and matching condi-
tion of full QCD and NRQCD effective field theory at long
distances are described briefly, and then detailed calcula-
tions are given, including the perturbative calculation of
the short-distance coefficient, the long-distance matrix
elements extracted from experimental data, and the
parton-level differential cross section convolution with
the parton distribution functions (PDF). In Sec. III, nu-
merical results of differential cross sections over transverse
momentum pt at the Tevatron and LHC are given and
discussions are made for the enhancement effects of rela-
tivistic corrections. Finally the summary of this work is
presented.

II. PRODUCTION CROSS SECTION IN NRQCD
FACTORIZATION

According to NRQCD factorization [1], the inclusive
cross section for the hadroproduction of J=c can be writ-
ten as

d�

dt
ðgþ g! J=c þ gÞ ¼X

n

Fn

mdn�4
c

h0jOJ=c
n j0i: (1)

The short-distance coefficients Fn describe the production

of a heavy quark pair Q �Q from the gluons, which come
from the initial state hadrons, and are usually expressed in
kinematic invariants. mc is the mass of charm quark. The

long-distance matrix elements h0jOJ=c
n j0i with mass di-

mension dn describe the evolution of Q �Q into J=c . The
subscript n represents the configuration in which the c �c
pair can be for the J=c Fock state expansion, and it is

usually denoted as n ¼ 2Sþ1L½1;8�J . Here, S,L, and J stand
for spin, orbital, and total angular momentum of the heavy
quarkonium, respectively. Superscript 1 or 8 means the
color-singlet or color-octet state.

For the color-singlet 3S1 c �c production, there are only
two matrix elements contributing up toOðv2Þ: the leading-
order term h0jOJ=c ð3S½1�1 Þj0i and the relativistic correction

term h0jP J=c ð3S½1�1 Þj0i. Therefore the differential cross
section takes the following form:

d�

dt
ðgþ g! J=c þ gÞ ¼ Fð3S½1�1 Þ

m2
c

h0jOJ=c ð3S½1�1 Þj0i

þGð3S½1�1 Þ
m4

c

h0jP J=c ð3S½1�1 Þj0i

þOðv4Þ; (2)

and the explicit expressions of the matrix elements are [1]

h0jOJ=c ð3S½1�1 Þj0i ¼ h0j�y�ic ðaycac Þc y�i�j0i;

h0jP J=c ð3S½1�1 Þj0i ¼
�
0

��������12
�
�y�ic ðayc ac Þc y�i

�
�
� i

2
D
$
�
2
�þ H:c:

���������0

�
;

(3)

where c annihilates a heavy quark, � creates a heavy

antiquark, ayc and ac are operators creating and annihilat-

ing J=c in the final state, and D
$ ¼ ~D�D

 
.

In order to determine the short-distance coefficients

Fð3S½1�1 Þ and Gð3S½1�1 Þ, the matching condition of full

QCD and NRQCD is needed:

d�

dt
ðgþ g! J=c þ gÞjpert QCD

¼ Fð3S½1�1 Þ
m2

c

h0jOJ=c ð3S½1�1 Þj0i

þGð3S½1�1 Þ
m4

c

h0jP J=c ð3S½1�1 Þj0ijpert NRQCD: (4)

The differential cross section for the production of char-
monium J=c on the left-hand side of Eq. (4) can be
calculated in perturbative QCD. On the right-hand side
the long-distance matrix elements are extracted from ex-
perimental data. Quantities on both sides of the equation
are expanded at leading order of �s and next-to-leading

order of v2. Then the short-distance coefficients Fð3S½1�1 Þ
and Gð3S½1�1 Þ can be obtained by comparing the terms with

powers of v2 on both sides.

A. Perturbative short-distance coefficients

We now present the calculation of relativistic correction
to the process gþ g! J=c þ g. In order to determine the
Oðv2Þ contribution in Eq. (2), the differential cross section
on the left-hand side of Eq. (4) or equivalently the QCD
amplitude should be expanded up to Oðv2Þ. We use
FeynArts [29] to generate Feynman diagrams and am-
plitudes, FeynCalc [30] to handle amplitudes, and
FORTRAN to evaluate the phase space integrations. A typi-

cal Feynman diagram for the process is shown in Fig. 1.

FIG. 1. Typical Feynman diagram for 3S½1�1 c �c hadroproduction
at LO.
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The momenta of quark and antiquark in the lab frame are
[26,31,32]:

1
2Pþ q ¼ Lð12Pr þ qrÞ; 1

2P� q ¼ Lð12Pr � qrÞ; (5)

where L is the Lorenz boost matrix from the rest frame of
the J=c to the frame in which it moves with four momen-

tum P. Pr ¼ ð2Eq; 0Þ, Eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

c þ j ~qj2
p

, and 2qr ¼
2ð0; ~qÞ is the relative momentum between heavy quark
and antiquark in the J=c rest frame. The differential cross
section on the left-hand side of Eq. (4) is

d�

dt
ðgþ g! J=c þ gÞjpert QCD

¼ 1

16�s2
�XjMðgþ g! J=c þ gÞj2h0jOJ=c ð3S½1�1 Þj0i;

(6)

where h0jOJ=c ð3S½1�1 Þj0i is the matrix element evaluated at
tree level, and the summation/average of the color and
polarization degrees of freedom for the final/initial state

has been implied by the symbol �P. The amplitude for
the color-singlet process gðp1Þ þ gðp2Þ ! J=c ðp3 ¼
PÞ þ gðp4Þ is

M ðgþ g! J=c þ gÞ ¼
ffiffiffiffiffiffi
1

Eq

s
Tr½C½1��ð1ÞMam�; (7)

whereMam denotes the parton-level amplitude amputated

of the heavy quark spinors. The factor
ffiffiffiffi
1
Eq

q
comes from the

normalization of the composite state j3S½1�1 i [5]. Here the

covariant projection operator method [33,34] is adopted.

For a color-singlet state, the color projector C½1� ¼ �ijffiffiffiffiffi
Nc

p .

The covariant spin-triplet projector�ð1Þ in (7) is defined by

�ð1Þ ¼X
s�s

vðsÞ �uð�sÞ
�
1

2
; s;

1

2
; �sj1; Sz

�
; (8)

with its explicit form

�ð1Þ ¼ 1ffiffiffi
2
p ðEq þmcÞ

� 6P
2
� 6q�mc

�

� 6P� 2Eq

4Eq

�6
� 6P
2
þ 6qþmc

�
; (9)

where the superscript (1) denotes the spin-triplet state and
�� is the polarization vector of the spin 1 meson. The

Lorentz-invariant Mandelstam variables are defined by

s ¼ ðp1 þ p2Þ2 ¼ ðp3 þ p4Þ2;
t ¼ ðp1 � p3Þ2 ¼ ðp2 � p4Þ2;
u ¼ ðp1 � p4Þ2 ¼ ðp2 � p3Þ2;

(10)

and they satisfy

sþ tþ u ¼ P2 ¼ 4E2
q ¼ 4ðm2

c þ j ~qj2Þ: (11)

Furthermore, the covariant spinors are normalized relativ-
istically as �uu ¼ � �vv ¼ 2mc.
Let M be short for the amplitude Mðgþ g! J=c þ

gÞ in Eq. (7), and it can be expanded in powers of v or
equivalently j ~qj. That is

M ¼ ��M�

¼ ��

�
M�ð0Þ þ 1

2
q�q�

@2M�

@q�@q�

��������q¼0

�
þOðq4Þ;

(12)

where high order terms in four momentum q have been
omitted. Terms of odd powers in q vanish because the
heavy quark pair is in an S-wave configuration. Note that
the polarization vector �� also depends on q, but it only has

even powers of four momentum q, and their expressions
may be found e.g. in the appendix of Ref. [35]. Therefore
expansion on q2 of �� can be carried out after amplitude

squaring. The following substitute is adopted:

q�q� ¼ 1

3
j ~qj2

�
�g�� þ P�P�

P2

�
� 1

3
j ~qj2���: (13)

This substitute should be understood to hold in the inte-
gration over relative momentum ~q and in the S-wave case.
Here, j ~qj2 can be identified as [33,36]

j ~qj2 ¼ jh0j�
y�ð� i

2D
$Þ2c jc ð3S½1�1 Þij

jh0j�y�c jc ð3S½1�1 Þij

¼ h0jP
J=c ð3S½1�1 Þj0i

h0jOJ=c ð3S½1�1 Þj0i
½1þOðv4Þ�: (14)

Then the amplitude squared defined in Eq. (6) up to Oðv2Þ
is

X jMj2 ¼M�ð0ÞM	�ð0ÞX ���
�
	

þ 1

6
j ~qj2

��
��� @2M�

@q�@q�

���������q¼0
M	�ð0Þ

þ
�
��� @2M	�

@q�@q�

���������q¼0
M�ð0Þ

�X
���

�
	

þOðv4Þ: (15)

The heavy quark and antiquark are taken to be on shell,
which means that P � q ¼ 0, and then gauge invariance is
maintained. The polarization sum in Eq. (15) is

X
���

�
	 ¼ �g�	 þ

P�P	

P2
: (16)
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It is clearly seen that the polarization sum above only
contains even order powers of four momentum q, therefore
it will make a contribution to the relativistic correction at
Oðv2Þ in the first term on the right-hand side of Eq. (15)
when the contraction over indices � and 	 is carried out.
However, since the second term on the right-hand side of
Eq. (15) already has a term proportional to q2, i.e. j ~qj2, the
four momentum q can be set to zero throughout the index

contraction. Then we have

X jMj2 ¼ Aþ Bj ~qj2 þOðv4Þ; (17)

where A and B are independent of j ~qj. By comparing
Eqs. (4) and (6), we obtain the short-distance coefficients
shown explicitly below. The leading-order one is

Fð3S½1�1 Þ
m2

c

¼ 1

16�s2
1

64

1

4

1

2Nc

1

3
A

¼ 1

16�s2
1

64

1

4

1

2Nc

1

3
ð4��sÞ35120mc½16ðs2 þ tsþ t2Þm4

c � 4ð2s3 þ 3ts2 þ 3t2sþ 2t3Þm2
c

þ ðs2 þ tsþ t2Þ2�=½9ðs� 4m2
cÞ2ðt� 4m2

cÞ2ðsþ tÞ2�; (18)

and the relativistic correction term is

Gð3S½1�1 Þ
m4

c

¼ 1

16�s2
1

64

1

4

1

2Nc

1

3
B

¼ 1

16�s2
1

64

1

4

1

2Nc

1

3
ð4��sÞ3ð�2560Þ½2048ð3s2 þ 2tsþ 3t2Þm10

c � 256ð5s3 � 2ts2 � 2t2sþ 5t3Þm8
c

� 320ð3s4 þ 10ts3 þ 10t2s2 þ 10t3sþ 3t4Þm6
c þ 16ð21s5 þ 63ts4 þ 88t2s3 þ 88t3s2 þ 63t4sþ 21t5Þm4

c

� 4ð7s6 þ 18ts5 þ 23t2s4 þ 28t3s3 þ 23t4s2 þ 18t5sþ 7t6Þm2
c

� stðsþ tÞðs2 þ tsþ t2Þ2�=½27mcð4m2
c � sÞ3ð4m2

c � tÞ3ðsþ tÞ3�: (19)

Each of the factors has its own origin: 1=16�s2 is
proportional to the inverse square of the Møller’s invariant
flux factor, 1=64 and 1=4 are the color average and
spin average of initial two gluons, respectively, 1=2Nc

comes from the color-singlet long-distance matrix element
definition in Eq. (3) with Nc ¼ 3, 1=3 is the spin
average for total spin J ¼ 1 states, and ð4��sÞ3 quantifies
the coupling in the QCD interaction vertices. Further-
more the variable u has been expressed in terms of s
and t through Eq. (11). To verify our results, we find
that those in Ref. [31] discussed for J=c photoproduction
are consistent with ours under replacement ð4��Þe2c !
ð4��sÞ, and the result in Ref. [37] agrees with ours
at leading order after performing the polarization
summation.

B. Nonperturbative long-distance matrix elements

The long-distance matrix elements may be determined
by potential model [25,36] or lattice calculations [38], and
by phenomenological extraction from experimental data.
Here we first extract the decay matrix elements from
experimental data. Up to NLO QCD and v2 relativistic
corrections, decay widths of the color-singlet J=c to light
hadrons (LH) and eþe� can be expressed analytically as
follows [33]:

�½J=c ! LH� ¼ FLHð3S½1�1 Þ
m2

c

hHjOJ=c ð3S½1�1 ÞjHi

þGLHð3S½1�1 Þ
m4

c

hHjP J=c ð3S½1�1 ÞjHi;

�½J=c ! eþe�� ¼ Feþe�ð3S½1�1 Þ
m2

c

hHjOJ=c ð3S½1�1 ÞjHi

þGeþe�ð3S½1�1 Þ
m4

c

hHjP J=c ð3S½1�1 ÞjHi;

(20)

where the short-distance coefficients are [33]

FLHð3S½1�1 Þ¼
ðN2

c�1ÞðN2
c�4Þ

N3
c

ð�2�9Þ
18

�3
sð2mcÞ

�
�
1þð�9:46CFþ4:13CA�1:161NfÞ�s

�

�

þ2�e2Q

�XNf

i¼1
Q2

i

�
�2
e

�
1�13

4
CF

�s

�

�
;

GLHð3S½1�1 Þ¼�
5ð19�2�132Þ

729
�3
sð2mcÞ;

Feþe�ð3S½1�1 Þ¼
2�e2Q�

2
e

3

�
1�4CF

�sð2mcÞ
�

�
;

Geþe�ð3S½1�1 Þ¼�
8�e2Q�

2
e

9
:

(21)
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Then, the production matrix elements can be related to the
decay matrix elements through vacuum saturation approxi-
mation

h0jOJ=c ð3S½1�1 Þj0i ¼ ð2J þ 1ÞhHjOJ=c ð3S½1�1 ÞjHi
� ½1þOðv4Þ�

¼ 3hHjOJ=c ð3S½1�1 ÞjHi½1þOðv4Þ�: (22)

Combining the above equations and the experimental data
in [28], i.e., �½J=c ! LH� ¼ 81:7 KeV and �½J=c !
eþe�� ¼ 5:55 KeV and excluding the NLO QCD radiative
corrections in (21), we get the solutions accurate at leading
order in �s

h0jOJ=c ð3S½1�1 Þj0i ¼ 0:868 GeV3;

h0jP J=c ð3S½1�1 Þj0i ¼ 0:190 GeV5;
(23)

and the enhanced matrix elements accurate up to NLO in
�s can be obtained by including NLO QCD radiative
corrections in (21)

h0jOJ=c ð3S½1�1 Þj0i ¼ 1:64 GeV3;

h0jP J=c ð3S½1�1 Þj0i ¼ 0:320 GeV5:
(24)

The strong coupling constant evaluated at the charm quark
mass scale is �sð2mcÞ ¼ 0:250 for mc ¼ 1:5 GeV. The
other input parameters are chosen as follows: the QCD
scale parameter �QCD ¼ 392 MeV, the number of quarks

with mass less than the energy scale mc is Nf ¼ 3, color

factor CF ¼ 4=3 and CA ¼ 3, the electric charge of the
charm quark is eQ ¼ 2=3,Qi are the electric charges of the

light quarks and fine structure constant �e ¼ 1=137. Our
numerical values for the production matrix elements

h0jOJ=c ð3S½1�1 Þj0i and h0jP J=c ð3S½1�1 Þj0i are accurate up to

NLO in v2 with uncertainties due to experimental errors
and higher order corrections.

C. Cross sections for pþ �pðpÞ ! J=c þ X and phase
space integration

Based on the results obtained for the subprocess gþ
g! J=c þ g we further calculate the production cross
sections and relativistic corrections in the process pþ
�pðpÞ ! J=c þ X, which involves hadrons as the initial
states. In order to get the cross sections at the hadron level,
the partonic cross section defined in Eq. (6) has to be
convoluted with the parton distribution function (PDF)
fg=pðx�Þ, where x� denotes the fraction of the proton or

antiproton beam energy carried by the gluons.
We will work in the p �p center-of-mass (CM) frame and

denote the p �p energy by
ffiffiffi
S
p

, the rapidity of J=c by yC,
and that of the gluon jet by yD. The differential cross
section of pþ �pðpÞ ! J=c þ X can be written as [39]

d3�ðpþ �pðpÞ ! J=c þ XÞ
dp2

t dyCdyD

¼ xþfg=pðxþÞx�fg= �pðpÞðx�Þ d�ðgþ g! J=c þ gÞ
dt

;

(25)

where

x� ¼ mC
t expð�yCÞ þmD

t expð�yDÞffiffiffi
S
p ; (26)

with the transverse mass mC;D
t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

C;D þ p2
t

q
, the meson

mass mC ¼ 2mc, the gluon mass mD ¼ 0, and the trans-
verse momentum pt. The Mandelstam variables can be
expressed in terms of pt, yC, and yD

s ¼ xþx�S; t ¼ �p2
t �mC

t m
D
t expðyD � yCÞ;

u ¼ �p2
t �mC

t m
D
t expðyC � yDÞ:

(27)

The accessible phase space puts kinetic constraints on
variables pt, yC, and yD for a fixed value of two colliding

hadron center-of-mass energy
ffiffiffi
S
p

0 � pt � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	ðS;m2

C;m
2
DÞ

S

s
;

jyCj � Arcosh
Sþm2

C �m2
D

2
ffiffiffi
S
p

mC
t

;

� ln

ffiffiffi
S
p �mC

t expð�yCÞ
mD

t

� yD � ln

ffiffiffi
S
p �mC

t expðyCÞ
mD

t

;

(28)

where 	ðx; y; zÞ ¼ x2 þ y2 þ z2 � 2ðxyþ yzþ zxÞ. The
distribution over pt of the differential cross section can
be obtained after phase space integration.

III. NUMERICAL RESULTS AND ANALYSIS

The CTEQ6 PDFs [40] are used in our numerical cal-
culation. We present the distribution of J=c production
differential cross section d�=dpt over pt at the Tevatron

with
ffiffiffi
S
p ¼ 1:96 TeV and at the LHC with

ffiffiffi
S
p ¼ 14 TeV

in Figs. 2–5. The solid line represents the distribution at
leading order in Oðv2Þ, and the dotted line describes the
relativistic correction at next-to-leading order in Oðv2Þ
(excluding the leading-order result). The long-distance
matrix elements are accurate up to leading order in �s

from Eq. (23) or next-to-leading order in �s from
Eq. (24). The variable pt is set to be from 5 GeV to
30 GeV (50 GeV) for the Tevatron (LHC), and the distri-
butions are depicted in logarithm unit along the vertical
axis. All curves decrease rather rapidly as the transverse
momentum pt increases, and the leading-order d�=dpt

behavior is not changed by the relativistic corrections. It
can be seen that the ratio of relativistic correction to
leading-order term is 1% or so, and less than 2%, which
is insignificant and negligible.
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The tiny effect of relativistic corrections is partly due to
the smallness of the short-distance coefficient correction.
In fact, the ratio of the NLO short-distance coefficient to
the LO one from Eqs. (18) and (19) can be expanded as a
series of the small quantity mc, as compared with

ffiffiffi
s
p

, and
this series reduces to a fixed small number 1

6 if only the

leading-order term is kept, i.e.,

Gð3S½1�1 Þ
Fð3S½1�1 Þ

! 1

6
; as

2mcffiffiffi
s
p ! 0;

2mcffiffi
t
p ! 0: (29)

Together with the suppression from long-distance matrix
elements, the tiny effect of relativistic corrections can be
accounted for. Our results for relativistic corrections in the
process pþ �pðpÞ ! J=c þ X are similar to that in the

J=c photoproduction process discussed in Ref. [31].
These results may indicate that the nonrelativistic approxi-
mation in NRQCD is good for charmonium production at
high energy collisions, and relativistic corrections are not
important. This is in contrast to the case of double char-
monium production in eþe� annihilation at B factories,
where relativistic corrections may be significant.

IV. SUMMARY

In this paper, relativistic corrections to the color-singlet
J=c hadroproduction at the Tevatron and LHC are calcu-
lated up to Oðv2Þ in the framework of the NRQCD facto-
rization approach. The perturbative short-distance
coefficients are obtained by matching the full QCD differ-

FIG. 3. The pt distribution of d�ðpþ �p! J=c þ XÞ=dpt

(with enhanced matrix elements) at the Tevatron with
ffiffiffi
S
p ¼

1:96 TeV. The Oðv0Þ and Oðv2Þ results are represented by the
solid and dotted lines, respectively.

FIG. 4. The pt distribution of d�ðpþ p! J=c þ XÞ=dpt at
the LHC with

ffiffiffi
S
p ¼ 14 TeV. The Oðv0Þ and Oðv2Þ results are

represented by the solid and dotted lines, respectively.

FIG. 5. The pt distribution of d�ðpþ p! J=c þ XÞ=dpt

(with enhanced matrix elements) at the LHC with
ffiffiffi
S
p ¼

14 TeV. The Oðv0Þ and Oðv2Þ results are represented by the
solid and dotted lines, respectively.

FIG. 2. The pt distribution of d�ðpþ �p! J=c þ XÞ=dpt at
the Tevatron with

ffiffiffi
S
p ¼ 1:96 TeV. The Oðv0Þ and Oðv2Þ results

are represented by the solid and dotted lines, respectively.
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ential cross section with the NRQCD effective field theory
calculation for the subprocess gþ g! J=c þ g. The
nonperturbative long-distance matrix elements are ex-
tracted from experimental data for J=c hadronic and
leptonic decay widths up to Oðv2Þ with an approximate
relation between the production matrix elements and decay
matrix elements. Using the CTEQ6 parton distribution
functions, we then calculate the LO production cross sec-
tions and relativistic corrections for the process pþ
�pðpÞ ! J=c þ X at the Tevatron and LHC. We find that
the Oðv2Þ relativistic corrections to the differential cross
sections over a wide range of large transverse momentum
pt are tiny and negligible, only at a level of about 1%. The
tiny effect of relativistic corrections is due to the smallness
of the short-distance coefficient correction and the sup-
pression from long-distance matrix elements. These results

may indicate that the nonrelativistic approximation in
NRQCD is good for charmonium production at high en-
ergy hadron-hadron collisions, and relativistic corrections
cannot offer much help to resolve the large discrepancy
between the leading-order prediction and experimental
data for J=c production at the Tevatron. Other mecha-
nisms such as those suggested in [41–43] may need to be
considered, aside from higher order QCD contributions.

ACKNOWLEDGMENTS

We would like to thank Dr. Ce Meng for reading the
manuscript and helpful discussions. This work was sup-
ported by the National Natural Science Foundation of
China (No. 10675003, No. 10721063) and the Ministry
of Science and Technology of China (2009CB825200).

[1] G. T. Bodwin, E. Braaten, and G. P. Lepage, Phys. Rev. D
51, 1125 (1995); 55, 5853(E) (1997).

[2] Han-Wen Huang and Kuang-Ta Chao, Phys. Rev. D 54,
3065 (1996); 56, 7472(E) (1997); 55, 244 (1997); 54, 6850
(1996); 56, 1821(E) (1997).

[3] A. Petrelli, M. Cacciari, M. Greco, F. Maltoni, and M. L.
Mangano, Nucl. Phys. B514, 245 (1998).

[4] Zhi-Guo He, Ying Fan, and Kuang-Ta Chao, Phys. Rev.
Lett. 101, 112001 (2008).

[5] Ying Fan, Zhi-Guo He, Yan-Qing Ma, and Kuang-Ta
Chao, arXiv:0903.4572.

[6] E. Braaten and S. Fleming, Phys. Rev. Lett. 74, 3327
(1995).

[7] CDF Collaboration, Phys. Rev. Lett. 99, 132001 (2007).
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[30] R. Mertig, M. Böhm, and A. Denner, Comput. Phys.
Commun. 64 345 (1991).

[31] C. B. Paranavitane, B. H. J. McKellar, and J. P. Ma, Phys.
Rev. D 61, 114502 (2000).

[32] Eric Braaten and Yu-Qi Chen, Phys. Rev. D 54, 3216
(1996).

[33] G. T. Bodwin and A. Petrelli, Phys. Rev. D 66, 094011
(2002).

[34] W.-Y. Keung and I. J. Muzinich, Phys. Rev. D 27, 1518
(1983).

[35] C.-H. Chang, J.-X. Wang, and X.-G. Wu, Phys. Rev. D 70,
114019 (2004).

[36] G. T. Bodwin, H. S. Chung, D. Kang, J. Lee, and C. Yu,
Phys. Rev. D 77, 094017 (2008).

[37] A. K. Leibovich, Phys. Rev. D 56, 4412 (1997).

RELATIVISTIC CORRECTION TO J=c PRODUCTION . . . PHYSICAL REVIEW D 79, 114009 (2009)

114009-7



[38] G. T. Bodwin, D.K. Sinclair, and S. Kim, Int. J. Mod.
Phys. A 12, 4019 (1997).

[39] M. Klasen, B. A. Kniehl, L. Mihaila, and M. Steinhauser,
Nucl. Phys. B609, 518 (2001).

[40] J. Pumplin, D. R. Stump, J. Huston, H. L. Lai, P. Nadolsky,
and W.K. Tung, J. High Energy Phys. 07 (2002) 012.

[41] H. Haberzettl and J. P. Lansberg, Phys. Rev. Lett. 100,
032006 (2008).

[42] J. P. Lansberg, J. R. Cudell, and Yu. L. Kalinovsky, Phys.
Lett. B 633, 301 (2006).

[43] G. C. Nayak, J.-W. Qiu, and G. Sterman, Phys. Rev. Lett.
99, 212001 (2007).

YING FAN, YAN-QING MA, AND KUANG-TA CHAO PHYSICAL REVIEW D 79, 114009 (2009)

114009-8


