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Massive gravity with mass term in three dimensions
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We analyze the effect of the Pauli-Fierz mass term on a recently established, new massive gravity

theory in three space-time dimensions. We show that the Pauli-Fierz mass term makes the new massive
gravity theory nonunitary. Moreover, although we add the gravitational Chern-Simons term to this model,
the situation remains unchanged and the theory stays nonunitary despite that the structure of the graviton
propagator is greatly changed. Thus, the Pauli-Fierz mass term is not allowed to coexist with mass-

generating higher-derivative terms in the new massive gravity.
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L. INTRODUCTION

It is known that gravitational interaction is naturally
coupled to the stress-energy tensor just like the electro-
magnetic interaction is done to the electro-magnetic cur-
rent. Since the stress-energy tensor is generated by the
mass (as well as momentum) of particles, understanding
the quantum-mechanical meaning of mass is a crucial step
in developing a quantum theory of gravity. Although the
graviton mediating the gravitational interaction is a mass-
less particle in Einstein’s general relativity, there was an
old attempt to getting the massive graviton by Pauli and
Fierz [1]. It seems that this attempt of giving mass to the
graviton has some applications to recent developments of
quantum gravity, string theory, brane world, cosmology,
and so on [2—10]. In hindsight, this is not surprising since
general relativity is almost the unique theory of massless
spin 2 gravitational field whose universality class is deter-
mined by local general coordinate transformations, any
infrared modification of general relativity cannot avoid
introduction of some kind of mass for the graviton.

In an arbitrary space-time dimension, if we do not
introduce the other matter fields, there is the unique
mass-generating mechanism for the graviton, which is
adding the Pauli-Fierz (PF) mass term to the Einstein-
Hilbert (EH) action. This mechanism makes it possible to
generate mass to the graviton in a Lorentz-covariant man-
ner without the emergence of a nonunitary ghost. However,
there is at least one serious drawback in the Pauli-Fierz
massive gravity in that the massive gravity only makes
sense as a free and linearized theory, so it is unclear how
to obtain a diffeomorphism-invariant mass and interaction
terms in this framework.

Recently, in three space-time dimensions there has been
interesting progress for obtaining a sensible interacting
massive gravity theory [11]. This model has been shown
to be equivalent to the Pauli-Fierz massive gravity at the
linearized approximation level. A key idea in this model is
that one adds higher-derivative curvature terms to the
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Einstein-Hilbert action with the wrong sign in such a way
that the trace part of the stress-energy tensor associated
with those higher-derivative terms is proportional to the
original higher-derivative Lagrangian. More recently, this
new massive gravity model in three dimensions has been
studied from various viewpoints such as the unitarity and
the impossibility of generalization to higher dimensions
[12], the anti-de Sitter black hole solutions [13] and the
properties of linearized gravitational excitations in asymp-
totically anti-de Sitter space-time [14].

As a peculiarity of three dimensions, there is an alter-
native mass-generating mechanism for the graviton: add-
ing a topological term named the gravitational Chern-
Simons term [15]. Thus, in three dimensions, in total there
are three distinct mass-generating mechanisms for the
graviton, those are, adding the Pauli-Fierz, the higher-
derivative, and the gravitational Chern-Simons terms. It
is then natural to ask what becomes of the mass of the
graviton if these three terms coexist in one theory.'
Surprisingly, these seemingly innocuous models are not
physically acceptable owing to the emergence of ghosts
and/or tachyons.

The aim of this article is to show that the Pauli-Fierz
mass term is not allowed to exist in the new massive gravity
in three dimensions. In this connection, it has been already
verified that there is a consistent, unitary massive gravity
with three massive excitations in some parameter region
between mass and the coefficient of gravitational Chern-
Simons terms when the Pauli-Fierz term is added to the
topologically massive gravity in three dimensions [18,19].

In the next section, we clarify why there is an interacting
unitary massive gravity theory only in three dimensions via
the analysis of the structure of the graviton propagator in a
general space-time dimension. In the third section, we
consider the case that the Pauli-Fierz mass term is added
to the new massive gravity theory and examine if the
original massive graviton stays unitary or not. Here we

'In the case of gauge fields, the relation between the conven-
tional Higgs mechanism and the topological mass-generating
mechanism was investigated in [16,17].
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realize that the existence of the Pauli-Fierz mass term has a
tendency to make the unitary modes change to ghosts and
tachyons. In the final section, we study the most general
massive gravity model where the gravitational Chern-
Simons term is added to the model treated in Sec. III.
Again we will see that there ghosts appear in the mass
spectrum, so that the Pauli-Fierz term cannot afford to exist
in the new massive gravity theory in three dimensions.

II. PROPAGATOR IN A GENERAL HIGHER-
DERIVATIVE GRAVITY

In this section, we wish to pursue the possibility of
constructing a renormalizable, interactive, unitary model
with higher-derivative terms for the massive graviton by
studying the structure of the graviton propagator. Even if it
is well-known that it is impossible to construct such an
ideal model in four space-time dimensions [20], it is useful
to clarify the meaning of the new massive gravity model by
Bergshoeff et al. [11] in three dimensions.

The action with which we start is a higher-derivative
gravity model [12,20] without cosmological constant up to
fourtl21 order in derivative in a general D space-time dimen-
sions”:

1
S = [de, /_——gI:FR + aR* + BR,,R*

+ (R 1ypoR*7P7 — 4R, RM + RZ)], (1)

nrpo
where k> = 167G, (G is the D-dimensional Newton’s
constant), and «, 3, and 7y are constants. The last term
proportional to y is nothing but the Gauss-Bonnet term,
which is a surface term in four space-time dimensions.

Now let us expand the metric around a flat Minkowski
background 7, as g,, = 1,, + h,, and keep only qua-
dratic fluctuations in the action. It is convenient to express
each term in the action in terms of the spin projection
operators:

Liy=/~gR=1n*[P? —(D—-2)P*],, ,,O0h*7,
L,=a/=gR>=a(D—D)h*" P, 7he,
L= pBJ=gR, R = pin#[P? +DPOI],,  [Phro,
L,=v/=8R,,,oR*"P7 —4R, ,R*" + R*)=0, (2)
where in evaluating the last £, we have used the relation
V78R, RHPT = h#[PD + PO [2heo. (3)

The spin projection operators in D space-time dimen-
sions, P@, pM_ pOs)  pOw)  pOsw) and pOWs) form a

>The space-time indices w, »,...runover 0, 1,...,D — 1. We
take the metric signature (—, +, ..., +) and follow the notation
and conventions of the textbook of Misner, Thorne, and Wheeler
[21].
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complete set in the space of second rank symmetric tensors
and are defined as [12]

1
@
P,U«VYPU' - E(e,u,pavo' + a,uoevp) - ﬁaﬂllaptf’
1

1
P;L,pa = E(Hﬂpww +0,,0,,+0,,0,,+0,,0,,),
1
0, _ 0, _
Pfu,]j)pg' = ﬁﬁwﬂpm P‘(MV‘:VZU = wlu,,a)pg,
1 , 1
O0,sw) __ 0, _
Pfuvsv/;zf = \/DTIG’“’(UP"’ me,’f/fzr = \/Dle,uvepo-
4)

Here the transverse operator 6,, and the longitudinal
operator ,,, are defined as

0/.1,1/ = T’,u,v - Ea,u,av = 77,11,1/ - w,u.w
] ®)
U)l“, ZEGMG,,.

It is straightforward to show that the spin projection op-
erators satisfy the orthogonality relations

Piig»)Pa'Pijjf,)/\T = 51',)'511171)2’3,)/\7_’

L

P(i'a) P(lhﬂ) — 8ij5ubp(iva0) (6)
mv,pot poar T mv, AT

PiisiprP e = 818" P

with i, j =0, 1, 2, and a, b, ¢, d = s, w and the tensorial
relation

2 1 0. 0w
[P@ + p) 4 pOs) 4 pl W)]#

v,po

=M up Moo+ NuoMup): (7)

Using the relations (2), the action (1) takes the form

1
S= deth‘“’(Q hP, (8)

uv.po

where O is defined as

ur.po

1 1
=0|(— + BO P(2)+{—— D-2
@/,LV,p(T I:(K2 B ) K2( )

~I—(4a(D—1)+BD)D}P(O’S)i| ()

mv,po

Then, the graviton propagator is essentially obtained by
inverting each spin block
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1 1

01 :_[ P2
#rer OLL + B0

1
* -L(D~-2)+ (4a(D - 1) + D)0

X P(W]

uv,po

2 — _1 (0,5)
_ KZ[P pP 1
1
O O+ 54

1 1

P<0’s>:| . (10)
— _ D—-2

D 20 k2(4a(D—1)+BD) mv.po

+

Recall that the combination P? — L P©9 is parallel to
that in four dimensions [22] and the negative sign for the
massless pole with P9 does not impose any problem
[12].

This structure of the graviton propagator clearly indi-
cates why it is difficult to construct a unitary gravitational
theory for the massive graviton in a general space-time
dimension. One point which we immediately notice is that
the negative sign for the massive pole [1 = — ﬁ corre-

sponds to a ghost with negative norm, so in order to avoid
this massive ghost, we have to impose the condition 8 = 0,
implying that R%, term is not allowed to be involved in the
action up to the Gauss-Bonnet term. On the other hand, the
remaining two poles, massless and massive poles, corre-
spond to spin 2 and 0 unitary modes. (Of course, we have to
impose the further conditon & > 0 in order to avoid tachy-
ons.) In fact, with the vanishing wa term, up to the Gauss-
Bonnet term, the action (1) is reduced to R + RZ?, which is
known to exactly coincide with Einstein’s general relativity
with a minimally coupled massive scalar field [23]. In this
way, it turns out to be difficult to construct a unitary
massive gravity model with helicity =2 massive graviton
modes within the framework of the higher-derivative grav-

ity at least in an arbitrary space-time dimension.
However, by inspection, we notice that if the gravita-
tional coupling constant x> were negative, the residue at
the pole [1 = — # would become positive whereas those
0=

at the massless [J=0 and massive poles
become negative, thereby implying that the

D-2
«*(4a(D—1)+BD)
modes corresponding to the former pole and the latter two
poles are, respectively, unitary modes with positive norm
and ghosts with negative norm. At this stage, a nice thing
happens in three dimensions. Namely, in three dimensions,
it turns out that massless graviton modes are nondynamical
[12] so we can neglect the massless graviton whatever its
norm is, positive or negative. The remaining problem is
therefore cast to a problem how to deal with the massive
scalar mode with negative norm. This problem is overcome
by selecting the constants «, B in such a way that they
satisfy the relation

PHYSICAL REVIEW D 79, 104012 (2009)
(4a(D — 1) + BD)|p—s = 8a + 38 = 0. (11)

After all, we arrive at a unitary massive gravity action in
three dimensions which has been recently found by
Bergshoeff et al. [11]

1 1 3
S - j.d3XP\/__—-§[_R + W(RMVR#V - §R2)], (12)
where we have set 8 = I because of 8> 0. Note that

we have replaced «? in (1) with —«? in (12) in order to
make the sign for the Einstein-Hilbert term negative.

III. MASSIVE GRAVITY WITH THE PAULI-FIERZ
MASS TERM

Now we shall add the Pauli-Fierz mass term to the new
massive gravity in three dimensions and examine the effect
on the graviton propagator.

For this purpose, let us begin with the action

1 1 3
S = fd%c[zq/_—g{—R + W(RWR/” - gRZ)}
m2
bt )] (13)

where h = n*”h,, and we shall set x> =1 henceforth.
First, let us note that the Pauli-Fierz mass term can be
rewritten by the spin projection operators as

2
m
Lpp = —T(h,“,h"” — h?)

2
_m h,uvl:_ oo 1 pm 41 pos
2 2 2 2

1
+ (P(O,SW) + P(Ow&))] hPo. (14)
\/5 v, po

Thus, the quadratic part of the action (13) is expressed in
term of the spin projection operators like

h*?, 15)

uv,po

1
S= [ dx-hP
sz

where P is defined as

171
?,uv,p(r = [E (W |:|2 - |:| - m2>P(2)

m? 1
— _P(l) + (O + 2 P(O,s)
> 2( m?)

nv,po

’”2( (0, 5w) ()
+ P'SW—i-P’WS:I ) 16
V2 (16)

nv,po
Then, the propagator for 4,,, is defined by
OIT(h (X)h e (WDI0) = i}, e8P = y), (IT)

where using the relation (7), the inverse of the operator P
is easily calculated as
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2
p-1 :[ PO — 2 p()
mv,po %DZ_D_mZ m2
D + m P(O w) + \/z_(P(O,sw)
+ P(O’WS))] . (18)
v, po

The expression of the propagator (18) reveals that there are
massive poles in the sector of spin 2 graviton modes, which
is of form

1

EWDZ O — m? ——(D w)O—-w_), (19)
where w. = —~— l+4(M M?, which are real numbers such

that w; >0, w_ < 0. In order to understand the physical
property of the poles, it is useful to rewrite } as

), 20)

1 ( L

which shows that there are two massive spin 2 modes. One
is the unitary mode of positive mass w ;. with positive norm
while the other is the ghost of tachyonic mass w_ with
negative norm. Thus in the model at hand the existence of
this tachyonic ghost induces the violation of both unitarity
and causality, so that adding the Pauli-Fierz mass term to
the new massive gravity theory in three dimensions is not
permitted from the physical requirements of unitarity and
causality.

IV. INCORPORATION OF *GRAVITATIONAL’
CHERN-SIMONS TERM

Next, in this section, we wish to consider the most
general situation where three distinct mass-generating
terms, those are, the Pauli-Fierz, higher-derivative, and
“gravitational” Chern-Simons terms, coexist with the
Einstein-Hilbert action in three dimensions. In particular,
we are interested in the question of whether or not the
presence of the gravitational Chern-Simons term could
rectify the impossibility of adding the Pauli-Fierz mass
term to the new massive gravity model. Actually, it has
been already pointed out that in the case of the topological
massive gravity with the Pauli-Fierz mass term, there is a
parameter region where ghosts and tachyons are simulta-
neously excluded and we have three massive (not ta-
chyonic) excitations with positive norm [18,19].

The most general action which includes three mass-
generating terms is given by
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1 3
S = fd3x[1/—g{— +W<RMVRMV - ng)}
m? 1
= e = )+ e

2
x (avrgp + §rgTr;,(,)], @1

where the coefficient u in front of the gravitational Chern-
Simons term is a constant. In order to accommodate this
topological term, one has to introduce additional two op-
erators to the whole spin projection operators [18]

=1
Stunpoe = (e L,
A
+ €,520,0)),

,\agw;‘ + su,,)‘apw,)‘, + s,,mac,w;
_%D(S/.Lp)\na'u + S;Lo'/\npu +
+ 81/0')\77p,u,)a/\- (22)

These operators together with the spin projection operators
satisfy the following relations:

S2;Lu,p0' = Svp)una',u,

1 1
S]Sl :ZD:SP(U, S1S2:S251 :_ZD3P(1),

1
S,S, = D3<P<2> + ZP<l>), pPs, = 5PV =g,

P(I)Sz = S2P(1) = _Sl! P(Z)S2 = SzP(z) = Sl + Sz,
(23)

where the matrix indices are to be understood.
As before, we write out the quadratic fluctuations in ,,,,
in the action (21) whose result reads

1
S = f I g (24)

where Q ,, ,, is defined as

171 m2
Q,ul/,po- = [2<M2 2 —-0- m2>P(2) — 7P(l)

1
+ (O + mH)PO) + — (PO 4 pOws)
;O +m?) \/-( )

1
+— (8§, + SZ)] . (25)
yn

uv,.po

The inverse matrix of @ ,,, ,, which is proportional to the
graviton propagator, is calculated as
2

_ — 2
O=m?) oo 2 py
_D_mZ)Z_AZDS m2

. :[ 2(
mv,po (#D2

Dmﬂp«) W) 4 */_(p(o w) 1 pOws))
4 1
I e R R Amy (it SZ)]WO-
(26)
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It is easy to see that this expression reduces to (18) in the
limit of w — oo as required.

As opposed to the previous case without the gravita-
tional Chern-Simons term (18), there appears a quartic pole
in the sectors of P(2), Sy, and S,. Thus, there might be a
certain parameter region where a unitary and tachyon-free
massive gravity theory exists. In order to examine this
possibility, let us consider the pole structure

1 2 4
JE<—2D2—D—m2) -0
M M

= (LDZ —O-m?2+ 35(3/2))
M? M

X (% 2 -0-m? - gD<3/2>). 27)
M M

The necessary condition that there is no ghost is given by

PHYSICAL REVIEW D 79, 104012 (2009)

the condition such that the quartic equation J = 0 has no
real solution. It then turns out that the equation J = 0 has
indeed real solutions for any real value of M, m, and .
Hence, even in this case where the gravitational Chern-
Simons term is added to the Pauli-Fierz term plus the new
massive gravity theory, there is no physically plausible,
unitary massive gravity theory. In this sense, the Pauli-
Fierz mass term is not allowed to exist in the new massive
gravity model in three dimensions. In this context, let us
recall that the Pauli-Fierz massive gravity makes sense
only as a free theory holding in the quadratic approxima-
tion level in h,, so the theory is not diffeomorphism-
invariant but Lorentz-invariant. On the other hand, the
new massive gravity is an interacting and
diffeomorphism-invariant theory, so the theory might not
admit the existence of the diffeomorphism-noninvariant
Pauli-Fierz term.
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