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We discuss the localization of scalar, fermion, and gauge field zero modes on a 3-brane that resides at

the intersection of two 4-branes in six-dimensional anti-de Sitter space. This setup has been introduced in

the context of braneworld models and, higher-dimensional versions of it, in string theory. In both six- and

ten-dimensional cases, it has been shown that four-dimensional gravity can be reproduced at the

intersection, due to the existence of a massless, localized graviton zero-mode. However, realistic scenarios

require also the standard model to be localized on the 3-brane. In this paper, we discuss under which

conditions a higher-dimensional field theory, propagating on the above geometry, can have a zero-mode

sector localized at the intersection and find that zero modes can be localized only if masses and couplings

to the background curvature satisfy certain relations. We also consider the case when other 4-branes cut

the bulk at some distance from the intersection and argue that, in the probe brane approximation, there is

no significant effect on the localization properties at the 3-brane. The case of bulk fermions is particularly

interesting, since the properties of the geometry allow localization of chiral modes independently.

DOI: 10.1103/PhysRevD.79.104021 PACS numbers: 04.50.�h, 98.80.Cq

I. INTRODUCTION

Branes appear in a variety of physical contexts, and,
during the past years, have become one of the basic build-
ing blocks of higher-dimensional cosmological and parti-
cle physics models, due to their property to confine to three
dimensions both gravitational and nongravitational fields
via a mechanism of localization [1,2].

A p-brane is a p-dimensional extended object that
sweeps out a (pþ 1)-dimensional world volume, as it
evolves in time, in a d-dimensional bulk space, essentially
playing the role of boundary conditions for the fields
propagating in the bulk. In the compactification scheme,
a four-dimensional effective field theory is the result of a
spectral reduction of the higher-dimensional field into a
zero mode plus massive excitations. However, when branes
are present, a radical difference arises due to the fact that
branes effectively separate the bulk space into two (or
more) sectors, requiring specific conditions to be imposed
on the fields at the junctions. When the bulk geometry is
appropriately chosen, the effect of the boundary conditions
is to localize the zero mode and eventually massive ex-
citations on the branes. By the same procedure as in the
compactification scheme, the zero-mode of an appropri-
ately chosen higher-dimensional field theory may be
matched to the standard model spectrum. Depending on
the details of the model, essentially tuning some scales of
the bulk space, the masses of the higher-dimensional ex-
citations can be made of order of some TeV, thus producing
modifications to standard four-dimensional physics with

possible phenomenological or cosmological signatures. In
some cases (see Ref. [3]), the presence of branes allows
extra dimensions to be taken infinitely large without any
confliction with observation. In this case, the spectrum
consists of a continuum of modes.
Choosing bulk geometry, number of branes, and arrang-

ing them in the bulk suffers, in principle, from a degree of
arbitrariness, and different features may produce different
low-energy effective theories and lead to different cosmo-
logical or phenomenological predictions. For this reason, a
case by case analysis of the low-energy structure of the
model seems required. However, the basic properties of a
brane universe are rather generic. For instance, as it was
shown in [4], the mechanism of localization due to the
warping of the anti–de Sitter (AdS) bulk space only re-
quires the presence of codimension one branes. Thus,
extending the model to more than five dimensions, local-
ization can be realized by placing a 3-brane at the inter-
section of a number of codimension one p-branes. This
remains true also when all the branes have tension, as it
was discussed in Ref. [5], where it was shown how to
construct a brane universe by gluing together patches of
six-dimensional AdS space [5]. In the model of Ref. [5] the
observed universe is a 3-brane located at the intersection of
two 4-branes, all embedded in a six-dimensional AdS bulk,
leading to a pyramidlike structure. Minkowski, de Sitter,
and anti–de Sitter geometries can be realized on the 3-
brane, and ordinary four-dimensional gravity can be repro-
duced. Also, as in scenarios with large or warped extra-
dimensions, the effective scale of gravity can be reduced to
a few TeV resolving in a geometrical way the hierarchy
problem. The cosmology in six-dimensional intersecting*minamituzi@sogang.ac.kr
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brane models has also received some recent attention (see,
for example, [6]).

Another recent application of intersecting brane setups
has been considered in Refs. [7,8], that argue that in ten-
dimensional string theory on an AdS background, 3- and 7-
branes could come to dominate the cosmological evolution
of the bulk space.1 If so, four-dimensional gravity can be
reproduced on the triple intersections of 7-branes, offering
a possible explanation for the observed three dimension-
ality of space. The localization of gravity in this model has
been discussed in Ref. [8], showing that the model has
analogous properties to those of the equivalent six-
dimensional model of [5].

Intersecting brane models are also very popular in string
theory with flat compactified extra dimensions, and they
are usually constructed from D6-branes intersecting on a
four-dimensional manifold and wrapping different cycles
in the transverse compact space. Their popularity arises
because chiral fermions, localized at the intersection, can
be easily obtained. Intersecting brane models have also
various other bonuses like replication of quark-lepton gen-
eration. They may lead to hierarchical structures for quark
and lepton masses easily, the hierarchy problem can also be
addressed in the standard way by taking the volume of the
extra dimensions large enough. The fact that the masses of
the excited modes are proportional to the angles of the
intersecting branes and may be just above the weak scale,
make such models sensitive to collider experiments, and
motivated much work devoted to study their physics (see,
for example, [11–13]).

In this paper, for simplicity, we will focus on a model
that consists of a 6-dimensional bulk with two 4-branes
intersecting along a 3-brane. Along with this case, we also
discuss the effect of a extra 4-branes, playing the role of
cutoff in the extra dimensions. These extra branes require
specific boundary conditions to be obeyed at their surface
by the fields propagating in the bulk, and, as we will argue,
adding cutoff branes, and thus having a finite volume bulk,
does not change the behavior of the localized zero modes
substantially. The geometry considered in this paper will
be introduced, mainly following Ref. [5], in the next
section.

Here, we are interested in studying what are the con-
ditions of localization at the intersection for the zero mode
of a higher dimensional field. Let us first briefly summarize
the situation arising when branes do not intersect. The

corresponding model to the scenario of Ref. [5] is the
Randall-Sundrum model, with an infinitely extended five-
dimensional AdS bulk, and one brane. In this case, scalar
fields with arbitrary boundary mass terms, can be localized
on a positive tension brane, and have continuous spectrum
with no mass gap. Half-integer, 1=2 and 3=2, spin fields
can instead be localized on a negative tension brane. Their
localization to a positive tension brane can be realized at
the price of introducing some specific boundary mass
terms. Massless, spin 1 localized zero modes do not arise
from a higher-dimensional vector field, but they may arise
from higher-dimensional antisymmetric forms. Adding ex-
tra parallel branes, does not change the localization issue,
but discretize the spectrum. This has been at the center of
much attention and has been suggested of a mechanism to
explain, for example, the fermion mass hierarchy, the
smallness of neutrino masses, or a way to give to the
mechanism of supersymmetry breaking a geometrical ori-
gin. We refer the reader to the literature, for example,
Refs. [14–24] where the issue of localization in the
Randall-Sundrum model with one or two branes has been
studied, and to Ref. [19] where a multi brane setup has
been considered. (See [25] for an example of localization
on thick branes.) It seems interesting to extend the above
results to the case of brane intersections in AdS, and in
Sec. III we will discuss this. We will consider a theory with
general masses and coupling to the curvature and illustrate
that a localized zero-mode sector is possible only if masses
and couplings obey certain relations. We will also show
that in the case of fermions, different chiral modes can be
localized separately, thus the geometrical mechanism of
generating mass hierarchies in the Randall-Sundrum
model, can be extended to this case.
Sec. IV will be devoted to briefly consider the effects of

the Kaluza-Klein excitation and, in particular, the mass
spectrum, which, as shown in [5] for the case of the
graviton, is continuous and gapless. The couplings of the
excited modes with the localized zero modes are, however,
negligible thus viable phenomenologies can in principle be
constructed. This can be seen from the profile of the
potential, which forms a barrier around the intersection
protecting the branes from potentially dangerous modes.

II. INTERSECTING BRANES IN ADS

In this section we will present the prototype background
geometry, briefly summarizing the results of [5]. The sys-
tem consists of a six-dimensional bulk, two 4-branes which
are intersecting in the bulk, and a 3-brane residing at the
intersection. The bulk action is given by

Sbulk ¼ �
Z

d6X
ffiffiffiffiffiffiffi�g

p �
M4

6

2
Rþ�

�
: (1)

We will set M6 to be unity for the moment. Two tensional
4-branes intersect along a 3-brane. Then, the brane action
is given by

1Some related arguments claiming that in the context of string
theory only D3-branes are cosmologically favored have been put
forward for instance in Refs. [9,10]. References [9] discussed the
possibility of the decay of initial space-filling D9- �D9 brane
pairs, via tachyon dynamics, which may lead to phase transi-
tions, dynamics and creation of the D-branes, and Ref. [10]
considered intersections leading to reconnection and unwinding
of intersecting Dp-branes (p > 3), although in these works no
mechanism to localize the gravity on one of the 3-branes has
been discussed.
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Sbrane ¼
X2
i¼1

Z
�i

d5x
ffiffiffiffiffiffiffiffiffi�qi

p
Li þ

Z
�0

d4x
ffiffiffiffiffiffiffiffiffiffi�q0

p
L0; (2)

with qð1;2Þ being the induced metric on the 4-branes, and q0
on the 3-brane. As the 4-brane and 3-brane matter, we will
consider only tensions

L i ¼ ��i; L0 ¼ ��0: (3)

The bulk theory contains an anti–de Sitter solution,
whose metric can be written in the form

ds2 ¼ Aðt; z1; z2Þ2ð��mndz
mdzn þ ���dx

�dx�Þ; (4)

where ��� ¼ diagðþ1;�1;�1;�1Þ and the warp factor is

Aðt; z1; z2Þ ¼ 1

Htþ k1z1 þ k2z2 þ C0

:

The constants k1 and k2 parametrize the bulk curvature
along two orthogonal directions, z1 and z2. The constant
C0 > 0 is introduced in order for the 3-brane not to be
located at the position of AdS horizon. In the above metric,
��� and x� represent the standard four-dimensional flat

space metric and coordinates.
Let us construct the exact bulk metric which is locally

AdS, and contains two (intersecting) 4-branes and a 3-
brane at their intersection. We assume that two boundary
4-branes exist along the lines z2 ¼ tan�1z

1 and z2 ¼
� tan�2z

1 on ðz1; z2Þ-plane (z1 > 0), and intersect at an
angle and thus their relative ‘‘inclination’’ is characterized

by two normal vectors nð1Þ ¼ ðsin�1;� cos�1Þ and nð2Þ ¼
ðsin�2; cos�2Þ. The intersection point is assumed to be at
z1 ¼ z2 ¼ 0. A set of two vectors parallel to the 4-branes

(orthogonal to the normal vectors), lðiÞ � nðjÞ ¼ �i
j can be

introduced lð1Þ ¼ ðcos�2= sin�;� sin�2= sin�Þ and lð2Þ ¼
ðcos�1= sin�; sin�1= sin�Þ, where lð1;2Þ are parallel to the

branes (2, 1), respectively, (See e.g., Fig. 1 of Ref. [5]).
Note that � � �1 þ �2. A more convenient coordinate
system ~z � ðu; vÞ can be defined as ~zk � nðiÞ � z, where
u ¼ sin�1z

1 � cos�1z
2; v ¼ sin�2z

1 þ cos�2z
2:

The relation between the two coordinate systems can be
summarized as z ¼ ~zk � lðkÞ, @zh=@~zk ¼ ‘hðkÞ. And it is

easy to see that, in the ~z coordinates, the bulk metric takes
the form

ds2 ¼ Aðt; u; vÞ2ð��mnd~z
md~zn þ ���dx

�dx�Þ; (5)

where Aðt; u; vÞ ¼ 1=ðHtþ C1uþ C2vþ C0Þ and we de-
fine

C1 :¼ k1 cos�2 � k2 sin�2

sin�
; (6)

C2 :¼ k1 cos�1 þ k2 sin�1

sin�
: (7)

The components of the metric tensor in the transverse

directions are �11 ¼ �22 ¼ 1=sin2� and �12 ¼ �21 ¼
cos�=sin2�. In the ~z coordinates the 4-branes are located
at u ¼ 0 and v ¼ 0. In order for the metric Eq. (5) to
represent a region of the bulk spacetime surrounded by the
4- and 3-branes, we pick up a patch of AdS, u > 0 and v >
0.
To realize the intersecting brane system, we are going to

orbifold the bulk region. The bulk spacetime can be con-
structed by gluing four copies of the above patch of AdS
spacetime with Z2-symmetry across each 4-brane. Then,
the coordinates ~z can cover the whole bulk, where the
domain of both u and v coordinates is extended to be
�1< u<1 and �1< v<1. The global bulk metric
is given by Eq. (5) with redefinitions such that

Aðt; u; vÞ :¼ 1

Htþ C1juj þ C2jvj þ C0

and

�11 :¼ �22 ¼ 1

sin2�
; �12 :¼ �21 ¼ sðuÞsðvÞ cos�

sin2�
:

We label each patch of bulk space as

ðIÞ u > 0 v > 0;
ðIIÞ u < 0 v > 0;
ðIIIÞ u < 0 v < 0;
ðIVÞ u > 0 v < 0:

(8)

The 4-branes are along the edges and the 3-brane is at the
apex in the pyramidal bulk.
Requiring that the above spacetime is a solution of

Einstein equations gives a relation between the constants
k1 and k2, the bulk cosmological constant and the Hubble
constant

� ¼ 10ðH2 � k21 � k22Þ:
Brane tensions are determined through the boundary parts
of the Einstein equation, leading to the following relations2

�2
6�1 ¼ 8ðC1 � C2 cos�Þ; �2

6�2 ¼ 8ðC2 � C1 cos�Þ;
�2
6�0 ¼ 4

�
	

2
� �

�
: (9)

In the rest of the paper, we focus on Minkowski 3-brane
solutions and therefore set H ¼ 0, thus we define

Aðu; vÞ :¼ Að0; u; vÞ:
Note that a de Sitter 3-brane with H � 0 can be obtained
via boosting one of the 4-branes in a particular direction of
the extra dimensions.
It is natural to assume the presence of additional 3- and

4-branes in the above setup. Note that any configuration of
multiple brane intersections must be a solution of Einstein

2We thank Kazuya Koyama for pointing out an error on the 3-
brane tension.
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equations plus a set of consistency conditions, which is
generalization of the results obtained in [26]. We will
briefly consider, along with the above geometrical con-
struction, the effect of extra 4-dimensional probe branes,
which cut the bulk space at some distance ‘ from the
intersection. As we will see later, for these cutoff branes,
the effect on the zero-mode localization is not substantial.

III. BULK FIELDS AND ZERO-MODE
LOCALIZATION

This section will be devoted to consider a Uð1Þ gauge
field A�, a scalar field 
, and a Dirac fermion �, prop-

agating in the above intersecting brane geometry in AdS.
The starting action is the standard one

S ¼
Z

d6X
ffiffiffiffiffiffiffi�g

p �
� 1

4
F2
MN þ ððM2

A � �RÞgMN

� �RMNÞAMAN þ 1

2
ðð@
Þ2 � ðM2

s � 
RÞ
2Þ

þ i ��ð�MDM þMfÞ�
�
: (10)

In the above action, FMN ¼ @MAN � @NAM, the coeffi-
cientsMA,Ms are the masses of the gauge and scalar fields,
respectively. Since we are in six dimensions, the Dirac
spinor is eight dimensional and therefore Mf is a 8� 8

matrix, whose form is restricted by the symmetries of the
action. The constants �, � and 
 represent the coupling to
the curvature. The covariant derivative is DM ¼ @M þ �M,
with �M being the spin connection. In the present paper, we
ignore the effects of the back reaction. The remainder of
the section will be devoted to discuss the possibility to
localize the zero-mode sector of the above higher-
dimensional field theory on the 3-brane.

A. Scalars

The field equations for the scalar field can be written in
the usual Klein-Gordon form, that in the case of the inter-
secting brane geometry (4), take the form

�
�hþ @2

@u2
þ @2

@v2
� 2cos�

sðuÞsðvÞ
@2

@u@v

�2cos��ðuÞsðvÞ@v�2cos��ðvÞsðuÞ@u�Vðu;vÞ
�
�¼0;

where, for convenience, we have rescaled the field:

� ¼ ðC1juj þ C2jvj þ C0Þ�2
:

In the above expression, the D’Alembertian is the standard
one in four-dimensional Minkowski space-time, and the
symbol sðxÞ is used to indicate the sign-function. The
potential term, Vðu; vÞ, consists of a bulk part plus two
�-function contributions coming from branes

Vðu; vÞ :¼ ~M2A2ðu; vÞ � h1ðu; vÞ�ðuÞ � h2ðu; vÞ�ðvÞ
þ 8


�
	

2
� �

�
�ðuÞ�ðvÞ; (11)

with ~M2 :¼ M2
s þ 30ð1=5� 
Þðk21 þ k22Þ and

h1ðu; vÞ :¼ 4ðC1 � C2 cos�Þð1� 5
ÞAðu; vÞ;
h2ðu; vÞ :¼ 4ðC2 � C1 cos�Þð1� 5
ÞAðu; vÞ: (12)

The four-dimensional effective theory can be obtained in
the standard way by integrating out the extra dimensions.
First, we decompose the higher-dimensional field, separat-
ing out the massless zero mode from the Kaluza-Klein
(KK) excitations

� ¼ f0ðu; vÞ’0ðx�Þ þ
Z

d�f�ðu; vÞ’�ðx�Þ: (13)

Then, we assume that each mode ’� satisfies a Klein-
Gordon equation in four dimensions,

h’� ¼ �m2
�’�; (14)

with � being a multi-index. Requiring the modes to be
normalizable,

Z
dudv

1

sin�
f0ðu; vÞf0ðu; vÞ ¼ 1;

Z
dudv

1

sin�
f�ðu; vÞf�0 ðu; vÞ ¼ �ð�� �0Þ;

(15)

a simple calculation shows that the six-dimensional action
reduces to

S ¼ � 1

2

Z
d4x’0h’0 � 1

2

Z
d�

Z
d4x’�ðhþm2

�Þ’�;

(16)

where m� are the masses of the KK excitations. The
functions f�ðu; vÞ satisfy�
@2

@u2
þ @2

@v2
� 2 cos�

sðuÞsðvÞ
@2

@u@v
� 2 cos��ðuÞsðvÞ@v

� 2 cos��ðvÞsðuÞ@u � Vðu; vÞ þm2
�

�
f� ¼ 0: (17)

When supplemented with appropriate boundary condi-
tions, solving the above equation allows to determine the
masses of the KK excitations. The four- dimensional ef-
fective theory, on the 3-brane, is then completely described
by the action (16). The boundary conditions can be easily
derived by integrating the equation of motion for each bulk
mode Eq. (17) across the 4-branes. The boundary condi-
tions between regions (I) and (II) and between regions (III)
and (IV) are given by

ANTONINO FLACHI AND MASATO MINAMITSUJI PHYSICAL REVIEW D 79, 104021 (2009)

104021-4



@f�
@u

��������u¼0þ;v
�@f�

@u

��������u¼0�;v
�2 cos�sðvÞ @f�

@v

��������u¼0;v

þ 4ðC1 � C2 cos�Þð1� 5
Þ
C2jvj þ C0

f� ¼ 0: (18)

They are valid on the 4-brane at u ¼ 0 except at the
intersection u ¼ v ¼ 0. Similarly, the boundary condi-
tions between region (I) and (IV) and between regions
(II) and (III) are

@f�
@v

��������v¼0þ;u
�@f�

@v

��������v¼0�;u
�2 cos�sðuÞ @f�

@u

��������v¼0;u

þ 4ðC2 � C1 cos�Þð1� 5
Þ
C1juj þ C0

f� ¼ 0; (19)

also, valid on the 4-brane at v ¼ 0 except at the intersec-
tion u ¼ v ¼ 0. Each mode must satisfy these conditions
with appropriate choices of the integration constants. In the
reminder of this section we will discuss the zero mode
(m� ¼ 0) solution and address the issue of its localizability
on the 3-brane. The role of the KK excitation will be
discussed in a subsequent section.

The zero mode is described by the homogeneous solu-
tions to Eq. (17) with m� ¼ 0

f0 ¼ N0ðA�þðu; vÞ þ �A��ðu; vÞÞ; (20)

with

�� ¼ 1

2

�
�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 ~M2

k21 þ k22

vuut �
; (21)

where N0 is normalization constant. The above solution
has to satisfy the condition of normalizability, reality and
also the boundary conditions simultaneously.
Normalizability is a restrictive condition and requires 1�
�� < 0, selecting the solution with �þ. Thus we set � ¼
0. Requiring that the solution is real corresponds to

M2
s

ðk21 þ k22Þ
� 30
� 25

4
; (22)

whereas imposing the boundary conditions imply the fol-
lowing relation:�


� 1

5

�
2 þ 1

5

�

� 1

5

�
� M2

s

100ðk21 þ k22Þ
¼ 0:

These two relations imply that ð
� 1=4Þ2 � 0, and there-
fore are satisfied for any value of 
. However, together with
the boundary conditions, normalizability restrict the values
of the coupling 



 � 1
10; 
 � 2

5:

For 
 varying as above, the normalization constant N0 is

N0 ¼
�
sin�

C1C2

2
ð1� �þÞð1� 2�þÞ

�
1=2

C�þ�1
0 : (23)

Finally, by looking at the functional form of the solution,

f0 ¼ N0ðC1juj þ C2jvj þ C0Þ��þ ; (24)

it is clear that the zero-mode wave function takes the
maximal value at the intersection and decreases as juj
and jvj are increasing, leading to the localization on the
3-brane, if

M2
s � 30
ðk21 þ k22Þ:

It is interesting to note that localization of the zero mode
continue to be valid also in the minimally coupled case,
corresponding to 
 ¼ 0, despite the fact that the presence
of the intersection does not locally contribute to the bulk
mode function, since the potential V does not contain any
term proportional to �ðuÞ�ðvÞ.
Adding an additional 4-brane requires some modifica-

tions. Here, we wish to argue that the presence of any
additional, cutoff 4-brane in the AdS bulk, does not spoil
the above results. It is clear that the condition of reality
(22) does not change, but both the boundary and normal-
ization conditions do. Additionally, we have to impose an
extra boundary condition at the third 4-brane. The bound-
ary conditions at the tensional 4-branes lead to the follow-
ing relation

ð�þ þ 10ð
� 
cÞÞA�þ�1ju¼0

þ �ð�� þ 10ð
� 
cÞÞA���1ju¼0 ¼ 0: (25)

and an analogous relation arising at v ¼ 0. If we require
that the mode is localized, the above relation can be
satisfied only by choosing � ¼ 0 and �þ þ 10ð
� 
cÞ ¼
0, which can be satisfied by tuning the coupling


 ¼ 1

10

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

s

k21 þ k22

s �
:

The condition of localization gives, again, the additional
constraint

M2
s � 30
ðk21 þ k22Þ;

which is always satisfied for the above choice of 
. The
final condition that we need to impose are the boundary
conditions at the far brane. Since we are treating the brane
as tensionless, the boundary conditions are not dictated by
the geometry or symmetries, but have to be imposed by
hands. One possibility is to impose Robin-type boundary
conditions, basically requiring a specific falloff behavior
for the field at the cutoff

f0 þ �s@Xf0jX¼‘ ¼ 0; (26)

where X � C1uþ C2v. The coefficient �s is a constant
which is not fixed in the probe brane approximation.
Including the brane tension will produce the same type
of boundary condition, in general, with �s depending on
the angles and the other parameters of the model. By
looking at the form of the above boundary conditions, it
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is clear that the presence of a zero mode is possible in this
case too, but it will require further restrictions on the
parameters in the form

ð‘þ C0Þ þ �s�þ ¼ 0;

where nontrivial solutions require �s to be nonzero.
Another possibility is to place symmetrically at the four
sides of the pyramid four cutoff branes and require con-
tinuity of the modes at the antipodal branes. For localized
zero modes this continuity condition is satisfied.

B. Fermions

In this section we shall consider the case of higher-
dimensional fermions. In the brane world the question of
fermion localization has received great attention particu-
larly because setups with branes and higher-dimensional
fermions allow for a geometrical reinterpretations of vari-
ous features of the standard model-like hierarchies of
fermion masses or Yukawa couplings with the bonus of a
rich phenomenology. A number of articles that studied
these issues in the context models with large extra dimen-
sions and warped geometry are Refs. [14–22]. In the
widely studied Randall-Sundrum one and two branes sce-
nario, it was shown that a higher-dimensional fermion has
a zero mode that is naturally localized on a brane with
negative tension. Localization on a positive tension brane
is also possible, but at the price of introducing additional
interactions, in the form of a mass term of topological
origin (basically coupling the fermion with a domain
wall). Here, we wish to reconsider the issue of localization
for fermions in the setup of branes intersecting at angles in
anti–de Sitter space, generalizing the previous results for
scalars. We begin by rewriting the fermionic sector of the
bulk action (10)

S ¼
Z

d6X
ffiffiffiffiffiffiffi�g

p ði ���MDM�þ i ��Mf�Þ; (27)

where we remind that in six dimensions, a Dirac fermion
can be represented as an eight component spinor, or equiv-
alently as two four components spinors (in this section we
will use the ðz1; z2Þ bulk coordinates). The matrices �

M
are

the Dirac matrices in curved space,

�M ¼ eAM�A;

with eAM being the six-bein, that, in the background space-
time we are considering, can be written as

eAM ¼ A�1�A
M:

In the following we adopt the standard representation for
the gamma matrices

�� ¼ �� 0
0 ���

� �
; �z1 ¼ 0 �1

1 0

� �
;

�z2 ¼ i
0 1
1 0

� �
;

(28)

where �� represent the ordinary four-dimensional gamma
matrices. The six-bein can be expressed as

e ~A
B ¼

�
� ~�

B 1

A
; �

~z1
B 1

A
; �

~z2
B 1

A

�
: (29)

The nonzero component of the spin connection are

!�
~z1 ~� ¼ A;z1

A
��

~�; !�
~z2 ~� ¼ A;z2

A
��

~�;

!
z1
~z2~z1 ¼ A;z2

A
; !

z2
~z1~z2 ¼ A;z1

A
:

(30)

Finally, the covariant derivatives can be expressed as

Dz1� ¼
�
@z1 þ

A;z2

2A
�z2�z1

�
�;

Dz2� ¼
�
@z2 þ

A;z1

2A
�z1�z2

�
�;

D�� ¼ @��þ A;z1

2
�z1�� þ A;z2

2
�z2��:

(31)

The coefficient Mf is an 8� 8 matrix, which we write in

block diagonal form

Mf ¼ 1

A

M11 M12

M21 M22

� �
:

We assume the terms M11 and M22 to be constant four-
dimensional matrices. As for the off diagonal terms, in
order to guarantee that the action respects the Z2-symmetry
across the four branes, the form for the four-dimensional
matrices M12, M21 has to be chosen appropriately.
Similarly to the Randall-Sundrum case, such terms can
be parameterized as follows

M12 ¼ �1

�
�A;z1

A
þ iA;z2

A

�
; M21 ¼ �2

�
A;z1

A
þ iA;z2

A

�
:

(32)

Rescaling the spinor field � as

� ¼ A�5=2 c 1

c 2

� �
; (33)

the fermion action (27) can be written as follows

S ¼ i
Z

d6Xð �c 1�
�@�c 1 þ �c 2�

�@�c 2 þ �c 1D
�c 2

þ �c 2Dc 1 þ �c 1M11c 1 � �c 2M22c 1

þ �c 1M12c 2 � �c 2M21c 1Þ; (34)

where we introduced the two-dimensional differential op-
erator D ¼ @z1 þ i@z2 . At this point it is convenient to

decompose the higher-dimensional spinor into its four-
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dimensional and transverse components

� ¼
Z

d�
fð�Þ1 ðz1; z2Þc ð�Þ

1 ðx�Þ
fð�Þ2 ðz1; z2Þc ð�Þ

2 ðx�Þ

 !
(35)

where c ð�Þ
i is a four-dimensional Dirac spinor. Requiring

the functions fð�Þ1 ðz1; z2Þ and fð�Þ2 ðz1; z2Þ to be orthonormal,Z
dz1dz2f20 ¼ 1;

Z
dz1dz2f�f�0 ¼ �ð�� �0Þ;

(36)

and to satisfy the following set of equations

Dfð�Þ1 �M21f
ð�Þ
1 ¼ imð�Þ

2 fð�Þ2 ; (37)

D�fð�Þ2 þM12f
ð�Þ
2 ¼ imð�Þ

1 fð�Þ1 ; (38)

the following expression for the action is easily obtained,

S ¼ i
Z

d4Xd�ð �c ð�Þ
1 ��@�c

ð�Þ
1 þ �c ð�Þ

2 ��@�c
ð�Þ
2

þ imð�Þ
1

�c ð�Þ
1 c ð�Þ

2 þ imð�Þ
2

�c ð�Þ
2 c ð�Þ

1

þ �c ð�Þ
1 M11c

ð�Þ
1 þ �c ð�Þ

2 M22c
ð�Þ
2 Þ: (39)

If we now associate the spinors c ð�Þ
1 and c ð�Þ

2 with the left-

and right-handed components of a spinor c ðaÞ

c ð�Þ
1 � c ð�Þ

L;a ¼
1

2
ð1� �5Þc ð�Þ

ðaÞ ;

c ð�Þ
2 � c ð�Þ

R;a ¼
1

2
ð1þ �5Þc ð�Þ

ðaÞ :

we arrive at the following action for the spinor c ðaÞ

S ¼ i
Z

d4Xd�ð �c ðaÞ
ð�Þ�

�@�c
ðaÞ
ð�Þ þ iMðaÞ

ð�Þ �c
ðaÞ
ð�Þc

ðaÞ
ð�ÞÞ; (40)

with MðaÞ
ð�Þ ¼ mð�Þ

1 þmð�Þ
2 . We have assumed that the four-

matrices M11 and M22 are proportional to the identity
matrix with the same proportionality constant. The masses

MðaÞ
ð�Þ are the eigenvalues of (37) and (38), that can be found

after imposing appropriate boundary conditions. Above,

we have fixed the chirality of c ð�Þ
1 and c ð�Þ

2 . This still

leaves us the freedom to fix the chirality opposite to the

above choice, identifying c ð�Þ
1 and c ð�Þ

2 with the right- and

left-handed components of a fermion c ðbÞ
ð�Þ of different

species. This fact can be used to localize separately differ-
ent chirality modes, generalizing the analogous result for
the Randall-Sundrum background.

In the zero mode case, the massesMðaÞ
ð�Þ are zero, thus the

Eqs. (37) and (38) simplify to

Dfð�Þ1 � �1

�
�A;z1

A
þ iA;z2

A

�
fð�Þ1 ¼ 0; (41)

D�fð�Þ2 þ �2

�
A;z1

A
þ iA;z2

A

�
fð�Þ2 ¼ 0: (42)

The solution to the above equations can be easily found

fð�Þ1 ¼ A�1 ; fð�Þ2 ¼ A�2 ;

and the boundary conditions are trivially satisfied on the 4-
branes. The condition of normalization, instead, requires
that �1 > 1 and �2 > 1. In such case, the power-law falloff
of the solutions (43) implies the localizability of the mass-
less zero-modes. Alternatively, we can require that �1 > 1
and �2 < 1, thus the left-handed component will be local-
ized, while the other component will not be normalizable.
Identifying the species a with neutrinos and the species b
with antineutrinos, then one can achieve localization at the
intersection only of neutrinos and antineutrinos of appro-
priate chirality.
In the case of an additional 4-brane, we only have to

impose boundary conditions are the far brane. As before
we chose general Robin boundary conditions

fð�Þ1 þ �1@xf
ð�Þ
1 jx¼‘ ¼ 0; fð�Þ2 þ �2@xf

ð�Þ
2 jx¼‘ ¼ 0:

As in the scalar of vector case, the above conditions imply
some tuning between the various coefficients

‘þ C0 � �1�1 ¼ 0 (43)

‘þ C0 � �2�2 ¼ 0; (44)

which one can adjust to achieve localization of definite
chiralities. Adding symmetrically four cutoff branes and
gluing the modes at the antipodal sides at the bottom of the
pyramid will be automatically satisfied by the zero-mode
solutions.
In conclusion to this section we mention that if we want

to localize a massless fermion zero mode, the fact that we
have intersecting brane is not more advantageous than in
the Randall-Sundrum case, as one may expect. Basically,
also in this case the (mass) term M� has to be chosen
appropriately. It is known, in fact, that massless bulk
fermions can be localized on a brane only if coupled to
some domain wall. In this case, there would be a normal-
izable zero mode. This zero mode is topological and its
existence does not depend on the detailed profile of the
scalar field across the brane [23].

C. Gauge bosons

We now turn to the case of gauge bosons. We begin by
briefly recalling the Randall-Sundrum case and refer the
reader to Refs. [15,24] where this case was studied for the
two-brane case, and to Ref. [14] where the one brane setup
was analyzed. In the two-brane case, a massless Uð1Þ
Gauge field has a massless and constant lowest mode state
that in contrary to the graviton or scalar is not localized on
any of the branes. In the massive case, there is no massless
zero mode and a constant mode still exists, but its mass has
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become of order of the mass of the bulk field. Also in the
one brane setup there is no localized zero mode, neither
other nontrivial solutions to the equation of motion for the
vector field give localized modes.

Let us now consider the case of a massive Uð1Þ gauge
boson in the intersecting branes setup, whose action is the
gauge sector of (10). Let us notice that we consider the
most general case in which the field is coupled also to the
curvature. This corresponds to adding some mass boundary
terms that will depend on the coefficients � and �. The
ordinary massless, minimally coupled case is obtained by
taking the appropriate limit.

The equation of motion for the gauge field AM is

1ffiffiffiffiffiffiffi�g
p @Mð ffiffiffi

g
p

gMNgPQFNQÞ þ ðM2
A � �RÞgPQAQ

� �RPQAQ ¼ 0: (45)

Using the metric (4), we perform the dimensional reduc-
tion by decomposing the fields as

A� ¼ 1

A
f0V

ð0Þ
� þ

Z
d�

1

A
f�V

ð�Þ
� : (46)

By choosing the gauge @�A
� ¼ 0, Au ¼ Av ¼ 0, requiring

the radial part of the modes, f� to satisfy

�
@2

@u2
þ @2

@v2
� 2 cos�

sðuÞsðvÞ
@2

@u@v
� 2 cos��ðuÞsðvÞ@v

� 2 cos��ðvÞsðuÞ@u � VAðu; vÞ þm2
�

�
f� ¼ 0; (47)

and imposing the following normalizability conditions

Z
dudv

ffiffiffiffi
�

p
f0f0 ¼ 1;

Z
dudv

ffiffiffiffi
�

p
f�f�0 ¼ �ð�� �0Þ;

(48)

one obtains, a four-dimensional effective field theory in the
form of a superposition of a zero mode plus a tower of
massive vector fields

S ¼ 1

2

Z
d4xVð0Þ

� ������@�@�V
ð0Þ
�

þ 1

2

Z
d�

Z
d4xVð�Þ

� ���½���@�@� þm2
�	Vð�Þ

� ; (49)

In the above Eq. (47), we have defined the potential VA as

VAðu; vÞ :¼ ~M2
AA

2ðu; vÞ � hA1ðu; vÞ�ðuÞ � hA2ðu; vÞ�ðvÞ
þ 8�

�
	

2
� �

�
�ðuÞ�ðvÞ; (50)

where ~M2
A
:¼ M2

A þ ð2� 30�� 5�Þðk21 þ k22Þ, and

hA1ðu; vÞ :¼ 2ðC1 � C2 cos�Þð1� 10�� �ÞAðu; vÞ;
hA2ðu; vÞ :¼ 2ðC2 � C1 cos�Þð1� 10�� �ÞAðu; vÞ:

(51)

Analogously to the scalar case, the boundary conditions
can be obtained by integrating across the boundaries. An
easy computation gives, integrating across regions (I) and
(II) or (III) and (IV), the following relations

@f�
@u

��������u¼0þ;v
� @f�

@u

��������u¼0�;v
�2 cos�sðvÞ @f�

@v

��������u¼0;v

þ 2ð1� 10�� �ÞðC1 � C2 cos�Þ
C2jvj þ C0

f�

��������u¼0;v
¼ 0; (52)

valid on the 4-brane at u ¼ 0 except on the intersection
u ¼ v ¼ 0. Similarly, integrating across regions (I) and
(IV), or across regions (II) and (III), one arrives at

@f�
@v

��������v¼0þ;u
� @f�

@v

��������v¼0�;u
�2 cos�sðuÞ @f�

@u

��������v¼0;u

þ 2ð1� 10�� �ÞðC2 � C1 cos�Þ
C1juj þ C0

f�

��������v¼0;u
¼ 0; (53)

valid on the 4-brane at v ¼ 0 except on the intersection
u ¼ v ¼ 0. Each mode must be regular and has to satisfy
the above boundary conditions along with the normaliz-
ability conditions. In the remainder of the section, we will
discuss the existence and localizability of the zero-mode,
that, if it exists, will be described by a homogeneous
solution to Eq. (47), which can be written as

f0 ¼ N0ðA�þðu; vÞ þ �A��ðu; vÞÞ
where

�� ¼ 1

2

�
�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 ~M2

A

k21 þ k22

vuut �
:

This case is basically a repetition of the scalar case, so we
will be brief. Requiring the reality of the wave function
implies

M2
A

k21 þ k22
� � 9

4
þ 5ð6�þ �Þ; (54)

whereas, the condition of normalizability needs � ¼ 0.
Requiring localization for the zero mode gives �þ > 1
and hence

M2
A

k21 þ k22
> 30�þ 5�:

Finally, satisfying the boundary conditions gives a relation
between the mass of the gauge field and the couplings

M2
A

k21 þ k22
¼ 2�þ ð10�þ �Þ2:

Combining the above relations gives a condition which is
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easily satisfied by choosing appropriately the couplings �
and �

10�þ � < 0; or 10�þ � > 3: (55)

Notice that for the inequality to be satisfied at least one of
the couplings has to take negative values. The localizability
of the zero mode on the 3-brane can be easily checked by
looking at the sign of �þ � 1. Positive sign correspond to a
power-law falloff and thus to a localized mode, and this
case is realized for the above choice of the couplings (55).
Also in the case of massless bulk fields, the localization of
the zero mode can be achieved by taking � < 0 and �<
��=6.

If we add an extra brane the bulk solution becomes

f0 ¼ N0ðA�þðu; vÞ þ �A��ðu; vÞÞ: (56)

The boundary conditions at the 4-branes lead to the follow-
ing relation

A�þð1� 10�� �� �þÞju¼0

þ A��ð1� 10�� �� ��Þju¼0 ¼ 0;

which can be satisfied, consistently with the requirement
that the solution is localized, only for � ¼ 0 and

1� 10�� �� �þ ¼ 0;

which can be satisfied if

M2
A

k21 þ k22
¼ ð10�þ �Þ2 þ 2�:

Using the above relation along with the condition of local-
ization, �þ > 1, gives a relation for the couplings

10�þ � < 0; 10�þ � > 3:

The remaining condition to be imposed is the boundary
condition at the far brane. As in the case of scalar fields, the
only consistent choice with having a nonconstant localized
zero mode is that of Robin boundary conditions

f0 þ �A@Xf0jX¼‘ ¼ 0; (57)

where the notation is the same as before and�A is constant.
The condition that a mode has to satisfy is then

ð‘þ C0Þ þ �A�þ ¼ 0:

As in the scalar case, adding an cutoff brane does not
change the localization properties, but restrict the range
of parameters for which a localized zero-mode exists.

IV. DISCUSSION

In this paper, we considered a geometrical setup which
consists of a six-dimensional anti–de Sitter bulk space, cut
by two 4-branes that intersect along a 3-brane, where all
the branes have tension. This type of brane arrangements
uses the properties of both models with large and warped
extra dimensions, and thus allows to take advantage of the

virtues of both. For instance, one can resolve the hierarchy
problem by taking infinitely extended AdS bulk. The ef-
fective Planck mass is given by

M2
4 ¼

2M4
6

3L2
sin�;

where

L2 :¼ ðk1 cos�1 þ k2 sin�1Þðk1 cos�2 � k2 sin�2Þ:
The above formula tells thatM4 is sensitive to the values of
the intersecting angles �1 and �2, and the curvature scales
k1 and k2. Thus, one can see that by varying the curvature
scales, k1 and k2 and the intersecting angles, �1 and �2, it
is possible to realize scenarios with gravity in the TeV
range. This can be achieved by taking the curvature scale L
in the submillimeter range.
In the limiting case of very small intersection angle, �1,

�2 
 0, one can achieve a smaller Planck scale keeping the
curvature scale of Oð1Þ. In Refs. [5,8], it was shown that
ordinary four-dimensional gravity can be reproduced on
the 3-brane at the intersection. The role of the correction
has also been looked at, and although a rigorous proof is
not easy to obtain, Ref. [5] clearly motivates that these are
small. In this work, we have considered a higher-
dimensional field theory propagating on the above inter-
secting brane model, and discussed under which conditions
a localized zero-mode sector exists. For simplicity, we
considered the case of six dimensions, the extension to
ten dimension being straightforward. Our computation
generalizes previous results obtained in the case of the
Randall-Sundrum one- and two-brane models, and extends
the results of Refs. [5,8], where the localization has been
discussed for the graviton zero mode. We have essentially
shown that a higher-dimensional version of the standard
model can be put in the bulk and, if couplings to the
curvature are appropriately chosen (this is equivalent to
give to the fields appropriate boundary mass terms due to
the presence of the delta functions in the curvature), the
zero mode may be localized. Treating the graviton pertur-
bations as a massless, minimally coupled scalar field, it is
possible to see that the conditions given in Sec. III are
satisfied in this case.
We also considered the case when other 4-branes cut the

bulk at some distance from the intersection. As we have
seen, in the probe brane approximation, the cutoff brane
does not have a significant effect on the field localization
on the 3-brane, and this is because the localization property
is determined by the presence of the potential barrier
around the 3-brane and the boundary conditions at the
intersecting 4-branes, irrespective of the global topology
of the bulk space.
The phenomenology of this class of models is, in prin-

ciple, interesting. The effective Planck mass can be as low
as a TeV scale, while keeping the bulk infinitely extended,
implying the existence of a continuum of KK modes. For
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this reason, it is important to estimate the size of the
coupling of KK modes to brane localized fields.
However, this is not straightforward and the reason is
simple to understand. For simplicity, let us take a look at
the case of a scalar field and introduce new bulk coordi-
nates X :¼ C1juj þ C2jvj and Y :¼ C1juj � C2jvj. In this
coordinate system, each KK mode can be written as a
superposition of the bulk solutions

f� ¼
Z qmax

0
dq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X þ C0

p � fa1q cos½KðX þ C0Þ
� qY	J�ðQ�ðqÞðX þ C0ÞÞ þ a2q sin½KðX þ C0Þ
� qY	J�ðQ�ðqÞðX þ C0ÞÞ þ b1q cos½KðX þ C0Þ
� qY	Y�ðQ�ðqÞðXþ C0ÞÞ þ b2q sin½KðXþ C0Þ
� qY	Y�ðQ�ðqÞðXþ C0ÞÞg (58)

where J� (Y�) is the Bessel (Neumann) function of
order � and aiq, biq are real coefficients. The dimension-

less constants and parameters are defined by

�: ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~M2=ðk21 þ k22Þ þ 1=4

q
, � :¼m�=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21þk22

q
and

Q�ðqÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 4q2C1C2sin

2�

k21 þ k22

s
;

KðqÞ :¼ C2
1 � C2

2

k21 þ k22
q:

(59)

In the above expression, the integrand in (58) represents a
general solution to the mode equation without boundary
terms. However, when imposing the boundary conditions
directly on the integrand, one can show that this form for
the modes will not satisfy them, yet being a complete set.
Thus, in the same way as Ref. [5] does for the graviton zero
mode, we can express a solution as a superposition of the
bulk modes, and impose the boundary conditions on the
convolutions. This is the meaning of the integral over q.
Another remark regards the upper bound on the integral (in
formula (58)). In principle the integral should extend up to
infinity, however, the requirement of regularity of the mode
function, or specifically on the Bessel functions, implies q
to be smaller than a maximal value qmax ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

�=ð4C1C2sin
2�Þ

q
. The coefficients aiq and biq (i ¼ 1,

2) are integration constants which should be determined by
the boundary conditions Eq. (18) and (19). The coefficients
aiq and biq are functions of q and the boundary conditions

are effectively integral equations in such functions. The
above boundary conditions reduce to Eq. (4.22) of Ref. [5],
where the case Ms ¼ 0, 
 ¼ 0, � ¼ 5=2, corresponding to
the graviton, was discussed. We were not able to find
general solutions for the coefficients aiq and biq, but in

the same limit as in Ref. [5] (near the intersection and for
small mass) and choosing the parameters in such a way that
� is a half-integer, it is possible to find solutions to lowest
order in q. In such case the couplings of a localized mode

with a KK excitation are suppressed by a factor m2L2=M4.
In the opposite limit, of masses much larger then the
curvature scale, the suppression is by a factor 1=M4.
The KK modes satisfy a Schrodinger-like equation, with

the potential given by (11). The reason for such suppres-
sion, then, is easily understood by looking at the profile of
the potential. The shape of the potential is shown in
Figs. 1–3, where one can see the presence of a barrier
around the intersection. Such a barrier protects the 3-brane
from KK contamination, as the low-lying massive excita-
tions are suppressed there, giving rise to suppressed over-
lap between the KK wave function and the localized
modes. More important corrections come from the large
mass modes, as the couplings are not suppressed. Once
again, the arguments of Ref. [5] can be repeated for some
choice of parameters, near the intersection, leading to
small correction to the interaction potential.
Adding an additional cutoff brane in the bulk, at a finite

distance ‘ from the intersection, would have the effect of
discretizing the KK spectrum. In this case, upon a specific
choice of the parameters (perpendicular branes, and C1 ¼
C2), it is possible to determine the masses for the low-lying
part of the spectrum. As one may expect, the masses are
inversely proportional to the distance of the cutoff brane
from the intersection. Placing the cutoff brane at a distance
comparable with the AdS curvature scale, will give masses
in the TeV range. These modes, as in the low-lying part of
the continuum case, are innocuous since the overlap with
localized zero modes is negligible due to the presence of

V
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FIG. 1 (color online). Scalar field potential V defined in
Eq. (11), shown in one of the four patches of AdS6. The figure
illustrates the presence of a potential barrier around the 3-brane.
The 3-brane is located at the origin z1 ¼ z2 ¼ 0 and 4-branes
correspond to the boundaries (sides in the plot). Here, we set
�1 ¼ 	=5 and �2 ¼ 	=4. Note that the behavior of the potential
for the vector field VA defined in Eq. (50) is very similar to the
scalar one.
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the potential barrier which protects the brane giving rise to
suppressed couplings between the excited and the localized
modes. The above discussion is clearly not complete and to
make precise statements, like, for example, compute accu-
rately the correction to the Newtonian potential or precise
bounds on the parameters from particle phenomenology,
numerical solutions to the integral equations are required.
The arguments of Ref. [5] for the graviton can be applied to
the scalar, gauge, and fermion case, thus suggesting that
constructing a viable phenomenology is possible.

Stability is also an important issue to consider. As we
have seen, in all the (scalar, fermion and gauge boson)
sectors of perturbations, no tachyonic mode appears in the
spectrum. Thus, the system discussed in this paper is
expected to be stable against perturbations.

In this paper, we investigated the conditions that would
allow to place the standard model in the bulk of a inter-

secting brane model in a six-dimensional AdS space.
Similarly to the Randall-Sundrum case, in order to localize
the zero mode sector at the intersection, the couplings
between the fields and the curvature have to satisfy specific
relations. In the case of fermion fields, the mass term has to
be chosen appropriately, if one wishes to respect the
Z2-symmetries of the geometry. In this case, by tuning
the parameters of this mixing matrix, it is possible to
localize separately different chiral modes.
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