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Inhomogeneous condensates in the thermodynamics of the chiral NJL, model
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We analyze the thermodynamical properties, at finite density and nonzero temperature, of the (1 + 1)
dimensional chiral Gross-Neveu model (the NJL, model), using the exact inhomogeneous (crystalline)
condensate solutions to the gap equation. The continuous chiral symmetry of the model plays a crucial
role, and the thermodynamics leads to a broken phase with a periodic spiral condensate, the ‘“chiral
spiral,” as a thermodynamically preferred limit of the more general “twisted kink crystal’’ solution of the
gap equation. This situation should be contrasted with the Gross-Neveu model, which has a discrete chiral
symmetry, and for which the phase diagram has a crystalline phase with a periodic kink crystal. We use a
combination of analytic, numerical, and Ginzburg-Landau techniques to study various parts of the phase

diagram.
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I. INTRODUCTION

The phase diagram of interacting fermion systems at
finite density and temperature is a general problem with
applications in a wide range of physical contexts. Well-
studied examples include the Peierls-Frohlich model of
conduction [1], the Gorkov-Bogoliubov-de Gennes ap-
proach to superconductivity [2], and the Nambu-Jona-
Lasinio (NJL) model of symmetry breaking in particle
physics [3]. Strongly interacting theories such as quantum
chromodynamics (QCD) exhibit a rich phase diagram
structure [4—6]. It is known that chiral symmetry plays a
key role, and computationally the large N, and large N,
limits must be addressed carefully [7,8]. A (1 + 1)-
dimensional version of the NJL model, the NJL, model
[also known as the chiral Gross-Neveu model, yGN,] is of
interest because it captures some important features of
QCD, such as asymptotic freedom, dynamical mass gen-
eration, a large N limit, and the breaking of a continuous
chiral symmetry [9-12]. In this paper, we use the exact
crystalline solutions to the associated gap equation, found
recently in [13,14], to study the temperature-density phase
diagram of this NJL, system. The result of our thermody-
namical analysis confirms the physical picture proposed in
[15] that there is a phase transition at a critical temperature
T, from a massless phase to a broken phase with a helical
condensate (the ‘““chiral spiral”), of the complex Larkin-
Ovchinikov-Fulde-Ferrell (LOFF) form. The resulting
phase diagram (see below, Fig. 5), is very different from
that of the nonchiral Gross-Neveu (GN,) model, which has
just a discrete, rather than continuous, chiral symmetry. In
the GN, model there is also a region of the phase diagram
with a crystalline order parameter [16], but the structure of
the phase diagram is very different (see below, Fig. 7). This
crystalline phase of GN, has been clearly seen in a recent
lattice analysis [17], extending an important earlier lattice
analysis [18]. In this paper, we explain in detail the role of
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the chiral symmetry (continuous versus discrete) in deter-
mining the form of the phase diagram. The chiral spiral
phase of the NJL, model has also been studied in the anti-
de Sitter/QCD framework [19]. These one dimensional
models are of course simplified models of more realistic
(3 + 1)-dimensional systems, but important lessons can
still be learned concerning the appearance of crystalline
structures in the phase diagram [20,21]. Furthermore, their
solubility permits a detailed study of the relation between
real and imaginary chemical potential [22].

Our analysis is ultimately based on solving the gap
equation for inhomogeneous condensates. Initially, the
phase diagram of the NJL, and GN, models was studied
assuming homogeneous condensates [23,24], but this as-
sumption does not capture certain aspects of the true
physical phase diagram [16-18]. Of course, finding inho-
mogeneous solutions to the gap equation is a much more
difficult technical problem, but the massless NJL, and GN,
models have remarkable symmetry properties that enable
one to find the general periodic condensate solutions
[13,14]. This fact is due to a deep connection between
the Bogoliubov-de Gennes effective Hamiltonian of the
NJL, system, and certain one dimensional integrable hier-
archies [25-27]. These exact solutions are characterized by
a finite number of parameters, and to describe the phase
diagram one must minimize the thermodynamical grand
potential with respect to these parameters in order to
determine the form of the condensate in a given region of
the (T, u) plane. This thermodynamical analysis is per-
formed in this paper.

In Sec. II, we briefly review the analytical solution of the
inhomogeneous gap equation. In Sec. III, we identify the
special role played by rescaling and phase rotation sym-
metries in the NJL, model. The thermodynamics of the
NJL, model is discussed in terms of a spiral condensate in
Sec. IV and in terms of the general twisted kink crystal in
Sec. V. In Sec. VI, we contrast this analysis with the case of

© 2009 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.79.105012

BASAR, DUNNE, AND THIES

the GN, model, which has just a discrete chiral symmetry.
In Sec. VII, we apply a Ginzburg-Landau analysis to study
the region of the phase diagrams of both the GN, and NJL,
models, in the vicinity of the relevant “tricritical point.”
We conclude with a summary of our results and a discus-
sion of the implications for more complicated models.

II. SOLVING THE INHOMOGENEOUS GAP
EQUATION

The NJL, model is described by the following (1 + 1)-
dimensional Lagrangian with both scalar and pseudoscalar
four-fermion interaction terms:

2
<. g 5 <.
Ly = ¢idyp + 7[(1#!#)2 +(@iyy)rl @21
This model has a continuous chiral symmetry: ¢ —
eWS“w. The GN, model has just the scalar four-fermion
interaction term:

2
= iy + S LD 22)
and has a discrete chiral symmetry: % — > . We study
these models in the large N limit where the semiclassical
approximation applies and chiral symmetry breaking can
be studied [28,29].

By a Hubbard-Stratonovich transformation, the four-
fermion interaction terms can be expressed in terms of
scalar and pseudoscalar bosonic condensate fields, 2 and
IT (respectively), which are conveniently expressed in
terms of a complex condensate field: A = 3 — iIl. For
GN, we only have 3, and so the condensate field A is real.
The general NJL, system can be described equivalently by
the effective Lagrangian:

= ol _l . _l S)A
£ =gl =50 =998 =5+ o
1
—_IAP, 2.3)

which is now quadratic in the fermion fields. The corre-
sponding single-particle fermionic Hamiltonian is

sd 1 1 .
H= —zySEJr y°<§(1 —¥)A + 5(1 +y3)A )
(2.4)

With the choice of the Dirac matrices as yy = o, y| =
—io,, and y° = o5, the Hamiltonian (2.4) takes the form:

—l”i A(x)
H= (A*(‘fc) il )

dx

(2.5)

This Hamiltonian is also known as the Bogoliubov-
de Gennes (BdG) (or Andreev) Hamiltonian in the super-
conductivity literature [2,30].
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There are two equivalent perspectives on studying the
semiclassical gap equation for static condensates. The first,
a Hartree-Fock approach, is to solve the single-particle
equation (the Bogoliubov-de Gennes equation)

Hiy = EY

subject to the consistency condition relating the condensate
field to the expectation values of the scalar and pseudosca-
lar fermionic bilinears:

() — iy’ ) = —A/g>

This gap equation is obtained by varying the effective
action (per fermion flavor) and is exact at large N;. In
this second, functional, approach one integrates out the
fermionic field in (2.3) and obtains an effective action
(per fermion flavor) for the condensate field:

(2.6)

2.7

Ser[A]= —%N fdleAl2 —iln det[ié‘ - %(1 — YA
f

1
-5+ yS)A*]. 2.8)

The gap equation for the condensate field is obtained by
varying with respect to A*(x) to find the stationary points
of Scff[A]:

8Seff
5A*

B 2g (x)_’aA( )’

0=

In det[i,zf - %(1 — A

- 5(1 + yS)A(x)*:I. (2.9)
It is straightforward to solve this gap equation when the
condensate field A is uniform, but it is more technically
challenging to solve it for an inhomogeneous condensate
field A(x). Nevertheless, in one spatial dimension it is
possible to find the most general bounded quasiperiodic
solution to this gap equation [13,14]. The general solution
has the form of a “twisted kink crystal,” described below.

A useful quantity for solving the inhomogeneous gap
equation (2.9) is the resolvent R(x; E), the coincident-point
limit of the Gor’kov Green’s function G(x, y; E) corre-
sponding to the Hamiltonian (2.5)

R(x;E) = <x

T x>. (2.10)

For a static condensate the gap eq. (2.9) can be written as

A(x) = —iNyg*trp g[y°(1 + ¥°)R(x; E)] (2.11)
The solution of the gap equation relies on the remarkable
fact that in one spatial dimension the resolvent (itself a 2 X
2 matrix) must satisfy a simple first order matrix differen-
tial equation
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%R(x;E)a3=i|:(A£;x) __Ag)),R@] 2.12)

This equation is known as the Eilenberger equation in the
superconductivity literature [30,31], and as the Dickey
equation in mathematical physics [26,32]. The Dickey-
Eilenberger equation follows immediately from the fact
that the resolvent can be written as a product of two
linearly independent solutions:

1
R(x; E) = W(%‘ﬂg + Y yl)oy
where W = i(/T o, f,) is the Wronskian of two indepen-
dent solutions 1, of Hip = Ei.
The inhomogeneous gap Equation (2.9) can be solved by
the following simple ansatz [13,14] for the resolvent

a(E) + |AI>  b(E)A — iA’)
b(E)A* + iA*  a(E) + |A|?
(2.14)

where N (E), a(E), and b(E) are functions of the energy E,
and are to be determined. This particular ansatz is moti-
vated by the gap equation (2.11) that relates the off diago-
nal component of the resolvent with A. The ansatz (2.14)
automatically solves the diagonal part of the Eilenberger
equation (2.12), while the off diagonal part requires that the
condensate field A satisfy the complex nonlinear
Scrodinger equation (NLSE):

A" =2|AI’A + i(b(E) — 2E)A’ — 2(a(E) — Eb(E))A =0.
(2.15)

(2.13)

R(x:E) = N(E)(

The advantage of this ansatz approach is that the NLSE
(2.15) can be solved in closed form, and its general solution
has the form of a twisted kink crystal, described in detail in
[14] and summarized below in the next section. The
associated energy functions N (E), a(E), and b(E) are
simple functions of E. For the NJL, model, there is a
further consistency condition required to satisfy the gap
equation (2.11): for an inhomogeneous condensate, the part
of the off diagonal resolvent proportional to A’(x) must
vanish. This is explained in detail in Sec. VI.A of [14], in
particular, Eq. (6.2). Here we work at finite temperature
and nonzero density, which simply changes the meaning of
the energy trace, to include a Fermi-Dirac factor, when
computing the effective action. Thus, we obtain a condition
on the energy function N (E):

dE  N(E)

(2.16)
Here B = 1/T is the inverse temperature and w is the
chemical potential. This consistency condition imposes
one relation on the parameters describing the twisted
kink solution. With this consistency condition imposed,
the general inhomogeneous condensate A(x) satisfying
the NLSE (2.15) solves the gap equation (2.9).
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Given this exact solution A(x) to the gap equation (2.9),
it is also possible to find the exact single-particle solutions
to the BAG equation (2.6). Furthermore, the diagonal re-
solvent R(x; E) in (2.14) encodes all the relevant spectral
information. For example, the local density of states for
fermions in the presence of the condensate is given by

p( E) = % Imtry(R(x; E + i€)) 2.17)

where the matrix trace of the resolvent follows trivially
from the ansatz (2.14):

tr p(R(x; E)) = 2N (E)a(E) + |A)P).

Given the density of states p(E) = [dxp(x; E), all rele-
vant thermodynamic quantities, at finite temperature and
chemical potential, can be derived from the grand canoni-
cal potential

(2.18)

VAKX T, u] = —; f:o dEp(E)In(1 + e~ BE-w))

11 )
t o [ dx|A(x)|?.

Since we know p(E) exactly, we can analyze the thermo-
dynamical properties of this model precisely.

(2.19)

A. Twisted kink crystal condensate

The general solution to the NLSE (2.15) describes a
crystalline condensate [13,14]. It is a periodic array of
kinks that also rotate in the chiral plane, as illustrated in
Fig. 1. The single chirally-twisted kink was originally
found by Shei [11] using inverse scattering techniques,
and subsequently studied in a resolvent approach by
Feinberg and Zee [12]. The periodic array of such twisted
kinks can be expressed in terms of the elliptic functions:

oc(Mx + iK' —i6/2)
o(AAx + iK)o(i0/2)
X expliAAx(—il(if/2) + ins(i6/2))

+i673/2]

where sc = sn/cn, nd = 1/dn are Jacobi elliptic functions,
and the functions o and ¢ are the Weierstrass sigma and
zeta functions [33], chosen to have real and imaginary half
periods: w; = K(v), and w; = iK' = iK(1 — »). Here
K@) = [§ 72 at/N1 — vsin?t is the complete elliptic inte-
gral, and we use the standard notation that K'(v) = K(1 —

FIG. 1 (color online). The twisted kink crystal condensate of
(2.20), shown as the solid (red) curve. The (blue) skeleton
surface is shown just to illustrate the periodic amplitude modu-
lation and phase winding.

A(x) = — e A

(2.20)
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v). Both periods are therefore controlled by a single (real)
elliptic parameter 0 = » < 1. Note that n; = J(iK') is
purely imaginary. The parameter A sets the overall scale
of the condensate, and 1/A sets the length scale of the
crystal. Later, we will use units in which the vacuum mass
of the fermion is 1, so that A sets the scale relative to the
vacuum fermion mass. The angular parameter 6 takes
values in the range 6 € [0, 4K/(v)]. The (real) constant A
is a function of 6 and the elliptic parameter »:

A= A0, v) = —2isc(if/4; v)nd(i0/4; v). (2.21)

For brevity we will usually suppress the explicit depen-
dence of the elliptic functions on the elliptic parameter v.
The final parameter ¢ is a phase parameter that affects the
chiral angle through which the condensate rotates over one
period L = 2K

Alx + L) = e*?A(x);

R w0, 2%
o = K(=itti0/2) + ins(0/2) ~ 2+ 15)

(2.22)

where 1 = {(K) is real. Thus the general solution is
specified by four real parameters: a scale parameter A, a
phase parameter ¢, an angular parameter 6, and the elliptic
parameter v. These parameters also parametrize the energy
spectrum of fermions in such a condensate background,
which has two gaps, with band edges E; = E, = E; = E,
as shown in the first plot of Fig. 2:

Ei=q— A E, = q+ A(—1+2nc*(i6/4))

(2.23)
E; = q+ A(—1+ 2nd*(i0/4)) E,=q+ A

Thus, in terms of the single-particle fermion spectrum, the
role of the four parameters is as follows: A determines the
overall energy scale; g determines the overall offset; while
0 and v determine the location and width of the band that
lies in the gap between the “‘outer” edges E; and Ej. The
simple linear dependence of the energy spectrum on the
parameters A and g is a direct consequence of the form of
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the Hamiltonian (2.5), and reflects the important scale and
shift symmetry described in detail in Sec. III.

For the twisted kink crystal solution (2.20), the coeffi-
cients a(E) and b(E) in the NLSE (2.15) are simple poly-
nomials of E, with coefficients determined by the band
edges:

a(E) = 2E* — (i Ej)E + ;{(i E,,-)2 - i(E,- - Ej)z}
= = I<J

(2.24)

(2.25)

b(E) = 2E — (g E,)

Furthermore, the energy function N '(E) appearing in the
resolvent ansatz (2.14) also has a very simple form in terms
of the band edges:

N(E) = i . (2.26)

4\'“?:1(E - Ej)

Thus, we have an explicit exact expression for the density
of states of fermions in the presence of such a twisted kink
condensate field, following from the trace of the resolvent.
Within the bands:

(E)—i a(E)+/\2Z

Here we have defined the function Z(0, v) in terms of the
normalized average of |A(x)|? over one period:

(2.27)

76, v) = %(IA(x)IZ) = —A(6, u)2(:1>(ia/z) + %)
(2.28)

with P being the Weierstrass P function. Thus, the density
of states p(E) is an explicitly known function of the energy
E, depending parametrically on the four parameters A, g, 6,
and v that characterize the solution (2.20) to the gap

E, Ey=q+A Ey
Es3
q q q=0
E; B
E;
E, Er=q-2A E,

FIG. 2 (color online).
central value E = ¢, and the band edges E s forj=1..

The form of the single-particle fermion spectra for the general twisted kink crystal (first figure), showing the
.4. The second figure shows the special case of the spiral condensate, for

which the bound band merges with one of the continua. The third figure shows the spectrum for another special case, the real kink
crystal, which has a charge-conjugation symmetry, implying that the offset is ¢ = 0, and the spectrum is symmetric about 0. The
position of the bands within the gap, and their width, are controlled by the parameters € and v.
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equation. This parametric dependence enters through the
band edge energies E; in (2.23), and through the function Z
defined in (2.28).

B. Spiral condensate

An important special case of the general solution (2.20)
is the degenerate case when the bound band of the fermion
spectrum shrinks and merges with the upper or lower
continuum, so that the spectrum has just a single gap, as
shown in the second plot in Fig. 2. This occurs when the
angular parameter takes values at its extreme limits: § = 0
(which implies that £, = E5 = E,, so that the bound band
merges with the upper continuum), or § = 4K’ (which
implies that E; = E, = Ej, so that the bound band merges
with the lower continuum). The general twisted kink crys-
tal condensate (2.20) reduces to a single plane wave

A = \e?iax (2.29)

which is clearly a solution to the NLSE (2.15). For this
condensate the amplitude is constant, while the phase
rotates at a constant rate, set by ¢, as shown in Fig. 3.
The fermion energy spectrum has just one gap, of width
2\, centered at g; that is, the band edges lie at E; = g — A,
and £, = g + A. Correspondingly, the resolvent trace has
a simplified form, and the spectral function within the
continuum bands is simply:

1 |E—4]
pE) = —
TN = (E—q)
which we recognize as the spectral function of a constant
condensate A = A, shifted in energy by gq.

(2.30)

C. Real kink crystal

Another important special case of the general solution
(2.20) is the case where the condensate is real (relevant for
the GN, model), which implies that the BAG Hamiltonian
H in (2.5) has a charge-conjugation symmetry, {H, o,} =
0, which in turn implies that the fermionic spectrum is
symmetric, as shown in the third plot of Fig. 2. The band
edges reduce to

1_
El = _)l = _E4 Ez = _A< \/;) = _E3.

1+ /v
(2.31)

The phase parameter ¢ = 0, and further the angular pa-

R

FIG. 3 (color online). The spiral condensate of (2.29), shown
as the solid (red) curve. The (blue) skeleton surface is shown just
to illustrate the periodic phase winding. In contrast to the twisted
kink crystal in Fig. 1, for the spiral, the amplitude is constant.
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, -

FIG. 4 (color online). The real kink crystal condensate of
(2.32), shown as the solid (red) curve. The (blue) skeleton
surface is shown just to illustrate the periodic amplitude modu-
lation and phase winding. For this real kink crystal, the ampli-
tude vanishes each period, and the kink rotates through 7 (i.e.,
changes sign) each period.

rameter 6 takes its midpoint value # = 2K'(v). Thus the
real kink crystal is described by just two parameters, the
scale A and the elliptic parameter v:

NN 2Ax
Alx) = /\(1 n \/;) sn(1 A V)
. sn(Ax; 7) en(Ax; 7)

g dn(Ax; D) ’

4v
1+ >

The second form of A(x) in (2.32) is obtained from the first
form by a Landen transformation [33]. Over one period,

(2.32)

1%

L= %(”) the condensate changes sign (that is, it rotates
through an angle 2¢p = —r), as shown in Fig. 4. This
change of sign corresponds to the discrete chiral symmetry
of the GN, model, while the phase rotation (2.22) of the
general kink crystal condensate (2.20) is associated with
the continuous chiral symmetry of the NJL, model. The
real kink crystal describes the inhomogeneous condensate
of the crystalline phase of the GN, model [16], and its
thermodynamics will be discussed below in Sec. VI.

III. THE SCALE AND PHASE SYMMETRY IN NJL,

In this section, we describe a simple but impor-
tant symmetry property of the Bogoliubov-de Gennes
equation (2.6), that has important consequences for the
thermodynamical analysis. The Bogoliubov-de Gennes
equation (2.6) admits a family of solutions obtained by
rescaling and phase shifting (i.e., making a linear local
chiral rotation) a given solution:

A(x) = AA(Ax)eX e (x) — s A2 (Ax) (3.1)

which generates all the linear transformations acting on the
energy spectrum:

E— AE +q. (3.2)

In terms of the density of states, the effect of the trans-
formation is

p(E) — p<E;>-

1 (3.3)

The important physical implication of this symmetry is that
when minimizing the grand potential (2.19) with respect to
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the four parameters A, ¢, 6, and v, the minimization with
respect to A and g can be done first. If the grand potential
did not require renormalization, then the minimization
with respect to A and ¢ would be trivial. In fact, we will
show in the next section that even taking into account the
renormalization, these symmetries greatly simplify the
minimization with respect to A and q.

It is useful to define the ‘““‘unscaled” and “‘unshifted”
spectrum to be the one with A = 1 and ¢ = 0, so that E; =
—1, and E4 = 1 (in units where the vacuum fermion mass
is 1). All other spectral functions can be generated from
this basic solution using the simple transformation (3.3).
The corresponding density of states will be written as

5(E) = L
pP(E) = >

« (2E? — (E, + E;)E — (B3 — E))*/4— 1+ 2)

VE = D(E — E)(E — E3)
(3.4)
where Z = Z(6, v) is defined in (2.28), and
E,=—1+2nc%(if/4;v)
3.5

Ey = —1+2nd%(i6/4; v).

Importantly, p(E) depends parametrically only on the two
remaining parameters, 6 and ». This separation of para-
metric dependences has important consequences for the
minimization of the thermodynamic grand potential (2.19)
with respect to the parameters.

A. Transformation properties of thermodynamic
quantities

1. The grand potential ¥

We begin our discussion with the grand canonical po-
tential W[A(x); T, u] for the unscaled/unshifted conden-
sate A(x), obtained from (2.20) by setting the scale
parameter A = 1, and the phase parameter ¢ = 0. The
grand potential is formally divergent in the UV region
and has to be renormalized, as is well known [9,10,16].
At finite density and nonzero temperature, it is convenient
to separate the single-particle contribution as

1 00
——f dEH(E)In(1 + e~ BE-R)

- [ JEHE)E — )

mm

"3 f,w dEH(E)In(1 + e~ BIE-#l)  (3.6)

where E.;, = —A/2—Z/A + ..., in terms of the mo-
mentum cutoff A /2. Only the first term, the zero tempera-
ture expression, in (3.6) is divergent. We isolate the
divergent terms using the large E behavior of the density
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of states (3.4):

z
PE)~ 1+ 5+ ...

e (3.7)

The divergent part is

2
\pdiv=_A—_A—M_£1nA.

3.8
87 27 2w (3-8)

The quadratically and linearly divergent terms are ab-
sorbed by definition of the renormalized energy and baryon
number densities, and the logarithmically divergent term is
canceled by the double counting correction [16]

[ |A(x)|2dx = = lnA (3.9

2NgL

= InA.

Hence the finite renormalized grand canonical potentlal is

Vo [AW): T, u] = [ dEP(ENE — p)

mm

3 f, dEH(E) In(1 + ¢~FIE=4l)

2
TELNE AN

87 27w 2w (3.10)

Now we can analyze the effect of the transformation (3.3)
on the renormalized grand canonical potential for the
general condensate

A(x) = AA(Ax)e?iax, (3.11)

The finite temperature (FT) contribution [the 2nd term
on the right-hand side of Eq. (3.10)] has the following

simple scaling behavior,
1 [ E —
g ()
B J-x A
X In(1 + e FlE-#l)
A? foo
B J-w
X In(1 + e~ PlE-Al)

= Az\Pren[A(x); f’, Ia]lFT
(3.12)

‘Pren[/\A(/\x)eZin; T; Iu’]lFT =

with the rescaled variables

M —q 5 1
o P=z=

Q= (3.13)

For the zero temperature contribution (ZT.) in (3.10), we
start from the expression,
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~ . E —
VelAB 00 Tl = [* aea(* ) -

min

(3.14)
where EA. = —A/2 — A*Z/A. Here, due to the regulari-

min
zation, the scaling relation analogous to Eq. (3.12) devel-
ops anomalous terms akin to the chiral U(l) and scale

anomalies,

\I’ren[)‘A()‘x)EZiqx; T; M]IZT = Az\l’ren[ﬁ(x)' ’f ﬁ“]lZT
2

+ Z a2 B
2mt " 27 2
(3.15)

Being an UV effect, the extra terms are independent of
temperature. Combining Egs. (3.12) and (3.15), we see that
the renormalized grand potential for the general conden-
sate in (3.11) is

)
Wn[AA(Ax)e?9%; T, u] = Az( + — lnA + 5—)
T
w?
- — 3.16
Gy (3.16)
with the shorthand notation
W en = Ve[ A): T, 2] (3.17)

For the sake of compactness in the notation, we will drop
the subscript “ren” from now on, and work exclusively
with the physical renormalized thermodynamic quantities.
The grand canonical potential is related to the density p,
[not to be confused with the density of states p(E)], the
entropy s, and the free energy u:
V=u—up—Ts. (3.18)

Thus we can obtain expressions for the effect of the scaling
and phase shifting transformation on the renormalized p, s,
and u as follows.

2. Number density

From the basic relation p = “’ , we write -2 = 1 ai
I
and act on (3.16) to obtain
Lo 14\ u q
=/\2<—— ———)+—=)ﬁ+— 3.19
P Adp A m T p T ( )
3. Entropy
From the basic relation s = — %, we write -2 = & air

and act on (3.16) to obtain
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s = Az( ! 8‘1’)2 AS.

Aot
4. Free energy

(3.20)

The transformation property of the free energy now
follows directly from the relation (3.18)
of o 2 L4
u=V+up+Ts=A|id+—1InA)+ Agp +—.
2 2

(3.21)

B. Implications for minimization of the grand potential
¥ with respect to the phase parameter ¢

The minimization of W with respect to ¢ can be trans-
formed into minimization with respect to the chemical
potential due to the symmetry (3.3). We write i = — % X

and differentiate W in (3.16) with respect to [

o 7
“) /\2<,a - ﬁ), (3.22)
a,u T T

a?
ov

0=—— =A2(
ey

so the ¢ minimization implies

TP = fi. (3.23)
Recalling (3.19) and (3.13), this means that after minimiz-
ing with respect to the phase parameter ¢, the (period
averaged) number density is simply proportional to the
chemical potential:

Lt
—.

p= (3.24)
This remarkable fact is independent of the form of the
(complex) condensate, and simply follows from the trans-
formation property (3.1) of the BdG Hamiltonian and its
effect on the renormalized grand potential, as reflected in
(3.16). Note, of course, that such a relation between p and
w does not arise in the GN, model, where the condensate is
real and there is no phase invariance parameter g.

C. Implications for minimization of the grand potential
W with respect to the scale parameter A

From (3.16), it follows that W depends on the scale A
explicitly, and also implicitly though the dependence of

U =W[A;T, 4] on T=T/A and on o = (u — q)/A.
Thus we can write

@=2A<~if+£1n)\)+z—)‘+)@( )‘W
A 2 2 A oT
+A2< )‘W
AJdp
Z 1.

Z 1
= +—InA+-—+=T§5+=
2A<‘If Gy InA yp 2Ts >

Q ,3). (3.25)
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Since ¥ =4 — 75 —f p, we can express the minimiza-
tion condition % “’ = 0 in terms of the free energy as
i zZ_Z InA + = ! + lf §
i=—-————1In s.

im 2w 2P Ty
If we impose also the condition (3.23) arising from the
minimization with respect to the phase parameter g, we
obtain the condition

(3.26)

7 _Z 21

i yp 27Tln/\+27T 2Ts.
Alternatively, we can express these conditions in terms of
the thermodynamic quantities for the general condensate
A(x) in (3.11). Without using the condition (3.24) arising
from the ¢ minimization, the A minimization condition
(3.26) can be written as

__ZA2+1 +1T+q< _M>
" 47 2MP TR TR\P T L)

(3.27)

(3.28)

After imposing the condition (3.24) arising from the g
minimization, the last term vanishes and we obtain
ZX w1
=-"" +_ +_Ts
YT T 2
These conditions must hold for any form of the condensate
A(x), and will prove very useful in studying the phase
diagram of both the NJL, and GN, models.

(3.29)

D. Transformation property of the consistency
condition

The final technical ingredient before studying the ther-
modynamics is the effect of the transformation (3.1) on the
consistency condition (2.16). Note that the consistency
condition (2.16) must be satisfied also at finite 7" and u,
for the gap equation to hold. Thus, the energy trace in-
volves the thermodynamical Fermi factor, as in (2.16). As
with the grand potential, density, entropy, and free energy,
it is useful to express the consistency condition in terms of
the condensate A(x) obtained by setting the scale A = 1,
and phase ¢ = 0. All we need to know is the effect of the
transformation (3.2) on 2N (E). From the form of (2.26) it is
clear that

N (E) = —N( - q) (3.30)
where
N(E) = : . (33D
W(E2 = 1)(E - Ex)(E — Ey)
Hence we can write the consistency condition as
dE  N(E
NE) (3.32)

27 1 4 BEB
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Note that this integral is finite, even at 7 = 0, and no
renormalization is required. The effect of this condition
is to express one of the four parameters A, ¢, 6, and v, in
terms of the others, in a manner depending on 7 and .

IV. THERMODYNAMICS OF THE SPIRAL
CONDENSATE

Before studying the general twisted kink crystal conden-
sate, we investigate the thermodynamics of the special case
of the spiral condensate:

A(x) = Ae?iax, 4.1)
For this condensate, A(x) =1 (i.e., the vacuum fermion
mass in our units) and so the thermodynamics is simply
that of a constant condensate of unit magnitude. The
fermion spectrum is now symmetric about 0, and so we
can immediately write an expression for the corresponding
grand potential v

. 1 T [ E

V= | dE——
47 7 ) 21

e BE=D)(] 4 ¢ BETRY),

X In((1 + 4.2)

The full grand potential W for the spiral condensate (4.1) is
then obtained using (3.16). Next we minimize the full
grand potential ¥ with respect to g and A.

A. Minimization with respect to the phase parameter ¢

At T = 0, we see from (4.2) that V= ﬁ, indepen-
dent of 4, so that p = 0. Therefore, the condition (3.23),
arising from the minimization with respect to ¢, implies
that 4 = 0 at T = 0. In other words, ¢ = u, so that the
chemical potential lies at the center of the gap in the single-
particle fermionic spectrum. With ¢ = u, the spiral con-
densate (4.1) is the “‘chiral spiral” solution proposed in
[15]. At nonzero temperature, the ¢ minimization condi-
tion (3.23) can be written explicitly as

o o
= v
— 2sinh(3 ) fw dE—E
1 NE2E =1
ePE

X - - . 4.3
1+ e.B(E—ﬂ))(l + eB(Eﬂl)) (4.3)
At low temperatures, 7 < 1, the main contribution to the
energy integrals in (4.3) comes from near the upper band
edge E = 1. So we approximate the density of states as

1
V2VE =1

p(E) = (4.4)

and (4.3) becomes
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1

ePE o= BE=R) p—BE+R)
vE — 1

4~ V2 sinh(B 2) f" dE

= ZﬁTTe*ﬁ sinh(B ). (4.5)
This also requires &t = 0, leading again to the chiral spiral
solution with ¢ = . Indeed, it is easy to verify numeri-
cally that the finite temperature equation (4.3) has a solu-
tion only at 4 =0, for all temperature 7. Another
argument in favor of u = ¢ at all temperatures is that
instead of minimizing with respect to ¢, we can minimize
with respect to fi. Since ¥ is symmetric under it — —fi,
there must be a stationary point at & = 0, i.e., w = ¢. That
it is a minimum can easily be seen by looking at the sign of
the 2nd derivative (Taylor expansion of the integrand).
Other minima (which could only come in pairs) are ruled
out numerically.

Thus, we conclude that the minimization of the grand
potential with respect to the phase parameter ¢ leads to
q = p for all temperature 7', so w always lies at the center
of the gap. As should be clear from this discussion, this fact
can be traced directly to the phase transformation symme-
try in (3.1).

Another immediate consequence of ¢ = w is that the
grand potential for the chiral spiral has a simple w depen-
dence. This follows because (3.23) with & = 0 implies that
Vs independent of the chemical potential u. Indeed,
when 4 = 0, the grand potential (4.2) can then be written
as

. 1 2T (e
=L f dE
w 1

E .
- — In(1 + e PE). (4.6)
dar E2—1

NS
Then the general relation (3.16) implies that for the chiral
spiral condensate the full grand potential is

A? 20T e E
V="(nA>—1)— f E
477(n/\ ) ™ 1d VE? — 1

N Mz
X In(1 + e PE) — py 4.7)

T
Thus, the grand potential for the chiral spiral has a simple
 dependence, and it is clear that p = —0WV/0u = u/m.

B. Minimization with respect to the scale parameter A
From (4.7) it also follows that the scale parameter A is
determined only by 7', independent of the chemical poten-
tial w. Indeed, minimizing (4.7) with respect to A, we
obtain the equation for the thermal mass scale A(T):

InA 2T [ E
0=A———f dE ——

m 7)1 JEP-1
+/\2f°°dE E 1
mJ1 NE2— 11+ ePE

It is a simple exercise to show that this is equivalent to the

In(1 + e PE)

(4.8)

PHYSICAL REVIEW D 79, 105012 (2009)

general A minimization condition (3.29), expressed in
terms of the entropy and the free energy. Note that this
equation does not involve the chemical potential w, so the
thermal mass scale A(7T) must be independent of w.

AtT = 0, (4.8) reduces to A InA = 0, which implies that
AT = 0) = 1, and the grand potential is simply

_ 1 w?
0= — — — | 4.9
i 47 27 (4.9)
For small but nonzero temperature, the scale parameter A
receives an exponentially small finite 7 correction, found
by approximating the energy integrals in (4.8)

MT) ~1—27Te VT, T < 1. (4.10)
Applying the same approximation to the minimized grand
potential in (4.7) we find the leading small 7" correction to
the grand potential:

AZ 278 sz
Pr<l InA2 —1) — -1/T _
i 477'( n ) T ¢ 2
1 2 3
Y
47 21 T

@.11)

For general T, the temperature dependent mass scale A(T)
can be obtained numerically from (4.8). The scale A(T)
decreases monotonically from the value A =1 at T = 0,
and vanishes at a critical temperature

ey
T, = <~ =~ 0.566933. (4.12)
a

At this temperature, T = T, the system undergoes a phase
transition to a massless phase. Interestingly, this phase
transition is independent of the chemical potential w, as
follows from the fact that A(T) is independent of w. We can
trace this fact directly to the simple form (4.7) of the grand
potential for the chiral spiral condensate, after minimiza-
tion with respect to the scale parameter q.

Just below T'. the dependence of A on T is nonanalytic,
as can be seen from the following argument. After inte-
grating by parts the second integral in (4.8), and expanding
the Fermi factor we obtain

00 00 1 .
0=InA+2) (—1 "+1/ dE ———=¢""PE
,,Zl( ) 1 VE: -1

=InA + 2 i(—l)"“Ko(n[%)

n=1

(4.13)

where K;(x) is the modified Bessel function. To obtain the
critical exponents near the phase transition, we analyze this
equation near small values of A. Since B = A/T we expand
the Bessel functions around zero:
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0=1InA+2 Z(—l)"“[—ln(@) —y
n=1 2T

(7)< )]
- ny— - .
arz\"ar) "7

Here vy is Euler’s constant. The n sums can be evaluated in
terms of the Riemann zeta function, leading to

(4.14)

140(-2)0

0=In(Tw7) — vy e

(4.15)

In particular, at the phase transition where A = 0, the
critical temperature is found to be T, = ¢”/r, and to the
leading order in (T, — T), for T < T,:

MT) = J%,/TC T +...
~3.06/T(T. = T) + ...

Thus, for the spiral condensate (4.1), the thermodynamic
phase diagram is given in Fig. 5, showing the phase tran-
sition at T = T, independent of w. After minimizing the
grand potential we learn that in the region 7' < T, the pitch
angle ¢ of the spiral condensate is directly proportional to
the chemical potential, ¢ = u, independent of 7, while the
amplitude A(T) is just a function of temperature (vanishing
at T,), independent of .

(4.16)

08 -

massless

u

FIG. 5 (color online). The phase diagram of the NJL, model.
The tricritical point is marked at u, =0 and T, = ¥ /7 =
0.5669. Below T, the condensate has the form of the spiral
condensate (4.1), with ¢ = w.
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V. THERMODYNAMICS OF THE TWISTED
CRYSTAL CONDENSATE

In this section we develop results for the thermodynam-
ics of the NJL, model with the twisted kink crystal con-
densate, that is the general solution of the inhomogeneous
gap equation. Recall that the twisted kink crystal conden-
sate (2.20) is characterized by 4 parameters: the scale
parameter A, the phase parameter ¢, an angular parameter
0, and the elliptic parameter v. We first consider the
situation analytically at T = 0, then at nonzero 7.

A. Twisted kink crystal at 7 = 0

At T = 0 there are some significant simplifications. First
of all, the Fermi factor becomes a step function that acts as
a cutoff of the energy integrals. Thus, in the consistency
condition (3.32), we use

1

——— — 0 - E).
Py T R G

(5.1)
If we assume that £ is in the upper gap, then both the lower
continuum and the bound band are completely filled. Thus
the consistency condition (3.32) reads (for details, see [14])

B UEN(E) = L(ﬁ - K’).

-1
= +
0 f_w dENE) + [ (3

(5.2)

Therefore, the consistency condition forces 6 = 4K/,
which is precisely the spiral condensate case. In this limit,
the band shrinks and joins the negative energy continuum,
leaving just the single-gap spectrum of the spiral conden-
sate. Then the ¢ minimization leads to ¢ = u as described
in the previous section, and we find the preferred conden-
sate to be the chiral spiral. Similarly, if we assume that & is
in the lower gap, then we get § = 0, that is also the spiral
condensate limit; in this limit the bound band joins to the
positive energy continuum. Once again, minimization with
respect to the phase parameter ¢ leads to g = u, so the
condensate is the chiral spiral.

The only other possibility is & lying inside the bound
band. In this case the consistency condition (2.16) leads to
an expression for the Fermi energy:

E = En0,v) =nc(i0/2;v). (5.3)

On the other hand, at 7 = 0, this Fermi energy is simply
the chemical potential. Minimization with respect to the
phase parameter ¢ leads to the relation 4 = 7p. We can
evaluate the density obtained by filling up to the Fermi

energy Ep(6, u):
p=p,v)

1 1 en(i@/2;v) — dn(i0/2; v)
~ wen(if/2;v) (cn(i0/2; v) + dn(i6/2; v)

). (5.4)

The simultaneous solution of these two conditions, namely
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Ep = arp, has the unique solution § = 2K/, for all », as
can be seen from Fig. 6. Evaluating the free energy for this
solution we obtain the following function of the remaining
parameters A and v:

£=EO)
2
eyl (ka0 g) )]
+ ;‘—; (5.5)

Minimizing (A, v) with respect to v, we find that we are
forced to » = 1, which means

w
27
from which we recognize the 7 = 0 grand potential (4.7)
of the chiral spiral solution. Thus, once again, the minimi-

zation forces us to the chiral spiral condensate solution, at
T=0.

AQ
Elhrv=1)= E(ln)\2 -1+ (5.6)

B. Twisted kink crystal at 0 <7 < 1

The minimization of the grand potential at 7 = 0 shows
that the preferred twisted kink crystal configuration is the
chiral spiral, with the chemical potential sitting in the
middle of the gap (ie., 4 = (u — g)/A = 0). For this
solution, the angular parameter 6 takes the values O or
4K’. We will consider the latter case (a similar argument
applies for the other choice). Now consider the stability of
this chiral spiral for 7 nonzero but small. If we change T
slightly away from 0, then the consistency condition that
sets the angular parameter 6 = 4K’, will also change
slightly, and the preferred value of 6 will shift away from
4K’. We write 6 = 4K’ — 4¢, where € < T < 1. This
changes the single-particle spectrum by producing a very
narrow band very close to the lower band edge £, = —1.

1.0

§ 10

FIG. 6 (color online). Plot of wp(&, v) (light blue surface) and
Ep(&, v) (darker blue surface), as functions of v and &, where
0 = 4K’£. The surfaces intersect at £ = 1/2, which means 6 =
2K’.
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With # = 4K’ — 4e, the band edges (3.5) and the averaged
amplitude (2.28) take the form

E>(0,v) = —1+2ve® + ...
Ey(0,v) = —1+2e*+ ...
Z6,v)=1—h(v)e* + ...

(5.7)

where h(v) = 2v — 2 + 4E(v)/K(v). We now calculate
the small 7' correction to the grand potential ¥ for this
configuration. As usual, we split the grand potential into
zero temperature and finite temperature parts. For small 7,

we use the fact that In(1 + e |BE-AI) =~ o~IBE-I ~
e PIEl (recall that 2 = 0 for T = 0)

E;
. dEp(E)(E — f1)

b= [ aEpENE - p)+
— T( f_: dEp(E)ePE + fl " dEp(E)eBE

Es .
+ | dEp(E)eﬁE)
Ey

= (‘i’)T:O — Te*/;(foo dxp(—x— 1)eBx
0

00 ~ oy ~
+ [ dxp(x + 1)e P+ dxp(x — l)eﬁx). (5.8
0

2ve?

In the small 7 limit, the continuum integrals are dominated
by the region x = 0 (i.e., near the band edges). The spectral
function around the band edges has the behavior

00 A _Ax: l_ 1
j(; dxp(—x — 1)e P \/; eiK(\/?) (5.9

. . T
f dxp(x + 1)ePr ~ 1/_ + o)
0 2

Note that the lower continuum leads to an O(e€) correction,
while the upper continuum leads to an O(e?) correction.
The band integral also leads to an O(e€) correction. This can
be seen by changing the integration variable x — €’x:

2 drebre ¥ (14+v)—h(v)/2
2w mx(x —2v)(2 —x)
2 2—x—2E(r)/K(v)

dx

2v qrfx(x —2v)(2—x)

=eL(v).

(5.10)

2¢?

i dEp(x — 1)eﬁx =€

2ve

~ €

(5.11)

An important observation is that this function L(») < 0 for
all v € [0, 1].

Finally, we use the general transformation of the grand
potential (3.16) to deduce the grand potential for the
twisted kink crystal. Since after minimization, pr:() =
—1/(47), the small T correction to A does not contribute
to the full grand potential ¥ [as in (4.11)], and the full
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grand potential is found to be

1 2 273
‘P%( Ll —eil/T>+e<

47 27 \w

1
K(/7)
—L@»TEUT+”. (5.12)
The first term in parentheses is just the low T grand
potential for the chiral spiral, as in (4.11). Since L(v) is
always negative, and K(,/v) is always positive, we see that
the system is unstable with respect to the opening of a gap
near the lower continuum edge. In other words, at small T
the minimization of the grand potential reduces the general
twisted kink crystal condensate to the chiral spiral conden-
sate, just as at 7 = 0.

C. Numerical results for the thermodynamics of the
twisted kink crystal condensate

The previous two sections have shown that at 7 = 0 and
for small T, the chiral spiral condensate is the thermody-
namically preferred form of the more general twisted kink
crystal condensate. We have also checked this conclusion
numerically at various locations on the phase diagram, and
we find that throughout the phase diagram the chiral spiral
is the thermodynamically preferred limit of the general
twisted kink crystal solution of the inhomogeneous gap
equation.

VI. THERMODYNAMICS OF THE REAL KINK
CRYSTAL AND THE GN, MODEL

The phase diagram of the GN, model, which has just a
discrete chiral symmetry instead of the continuous chiral
symmetry of the NJL, model, is by now well understood
[16,34]. But we revisit it here briefly, with a new perspec-
tive. The analysis of this paper shows that the key to
understanding the phase diagram of the NJL, model is
the behavior (3.16) of the renormalized grand potential
under the rescaling and shifting transformation (3.1). But
in the GN, model there is no pseudoscalar interaction, so
the condensate is real. Thus, there is no symmetry corre-
sponding to a phase rotation of the condensate. In other
words, ¢ = 0. The angular parameter # in the solution
(2.20) of the inhomogeneous gap equation is also zero, as
the condensate cannot wind by an arbitrary phase as it goes
through one period. Furthermore, there is no need to im-
pose any consistency condition on the solution of the gap
equation: since the pseudoscalar condensate II is identi-
cally zero, there is no condition arising from its variation,
which means that the off diagonal terms in (2.11) play no
role. Thus, the general solution (2.20) of the inhomoge-
neous gap equation simplifies to the real kink crystal
solution in (2.32), which depends on just two parameters,
the scale A and the elliptic parameter v. Concerning the
grand potential, the key formula is now (3.16), with g set to
0:

PHYSICAL REVIEW D 79, 105012 (2009)
W [AAOW): T, ] = AZ(ﬁfren[A(x); T/A /Al
+ 2 )t)
— In .
27

The last term reflects the anomalous behavior of the grand
potential under the rescaling of the condensate by A.

6.1)

A. Real kink crystal at 7 = 0

From previous work [16], we know explicit expressions
for the thermodynamical quantities at 7 = 0 as functions
of the elliptic parameter v. For A = 1, the density is

1 4

Py TTargr ©?
The free energy is
/D 1 E(p)
&= pp (Inp — 1) + 27K (6.3)
where
_ 7 E®@
Z(p) = 2(1 5 K(ﬁ)) (6.4)

which is just Z(6, v) in (2.28), evaluated at 0 = 2K'(»).

0.6 7
0.5 A

0.4 4

massless

massive
T o3 homogeneous
0.2
011
;

02 04 0.61 0.8 1 12 14 16

FIG. 7 (color online). Phase diagram of the GN, model. The
tricritical point is at u, = 0.608 and T, = 0.318. In the region
of u > 2/, the massless and massive phases are separated by a
crystalline phase.

105012-12



INHOMOGENEOUS CONDENSATES IN THE CHIRAL ...

The function E(7) is the complete elliptic integral of the
second kind [33]. Thus we can write the 7 = 0 grand
potential as

V=_E—pup=2(f1(?) + f2(7) InA) — uAf;3(P)
(6.5)
where
N Zp) . B 1 E(p)
f1(9) = F(l 1)+ 27 K(7) (6.6)
f2(P) = % (6.7)
y 1
f3(9) = KG) (6.8)

Minimizing W with respect to A and 7 leads to two
equations:

v 2/\<f1 tafat f m) — ufs =0
a‘i{’) (6.9)
57 |+ fAInA) — pfll = 0.

Simultaneous solution of these conditions leads to a
complicated-looking expression for InA, that actually sim-
plifies dramatically:

P =211 + f2/2 1
inr =31 fﬁl ,fZ/ ) s (6.10)
21215 — f3/2 2
In showing this remarkable reduction we use the property
7 — ¥ 2
0z ( 7) 6.11)

o Al — )’
Inserting this result for A back into the minimization con-
ditions (6.9) we find the minimized values at 7 = 0:

.. 2E()
wo) =% (6.12)
A(P) = % 6.13)

The critical value of chemical potential, pu, = %, corre-

sponding to the baryon mass [9,10,18], is obtained at 7 =
1, in agreement with known results [16].

B. Real kink crystal at T < 1

At nonzero temperature, the minimization with respect
to A and 7 leads to T dependent expressions for the
chemical potential and the scale factor A, as functions of
the elliptic parameter 7, generalizing the 7 = 0 expres-
sions (6.12) and (6.13). This can be done numerically, as in
[16], but here we find analytic expressions valid in the
small 7 limit. First, we note that the 7 = 0 chemical
potential in (6.12) lies in the upper gap (see Fig. 8):

PHYSICAL REVIEW D 79, 105012 (2009)

Ey(9) = A\GWT = = u(p) = E,(5) = A(P). (6.14)

Since w is in the gap, at small T there is an exponentially
small factor in the corrections to thermodynamic quantities
going like

exp[ —|u — nearest band edge|/T]. (6.15)

Furthermore, for all #, w is closer to E, than to E5. Thus,
we can write as a leading approximation

V= —deEp(E) In(1 + e~ BE-R) (6.16)

=W, — T[dEp(E) In(1 + e AIE-#l) (6.17)

~ Wy — Te BE [T gEp(E)eBEE).  (6.18)
Ey

We expand the spectral function in the vicinity of the
nearer band edge, E;:

— (B3 +E})) + 2’Z

p(E) =
2WJ(E2 — E3)(E? - E2)

(6.19)

1 E]—E}+\Z

+ OWE — E;). (6.20
277\/m '_E T ( 4)- (6.20)

Thus,
Y~V — T3/21/if4(17)e_ﬁ(’54_“) (6.21)
2ar
where
. 1 E(7)
=—|1-— . 22
10 = =(1- %) (622)

We now minimize ¥V with respect to A and 7, keeping the
leading small 7T corrections to the 7 = 0 results of the

E

0.2 0.4 0.6 0.8 1.0

FIG. 8 (color online). Plot of the chemical potential (center
line), and the band edge energies, as a function of the elliptic
parameter 7. Note that w(?) lies in the gap for all #, and
moreover, it is slightly closer to the upper band edge, E,, than
to the lower band edge, E;.
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2 0
™

FIG. 9 (color online). Plots of the chemical potential, as a
function of T, for various values of the elliptic parameter 7,
keeping just the leading small 7 behavior, as in (6.24). This plot
is in remarkable agreement with the numerical results shown in
Fig. 7.

previous section. We find, after some straightforward alge-
bra,

2E(D)

\/5(1 — HK(D)
s Vo wh

X exp[—ﬁ(%(l - 2Eﬂ(_17)))] (6.23)

)
(6.24)

These small T corrections are plotted in Fig. 9, and are in
very good agreement with the numerical results found in
[16], and plotted in Fig. 7. Already these corrections in-
dicate the existence of a crystalline phase in which the
condensate scale A and the period (set by the elliptic
parameter v) are dependent on both T and w. This is in
contrast to the phase diagram of the NJL, model, shown in
Fig. 5, where the phase transition line is only a function of
T, and the scale parameter A is independent of the chemical
potential p. With this perspective we can trace this funda-
mental difference in the phase diagrams directly to the
fundamental difference between the discrete and continu-
ous chiral symmetry of the two models.

w(7,T) ~

AP, T) ~

VII. GINZBURG-LANDAU ANALYSIS

We complete our analysis of the phase diagram of the
NJL, and GN, models by analyzing another region of the
phase diagram, using the Ginzburg-Landau expansion of
the grand potential W. In the previous sections we obtained
analytic results at and near 7 = 0, but the Ginzburg-
Landau approach permits a certain degree of analytic
information about another region of the phase diagram,
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in the vicinity of the tricritical point. Expanding in powers
of the condensate and its derivatives, the renormalized
grand potential density may be expressed as

VgL = ap + ap]AI* + a3 Im(AA™) + ay(JA]* + [A/]?)
+ asIm((A” — 3|APA)A") + ag(2]Al°

+ 8|AIZ|A']> + 2ReA?A* + |A"]2) + ... (7.1)

The coefficients «,, (T, u) are the following functions of T
and w [16]:

7TT2 B 1U’2

T g

ay = %[111(4777) + Ret//(

)]

az; = — 33 12 Im lﬂ(l)( [;M)
22T T
(7.2)
_ 1 Rey@(2 BM
“ = Ty RV
1 ,BM
L GRS
_ 1 BM
@ = i R (3 155

Here ") (x) is the nth derivative of the digamma function
(x) = I'(x)/T(x).

Keeping terms up to a certain order in this expansion,
and inserting into the gap equation (2.9), we obtain an
equation (the Ginzburg-Landau equation) for the conden-
sate A. Remarkably, for the NJL, and GN, models, this
hierarchy of equations can be solved to all orders
[14,26,27]. If we expand up to «,, then the Ginzburg-
Landau (GL) equation is simply A = 0, so we learn noth-
ing about the phase diagram. To this order the system
appears to be just a free massless Fermi gas. If we expand
W up to a3, then the GL equation reads

A — —A =0=>A= )\exp[z—x] (7.3)
a3

as
This has the form of the spiral condensate studied in
Sec. I B. This spiral condensate has constant magnitude,
|A]> = A%, and also 5 (AA*Y — A*A/) = — "‘2 A2, so that
when we evaluate the grand potential on thls solutlon we
find

\I’GL = . (74)

So the grand potential is independent of A, and this is again
no different from a free massless phase. If we expand up to
a4, then the GL equation is the NLSE equation:

A —%2A =,
Ay

(A" = 2]A]PA) — z (7.5)

The general bounded solution of this equation is the
twisted kink crystal described in Sec. IT A.
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The general pattern is the following: to order «;, the GL
equation is a differential equation of order (k — 2), and the
general solution corresponds to a finite-gap Dirac problem
with (k — 2) gaps, or (k — 1) bands (including the positive
and negative continuum bands). For example, the «, equa-
tion led to A = 0, which is the free system with no gaps.
The a3 equation leads to A = AexpligZx], which has
precisely one gap. The a4 equation, the NLSE (2.15), has
as its general solution a system with two gaps, as shown in
the first plot of Fig. 2. In general the solution with (k — 2)
gaps requires 2(k — 2) parameters for the solution, and
these parameters can be thought of as labelling the band
edges. Let us write

Wer = ao(T, p) + > ay(T, w)J,[A A A", ] (7.6)
=2

where J)[A, A/, A" .. .] represents the nonlinear combina-
tions of the condensate A(x) and its derivative appearing in
the expansion (7.1). Then the GL equation to order k is

ST [A, A AT L]
SA*(x)

k
D (T, w) =0. (1.7)
=2

These equations define the Ablowitz-Kaup-Newell-Segur
(AKNYS) hierarchy, and (7.7) is also known as the Novikov
equation. Formal expressions exist for their solution in
terms of multidimensional theta functions [26,27],
although these are cumbersome to work with beyond the
twisted kink crystal solution. The remarkable integrability
properties of the AKNS hierarchy implies that the solution
to the NLSE satisfies the Novikov equations to all orders,
with suitable choices of parameters, as shown also in [14].

A. Ginzburg-Landau expansion for the GN, model

It is instructive to see how successive orders of the
Ginzburg-Landau expansion reveal more and more about
the exact phase diagram. In the GN, system, the conden-
sate is real, and we write it as A = ¢, and all odd-index
terms of the Ginzburg-Landau expansion vanish. The Dirac
spectrum is now symmetric about 0, and so the band edges
of the finite-gap solutions come in = pairs, as in the 2-gap
case depicted in the third plot of Fig. 2. Therefore, we only
need half as many parameters at a given order to describe
the solution. The grand potential density simplifies to

VoL = ap + ayp? + ay(¢p* + ¢ — 5(4?)")
+ ag(2¢° + 104°¢" + ¢ — (¢* + (¢)
~ LY + ...
The tricritical point is defined as the point where the first
two nontrivial coefficients, a, (7, w) and a4(7T, p) vanish:
ar(T, w) = ayu(T, u) = 0= T, = 0.318329,
e = 0.608221

(7.8)

(7.9)
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1. Ginzburg-Landau expansion to O(a,) for the GN,
model

As mentioned above, the expansion to O(a,) yields no
information. The next nontrivial order, to O(a,), leads to
the following GL equation, which is a special case of the
NLSE (7.5)

¢ —20° =2 =0,
o

4

(7.10)

The general solution can be written as

¢ = AJrsn(Ax;v) & ¢ — 243 + (1 + v)A2p =0
(7.11)

with the identification of the scale parameter A as

-2t

Notice that in the GL approach, we get explicit expressions
for the dependence of the solution’s parameters in terms of
T and w. An important comment is that since ﬁ = (), this
expression tells us that this inhomogeneous solution only
makes sense in regions of the (7, u) plane where (— Z—i) =

(7.12)

0. Using the following identities satisfied by the solution in
(7.11)

() = ¢* — (1 + )A2P% + vA* (7.13)

(42 = 6¢* — 4(1 + v)A2p% + 2vA* (7.14)

we can write the grand potential density to this order as

1 1
\PGL = + a2¢2 + a4(§(1 + V))\Q(]sz + §V/\4)

2 v a2
=a0+—a2¢2+ 2

. T (7.15)

Here we have used the above expression (7.12) for A2,
Averaging over one period, we use {(¢?) = A*(1 —
E(v)/K(v)), and again using (7.12) we find

TR e ]

- <— %)F(V).

crystal
<\P>GL

(7.16)

Note that the function F(») is a smooth function interpo-
lating monotonically between F(0) = 0 and F(1) = 1. We
have written <‘I’>g{5tal like this in order to compare with the

homogeneous ansatz: ¢ = A. Then

<\P>}(1}(}~m0geneous =+ a2A2 + a,4/\4' (7.17)

Minimizing with respect to A%, we obtain the condition
A2 = —a,/(2ay), and at this minimum

h a %
omogeneous __ _
(e —ap + ( _).

7.18
461’4 ( )
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Therefore, we can write

omogeneous crystal a3
(Wygproseneess — (pyesal — (— 4724)[1 — F(»)]. (7.19)

An important observation is that at the values of » = 1 and
v = 0, the minimized grand potential reduces to that of the

homogeneous and the massless condensates [recall
E/Kr=1)=0,E/K(r =0) = 1]
crystal _ _ _ a% _ homogenous
<\P>GL (V = 1) = ay + - | = <\]I>GL
4(14
(W (v = 0) = ag = (W)gpstes. (7.20)

This behavior is depicted in Fig. 10, where the grand
potential of the crystal condensate lies between that of
the massless and massive homogeneous phases, interpolat-
ing between them as a function of v. Minimizing with
respect to v pushes us to the massive homogeneous phase
in the blue region, but to the massless homogeneous phase
in the white region. Thus, at this order of the GL expansion,
even though the solution to the GL equation has the form of
a crystalline condensate, the thermodynamic minimum is a
constant condensate, either zero or nonzero, but always
constant. We show in the next section that this picture
changes significantly at the next order.

2. Ginzburg-Landau expansion to O(ayg) for the GN,
model

Going to the next nontrivial order beyond the level
defining the tricritical point, we expand the grand potential
density in powers of the real condensate field ¢ and its
derivatives (we drop the total derivative terms as these are
not important for this argument ):

VoL = ag + ayd? + ay(¢* + ¢)
+ ag(2¢° + 10920 + /7). (7.21)

The GL equation is now a fourth-order equation:
|

A=0
A4+ﬂ,\2+ﬂ=0:»)&=—ﬂ(1t 1
3a6 (673 - 6a6

The general solution to (7.22) is very complicated, but we
can use the inhomogeneous solution to the NLSE

¢ = AJrsn(Ax, v). (7.24)

A similar idea was used in an analogous condensed matter
model in [35]. This solution satisfies the nonlinear equa-
tions:
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08 F'
massless
06 -
—~ 04 massive
homogeneous
]

02+
00 ¢, ‘ , , . K

00 02 04 06 038 10

7

FIG. 10 (color online). The phase diagram of the GN, model,
based on a Ginzburg-Landau expansion to the lowest nontrivial
order: O(ay). The blue region is the region in which the massive
homogeneous condensate ¢ = A has a lower grand potential.
The white region is the region in which the homogeneous
massless condensate ¢ = 0 has a lower grand potential, or
where only the massless condensate exists, because A% in
(7.12) is negative. These regions meet at the tricritical point:
T, = 0.318, u, = 0.608.

(6" = 1067¢" = 106() + 66°)

i %(_d)// + 2¢3) + * ¢ = 0. (7.22)
Ag X6

The simplest solution is a homogeneous condensate, ¢ =
A, with massless and massive solutions:

(massless homogeneous phase)

6a2a6
o

) (massive homogeneous phase). (7.23)

_¢// + 2¢3 =(1+ V)/\2¢
(" — 102" — 10(")2 + 64°) = (12 + 4v + 1)A* .
(7.25)

Thus, comparing with the GL equation (7.22), we see that
¢ satisfies the GL equation (7.22) provided we identify

v+ 1 ay
(P> +4v+1) ag

2,1 @
(P> +4v+1) ag
(7.26)

A+
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This condition leads to two solutions

22— — v+1 ay
* 207 +4v + 1) ag

(1= (1- D)),

Evaluated on the crystalline solution, the grand potential is

E
VgL = ag + Va1 — —)
( >GL Qg az( K

+ )t4a4

(1+2V—(1+V)%)

+ A6a6

E
(31/2 +6v+1— (> +4r+ l)i)
(7.28)

This is just a function of T and u (through the a’s) and the
elliptic parameter v, because A is given by the solutions in
(7.27). We can therefore evaluate the grand potential
throughout the (7, u) plane and ask where it is lower
than the grand potential of the homogeneous phase. The
result is shown in Fig. 11, which shows the existence of a
crystalline phase in a small region in the vicinity of the

06 [

massless
05 |

massive
04 f

— 03}
massless
02}
/
y:
01}

massless

00 £/ , . . . 5
0.0 0.2 04 0.6 0.8 1.0
17

FIG. 11 (color online). The phase diagram of the GN, model,
based on a Ginzburg-Landau expansion to the lowest nontrivial
order: O(ag). The light (blue) shaded region in which the
homogeneous condensate ¢» = A has the lowest grand potential.
The dark (red) shaded region is the region in which the crystal-
line condensate (7.24) has the lowest grand potential. In the
remaining (white) region, the homogeneous massless condensate
¢ = 0 has the lowest grand potential. Note that the crystal phase
region begins at the tricritical point: T, = 0.318, u,, = 0.608. A
close-up of this region is shown in Fig. 12.
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tricritical point. This is a region in which the grand poten-
tial of the crystalline condensate is lower than that of the
massless or massive homogeneous condensate. On the
upper edge, » = 0 and the scale of the crystalline conden-
sate vanishes as it reduces to a massless phase; on the lower
edge, v = 1, and the period of the crystalline condensate
diverges as it reduces to a homogeneous massive phase.
The form of this region matches very well with the full
crystalline region, near the tricritical point, as shown by the
close-up view in Fig. 12. Going to higher orders of the GL
expansion, this crystalline region grows, and eventually
covers the entire region given by the exact numerics [16].

B. Ginzburg-Landau expansion for the NJL, model

In contrast to the GN, model, the a3 term in (7.1) is
present in the GL expansion of the NJL, model, as the
condensate A is complex. The ““tricritical”” point is defined
as the point where the two lowest nontrivial coefficients,
a,(T, w) and as(T, u), vanish:

aZ(T’ /J“) = a3(Ty /*'L) =0= th = 0566’ M =

(7.29)

1. Ginzburg-Landau expansion to O(«as) for the NJL,
model

The first nontrivial order, to O(a3), leads to the GL
equation

04 T T T T T

06 0.61 0.62 0.63 0.64 0.65
123

FIG. 12 (color online). A close-up view of the crystalline
region in the phase diagram of the GN, model, near the tricritical
point, based on a Ginzburg-Landau expansion to the lowest
nontrivial order: O(ag). The red shaded region is the crystalline
region seen at this order of the GL expansion, while the solid
black lines mark the edges of the true crystalline region found
numerically from the exact grand potential [16]. The agreement
is excellent near the tricritical point and near the LOFF boundary
with the massless phase.
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AN—iZ2A=—0=A= /\exp[iﬂx:l.
as as

(7.30)

But for this solution, even though this condensate is crys-
talline, the grand potential is (W)5. = a,. Thus, the phase
diagram is simply that of a massless phase. The only thing
we learn at this level of the GL expansion is the existence
of the tricritical point at T = 0.5669 and w = 0. This is
analogous to the situation of the GL expansion of the GN,
model to its first nontrivial order, O(a,), where the solution
of the GL equation has a crystalline form, but this crystal-
line condensate does not appear in the phase diagram at
that order, as discussed in Sec VII A 1.

2. Ginzburg-Landau expansion to O(a,) for the NJL,
model

Going to the next nontrivial order beyond the level
defining the tricritical point, namely, to O(a,), we obtain
the GL equation of NLSE form in (7.5). Adapting the
solution in Sec. II A, we can write the general solution as
_,o(Ax+ iK' —i6/2)

o(Ax + iK)o(i6/2)

which satisfies

— A"+ 2A|A12 = —2igAA" + A2(=3P(i6/2) — g*)A.
(7.32)

A=

exp[idx(—iZ(i0/2) + q)

(7.31)

Identifying the terms with the NLSE equation we deduce

qg= 2;\)‘;4, and A must satisfy

- (il we)Gram) 0

Note that (—2(i#/2)) = 0. Thus, this inhomogeneous
crystal condensate only makes sense in regions of the

%) = 0,

4ayay
Now evaluating the averaged potential on this solution,

we find
2 2
_ (i _ % 2]
o * [ 4&4 (1 40{2“4)
x[i(1+y2—y+1 2 ﬂ)]
9 9P(i6/2)> P(i6/2) K
= « + [_

2 2
@ (1 _ 3

4C¥4 4(12(14

(T, ) plane where (— z—j[l -

stal
(W =

)2]F(V, 0) (7.34)

which should be compared with the corresponding GN,
expression (7.16). (Indeed, setting § = 2K', and a3 = 0,
we recover the GN, formulas). We note that 0 < F(v, 0) =
1. We now compare the averaged potential for the crystal
with that obtained from a spiral ansatz:

Aspiral — ) p2iqx (7.35)
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With this spiral ansatz we find
W™ = ay + Xay = 200 %a; + (A* + 422 ay.
(7.36)

Minimizing with respect to g we find ¢ = a3/ay, and
further minimizing with respect to A?> we find

-l
2a4 4a2a4

which should be compared with (7.33). Furthermore, eval-
uating the averaged potential on this spiral condensate we

find
. 2 2 \2
O =y + [~ (1 Y]

4C¥4 4&2(14

(7.37)

(7.38)

which should be compared with (7.34).

Now we combine this expression with the positivity
condition on A% in (7.12) to obtain the phase diagram in
Fig. 13. Just as in the GN, case, here in the NJL, model, by
going one step beyond the first nontrivial order of the GL
expansion (i.e., one step beyond the order that defines the
tricritical point) we see the appearance of a crystalline
phase in the phase diagram, in the region near the tricritical
point. For the NJL, model, the condensate of this crystal-
line phase, derived from this GL approach to this order, has
the form of the chiral spiral after minimization of the grand
potential. This Ginzburg-Landau analysis confirms once
again that the chiral spiral is the thermodynamically pre-

08

massless

06|

= 04r

02+

00 {;

u

FIG. 13 (color online). The phase diagram of the NJL, model,
based on a Ginzburg-Landau expansion to O(ay). The (red)
shaded region is the region in which the spiral condensate
(4.1) has a lower grand potential. In the remaining regions the
massless condensate A = 0 is preferred.
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ferred form of the inhomogeneous condensate, in the ap-
plicable part of the phase diagram. The pattern is fairly
clear: going to higher orders of the GL expansion, the
crystalline region grows, and eventually covers the entire
region given by the exact numerics, as shown in Fig. 5.

VII. CONCLUSIONS

We have used the exact crystalline solutions to the
inhomogeneous gap equation of the NJL, model, found
in [13,14], to probe the thermodynamic phase diagram of
the NJL, and GN, models at finite density and tempera-
ture. Using a combination of exact, numerical and
Ginzburg-Landau approaches, we have shown that for the
NJL, model the thermodynamically preferred condensate
in the region T < T, is the helical chiral spiral of [15]. The
same methods have been applied to the GN, model, con-
firming previous numerical results [16]. A key new idea in
our analysis is the exploitation of the behavior of the grand
potential under the rescaling and phase rotation transfor-
mations (3.1), which affect the renormalized grand poten-
tial as in (3.16). This observation greatly facilitates the
minimization of the renormalized grand potential with
respect to the parameters A and ¢g. We are also able to trace
in a very explicit manner the consequences for the phase
diagram of the fact that the GN, model has a discrete chiral
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symmetry, while the NJL, model has a continuous chiral
symmetry. These one dimensional models are somewhat
special, due to the rich integrability structure underlying
their gap equation. So, we studied these models also using
the Ginzburg-Landau approach, which does not neces-
sarily rely on this integrability structure. We found that
in both the NJL, and GN, models the crystalline region
appears at the order of the Ginzburg-Landau expansion one
step beyond the first nontrivial order, which is used to
identify the relevant tricritical point. It would be interesting
to study this point systematically in higher dimensional
models, where the search for crystalline phases is consid-
erably more difficult [21,35-37]. It would also be interest-
ing to study the NJL, system on the lattice, complementing
the GN, work of [17,18], and the recent Monte Carlo
formulations in [38—40]. Other interesting effects include
the study of an isospin chemical potential [41], and going
beyond the leading large N approximation [42].
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