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Concerning gauge field fluctuations around classical configurations
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We treat the fluctuations of non-Abelian gauge fields around a classical configuration by means of a
transformation from the Yang-Mills gauge field to a homogeneously transforming field variable. We use
the formalism to compute the effective action induced by these fluctuations in a static background without

Wu-Yang ambiguity.
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The response of quanta to classical gauge fields is a
fundamental issue of continuing phenomenological and
theoretical interest in Abelian and non-Abelian field theo-
ries. The canonical example is the production of electron-
positron pairs in strong photon fields [1] which among
other effects is about to be tested with ultra strong light
sources [2]. It is one thing if the aforementioned quanta are
matter particles like fermions or scalars and another if they
are fluctuations of the gauge field around its expectation
value: As the entire gauge field does not transform homo-
geneously under gauge transformations, at variance with
the matter fields, keeping track of gauge invariance when
handling the fluctuations has an extra twist to it. At leading
order this is only important for self-interacting, i.e., non-
Abelian fields. One way is to use the Faddeev-Popov
approach, especially in conjunction with the background
field method [3]. Here, we will use another approach based
on a transformation from the vector gauge field Aj, to an
antisymmetric tensor variable BY, ,, passing via a first-order
formulation. By, transforms homogeneously under gauge
transformations. We derive the general formalism and then
compute the effective Lagrangian for an example. Before
we delve into the non-Abelian case we first take a look at
the Abelian, where B, is even gauge invariant.

Abelian. The partition function of quantum electrody-
namics coupled to an external source J* is given by

1

Z= f [dA][dl,l/][dJ/]exp{i f d4x|:—ZFM,,FW

+p(ip = myy - 4,0 M)
where F,, = d,A, — d,A, represents the field tensor, A,
the gauge field, D, = 9, — igA, the covariant derivative,

g the coupling constant, m the fermion mass, and /¢ the
fermion fields. Integrating out A, leads to

2= [layapiewli [axtaas-mul]
X exp{ifd4xd4y|:—%(gl_ﬂyﬂ¢ —J,)x)

XTH (x = y) gy, b — JV)(y)]}, ()
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where I'*”(x — y) stands for the photon propagator in
some gauge. = indicates that the normalization was
changed in that step. The terms in the second exponential
describe single-photon exchange and couple the fermions
to the background. The stationarity condition for ¢ yields
the Dirac equation for ¢ in the background A ,, (i D -
m)y = 0, where D, stands for the covariant derivative on
A .. The latter is the solution of the stationarity condition

for A, in the action in Eq. (1),

A Fr =J" =gy, 3)

where F,, is the field tensor on the classical solution.

We replace the gauge field by an antisymmetric tensor
field B,,. This is achieved by multiplying Eq. (1) by a
Gaussian integral over B,,,, followed by a shift of B,,, by
the dual field tensor F*” = e*""\F,, /2,

Z= f [dA][dB][dglf][dJ/]exp{i [ d“x[—%BM,,B“”
— %BWFW + (P —m)yp — AMJ/‘]}. 4)

Postulating the gauge invariance of the BF term requires a
gauge invariant B,,. The stationarity conditions for A,
and B,,,,

GM@“”=J”—g17/7Vg[/ and B’“’=—j”“’, (5)

combine into Eq. (3), where B, is the classical value of
B,,,. Integrating out A, in Eq. (4) yields

z= [ [dBIdy dF16(0 B — 1" + giby" )

<epli [ = yBupe+ it - my ]} ©

which required no gauge fixing and yields a local result.
The first of Eq. (5) is now strictly enforced; it does not
merely give the most probable configuration, but the only
allowed configuration. This constraint can be used to
eliminate B, from the partition function, such that

B,, =

€eum [ dyS<(x = YU — gIy )0), ()

N[ =
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where in momentum space SK(p) = ip*p~? with an ap-
propriate pole prescription. Replacing B,,,, in the exponent
of Eq. (6) by Eq. (7) leads to Eq. (2) with I'*” transverse,
which corresponds to the Landau gauge.

The 6 constraint in Eq. (6) eliminated B ,,,, resulting in a
theory of interacting fermions, reproducing Eq. (2), but
without fixing a gauge.

Non-Abelian. Consider the generating functional for a
Yang-Mills (YM) field A§, coupled to an external source

J,
f[dA]epr: [d“ (—ZF;‘“,F““”

where F%, = d,A% — 0,A% + gf*°A AS stands for the
field tensor, g for the coupling constant, and f¢*¢ for the
antisymmetric structure constant of the gauge group. The
corresponding classical equations of motion read

Dzbj_‘h,uv — Jav’ (9)

Azﬂ#)], (8)

where D9’ represents the covariant derivative D4’ =
8%9, + gf A and F¢, the field tensor F4, both on
the classical solution A ¢ for the gauge field. We will now
split the gauge field according to A = A + af, and
introduce an antisymmetric tensor field in the same way as
in the previous section. Doing so yields Z in the so-called
first-order formalism [4]

[ [dal[dB] exp[ [ dx ( J BB
1~
— 3 B P Azjau)]. (10)

A homogeneously transforming B, — UB,,U t, leads to
a gauge invariant action, for Ji; = 0. Integrating out aj, we
find

[[dB]Det (I/Z)Bexp{ /d“ [

— EBZ«V-T(HLV — JfZl;zLJa,u

7 Bl B

+ 5(Dt’zc‘l}'ck,u, _ Jay,)(B*l)ZbV(@l)JldB'dAv _ Jbv):l}’

(In

where B, = gB%, f¢*¢ and
Det ~(1/2B = f[d{] exp[—% fd“x({““ij’,,g“b”)].

With the decomposition BY,, = b{,, — F vy and making
use of Eq. (9), we obtain

z=2 / [db]Det= /2 (b + F) exp(i f d%{—%b‘;,,b“/“’

+ %(DiCBCKM)[(I) + [F) 17ab (Dbdbd/\u)}) (12)
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where Z = expli [d*x(— F4,Forr — A JH)],
B, = b, f, and P, = g 4, 1%,

Carrying out a gauge transformation U of the back-
ground J, — UJ,U' leads to D, — UD,U" and
Fuv— UF LU t. The gauge transformations U that
then appear in Z can be removed by the same unitary
transformation of the integration variable b,, —
Ub/“,UT. Consistently, F,, + l;/“, =B, — UBM,,UT.
Z is unaffected. Let us call these type IB gauge
transformations.

The generating functional is invariant as long as the total
B,, =b,, — F uv transforms homogeneously. This re-
mains true especially for what one could call a type IIB
transformation, where the background is left invariant and
the fluctuation field accounts for the entire transformation,
b,,— Ub,, — j-"w,)wL + j:;w After such a transfor-
mation, however, the transformed b{,, field is in general
not a pure fluctuation field anymore; 1t obtains an expec-
tation value —U fM,,U + fw A redecomposition into a
true expectation value and true fluctuations would reverse
this transformation.

In the background field method [3,5], the gauge fixing
term reads — (D4 a"#)(Diac)/(2£) and is gauge invari-
ant under type IA gauge transformations, D, — UD,U"
and a, — Ua,U t. Likewise, type IIA transformations
leave the background A¢, invariant and a,, — UD,U t—
fDM. Again here, aj, after the latter transformation has, in
general, an expectation value and is consequently not a
pure fluctuation field anymore. The aforementioned redec-
omposition would undo the type IIA transformation.

In both cases the actions are manifestly gauge invariant
under type I gauge transformations. Type II transforma-
tions necessitate a redecomposition into expectation value
and fluctuations. In any case taking the contribution to a
quantity from the background and the fluctuation field
together admits finding a result invariant under both types
of gauge transformations. A main difference of the B,
with respect to the A¢, field description is the absence of an
explicit gauge fixing term and consequently of ghost terms
in the former.

The stationarity condition is derived by variation with
respect to by g,

0= —peaB — Dieea,BK,u,[(b + [’:)*1 zby(@ﬁdl;)\v)

— S (DB (o + )L s eosor
X [(0 + F)~' 5 (DbdpM). (13)

[The determinant term does not contribute at this level as
varying with respect to % implies {*#(b + F)4, = 0.]
Only if it has the solution bf,,, = 0 can b{,, be treated as
pure fluctuation. Otherwise, the appropriate expansion
point, i.e., the correct vacuum, has to be determined by
finding the solution of the previous equation. Remarkably,
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in that case, the expansion point would be different from

‘.v» the one in the vector field formulation of YM theory.
Situations where detF = 0, are problematic in this respect
because there Eq. (13) is ill-defined at b%;,, = 0. Among the
settings belonging to this group is the trivial, i.e., back-
ground field free case. In this context this coincides with
the observation that the zero field vacuum in YM theories
is unstable [6]. One may wonder, how the standard high-
energy perturbative treatment comes about in the present
formalism. There, at least initially, YM theory looks almost
Abelian. Here, for g — 0 (and without background) the
Gaussian made up by the last term in the generating func-
tional (11) goes to a & distribution and imposes several
color copies of the Maxwell equation as seen in the pre-
vious section in the Abelian case. [7]

There are also nonzero configurations with detF = 0: F
is in the adoint representation. Hence, each Lorentz com-
ponent alone has zero eigenvalues. Therefore, to have
detF # O one needs several Lorentz components whose
eigenvectors belonging to the zero eigenvalues are mis-
aligned. Thus, field configurations with a single Lorentz
component have necessarily detF = 0. Among these are
Coulomb fields, also those boosted onto the light cone.
Their application to the description of the initial condition
of heavy-ion collisions gives rise to instabilities [8].

The customary generalization of effective actions [1] in
the presence of constant external field tensors to the non-
Abelian case [9] proceeds via covariantly constant fields
D Fb,=0VA, u, v. They are effectively quasi-
Abelian and lead to a result analogous to the Abelian.
They also have detlF = 0. This condition is also a necessary
condition for a Wu-Yang ambiguity [10] to appear in four
dimensions [11]. A Wu-Yang ambiguous field tensor can
be realized by different gauge field configurations, which
are not gauge equivalent. This implies that in such cases
not all information about the system or its background is
contained in the field tensor. The covariant derivative con-
tains more information than its commutator. Thus, one can
also understand why the factor Det™ /2B appears as
Jacobian in the measure when translating the YM generat-
ing functional Z from a vector to an antisymmetric tensor
field representation [4,12]: B¢, is the conjugate of F¢,.
Where the field tensor does not allow to reconstruct the
system uniquely, but the vector potential would, the
Jacobian becomes singular. One particular quantity which
differs for gauge inequivalent gauge field realizations for
the same field tensor is the YM current Jy,. In our case the
full information about the system is communicated from
the Aj, to the BY,, representation through said Ji; and the
(classical) covariant derivative TD;‘[’ . [See Eq. (11).] A
further conclusions [13] is that in the presence of a Wu-
Yang ambiguous background not all observables can be
expressed in terms of invariants [14] constructed merely
from 9.

Let us take a look at an example where the classical field
has detl # 0 for which we would like to calculate the
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effective action induced by the fluctuations. For tractability
we choose a three-dimensional Euclidean system with an
SU(2) gauge group. We start out with a generating func-
tional coupled to an external source just like at the begin-
ning of this section, separate off the fluctuations of the
vector gauge field around the background, and translate
into a representation based on the variables EY,, the three-
dimensional analogue of Bf,,. As counterpart to Eq. (11)

we find

1
Z= [ [dEIDet™1/2E exp{ [ d3x[— S ELE;,

1.
__Ea a

o Fur ﬂi’ﬂﬁ

1 ~ B -
+ 3 DBy, — IDENLOYE, -]l a4
where E‘f&,, = i€,,,E% and Eb5, = gE¢,, €. The decom-
position EY, = &}, + F9, gives

7= Z'/-[de]Det*(l/z)(e +F) exp(/d3x{— %e;ﬂez
1
+ 5 (D, )l + DD, }) (15)

Thus, in momentum space, for a constant background the

fluctuation operator for ef, reads

(Gt = 885,53 — (87 p, +ige? Al)eqny
X (F145,(6%py +ige“ A€, pp.  (16)

Based on it we would like to calculate the effective
Lagrangian

1
M = 2y
£ 2?11(1)

f dp FG~'(p)

2o M Ehe, ()

It is normalized with respect to the free part, which is
obtained from the expression in the full background field
by the rescaling A¢, — & A and taking & to zero at the
end. The factors of [ stem from the {f integration.

For tractability we specialize to A} = A3 = A3 =
A and zero otherwise, corresponding to F3, = Fly =
Fi =g AA=FadJ =J3=J3=-28AAA.
We find for the determinant

det(G™1G, /&%) = e 10(p* + 2 FI*)(p* + 12> FI*) .
For £ this leads to

d 2 ‘28 F I
£~ fim Ipllpzl (lnlpl |4gf| —11’1810).
e=0J (2m) 0l

The integral is IR finite and UV divergent (the last term).
After removing the divergent part (and taking the now
trivial & — 0 limit) LV = |g F|3/2/(3 ).

The F dependent prefactor has its origin in the covariant
derivative and the momentum integral. When rescaling
every momentum by |g F|'/? the measure picks up a factor

7)
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of |g F|%? in d dimensions. The remaining integral is field
independent. In four dimensions this amounts to a factor
~g? vy Thus, a divergent contribution from the
integral can be handled by renormalization. The factor of
|g F|9/% is known from the strong field/massless limit of
Abelian effective actions induced by scalars or fermions in
constant fields [15].

In conclusion, we have analyzed fluctuations of gauge
field around a classical configuration by means of a trans-
formation from the inhomogeneously transforming vector
gauge field to a homogeneously transforming antisymmet-
ric tensor field. In the Abelian case this procedure yields
the same result as if one integrated out A, in Landau
gauge, with the difference that no gauge is specified.

For non-Abelian fields the fluctuation analysis proceeds
also without the introduction of a gauge or ghosts. It leads
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to the ~|gF|%? behavior of the effective action in d
dimensions. We checked this explicitly for a static back-
ground without Wu-Yang ambiguity. For four dimensions
this indicates a dependence ~g> G F4*Y permitting the
treatment of infinite contributions by renormalization.

Additionally, in the By, field formulation, the criterion
detF = 0 marks background fields that give rise to insta-
bilites, e.g., no field or a Coulomb field, which links them
to Wu-Yang ambiguities.

It would be interesting to recast the present approach in
the framework of the worldline formalism [16].
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