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We present a new numerical scheme to treat the nonlinear evolution of cosmological power spectra.

Governing equations for matter power spectra have been previously derived by a nonperturbative

technique with closure approximation. Solutions of the resultant closure equations just correspond to

the resummation of an infinite class of perturbation corrections, and they consistently reproduce the one-

loop results of standard perturbation theory. We develop a numerical algorithm to solve closure evolutions

in both perturbative and nonperturbative regimes. The present numerical scheme is particularly suited for

examining nonlinear matter power spectrum in general cosmological models, including modified theory of

gravity. As a demonstration, we study weakly nonlinear evolution of power spectrum in a class of

modified gravity models, as well as various dark energy models.
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I. INTRODUCTION

In the last decade, the late-time cosmic acceleration has
been one of the most important discoveries in physics and
cosmology (e.g., Refs. [1,2]). Although the origin of late-
time acceleration is thought to be a mysterious energy
component called dark energy, a possibility of long-
distance modification of general relativity is still viable
(e.g., Refs. [3,4]), and our understanding of the nature of
late-time acceleration is still lacking. Currently, the dark
energy equation-of-state parameter wde, which is phenom-
enologically introduced to characterize the cosmic accel-
eration and is defined as the ratio of the pressure to the
energy density of dark energy, is consistent with a cosmo-
logical constant (wde ¼ �1) at a level of 10% precision,
and with no evidence for time dependence (e.g.,
Refs. [5,6]). Toward a deeper understanding of the nature
of late-time acceleration, a precise measurement of both
the cosmic expansion history and the growth of cosmic
structure is a key to distinguish between different models
of dark energy, as well as to discriminate the dark energy
from the modification of gravity.

Among several observational techniques, baryon acous-
tic oscillations imprinted on matter power spectrum and
cosmic shear, measured from galaxy samples, are the most
promising techniques sensitive to the expansion history
and growth of structure. A crucial remark is that they
strongly rely on the accurate predictions of nonlinear mat-
ter power spectrum. Hence, in addition to the precise
measurement, a high-precision theoretical template for
the nonlinear power spectrum must be developed in order
to achieve order-of-magnitude improvement of the current
constraints.

Recently, several analytical approaches to predict the
nonlinear power spectrum have been developed, comple-

mentary to the N-body simulations [7–13]. In contrast to
the standard analytical calculation with perturbation theory
(for a review, see Ref. [14]), these have been formulated in
a nonperturbative way with techniques resumming a class
of infinite series of higher-order corrections in perturbative
calculation. Thanks to its nonperturbative formulation, the
applicable range of the prediction has been greatly im-
proved, and the nonlinear evolution of baryon acoustic
oscillations was found to be accurately described with a
percent-level precision.
Note, however, that these analytical calculations involve

several approximations or simplifications in order to make
the analysis tractable. This severely limits the applicable
range and/or the versatility of predictions. For example, in
Refs. [12,13], a perturbative treatment called Born ap-
proximation has been partly adopted in order to evaluate
the nonperturbative expressions for power spectrum.
Furthermore, most of the analysis presented so far rely
on the Einstein-de Sitter approximation, in which all the
calculations done in the Einstein-de Sitter universe are
extended to apply to the other cosmological model by
simply replacing the linear growth factor in Einstein-de
Sitter universe with that in the other cosmology (see
Sec. VB1 in detail). This is very crucial in studying the
nonlinear matter power spectrum in general cosmological
models, especially in modified gravity models.
In the present paper, in order to bring out the advantage

of nonperturbative formulation as much as possible, we
present a numerical resummation scheme to calculate the
nonlinear matter power spectrum. Our treatment relies on
the formalism developed by Ref. [13], in which the non-
linear statistical method used in the subject of turbulence
(e.g., Ref. [15]) was applied to the derivation of governing
equations for power spectrum. The resultant equations
called closure equations are the nonlinear integro-
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differential equations coupled with nonlinear propagator.
The solution of closure equations effectively contains the
information of the higher-order corrections, similar to the
renormalized perturbation theory by Crocce &
Scoccimarro [7,8,12]. It has been shown that the analytical
predictions based on the leading-order Born approximation
agree with N-body simulations very well in a mildly non-
linear regime, and a percent-level precision was achieved
at some ranges [16]. The agreement of the prediction is
further improved if taking account of the next-to-leading
order correction [17]. Hence, with the numerical imple-
mentation of the closure equations, all orders of Born
approximation are included, and the prediction will be
much better than the analytical treatment. Further, the
numerical treatment is particularly suited for studying the
nonlinear power spectrum in various cosmologies where
the analytical calculations with Einstein-de Sitter approxi-
mation is no longer possible.

The paper is organized as follows. In Secs. II and III, we
briefly review the basic treatment of our approach and
formalism. We then discuss how to solve closure equations
in Sec. IV. As shown in Ref. [13], the closure equations
automatically reproduce the leading-order results of stan-
dard perturbation theory if replacing the quantities in non-
linear terms with linear-order ones. This treatment has
been used for computing quasi nonlinear spectrum in
modified gravity models in Ref. [18]. In Sec. V, we present
numerical solutions of closure equations in both full non-
linear and perturbative treatment and demonstrate how the
present scheme can treat analytically intractable cases.
Finally, Sec. VI is devoted to the discussion and
conclusion.

II. PRELIMINARIES

Throughout the paper, we consider the evolution of mass
distribution in the flat universe, neglecting the tiny contri-
butions from the massive neutrinos. We treat the cold dark
matter (CDM) plus baryon system as a pressureless perfect
fluid. Then, assuming the irrotationality of fluid flow, the
governing equations for matter distribution become the
continuity equation and the Euler equation coupled to the
Newton potential � (e.g., Ref. [14]) :

@�ð�; xÞ
@�

þ �ð�; xÞ ¼ � 1

aH
r � ð�vÞ; (1)

@�ð�; xÞ
@�

þ
�
2þ d lnH

d�

�
�ð�; xÞ

¼ � 1

a2H2
4�ð�; xÞ � 1

a2H2
r � ðv � rvÞ; (2)

where � is the mass density field, and � is the velocity
divergence defined as � � r � v=ðaHÞ. Here, we introduce
the time variable given by � ¼ logða=a0Þ, with a0 being
the scale factor at the present time. With this time variable,
the flat Friedmann equation becomes

H2 ¼ H2
0

�
�me

�3� þ�de exp

�
�3

Z �

0
d�0f1þ wdeð�0Þg

��
:

(3)

The quantity H0 is the Hubble parameter at the present
time, and �m and �de are the density parameters of the
matter and dark energy, respectively.
To treat the nonlinear evolution of matter power spec-

trum, we will work with the Fourier transform of the fluid
equations, (1) and (2). They are given by
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@�ðk; �Þ
@�

þ
�
2þ d lnH

d�

�
�ðk; �Þ �

�
k

aH

�
2
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Z d3k1d

3k2
ð2�Þ3 �Dðk� k1 � k2Þ

� ðk1 � k2Þjk1 þ k2j2
2jk1j2jk2j2

�ðk1; �Þ�ðk2; �Þ: (5)

As for the Poisson equation, we have

� k2

a2
�ðk; �Þ ¼ 4�Geffðk; �Þ�m�ðk; �Þ: (6)

Here, Geff is the effective Newton constant, which generi-
cally depends on the scale and time in modified theory of
gravity. In principle, the Newton potential can be a non-
linear function of the density field. In fact, successful
modified gravity models that explain late-time acceleration
such as the Dvali-Gabadadze-Porrati (DGP) model [3] and
fðRÞ gravity models (for a review, see Ref. [4]) have non-
linear interaction terms, which are essential to recover the
general relativity on small scales [19]. In the present paper,
we restrict our analysis to the cases with linear Poisson
equation. The extension to the nonlinear case is straightfor-
ward and is discussed in a separate paper [18].
The evolution Eqs. (4)–(6) can be further reduced to a

compact form if we introduce the following quantity:

�aðk; �Þ ¼ ð�ðk; �Þ;��ðk; �ÞÞ; ða ¼ 1; 2Þ: (7)

Then, we write down the evolution equations in a single
form as

�̂ab�bð�; kÞ ¼ d3k1d
3k2

ð2�Þ6 �Dðk1 þ k2 � kÞ�acdðk1; k2Þ
��cðk1Þ�dðk2Þ; (8)

where �acd is the vertex function defined as
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�112ðk2;k1Þ ¼ �121ðk1; k2Þ ¼ 1

2

�
1þ k1 � k2

jk1j2
�
;

�222ðk1;k2Þ ¼ 1

2

�jk1 þ k2j2k1 � k2
jk1j2jk2j2

�
:

(9)

The operator �̂ab is defined by

�̂ ab ¼ �ab

@

@�
þ�abðk; �Þ; (10)

with the matrix �ab being

�abðk; �Þ ¼ 0 �1
�4�Geff

�m

H2 2þ d lnH
d�

 !
: (11)

III. CLOSURE EQUATIONS

In the present paper, we are especially concerned with
the nonlinear evolution of power spectrum defined by

h�aðk; �Þ�bðk0; �Þi ¼ ð2�Þ3�Dðkþ k0ÞPabðjkj; �Þ; (12)

where the bracket h�i stands for ensemble average. In the
above definition, we have the three different power spectra,
P11, P12 ¼ P21, and P22, which, respectively, correspond
to P��, �P�� and P��.

For the analytical calculation of the power spectrum, the
standard treatment of perturbation theory is to expand the

quantity�a as�a ¼ �ð1Þ
a þ�ð2Þ

a þ � � � , and to iteratively
obtain the solutions �ðnÞ from Eq. (8). Substituting the
perturbative solutions into the definition (12), we obtain
the nonlinear corrections to the power spectrum. This
treatment is straightforward, but is plagued by a poor
convergence of the perturbative expansion. Because of
this, the applicable range of the standard perturbation
theory (SPT) is restricted to a narrow range on large scales.

Recently, the improved treatment of the perturbation
theory has been proposed by several authors employing
the so-called renormalized/resummation techniques [7–
13,20–22]. In these treatments, the naive expansion of
the SPT is reorganized by introducing the nonperturbative
statistical quantities, and the information of the higher-
order corrections in SPT is effectively incorporated into
each order of expansions. As a result, even truncating the
expansion at some orders still contains the nonperturbative
effects of nonlinear clustering, leading to the improvement
of the convergence properties.

Here, among several nonperturbative techniques, we
consider the closure theory proposed by Ref. [13], in which
we have applied the nonlinear statistical method com-
monly used in the subject of turbulence (e.g., Ref. [15])
to the cosmological perturbation theory. In this treatment,
the renormalized expansion has been first constructed ac-
cording to the renormalized perturbation theory by
Ref. [7]. Then, we truncate the expansions at the one-
loop order. Under the tree-level approximation of the ver-
tex function, this leads to a closed system of the power

spectrum and nonlinear propagator. Though some nonper-
turbative properties are missed in this treatment, an advan-
tage of this formulation is that we can compute the power
spectrum numerically by solving the evolution equations,
keeping full nonperturbative information of the nonlinear
clustering at the one-loop order. This forward modeling
may be suitable for a fast computation of the power spec-
trum, unlike the backward treatment of the perturbative
expansions, which requires the time-consuming multidi-
mensional integrations.
Let us define the nonlinear propagator, Gabðkj�; �0Þ, and

the cross-power spectra between different times,
Rabðk; �; �0Þ:�

��aðk; �Þ
��bðk0; �0Þ

�
¼ Gabðkj�; �0Þ�Dðk� k0Þ; (13)

h�aðk; �Þ�bðk0; �0Þi ¼ ð2�Þ3�Dðkþ k0Þ
�Rabðjkj;�;�0Þ; ð�> �0Þ: (14)

Then, the governing equations for power spectrum, equiva-
lent to the renormalized expansions truncated at the one-
loop level, become [13]

�̂abcdPcdðk; �Þ ¼
Z �

�0

d�00Masðk; �; �00ÞRbsðk; �; �00Þ

þ
Z �

�0

d�00Na‘ðk; �; �00ÞGb‘ðkj�; �00Þ

þ ða $ bÞ; (15)

�̂ abRbcðk; �; �0Þ ¼
Z �

�0

d�00Masðk; �; �00ÞRscðk; �00; �0Þ

þ
Z �0

�0

d�00Na‘ðk; �; �00ÞGc‘ðkj�0; �00Þ;
(16)

�̂ abGbcðkj�; �0Þ ¼
Z �

�0
d�00Masðk; �; �00ÞGscðkj�00; �0Þ:

(17)

Here, Rscðk; �00; �0Þ ¼ Rscðk; �00; �0Þ for �00 > �0,
Rcsðk; �0; �00Þ for �00 < �0. The operator �̂abcd is defined by

�̂ abcdð�Þ ¼ �ac�bd

@

@�
þ �ac�bdð�Þ þ �bd�acð�Þ: (18)

The matrices Mab and Nab are

Masðk; �; �00Þ ¼ 4
Z d3k0

ð2�Þ3 �apqðk� k0;k0Þ�‘rsðk0 � k; kÞ
�Gq‘ðk0j�; �00ÞRprðjk� k0j; �; �00Þ; (19)
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Na‘ðk; �; �00Þ ¼ 2
Z d3k0

ð2�Þ3 �apqðk� k0;k0Þ�‘rsðk� k0; k0Þ
� Rqsðk0; �; �00ÞRprðjk� k0j; �; �00Þ: (20)

Note that we have recast the original equations in Ref. [13]
in more symmetrical way by changing the integration
variable [c.f. Eqs. (49)–(53) of Ref. [13]]. By definition,
the nonlinear propagator and the cross-power spectra
should satisfy the boundary condition:

Gabðkj�; �Þ ¼ �ab; (21)

lim
�0!�

Rabðk; �; �0Þ ¼ Pabðk; �Þ: (22)

The closure Eqs. (15)–(17) are the integro-differential
equations involving several nonlinear terms, in which the
information of the higher-order correction in SPT is en-
coded. Thus, replacing the statistical quantities Rab and
Gab in nonlinear terms with linear-order ones, the solutions
of closure equations automatically reproduce the leading-
order results of SPT, i.e., one-loop power spectra. Here, the
linear-order quantities denoted by RL

ab and GL
ab satisfy

�̂ abG
L
bcðkj�; �0Þ ¼ 0; (23)

�̂ abR
L
bcðk; �; �0Þ ¼ 0; ð� > �0Þ: (24)

For the rest of this paper, we focus on the numerical treat-
ment of the closure equations and demonstrate the evolu-
tion of matter power spectrum in both nonlinear and
quasilinear regimes by changing the treatment of nonlinear
terms.

IV. NUMERICAL METHOD

The closure Eqs. (15)–(17) are the nonlinear coupled
equations involving the time-consuming integrals over
space and time. In order to numerically treat these messy
integrals while keeping computational cost, we implement
the method used by Ref. [9], in which the propagator and
power spectra are expanded by a set of basis functions of k,
and integrated with respect to k in advance of the time
evolution. We adopt the trapezoidal rule for the integration
with respect to � and k, and the central difference formula
for the time evolution. To be precise, we first prepare a
discretized set of k labeled as km form ¼ 1; � � � ; Nk, where
we denote k1 and kNk

by kmin and kmax, respectively. We

define a set of triangular-shaped functions as the basis
functions:

T mðkÞ ¼
8><
>:

k�km�1

km�km�1
; km�1 � k < km;

kmþ1�k
kmþ1�km

; km � k < kmþ1;

0; otherwise:

(25)

Then we expand the nonlinear propagator, the auto- and
cross-power spectra as

Pabðk0; �Þ ¼
X
m

P ab;mð�ÞT mðk0Þ; (26)

Rabðk0; �0; �Þ ¼
X
m

Rab;mð�0; �ÞT mðk0Þ; (27)

Gabðk0j�0; �Þ ¼
X
m

Gab;mð�0; �ÞT mðk0Þ: (28)

The above expressions together with basis function (25)
imply that the power spectra and the propagator between
the discrete points are evaluated by the linear interpolation
according to the definition of the basis functions. Note that
these functions do not satisfy the orthogonality in the sense
that the integration of the product T mðkÞT nðkÞ over the
continuous space of k does not vanish even if m � n ¼
mþ 1. The set of T mðkÞ has the orthogonality only on the
discrete space because T mðkiÞ ¼ �mi is satisfied.
Substituting Eqs. (26)–(28) into Eqs. (19) and (20), we

obtain a separable form of the matrices Mab and Nab :

Masðk; �; �00Þ ¼
X

all indices

Gq‘;mð�; �00ÞRpr;nð�; �00Þ

�T ðMÞ
apq;‘rs;m;nðkÞ; (29)

Na‘ðk; �; �00Þ ¼
X

all indices

Rqs;mð�; �00ÞRpr;nð�; �00Þ

�T ðNÞ
apq;‘rs;m;nðkÞ; (30)

where T ðMÞ and T ðNÞ are given by

T ðMÞ
apq;‘rs;m;nðkÞ ¼ 4

Z d3k0

ð2�Þ3 �apqðk� k0; k0Þ�‘rsðk0 � k; kÞ
�T mðk0ÞT nðk� k0Þ; (31)

T ðNÞ
apq;‘rs;m;nðkÞ ¼ 2

Z d3k0

ð2�Þ3�apqðk� k0;k0Þ�‘rsðk� k0;k0Þ
�T mðk0ÞT nðk� k0Þ: (32)

The details of the description on the integrations (31) and
(32) can be found in Appendix A. Although Eqs. (31) and
(32) seem to have many components, most of them van-
ishes because the vertex function �abc has only three non-
vanishing components given in Eq. (9). The relevant
components in the summation are listed in Table I.
Based on the essential points of our numerical treatment

described above, we now consider how to solve the closure
equations in a cosmological setup. Basically, we perform
the following steps (see also Fig. 1):
(1) Set � ¼ �init (or z ¼ zinit) for sufficiently small

value of �init < 0, where the universe is well-
described by the Einstein-de Sitter (EdS) model,
and impose the initial conditions:
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Pabðk; �initÞ ¼ Rabðk; �init; �initÞ ¼
1 1

1 1

 !
PinitðkÞ;

Gabðkj�init; �initÞ ¼ �ab; (33)

where PinitðkÞ is the linear power spectrum given at
the initial time �init. Note that, in order to ensure the
validity of this prescription, the initial condition
should be imposed early enough so that the influen-
ces of the nonlinearity and the transient from the
initial condition can be neglected. Appropriate value
of the initial time has been chosen based on the
convergence test in Appendix B.

(2) Perform the integration over k for all components of

T ðMÞ
apq;‘rs;m;n and T ðNÞ

apq;‘rs;m;n using the trapezoidal

rule [see Eqs. (31) and (32)].
(3) Suppose that the coefficients Gab;pð�m; �iÞ and

Rab;pð�m; �iÞ for 0 � i � m have been already ob-

tained (filled circles in Fig. 1), we perform the
summation in Eqs. (29) and (30), and compute the
kernels Mabðk; �m; �iÞ and Nabðk; �m; �iÞ.

(4) Calculate the nonlinear terms in the right-hand side
of Eqs. (15)–(17). We use the trapezoidal rule for the
integration over time �00.

(5) Advance the time step from �m to �mþ1, and obtain a
new set of arrays Gabðkj�mþ1; �iÞ; Rabðk; �mþ1; �iÞ
and Pabðk; �mþ1Þ for 0 � i � m, applying the cen-
tral difference formula to Eqs. (15)–(17) (open
circles in Fig. 1). For the edge of arrays (shaded
circle in Fig. 1), the boundary conditions (21) and
(22) are used to obtain Gabðkj�mþ1; �mþ1Þ and
Rabðk; �mþ1; �mþ1Þ.

(6) Repeat the steps 3–5 until the time �nþ1 reaches the
final time.

Note that the trapezoidal rule at step 4 and finite difference
scheme at steps 5 are explicitly written as follows. For Eq.
(17) with ð�; �0Þ ¼ ð�p; �qÞ, we have
Gab;rð�pþ1; �qÞ �Gab;rð�p�1; �qÞ

2��
þ�abð�pÞGbc;rð�p; �qÞ

¼ ��
Xp
m¼q

cmMasðkr; �p; �mÞGsc;rð�m; �qÞ; (34)

for p > q. In cases with p ¼ q, the differentiation in left-
hand side of the above equation is replaced with the first-
order difference. Here, we set cm ¼ 1=2 for m ¼ q, p,
otherwise cm ¼ 1. Equations (15) and (16) can be also
written similarly as above.
The above procedure can be also used for the calculation

of the one-loop spectra in SPT. As we mentioned in
Sec. III, the calculation in the SPT additionally needs the
solutions GL

ab and RL
ab given in Eqs. (23) and (24) in

advance. They are used at the step 3 to compute the
integration kernels, ML

ab and NL
ab, which are evaluated

from Eqs. (19) and (20) just replacing the integrands
with linear-order ones. In the same manner, at the step 4,
we replace Gab and Rab in the nonlinear interaction terms
with linear-order quantities, GL

ab and RL
ab, respectively.

V. DEMONSTRATIONS

In what follows, we present the results of numerical
integration of closure equations. We first demonstrate the
full nonlinear calculation and present the results in
Sec. VA. Then, we move to discuss the perturbative treat-
ment and examine the weakly nonlinear evolution of the
power spectrum in dark energy and modified gravity mod-
els in Sec. VB. The initial power spectrum PinitðkÞ is

FIG. 1. Schematic draw of the numerical procedure to solve
closure equations. Each circle represents both Gab;p and Rab;p

(P ab;p for �i ¼ �m) on the discrete time grid, just omitting the

wave number dependence. The horizontal and vertical axes
correspond to the second and third arguments of those quantities.
In the steps 3 and 4 mentioned in the main text, we compute the
matrices Mabðk; �m; �iÞ and Nabðk; �m; �iÞ for 0 � i � m, and
evaluate the nonlinear terms, depicted as filled circles at the right
edge of the ’known’ region. In next step 5, we advance the time
step and obtain Gab;pð�mþ1; �iÞ and Rab;pð�mþ1; �iÞ for 0 � i �
m (blank circles), and P ab;p and Gab;p for (�mþ1, �bmþ 1)

(shaded circle).

TABLE I. List of nonvanishing components of the function

T ðM;NÞ
apq;‘rs;m;nðkÞ in Eqs. (29) and (30).

ða; sÞ ðapq; ‘rsÞ for M
(1, 1) (112, 121), (121, 121)

(1, 2) (112, 112), (112, 222), (121, 112), (121, 222)

(2, 1) (222, 121)

(2, 2) (222, 112), (222, 222)

ða; ‘Þ ðapq; ‘rsÞ for N
(1, 1) (112, 112), (112, 121), (121, 112), (121, 121)

(1, 2) (112, 222), (121, 222)

(2, 1) (222, 112), (222, 121)

(2, 2) (222, 222)
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calculated from the linear transfer function in the flat
�CDM model. We adopt the cosmological parameters
determined from WMAP five-year results [6]: �2

Rðk0 ¼
0:002 Mpc�1Þ ¼ 2:457� 10�9, ns ¼ 0:960,�m ¼ 0:279,
h ¼ 0:701, for the amplitude of curvature perturbation,
scalar spectral index, density parameter of matter, and
Hubble parameter, respectively. Unless otherwise stated,
we assume the dark energy with equation-of-state parame-
ter wde ¼ �1.

The parameters of our numerical calculations include
the initial redshift zinit, the cutoff wave number kmax, the
number of time steps N�, and the number of Fourier mesh
Nk. We set N� ¼ 172 and Nk ¼ 200 with constant interval
in linear and logarithmic scales, respectively. For the initial
redshift and cutoff wave number, based on the convergence
test in Appendix B, we chose zinit ¼ 200 and kmax ¼
5h Mpc�1. With this choice, the numerical errors in the
SPT calculation are reduced to a sub-percent level.

A. Full nonlinear calculation

In the full nonlinear treatment, the solutions of auto- and
cross-power spectra as well as the nonlinear propagator are
simultaneously obtained from the closure equations at each
time step. Here, for illustrative purpose, we first show the
nonlinear propagators, which clearly manifest the nonper-
turbative property of nonlinear clustering incorporated into
our formalism.

Figure 2 plots the nonlinear propagator G11ðkjz; zinitÞ as
function of wave number given at different redshifts, z ¼

0:5, 2 and 5 (from left to right). Clearly, the numerical
results depicted as solid lines exhibit the damping oscil-
lation, and asymptotically approach zero at k ! 1. The
characteristic scale of the damping is shifted to a lower k
for decreasing the redshift. These behaviors are marked
contrast with the linear theory prediction depicted as dotted
line. Note that the results including the leading-order cor-
rection (one-loop SPT) slightly improves the low-k behav-
ior, but they eventually become negative and diverge at
k ! 1. In this respect, the damping properties seen in the
numerical results can be regarded as the nonperturbative
effect, which results from the resummation of infinite
series of higher-order corrections. Indeed, the damping
behavior in the nonlinear propagators has been already
confirmed in the N-body simulations [8,23], and is essen-
tial for the accurate prediction of power spectrum [12].
In Fig. 2, the dashed lines indicate the analytic results

obtained from Ref. [13]. Basically, these are the approxi-
mate solutions of Eq. (17) constructed by matching the
asymptotic solutions in the low-k and high-k limits.
Although the analytic results at lower redshifts slightly
deviate from the numerical solutions, the overall agree-
ment between these two curves is remarkable. This may be
an independent check for the stability of our numerical
scheme, and the accuracy of our code seems comparable to
or even better than the analytic calculations.
Now, in Fig. 3, we show the redshift evolution of the

matter power spectrum, P11ðk; zÞ, obtained from the clo-
sure equations. For comparison, we also plot the N-body
results taken from Ref. [17]. Solid lines represents the
numerical results of closure equations, dashed and dotted
lines are the results of analytic calculations including up to
the leading-order and next-to-leading order perturbative
corrections, respectively. Here, the analytic results were
obtained based on the integral solutions of the closure
equations presented in Ref. [13,17]. We employ the Born
approximation to evaluate the integral solutions perturba-
tively. Although the analytical treatment is found to accu-
rately describe the nonlinear evolution of baryon acoustic
oscillations with a precision of sub-percent level [16,17],
because of the perturbative treatment, applicable range of
the analytic treatment is limited to a narrow range. As
clearly shown in Fig. 3, the resultant power spectra rapidly
fall off at some higher wave numbers. By contrast, the
power spectra obtained from the numerical calculation first
trace the analytical results on large scales, and they extend
over small scales without a sharp drop of the amplitude.
Remarkably, the numerical results quite resemble the
N-body results at k & 1ð0:6Þh Mpc�1 for z ¼ 3 (z ¼
0:5), and the agreement between these two results reaches
the accuracy of �4%ð8%Þ level. This is a clear manifesta-
tion of the fact that full nonlinear treatment of the closure
equations is indeed a nonperturbative way of calculating
the power spectrum beyond the weakly nonlinear regime.
Hopefully, it would be a fast computational tool comple-
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FIG. 2 (color online). The nonlinear propagators G11ðkjz; zinitÞ
at z ¼ 0:5, 2, and 3 from left to right. The vertical axis is
normalized by the linear growth rate, DðzÞ. The solid lines
represent the numerical solution of the closure Eqs. (15)–(17).
The dashed line are the approximate solution derived in
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diction.
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mentary to the N-body simulations. To clarify the useful-
ness of this approach, a more quantitative comparison
between N-body simulations and our numerical treatment
is needed. We will discuss this issue in a future work.

B. Perturbative calculation

In this subsection, we turn to focus on the perturbative
treatment of the closure equations, by which all the quan-
tities in nonlinear terms are replaced with the linear-order
ones. As we mentioned, this treatment automatically re-
produces the one-loop results of SPT. Owing to the nu-
merical treatment, we can address weakly nonlinear
evolution even when the analytical calculations are no
longer possible. In Sec. VB 1, we discuss the one-loop
power spectra in dark energy models, and address the
validity of the analytical treatment based on the Einstein-
de Sitter approximation. In Sec. VB 2, we examine a class
of modified gravity models with linear Poisson equation,
where the effective Newton constant manifestly depends
on scale. We demonstrate how the modification of the
gravitational-force law affects the power spectra in weakly
nonlinear regime.

1. Dark energy models

The one-loop SPT has recently attracted renewed inter-
est for an accurate modeling of large-scale structure. In
particular, a precise measurement of baryon acoustic os-
cillations made by ongoing and/or upcoming galaxy sur-
veys to probe the nature of late-time cosmic acceleration
provide a strong motivation to use the one-loop SPT for an
accurate template of matter power spectrum (e.g.,
Refs. [16,24–26]). In these experiments, the required ac-
curacy for theoretical template reaches at a percent level.

In the analytic treatment of one-loop power spectra, the
Einstein-de Sitter (EdS) approximation has been fre-
quently used in the literature (e.g., Ref. [14] and references
therein). Under the approximation, the higher-order solu-
tions of perturbation are approximately described by the
linear growth factor DðzÞ, and the resultant power spectra
are schematically expressed as

Pabðk; zÞ ¼ D2ðzÞPL
abðkÞ þD4ðzÞP1�loop

ab ðkÞ þ � � � : (35)

Note that for dark energy models in general relativity, the
EdS approximation is mathematically equivalent to solving
the closure equations just replacing the matrix �ab in the

operators �̂ab and �̂abcd with

�EdS
ab ð�Þ ¼ 0 �1

� 3
2 f

2 f
2 � d lnf

d�

� �
; (36)

with the function f defined by f � d lnD=d�.
Here, we consider two specific examples of dark energy

models characterized by the equation-of-state parameter
wde as [27,28]

wdeðaÞ ¼ w0 þ wað1� aÞ; (37)

and [29]

wdeðaÞ ¼ w0w1

�
aq þ aqs

w1a
q þ w0a

q
s

�
: (38)

Comparing the numerical results of closure equations with
the analytical calculations, we discuss the validity of EdS
approximation.
Figure 4 shows the one-loop spectra P11ðkÞ (left) and

P22ðkÞ (right) at z ¼ 0:5 and 3, for dark energy model with
slowly varying wde [Eq. (37)]. The model parameters w0

and wa were appropriately chosen within the currently
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FIG. 3 (color online). Time evolution of matter power spectra, P11ðkÞ, evaluated at z ¼ 3, 1 and 0.5 from left to right panels. The
vertical axis is normalized by the linear growth rate, DðzÞ. The solid lines represent the numerical solution of the Eqs. (15)–(17). The
dashed and dotted lines are the analytic results including the corrections up to the first- and second-order Born approximation,
respectively [13]. The squares with error bars indicate the N-body simulations taken from Ref. [17].
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constrained values of j1þ w0j & 0:1 and jwaj & 0:6 (e.g.,
Ref. [6]). In upper panels, we plot the ratio of power
spectra, PabðkÞ=PL

abðkÞ, while in lower panels, we plot

the fractional difference between the results with and

without EdS approximation, i.e., fPðEdSÞðkÞ �
PðnumÞðkÞg=PðnumÞðkÞ, where PðEdSÞ and PðnumÞ are, respec-
tively, obtained from the analytic and numerical calcula-
tions. Similarly, in Fig. 5, we plot the results in the dark
energy model (38), in which the equation-of-state parame-
ter has a sharp transition from w1 to w0 at the scale factor
a� as for a large q.
The resultant power spectra with EdS approximation

underestimate the numerical results without EdS approxi-
mation in both the density and velocity-divergence part of
autopower spectra. As decreasing the redshift, the devia-
tion from numerical results becomes significant, but a level
of discrepancy is not so large. These are consistent with the
previous findings by Refs. [22,30], from the analysis of
matter power spectrum. In Figs. 4 and 5, the vertical arrows
indicate the maximum wave number below which the
precision level of one-loop SPT is expected to be better
than 1%. According to Ref. [16], this is determined by
solving the following equation with respect to the wave
number k:

k2

6�2

Z k

0
PL
11ðq; zÞdq ¼ 0:18: (39)

Note that the maximum wave numbers given above have
been empirically derived by comparison between N-body
simulations and theoretical predictions, and it seems rather
conservative estimates compared to those previously pro-
posed [11,24,31]. Keeping the limitation of the one-loop
SPT in mind, we confirm that the analytical treatment with
EdS approximation is a quite good description of the one-
loop power spectra and the accuracy of this treatment can
reach a sub-percent level. This is even true for the model
(38) with the extreme parameter set, i.e., ðw0; w1; as; qÞ ¼
ð�1:8;�0:4; 0:5; 25:0Þ, in which the effective equation-of-
state parameter weff � �1� ð2=3Þd lnH=d�, rather than
wde, sharply changes its sign at a� 0:5 and eventually
approaches weff � 1.
Therefore, as long as the dark energy models in general

relatively are concerned, the analytical calculation with
EdS approximation is very accurate treatment within the
validity range of predictions, and it can give a fast compu-
tation of the weakly nonlinear power spectrum.

2. Modified gravity models

Now let us consider the weakly nonlinear evolution of
the power spectrum in modified gravity models with linear
Poisson equation. Unlike the dark energy models, the
Newton constant is effectively modified, and even the
linear growth rate generically depends on the scale and
time. Thus, the EdS approximation cannot be applied in
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FIG. 4 (color online). The density (left) and velocity-
divergence power spectra (right) normalized by the linear theory
predictions in dark energy model with variable wde [see Eq. (37)
]. The symbols and lines, respectively, represent the results with
and without the EdS approximation: ðw0; waÞ ¼ ð�0:9;�0:6Þ
(solid lines and symbol ’þ’); ð�0:9;þ0:6Þ (dashed lines and
symbol ’�’). In bottom panels, the differences between these
results are plotted as the fractional error, fPðEdSÞðkÞ �
PðnumÞðkÞg=PðnumÞðkÞ. The thick (thin) lines are the results at z ¼
3ð0:5Þ. The vertical arrows indicate the maximum wave number
below which the prediction of SPT is expected to agree well with
the N-body simulations within 1% (see Eq. (39), and Ref. [16]).
The filled and open arrows are the maximum wave numbers at
z ¼ 3 and z ¼ 0:5, respectively.
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general and the analytical treatment is no longer possible.1

Here, we demonstrate that with the use of the present
formalism and numerical method, the one-loop power
spectrum can be accurately computed even in the analyti-
cally intractable cases.

We examine two representative modified gravity models
whose effective Newton constant manifestly depends on
the scale and time. One is a phenomenological model in
which the Yukawa interaction is added by hand to the
inverse-square law (e.g., Refs. [32–34]). The effective
Newton constant in this model is given by

Geffðk; �Þ ¼ G

�
1þ �

1

	2ðk=aÞ2 þ 1

�
: (40)

The parameter 	 is the characteristic (proper) length at
which the Newton force is modified, and the amplitude �
represents the strength of the deviation from the inverse-
square law on large scales. Note that cosmological con-
straints on these parameters have been obtained recently
from the galaxy power spectrum of the Sloan Digital Sky
Survey [33,34]. Based on this, we compute the power
spectra for specific parameters with ð	;�Þ ¼
ð20h�1Mpc; 1Þ and ð100h�1 Mpc; 1Þ.

As another example, we consider the fðRÞ gravity
model. This model has been recently attracted as one of
the successful models that explains late-time cosmic ac-
celeration [35–37] (and see also Ref. [4] for a review). The
fðRÞ gravity model is given by the generalization of the
Einstein-Hilbert action to include arbitrary function of the
scalar curvature R:

S ¼
Z

d4x
ffiffiffiffiffiffiffi�g

p �
Rþ fðRÞ
16�G

þLm

�
; (41)

with Lm being the Lagrangian of ordinary matter. Under
the quasistatic treatment relevant for the scales well-inside
the Hubble horizon, the effective Newton constant be-
comes (e.g., Ref. [38])

Geffðk; �Þ ¼ G

�
4

3
� 1

3

�
2

ðk=aÞ2 þ �
2

�
; (42)

where the quantity �
2 is the effective mass of the new
scalar degree of freedom, fR, and is defined by �
2 ¼ fð1þ
fRÞ=ð@fR=@RÞ � Rg=3. Note that the barred quantity �
2

implies the one evaluated in terms of the background
quantities. In general, the corrections coming from non-
linear interaction terms appear in Geff , but we do not
consider here. In the present paper, we specifically con-
sider the function fðRÞ of the form, fðRÞ / R=ðARþ 1Þ

[35,38–40]. In the cosmologically interesting setup with
R ! 0 and fðRÞ ! 0, this can be expanded as
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FIG. 5 (color online). Same as in Fig. 4, but in the dark energy
model with equation-of-state parameter (38). The model pa-
rameters are set to ðw0; w1; as; qÞ ¼ ð�1:8;�0:4; 0:5; 3:41Þ for
set I, and ð�1:8;�0:4; 0:5; 25:0Þ for set II. Note that the case
with parameters of set II is regarded as extreme one, in which the
effective equation-of-state parameter, weff � �1�
ð2=3Þd lnH=d�, sharply changes its sign at a� 0:5. As for the
vertical arrows, see the caption of Fig. 4.

1In the DGP model as one of the successful models that
explains the late-time cosmic acceleration [3], the effective
Newton constant Geff depends only on time at the linear-order
level, and the analytical calculation of one-loop spectrum is
possible with a help of EdS approximation, even in the presence
of nonlinearity in Poisson equation [18].
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fðRÞ ’ �16�G�� � fR0

� �R0

R

�
: (43)

The energy density �� is related with the constant A, and
�R0 and fR0 are the background curvature and the field value
given by fRðR0Þ at present time. Here, we consider the
cases with jfR0j � 1, in which the last term at the right-
hand side of Eq. (43) is safely negligible and the back-
ground expansion just follows the same expansion history
as in the �CDM model.

Figure 6 shows the numerical results of one-loop power
spectra given at z ¼ 0:5. Left and right panels plot the
results for the models with effective Newton constant (40)
and (42), respectively. The upper panels show the ratio of
matter power spectrum, P11ðkÞ=PL

11ðkÞ, while in lower
panels, the fractional enhancement relative to the �CDM
model, i.e., fPðkÞ � P�CDMðkÞg=P�CDMðkÞ, is plotted. In
model with Eq. (40), the modification of the gravitational-
force law appears on large scales, and the effective Newton
constant becomesGeff ! ð1þ �ÞG. On the other hand, the
Newton constant on small scales becomes 4=3 times
greater than that on large scales in the model with
Eq. (42). This scale-dependent nature qualitatively ex-
plains the results seen in the lower panels, and because
of this, the resultant shape of the one-loop spectra is
significantly altered. Nevertheless, when normalized by
the linear power spectra, which intrinsically possesses the
scale-dependent nature of Geff through the linear growth
rate, the differences in the mode transfer efficiency be-
tween two models turn out to be small (see upper panel).
This indicates that the modification of gravitational-force

law imprinted in the linear power spectrum can be pre-
served in the weakly nonlinear regime, and the linear
growth rate becomes an important clue to distinguish
between various modified gravity models. This would be
even true for a large class of the modified gravity models
with nonlinear Poisson equation.
Finally, it is interesting to note that in the model with

Eq. (42), there appears the crossing point at which the
dependence of the ratio PðkÞ=PLðkÞ on jfR0j is changed.
As shown in the upper-right panel, the ratio decreases with
jfR0j on large scales, while it eventually increases on small
scales. This behavior basically reflects the fact that the
strong gravity on small scales efficiently promotes the
mode transfer from the low-k to high-k modes.

VI. DISCUSSION AND CONCLUSION

In this paper, on the basis of the nonperturbative frame-
work of the cosmological perturbation theory developed by
Ref. [13], we have presented a numerical scheme to treat
nonlinear evolution of matter power spectrum. The govern-
ing equations for matter power spectra are a closed set of
evolution equations coupled with nonlinear propagator,
which has been previously derived by truncating the infi-
nite chain of moment equations, with a help of perturbative
calculation called closure approximation. The present for-
mulation is equivalent to the one-loop level of renormal-
ized perturbation theory, and the nonperturbative effects of
gravitational clustering are effectively incorporated into
the solution of closure equations. Note that the closure
equations consistently reproduces the so-called one-loop
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results of standard perturbation theory if we replace the
quantities in the nonlinear terms with linear-order ones.
The numerical scheme presented here can be used for the
predictions of matter power spectra in both quasi nonlinear
and nonlinear regimes, and is applicable to the analytically
intractable cases. The modification to the gravity sector is
straightforward.

We have demonstrated that the full nonlinear treatment
of the closure equations has a ability to treat nonlinear
evolution of power spectrum beyond the validity regime of
previous analytical calculations. The resultant shape of the
nonlinear spectrum resembles the N-body result, and the
agreement between these two results reaches the accuracy
of �4%ð8%Þ level at z ¼ 3ðz ¼ 0:5Þ. We then focused on
the perturbative treatment of closure equations, and pre-
sented the numerical results of one-loop SPT in various
situations. We discussed the validity of the analytical treat-
ment based on the Einstein-de Sitter approximation which
has been frequently used in the literature. In the dark
energy models with two representative equation-of-state
parameters (37) and (38), we found that the analytical
calculation with Einstein-de Sitter approximation provides
an excellent description for the density and velocity-
divergence components of the one-loop power spectrum.
Within the validity range of one-loop spectra, the accuracy
of this treatment reaches at a sub-percent level. Also, we
have studied the one-loop power spectra in a class of
modified gravity models, in which the effective Newton
constant manifestly depends on the scale and time, and the
analytical calculation is no longer possible. We demon-
strated that the scale-dependent modification of the
gravitational-force law alters the power spectrum signifi-
cantly, but the efficiency of the mode transfer arising from
the nonlinear mode coupling changes only moderately. In
this respect, the modification of the gravity imprinted in the
linear power spectrum would be preserved in the weakly
nonlinear regime, and the (scale-dependent) linear growth
rate may be an important clue to distinguish between
various modified gravity models.

The numerical scheme presented here is a first step
toward precisely modeling the nonlinear evolution of mat-
ter power spectrum in various situations. Recently, the
nonlinear spectrum including the massive neutrinos has
been investigated by Ref. [41] based on the approach
similar to our formalism [22]. Incorporating the effect of
massive neutrinos into the present formalism is rather
straightforward, and the closure equations may be used
for a nonperturbative calculation of matter power spectrum
beyond the free-streaming scales. As another direction, one
may consider the extension of the present formulation to
deal with a wide class of modified gravity models with
nonlinear Poisson equation. Ref. [18] presented a general
formalism to treat such models and explicitly calculated
the one-loop power spectrum in DGP and fðRÞ gravity
models from the closure equations. The results for full

nonlinear treatment are left for future work, and will be
reported elsewhere.
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APPENDIX A: DETAILS OF NUMERICAL
INTEGRATIONS IN EQS. (31) AND (32)

In this appendix, we discuss the technical details on the
numerical integrations of the nonlinear terms in closure
equations. In the numerical algorithm presented in Sec. IV,
we must evaluate Eqs. (31) and (32) in advance to the time
evolution. To compute these integrals, the expressions are
first rewritten with the form of the two-dimensional inte-
gral with a help of the symmetry in the integrands. Then,
we introduce the elliptic coordinate used in Ref. [9], and
perform the integration by the trapezoidal rule taking care-
fully account of the domain of integration.
The elliptic coordinate is defined as

k 0 ¼ k

2
þ q; q ¼ k

2

sinh� sin
 cos�
sinh� sin
 sin�
cosh� cos


0
@

1
A; (A1)

where the vector k is set to be aligned to the third axis. We
introduce

X ¼ cosh�; Y ¼ cos
; (A2)

where X 	 1 and�1 � Y � 1. In Fig. 7, we schematically
plot the elliptic coordinate. In left plot, the origin of the
elliptic coordinate is O, and the elliptic contour represents
a surface of � ¼ const, which is mapped to X ¼ ~X shown
in right plot. The vector k points from F1 to F2, which
correspond to the two foci of the ellipse. Thus an arbitrary
vector k0 and k� k0 can be represented by the vector q.
In the elliptic coordinate, the vertex functions defined in

Eq. (9) are recasted as

�112ðk� k0; k0Þ ¼ 1þ XY

ðX þ YÞ2 ;

�112ðk0 � k; kÞ ¼ 1þ XY

4
;

(A3)
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�121ðk� k0; k0Þ ¼ 1� XY

ðX � YÞ2 ;

�121ðk0 � k; kÞ ¼ X2 þ Y2 � 2

2ðX � YÞ2 ;

(A4)

�222ðk� k0; k0Þ ¼ 2ð2� X2 � Y2Þ
ðX2 � Y2Þ2 ;

�222ðk0 � k; kÞ ¼ XY � 1

4

�
X þ Y

X � Y

�
2
:

(A5)

From now on, we take ðX; Y;�Þ as the integration variables
instead of ðk0x; k0y; k0zÞ. Hence the volume element d3k0 and
the integration domain are changed as

Z jk0j¼kmax

jk0j¼kmin

d3k0

ð2�Þ3 ð� � �Þ ¼
k3

32�2

Z X1

X0

dX
Z Y1ðXÞ

Y0ðXÞ
dYð� � �Þ;

(A6)

Note that, since the integrands of Eqs. (31) and (32) are
axially symmetric, we can integrate over the azimuthal
angle �, yielding a factor 2�. The lower and upper limits
of the integration are determined from the domains of
definition of Eqs. (A2) and (25), which gives

Y1ðXÞ ¼ min

�
�X þ 2kmþ1

k
; X� 2kn�1

k
; 1

�
; (A7)

Y0ðXÞ ¼ max

�
�Xþ 2km�1

k
; X � 2knþ1

k
;�1

�
; (A8)

X1 ¼ max

�
1;
kmþ1 þ knþ1

k

�
; (A9)

X0 ¼ max

�
1;
km�1 þ kn�1

k

�
; (A10)

where k�1 and kNþ1 are assigned to k0 ¼ kmin and kN ¼
kmax, respectively. With the above preparation, the three-
dimensional integration (31) and (32) are reduced to two-
dimensional integrations over the domain (A7)–(A10). An
example of integration domain is depicted as a shaded
deficient rectangle in right plot of Fig. 7. As mentioned
in Sec. IV, we implement the trapezoidal rule to integrate
Eqs. (31) and (32) in this domain.

APPENDIX B: CONVERGENCE TEST

In this appendix, we check the convergence of numerical
results obtained with the numerical scheme mentioned in
Sec. IV. The test calculations have been done in the�CDM
model by varying some numerical parameters. Particularly
we focus on the initial time of the time evolution, zinit, and
the cutoff wave-number on small scales, kmax, introduced
in (25), which are most sensitive parameters to the final
results.
The upper panel in Fig. 8 shows the fractional errors

between the matter power spectrum P11ðkÞ for kmax ¼ 1, 2,
5h Mpc�1 and that for kmax ¼ 10h Mpc�1 denoted by
Pref
11 , that is, ðP11 � Pref

11 Þ=Pref
11 . In these calculations, the

logarithmic interval�ðlogkÞ is fixed. In the lower panel, we
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FIG. 8 (color online). The dependence of the cutoff wave
number, kmax, and the initial time, zinit, on the matter power
spectrum. Upper panel : The fractional errors of the power
spectrum for kmax ¼ 5h Mpc�1 (solid), kmax ¼ 2h Mpc�1

(dashed) and kmax ¼ 1h Mpc�1 (dotted) by reference to kmax ¼
10h Mpc�1. Lower panel : The fractional errors for zinit ¼ 300
(solid), zinit ¼ 200 (dashed), zinit ¼ 100 (dotted) and zinit ¼ 50
(dot-dashed) by reference to zinit ¼ 400. As for the vertical
arrows, see the caption of Fig. 4.

FIG. 7 (color online). The geometrical relation between k0 (or
q) space and ðX; YÞ coordinates. The elliptic contour represent-
ing a surface with � ¼ const. in left plot is mapped to X ¼ ~X in
right plot. Circled numbers in both plots corresponds to each
other, and filled areas, too. Note that the origin of k0-space is F1,
while that of the elliptic coordinate is O. The striped deficient
rectangular is an actual domain defined by Eqs. (A7)–(A10).
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show the fractional errors for the calculations with zinit ¼
50–300 from the one with zinit ¼ 400. Also in these calcu-
lations, we fixed the time interval, ��. The arrows on the
horizontal axis are given by Eq. (39).

Both plots indicate the good convergence of the numeri-
cal results in the sense that the fractional errors from each
reference become smaller as kmax and zinit increase. We
found that we can keep the fractional error sufficiently
smaller than 1% as long as kmax is larger than 5h Mpc�1,
and zinit is larger than 200. Particularly, as for zinit, if we
take later time, the resultant power spectrum at low-

redshifts is harmed by the fact that we neglect the decaying
modes in the initial conditions [see Eq. (33)].
Considering the above results, we fixed kmax ¼

5h Mpc�1 and zinit ¼ 200 for all numerical calculations
presented in this paper. Additionally the number of time
steps, N�, and the wave number bins, Nk, are chosen as
N� ¼ 172 and Nk ¼ 200, respectively, so that the frac-
tional errors are suppressed to a sub-percent level.
Moreover, for the integration (A6), we use a 200� 200
discrete grid on the integration domain defined by
Eqs. (A7)–(A10).
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