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Gauge-Higgs unification in warped extra dimensions provides an attractive solution to the hierarchy

problem. The extension of the standard model gauge symmetry to SOð5Þ �Uð1ÞX allows the incorpo-

ration of the custodial symmetry SUð2ÞR plus a Higgs boson doublet with the right quantum numbers

under the gauge group. In the minimal model, the Higgs mass is in the range 110–150 GeV, while a light

Kaluza-Klein excitation of the top quark appears in the spectrum, providing agreement with precision

electroweak measurements and a possible test of the model at a high luminosity LHC. The extension of

the model to the lepton sector has several interesting features. We discuss the conditions necessary to

obtain realistic charged lepton and neutrino masses. After the addition of an exchange symmetry in the

bulk, we show that the odd neutrino Kaluza-Klein modes provide a realistic dark-matter candidate, with a

mass of the order of 1 TeV, which will be probed by direct dark-matter detection experiments in the near

future.
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I. INTRODUCTION

Warped extra dimensions present an elegant solution to
the hierarchy problem, where all fundamental parameters
are of the order of the Planck scale. The weak scale–Planck
scale hierarchy is obtained by an exponential warp factor,
which is naturally small provided the Higgs field is local-
ized toward the so-called infrared brane [1]. If all standard
model (SM) fields propagate in the bulk, the theory leads to
the presence of Kaluza-Klein (KK) modes which tend to be
localized toward the IR brane and therefore couple sizably
to the Higgs. This in turn results in large mixing between
the heavy SM particles and their KK modes, leading to
modifications of the electroweak parameters and therefore
to strong constraints from electroweak precision measure-
ments [2–7]. These constraints may be weakened by the
introduction of brane kinetic terms [8–11] or custodial
symmetries [12,13], which allow the presence of KK
modes with masses of the order of a few TeV.

One of the attractive features of these models is the
natural explanation of the hierarchy of fermion masses
by the localization of the fermion fields in the bulk [14–
16]. The chiral properties of the fermions are obtained by
imposing an orbifold symmetry and demanding that the
fields are odd or even under such a symmetry. Fermion
fields that are even under the orbifold symmetry at the
infrared and ultraviolet branes present zero modes, which
are chiral and therefore may be identified with the SM
fermion fields. The localization of the zero modes is gov-
erned by the bulk mass parameters ck, with k the curvature
of the extra dimension and c, a number of order 1. While
the zero modes of chiral fields with c > 1=2 couple weakly
to the Higgs and are therefore light, the heavy SM fields are

associated with bulk mass parameters c � 1=2. Because of
the exponential behavior of the zero mode wave functions,
large hierarchies between the fermion masses are gener-
ated by small variations of the corresponding c parameters.
Gauge-Higgs unification models identify the Higgs field

with the five-dimensional component of the gauge fields
[17]. An extended gauge symmetry is necessary for the
successful implementation of this mechanism. In particu-
lar, models based on the gauge group SOð5Þ �Uð1ÞX in-
clude the custodial and weak gauge symmetry via
SOð5Þ � SOð4Þ � SUð2ÞL � SUð2ÞR [18–20]. Moreover,
provided the SOð5Þ symmetry is broken to a subgroup of
SOð4Þ by boundary conditions at both branes, the fifth
dimensional components of SOð5Þ=SOð4Þ have the proper
quantum numbers to be identified with the Higgs field,
which is exponentially localized toward the IR brane.
Since the Higgs originates from gauge fields, its tree

level potential vanishes. In a previous work [21], we com-
puted the one-loop effective potential and demonstrated
that electroweak symmetry breaking, with the proper gen-
eration of third generation quark and gauge boson masses
may be obtained for the same values of the bulk mass
parameters that lead to agreement with precision electro-
weak data at the one-loop level. Moreover, we showed that
the Higgs mass is in the range 110–150 GeVand that a light
KKmode of the top quark, t1, appears in the spectrum, with
a mass small enough so that the KK gluon may decay into
it. The presence of this light KK mode has a strong impact
on the phenomenology of the model [22]. For instance,
searches for the KK gluon by its decay into top quarks [23–
26] is rendered difficult due to the presence of the addi-
tional dominant decay mode into KK top quarks and the
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broadness of the KK gluon. On the contrary, the construc-
tive interference between the QCD and the KK gluon
induced pair production of the top-quark KK mode allows
one to search for a t1 for values of the masses much larger
than those at reach in the case of just the QCD production
cross section.

In this article, we will analyze the addition of the lepton
sector in the gauge-Higgs unification scenario. To add
leptons, we will proceed in a similar way as for the quark
sector. The left-handed leptons will be added in a funda-
mental representation of SOð5Þ, with QX ¼ 0, while the
right-handed neutrino and charged lepton fields will be
added in a fundamental representation and a 10 of SOð5Þ
also with charge QX ¼ 0, respectively.

Because of the gauge origin of the Higgs field, a possible
local infrared brane operator (LH) LH=M, which could
lead to large values of the neutrino Majorana masses,
should come from the fifth dimensional component of the
covariant derivative of the lepton fields and therefore can
only naturally arise from the integration of the right-
handed neutrinos, with a local IR Majorana mass.
Indeed, since the fields associated with the right-handed
neutrino zero modes are singlets under the conserved
gauge groups on both the infrared and ultraviolet branes,
one can always add Majorana masses for these fields on the
infrared and ultraviolet branes. We will therefore consider
these masses and implement a seesaw mechanism for the
generation of the light neutrino masses [27–29]. We will
show how to incorporate these masses within the context of
these models, obtain the modified profile functions, and
define the conditions to derive a realistic spectrum.

Furthermore, the introduction of an exchange symmetry
[30], which is preserved in the bulk, yields a natural dark-
matter candidate in the spectrum that may be identified
with the odd KK modes of the right-handed neutrino. This
exchange symmetry requires the identification of the bulk
mass parameter of the dark-matter candidate with the one
of the right-handed neutrinos, establishing a connection
between neutrino masses and the relic dark-matter density.
We will show that, if the odd fermions are assumed to be
Dirac particles, the predicted relic density is the correct one
for Dirac fermion masses of the order of 1 TeV. In the
Majorana case, somewhat smaller masses are allowed, and
the results depend on the relative values of the ultraviolet
and infrared Majorana masses. We will show that in both
the Dirac and Majorana cases, direct detection experiments
will efficiently probe the existence of the proposed dark-
matter candidates.

The article is organized as follow: In Sec. II we discuss
the properties of leptons in scenarios of gauge-Higgs uni-
fication. In Sec. III we discuss the generation of charged
lepton and neutrino masses. In Sec. IV we analyze the
possibility of incorporating dark matter via an exchange
bulk symmetry, analyzing the couplings and the annihila-
tion diagrams, as well as the direct detection of these dark-

matter candidates. We reserve Sec. V for our conclusions.
Some technical details are given in the Appendixes.

II. LEPTONS IN GAUGE-HIGGS UNIFICATION
SCENARIOS

The goal of the current work is to add the lepton sector
into the minimal gauge-Higgs unification model described
above, including right-handed neutrinos, with brane
Majorana masses. We will proceed in a similar way as in
the quark case [21], and discuss the general question of
charged lepton and neutrino mass generation.
We are interested in a 5D gauge theory with the gauge

group SOð5Þ �Uð1ÞX. The geometry of our space-time
will be that of RS1 [1], with an orbifolded extra spatial
dimension in the interval x5 2 ½0; L�. The metric for such a
geometry is given by

ds2 ¼ a2ðx5Þ���dx
�dx� � dx25; (1)

where aðx5Þ ¼ e�kx5 , k�MPl, and kL� 30. The space
spanning the fifth dimension corresponds to a slice of
AdS5, with branes attached to the two boundary points:
x5 ¼ 0 (UV brane) and x5 ¼ L (IR brane). The KK scale

on the IR brane is defined as ~k ¼ ke�kL.
We place the SOð5Þ and the Uð1ÞX gauge fields, AM and

BN, respectively, and the fermion fields, �, in the bulk of
the extra dimension. The 5D action is

S5D ¼
Z

d4x
Z L

0
dx5

ffiffiffi
g

p �
� 1

4g25
TrfFMNF

MNg

� 1

4g2X
GMNG

MN þ ��ði�NDN �MÞ�
�
; (2)

where DN ¼ @N � iA�
Nt

� � iBN , FMN , and GMN are the
field strengths and g5 and gX are the 5D dimensionful
couplings for the gauge fields of SOð5Þ and Uð1ÞX, respec-
tively, M ¼ �ck is the mass parameter for the fermions,
and c controls the localization of the fermions in the extra
dimension.
Similar to the quark sector, we let the SM SUð2ÞL lepton

doublet containing the left-handed charged leptons and
neutrinos, lL and �L, arise from a 50 of SOð5Þ �Uð1ÞX,
where the subscript refers to the Uð1ÞX charge. The right-
handed neutrino NR will be included as the singlet compo-
nent in a fundamental representation of SOð5Þ, while the
right-handed charged lepton lR is placed in a 100 of SOð5Þ
analogously to the dR. One may also include brane mass
terms connecting different multiplet components, as well
as new brane Majorana masses for the right-handed neu-
trino NR:

ðMUV�ðyÞ �MIR�ðy� LÞÞNRNR: (3)

The right-handed neutrino, NR, in principle could be
identified with the singlet right-handed component in the
same multiplet as the left-handed leptons. However, in
order to naturally suppress lepton flavor violation effects
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and maintain agreement with precision electroweak mea-
surements, the left-handed leptons should be localized
toward the UV brane [31,32]. The zero modes of the
corresponding right-handed multiplet will therefore be
localized toward the IR brane. This implies that even
with a natural scale for the brane masses OðMPlÞ, the
exponential suppression of the wave function at the UV
brane would lead to an effective Majorana mass for NR

which is much smaller than the Planck scale. This, in turn,
after the implementation of the seesaw mechanism, leads
to too large values for the observed neutrino masses.
Therefore, as we will discuss below, it will prove to be
necessary to have the left-handed leptons in a different
multiplet from the right-handed neutrinos.

If NR belongs to the same multiplet as the left-handed
leptons:

�i
1L � Li

1L ¼ �ei
1Lð�;þÞ1 lniL ðþ;þÞ0

�ni
1Lð�;þÞ0 leiL ðþ;þÞ�1

� �
� Ni

Lð�;�Þ0;
(4)

�i
2R � Ti

1R ¼
c 0i

Rð�;þÞ1
N0i

Rð�;þÞ0
E0i
Rð�;þÞ�1

0
B@

1
CA � Ti

2R

¼
c 00i

R ð�;þÞ1
N00i

R ð�;þÞ0
Ei
Rðþ;þÞ�1

0
B@

1
CA � Li

2R

¼ �ei
2Rð�;þÞ1 l00niR ð�;þÞ0

�ni
2Rð�;þÞ0 l00eiR ð�;þÞ�1

 !
:

Alternatively, the right-handed neutrino can be incorpo-
rated in a different multiplet from the left-handed lepton
one. The two multiplet assignments are as follows:

�i
1L � Li

1L ¼ �ei
1Lð�;þÞ1 lniL ðþ;þÞ0

�ni
1Lð�;þÞ0 leiL ðþ;þÞ�1

� �
� N0i

Lð�;þÞ0;

�i
2R � Li

2R ¼ �ei
2Rð�;þÞ1 l0niR ð�;þÞ0

�ni
2Rð�;þÞ0 l0eiR ð�;þÞ�1

 !
� Ni

Rðþ;þÞ0;

(5)

�i
3R � Ti

1R ¼
c 0i

Rð�;þÞ1
N0i

Rð�;þÞ0
E0i
Rð�;þÞ�1

0
B@

1
CA � Ti

2R ¼
c 00i

R ð�;þÞ1
N00i

R ð�;þÞ0
Ei
Rðþ;þÞ�1

0
B@

1
CA � Li

3R ¼ �ei
3Rð�;þÞ1 l00niR ð�;þÞ0

�ni
3Rð�;þÞ0 l00eiR ð�;þÞ�1

 !
;

where we show the decomposition under SUð2ÞL �
SUð2ÞR, and explicitly write the Uð1ÞEM charges. The
Li’s are bidoublets of SUð2ÞL � SUð2ÞR, with SUð2ÞL act-
ing vertically and SUð2ÞR acting horizontally. The Ti

1’s and
Ti
2’s transform as ð3; 1Þ and ð1; 3Þ under SUð2ÞL � SUð2ÞR,

respectively, while Ni and N0i are SUð2ÞL � SUð2ÞR sin-
glets. The superscripts, i ¼ 1, 2, 3, label the three
generations.

We also show the parities on the indicated 4D chirality,
where � and þ stand for odd and even parity conditions
and the first and second entries in the brackets correspond
to the parities in the UVand IR branes, respectively. Let us
stress that while odd parity is equivalent to a Dirichlet
boundary condition, the even parity is a linear combination
of Neumann and Dirichlet boundary conditions that is
determined via the fermion bulk equations of motion as
discussed below. The boundary conditions for the opposite
chirality fermion multiplet can be read off the ones above
by a flip in both chirality and boundary conditions, for
example ð�;þÞL ! ðþ;�ÞR. In the absence of mixing
among multiplets satisfying different boundary conditions,
the SM fermions arise as the zero modes of the fields
obeying ðþ;þÞ boundary conditions. The remaining
boundary conditions are chosen so that SUð2ÞL � SUð2ÞR
is preserved on the IR brane and so that mass mixing terms,
necessary to obtain the SM fermion masses after electro-
weak symmetry breaking, can be written on the IR brane.
Consistency of the above parity assignments with the

original orbifold Z2 symmetry at the IR brane was dis-
cussed in Appendix B of Ref. [21]. The three families will
behave similarly, and therefore, we will drop the family
indices and concentrate only on one lepton family. Large
mixing angles in the lepton sector can be naturally ob-
tained while suppressing lepton flavor changing neutral
currents if the left-handed leptons have similar bulk mass
parameters, ci1 [33,34], and in the following we will as-
sume them to be equal. We will return to this issue in
Sec. III C. The zero modes of the leptons are too light
and too weakly coupled to the Higgs boson to affect the
Higgs potential in any significant way. The lepton KK
modes may be coupled more strongly to the Higgs, but
their gauge invariant mass is much larger than the Higgs
induced one and therefore they tend to contribute only
weakly to both the Higgs potential and to the precision
electroweak observables.
One can add localized brane mass terms to the

Lagrangian in both the one and the two multiplet cases:

L1 ¼ �2�ðx5 � LÞ½ �L1LML2
L2R þ H:c:�

� ½MIR�ðx5 � LÞ �MUV�ðx5Þ�NRNR; (6)

L2 ¼ �2�ðx5 � LÞ½ �N0
LML1

NR þ �L1LML2
L3R þ H:c:�

� ½MIR�ðx5 � LÞ �MUV�ðx5Þ�NRNR: (7)
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With the introduction of the brane mixing terms, the
different multiplets are now related via the equations of
motion. The fermions, like the gauge bosons, can be ex-
panded in their KK basis:

c Lðx; x5Þ ¼
X
n

fL;nðx5; hÞc L;nðxÞ;

c Rðx; x5Þ ¼
X
n

fR;nðx5; hÞc R;nðxÞ:
(8)

Solving the equations of motion in the presence of h
becomes complicated, as the different modes are mixed.
However, 5D gauge symmetry relates these solutions to
solutions with h ¼ 0 [35], with �ðx5; hÞ, the gauge trans-
formations that remove the vacuum expectation value
(VEV) of h:

�ðx5; hÞ ¼ exp

�
�iChhT

4̂
Z x5

0
dya�2ðyÞ

�
: (9)

The form of the bulk profile functions at h ¼ 0 is given in
Appendix A.

The boundary masses lead to a redefinition of the effec-
tive boundary conditions for the fermion fields at the
branes. Let us first analyze the case of a Dirac boundary
mass term on the infrared brane,ML, involving fields from

different multiplets ��i
L�

j
R, i, j ¼ 1, 2, 3 for the different

multiplets. Quite generally, we shall call the profile of the
left-handed field and the right-handed field participating in
the mass term gL and hR, respectively. The right-handed
component, �i

R with profile function gR and the left-

handed component �j
L with profile function hL have

Dirichlet boundary conditions on the brane, and therefore
gRðLÞ ¼ hLðLÞ ¼ 0. The equations of motion of the fields
are affected by the localized masses, which induce a dis-
continuity on the odd-parity profile functions at the infra-
red brane. Indeed, keeping only the relevant terms, the
integration of the equation of motion leads toZ Lþ�

L��
ð@5gRÞdx5 ¼

Z Lþ�

L��
2MLhR�ðx5 � LÞdx5: (10)

Therefore, we obtain

lim
�!0

gRðL� �Þ ¼ �MLhRðLÞ; (11)

and, similarly for the hL

lim
�!0

hLðL� �Þ ¼ ML2
gLðLÞ: (12)

Equations (11) and (12) can now be reinterpreted as the
new boundary conditions for the profiles at the IR brane.

Analogously, one can analyze the effect of the Majorana
boundary mass, Mi, where i ¼ IR or UV. Let us take the
specific case of the field NR, with a profile function hR. Its
chiral partner will have a profile function hL having an
odd-parity profile on both branes. The equation of motion
in the presence of both the Majorana masses and the Dirac
mass term ML1

leads to the following relationship:

Z yþ�

y��
ð@5hLÞdx5 ¼

Z yþ�

y��
½ð	2MihR � hLÞ�ðx5 � yÞ

� 2ML1
gL�ðx5 � LÞ�dx5; (13)

where the minus and plus signs are associated with the
boundary conditions at y ¼ L, and y ¼ 0, respectively.
The odd parity at the branes then implies a Dirichlet
boundary condition for the function hL, which as before
will present a discontinuity at the brane. For the IR bound-
ary conditions we obtain

lim
�!0

hLðL� �Þ ¼ MIRhRðLÞ þML1
gLðLÞ: (14)

For the UV boundary condition, instead

lim
�!0

hLð0þ �Þ ¼ MUVhRð0Þ: (15)

Equations (14) and (15) can now be reinterpreted as the
new boundary condition for the profiles at the branes. The
generalization of these expressions to the general case is
straightforward.

The wave functions defined in Appendix A, ~SM and
~S�M, are associated with Dirichlet boundary conditions
at the ultraviolet brane for the left-handed and right-handed
fields, respectively. In the presence of ultraviolet Majorana
masses, however, the boundary conditions for the singlet
component of the fundamental multiplets of SOð5Þ read

f5i;Lð0; 0Þ ¼ MUVf
5
i;Rð0; 0Þ; (16)

where i ¼ 1, 2 refers to the particular multiplet under
analysis. In order to derive the profile function of these

fields, let us first redefine the functions a3=2fL;R ! fL;R,
where a ¼ expð�kx5Þ. With this redefinition, these func-
tions satisfy the naive normalization condition,Z L

0
dx5fnfm ¼ �m;n; (17)

where the set of functions fn are characterized by the
parameter z which is the associated KK particle mass,
mn. The general solution for fL is given by

fLðx5; 0Þ ¼ Aaðc�1=2Þ ~SM þ B

�
a

z

�
a�ðcþ1=2Þ ~S0�M: (18)

Defining

~f L;R ¼ a�ðc�1=2ÞfL;R; (19)

~fL;R satisfy the simple equation of motion,

~f R;Lðx5; 0Þ ¼ 
a

z
@5 ~fL;Rðx5; 0Þ: (20)

Now, using Eq. (20), one obtains

~fRðx5; 0Þ ¼ � a

z

�
A~S0M � B

�
a

z

�
a�2c

� ðð1� 2cÞk~S0�M � ~S00�MÞ
�
: (21)
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The second derivative functions may be replaced by means
of the equation of motion of the fermion fields, namely

~S 00�M ¼ kð1� 2cÞ~S0�M � z2

a2
~S�M: (22)

We therefore see that ~fR reduces to

~f Rðx5; 0Þ ¼ Ba�2c ~S�M � A
a

z
~S0M: (23)

Rewriting these in terms of the _~S rather than ~S0, with
_~S	M ¼ 
 aðx5Þ

z
~S0	M, we obtain

~f Lðx5; 0Þ ¼ A~SM þ Ba�2c _~S�M; (24)

~f Rðx5; 0Þ ¼ Ba�2c ~S�M þ A _~SM: (25)

To solve for A in terms of B, we need to use the UV
boundary condition induced by the UV Majorana mass for
NR, Eq. (16):

Ba�2c _~S�Mð0Þ ¼ AMUV
_~SMð0Þ;

A ¼ B
a�2c

MUV

_~S�M

_~SM

��������x5¼0
;

since a ¼ 1 and ~S0	Mð0; zÞ ¼ z for x5 ¼ 0:

A ¼ � B

MUV

: (26)

Therefore, with the coefficients A and B as calculated
above, the singlet functions become

f51;Lðx5; 0Þ ¼ C5ðSM1
�MUV

_S�M1
Þ; (27)

f51;Rðx5; 0Þ ¼ C5ð�MUVS�M1
þ _SM1

Þ; (28)

in the case of a single multiplet containing the left- and
right-handed neutrinos, and

f52;Lðx5; 0Þ ¼ C10ðSM2
�MUV

_S�M2
Þ; (29)

f52;Rðx5; 0Þ ¼ C10ð�MUVS�M2
þ _SM2

Þ; (30)

in the case of two multiplets, where S	M ¼ að	c�1=2Þ ~S	M

and _S	M ¼ að	c�1=2Þ _~S	M. Therefore, the fermion multip-
lets with h ¼ 0 take the form

f1;Lðx5; 0Þ ¼

C1SM1

C2SM1

C3
_S�M1

C4
_S�M1

f51;L

2
666664

3
777775;

f3;Rðx5; 0Þ ¼

C11S�M3

C12S�M3

C13S�M3

C14S�M3

C15S�M3

C16S�M3

C17S�M3

C18S�M3

C19S�M3

C20
_SM3

2
6666666666666666664

3
7777777777777777775

;

(31)

in the case of a single multiplet containing the left-handed
and right-handed neutrinos, and

f1;Lðx5; 0Þ ¼

C1SM1

C2SM1

C3
_S�M1

C4
_S�M1

C5SM1

2
666664

3
777775;

f2;Lðx5; 0Þ ¼

C6
_S�M2

C7
_S�M2

C8
_S�M2

C9
_S�M2

f52;L

2
6666664

3
7777775;

f3;Rðx5; 0Þ ¼

C11S�M3

C12S�M3

C13S�M3

C14S�M3

C15S�M3

C16S�M3

C17S�M3

C18S�M3

C19S�M3

C20
_SM3

2
6666666666666666664

3
7777777777777777775

;

(32)

in the two multiplet case, where the Ci are normalization
constants.

III. LEPTON SPECTRUM

Applying the boundary conditions at x5 ¼ L, taking into
account the mass mixing terms from Eqs. (6) and (7), and
using the procedure defined in Eqs. (11)–(14), we derive
the conditions on the lepton wave functions fðL; hÞ in the
presence of the Higgs field. In the case of only one multi-
plet containing both the left-handed and right-handed neu-
trinos one gets the following conditions at the IR brane:
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f1;...;41;R þML2
f1;...;43;R ¼ 0; f51;L �MIRf

5
1;R ¼ 0;

f1;...;43;L �ML2
f1;...;41;L ¼ 0; f5;...;103;L ¼ 0:

(33)

In the two multiplets case, instead, one obtains

f1;...;41;R þML2
f1;...;43;R ¼ 0; f51;R þML1

f52;R ¼ 0;

f1;...;42;L ¼ 0; f1;...;43;L �ML2
f1;...;41;L ¼ 0;

f52;L �ML1
f51;L �MIRf

5
2;R ¼ 0; f5;...;103;L ¼ 0;

(34)

where the superscripts denote the vector components.
This defines a system of linear equations for the normal-

ization constants Ci. Asking that the determinant of the
functional coefficients of this system vanishes in order to

get a nontrivial solution [36], one obtains the following
relations:

_~S 5�M3
¼ 0; (35)

M2
L2

~SM1
~S�M3

þ _~SM1

_~S�M3
¼ 0; (36)

2~SM3
½M2

L2

~S�M3

_~S�M1
þ ~S�M1

_~S�M3
�

�M2
L2

_~S�M1
sin

�
	h

fh

�
2 ¼ 0; (37)

2½�M4
L2

~SM1
~S2�M3

½ _~S�M1
ð~SM1

� e2c1kLMUV
_~S�M1

Þ þMIRð1� ~SM1
~S�M1

þ e2c1kLMUV
~S�M1

_~S�M1
Þ�

�M2
L2

~S�M3
½2~S2M1

~S�M1
� ~SM1

½1þMIR
~S�M1

_~SM1
� e2c1kLMUV

~S�M1
ð2MIR

~S�M1
� _~S�M1

Þ� �MIR
_~S
2
M1

_~S�M1

� e2c1kLMUVðMIR
~S�M1

þ _~SM1

_~S
2
�M1

Þ� _~S�M3
� ~S�M1

½ _~SM1
ð~SM1

�MIR
_~SM1

Þ þ e2c1kLMUVð1� ~SM1
~S�M1

þMIR
~S�M1

_~SM1
Þ� _~S2�M3

� þ ðM2
L2
MIR

~S�M3
þ _~S�M3

Þ½M2
L2

~S�M3
½~SM1

þ e2c1kLMUV
_~S�M1

ð~SM1
~S�M1

� _~SM1

_~S�M1
Þ�

þ ½e2c1kLMUV
~S�M1

þ _~SM1
ð~SM1

~S�M1
� _~SM1

_~S�M1
Þ� _~S�M3

� sin
�
	h

fh

�
2 ¼ 0 (38)

in the case of a singlet neutrino multiplet, and

_~S 3�M2
¼ 0; (39)

_~S 5�M3
¼ 0; (40)

½M2
L2

~SM1
~S�M3

þ _~SM1

_~S�M3
�2 ¼ 0; (41)

2~SM3
½M2

L2

~S�M3

_~S�M1
þ ~S�M1

_~S�M3
� �M2

L2

_~S�M1
sin

�
	h

fh

�
2 ¼ 0; (42)

2½M2
L2

~S�M3
½ð1� ~SM1

~S�M1
Þð~SM2

� e2c2kLMUV
_~S�M2

Þ _~S�M2
þMIRð1� ~SM1

~S�M1
Þð1� ~SM2

~S�M2
þ e2c2kLMUV

~S�M2

_~S�M2
Þ

þM2
L1

~SM1

_~S�M1
ð1� ~SM2

~S�M2
þ e2c2kLMUV

~S�M2

_~S�M2
Þ�~S�M1

½M2
L1

~SM1
ð1� ~SM2

~S�M2
þ e2c2kLMUV

~S�M2

_~S�M2
Þ

� _~SM1
½ _~S�M2

ð~SM2
� e2c2kLMUV

_~S�M2
Þ þMIRð1� ~SM2

~S�M2
þ e2c2kLMUV

~S�M2

_~S�M2
Þ�� _~S�M3

�
þ ½M2

L2

~S�M3
½�2M2

L1

~SM1

_~S�M1
� ~SM2

_~S�M2
þ e2c2kLMUV

_~S
2
�M2

þMIRð�3þ 2~SM1
~S�M1

þ ~SM2
~S�M2

� e2c2kLMUV
~S�M2

_~S�M2
Þ� þ ½2MIR

~S�M1

_~SM1
�M2

L1
ð1þ 2~SM1

~S�M1
� ~SM2

~S�M2
þ e2c2kLMUV

~S�M2

_~S�M2
Þ� _~S�M3

�

� sin

�
	h

fh

�
2 þ ½M2

L2
MIR

~S�M3
þM2

L1

_~S�M3
� sin

�
	h

fh

�
4 ¼ 0 (43)

in the case of two multiplets. In the above, for simplicity, we did not write the dependence on L and z and furthermore, we
have used the Crowian:

� _~SMðx5; zÞ _~S�Mðx5; zÞ þ ~SMðx5; zÞ~S�Mðx5; zÞ ¼ 1: (44)
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The roots of the above equations define the values of z
corresponding to the masses of the lepton zero modes and
KK modes in the presence of the Higgs fields.

A. Charged lepton masses

Since the charged lepton masses are given by the mixing
of the first and third multiplets via ML2

, the expression

determining its mass is formally the same for the case in
which the right-handed neutrino is in the same multiplet as
the left-handed one as for the two neutrino multiplet case
[Eqs. (37) and (42)]. Additionally, since the lepton masses

are much smaller than ~k, one can use an expansion of ~SM

for small values of z=~k. As we shall show, the approximate
functions we derive in this way agree very well with the
full numerical investigation we carried out. We shall con-
centrate on values of c1 * 0:5, which are preferred to
cancel flavor violation effects in a natural way and provide
agreement with precision electroweak data [32,33].

At small values of z compared to ~k, one can express the

function ~SM in the form [36]:

~SM � z
Z x5

0
a�1ðyÞe�2MydyþOðz3Þ: (45)

Using this in Eq. (37), we can solve for the mass:

�
z
~k

�
¼ ML2

eð1=2þc3ÞkL sin½	hfh �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð12 � c1Þðc23 � 1

4Þ
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð12 � c3Þðe2ðc1�1=2ÞkL � 1Þ �M2

L2
ðc1 � 1

2Þðe2ðc3�1=2Þk � 1Þ�ðe2ð1=2þc3ÞkL � 1Þ
q : (46)

If c1 > 0:5 and �0:5< c3 < c1, this reduces to�
z
~k

�
¼ ML2

eð1=2�c1ÞkL sin
�
	h

fh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

�
c1 � 1

2

��
c3 þ 1

2

�s
:

(47)

For c1 > 0:5 and c3 > c1, instead,�
z
~k

�
¼ eð1=2�c3ÞkL sin

�
	h

fh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

�
c23 �

1

4

�s
: (48)

Finally, for the case c1 > 0:5 and c3 <�0:5:

�
z
~k

�
¼ ML2

eð1þc3�c1ÞkL sin
�
	h

fh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

�
1

2
� c1

��
c3 þ 1

2

�s
;

(49)

where we have assumed that ML2
� 0. We note that in the

above, the lepton masses depend at most linearly on ML2
.

As shown in Fig. 1, the above relations are verified by our
numerical results. Realistic lepton masses may be obtained
for, e.g., for c1 ’ 0:6 and c3 ’ �0:55,�0:65 and�0:8 for
the case of the tau, muon, and electron, respectively. If a
common value of c1 for the three generations is demanded,
as explained above, and for values of ML2

of order 1, as

chosen in Fig. 1, the value of c1 is restricted to be in the
range 0:5 & c1 & 0:75. Larger values of c1 become incom-
patible with the heavier charged lepton masses.

B. Neutrino masses

The neutrino masses are analyzed in a similar manner.
First we look at the case in which the left-handed and right-
handed neutrinos belong to the same muliplet case. For
c1 > 0:5, �

z
~k

�
¼ ðc1 � 1

2Þe2ð1=2�c1ÞkL sin½	hfh �2
MIR

: (50)

From Eq. (50) we see that values of c1 � 1 would be
necessary in order to get the correct values for the neutrino
masses. However, values of c1 ’ 1 are strongly constrained
in order to reproduce the proper charged lepton masses.
Indeed, as we emphasized at the end of the last section, the
proper values of 
 and � masses may not be obtained for
c1 � 1. Therefore, we conclude that if all c1’s are about the
same, as preferred to obtain large flavor mixing naturally
without inducing large lepton flavor changing effects [33],
two multiplets are required to obtain the correct lepton
spectrum.
In the two multiplet case, the dependence of the neutrino

masses on the mixing with the third multiplet throughML2

is always exponentially suppressed. Therefore, we shall set

FIG. 1 (color online). Region of c1, c3 parameter space con-
sistent with the known charged lepton masses. The bands cor-
respond to variations of the values of the ~k and ML2

parameters

in the ranges 1:5 TeV & ~k & 5:5 TeV and 0:1 & ML2
& 5.
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ML2
¼ 0 in the following approximate expressions. The

approximate mass expressions, when at least one of the
Majorana masses is nonzero, are as follows:

(i) c1 > 0:5 and c2 > 1=ðkLÞ:
�
z
~k

�
¼ M2

L1
ðc1 � 1

2Þe2ð1=2�c1ÞkL sin½	hfh �2
MIR

: (51)

(ii) c1 > 0:5 and c2 <�1=ðkLÞ:
�
z
~k

�
¼ M2

L1
ðc1 � 1

2Þe2½ð1=2Þ�c1þc2�kL sin½	hfh �2
MUV

: (52)

(iii) c1 > 0:5 and c2 � 0:

�
z
~k

�
¼ M2

L1
ðc1 � 1

2Þe2ð1=2�c1ÞkL sin½	hfh �2
MUV þMIR

; (53)

where in Eq. (53) we have assumed MUV � �MIR.
In the linear regime, ð	h=fhÞ2 � 1, these neutrino

masses become proportional to the square of the Higgs
VEV, and show the characteristic seesaw behavior gov-
erned by the brane Majorana masses, similar to the effect
observed in Ref. [28]. Naively, one would expect that in the
case when MIR dominates the effective Majorana mass
(c2 > 1=kL), the higher level KK modes, which are always
localized toward the IR brane, will give non-negligible
corrections to the neutrino mass. However, the results
presented above do not seem to exhibit these corrections.
This can be understood by considering the mass insertion
approximation for the neutrino, in the smallMIR limit. The
KK dirac state contributing to the neutrino is split into two
separate Majorana states, with approximately the same
couplings and opposite sign masses. It is then easy to see
that the KK states contribution is proportional to
�mn=mn

1m
n
2 for each level, where �mn is the difference

between the two Majorana states jmn
1j and jmn

2j, rather than
the expected 1=mn

1 . This cancellation, level by level, is
present for both UV and IR Majorana masses. For Oð1Þ
masses, it is not so easy to see that the MIR contribution to
the zero mode mass would still exhibit this effective can-
cellation. However our result is exact, in the sense that they
include all KK tower effects on the zero mode mass, and
therefore proves that by taking the entire tower into ac-
count, the effect of the KK states on the zero mode mass is
canceled.

From the above expressions we see that it will only be
possible to generate the correct order of the neutrino
masses when c2 * �0:4. Moreover, for c2 * 0, the values
of c1 are such that the correct heavy lepton masses cannot
be generated. These conclusions are verified in our numeri-
cal work. We present the relevant parameter space in the
c1 � c2 plane leading to the correct order of the neutrino
masses in Fig. 2. The width of the bands for the different

masses corresponds to varying ~k and the different brane
masses in the range indicated in Fig. 2. As indicated by the
above expressions, we were not able to numerically find
any solutions for c2 <�0:5. Finally, although positive
values of c2 are not represented in Fig. 2, the neutrino
masses become independent of c2 for c2 > 0, and therefore
the values of c1 are the same as for c2 ¼ 0.

C. Flavor problem

In the above, we have not discussed the problem of
flavor. It is well known that, if the effective Yukawa
couplings have an anarchic structure, large flavor violating
effects are induced, which may only be suppressed by
pushing the KK masses to values above 10 TeV, excluding
any possible phenomenology of warped extra dimensional
models at the LHC, as well as any possible dark-matter
candidate coming from the KK modes (see Refs. [37–40]
for detailed discussions on the flavor question). The prob-
lem stems in part from the fact that the Yukawa couplings
and the bulk mass parameters are not diagonalized in the
same basis, and therefore the quark mass eigenstates have
flavor violating couplings with the gluon KK modes. A
possible solution to this problem is to demand an alignment
between the bulk mass parameters and the Yukawa cou-
plings, as has been proposed in Ref. [41]. Flavor violation
in the lepton sector can also be suppressed by a similar
alignment [33,34]. This is equivalent to demanding that the
bulk mass parameters obey the following relationships:

c3 ¼ I þ a3k
2Yy

l Yl; c2 ¼ I þ a2k
2Yy

�Y�;

c1 ¼ I þ alk
2YlY

y
l þ a�k

2Y�Y
y
� ;

(54)

FIG. 2 (color online). Region of c1, c2 parameter space con-
sistent with the neutrino masses of interest: c1 > 0:5 and�0:5<
c2 < 0. The bands correspond to variations of the values of the
parameters ~k, ML1

, and MUV;IR in the ranges 1:5 TeV & ~k &

5 TeV, 0:1 & ML1
& 1:5, and 0:5 & MIR;UV & 2:5.
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where Yl and Y� are the effective charged lepton and
neutrino Yukawa couplings and al, a�, a2, and a3 are
numerical constants and the ci are now matrices where
the off-diagonal terms mix the different generations.

The gauge-Higgs unification structure introduced above
demands a redefinition of the above equations, since no
explicit Yukawa coupling has been written. As can be seen
from Eqs. (47)–(49) and (51)–(53), the role of the Yukawa
coupling is now being played by the boundary massesML1

and ML2
. Hence, the above equations must be rewritten as

c3 ¼ Iþ a32M
y
L2
ML2

; c2 ¼ I þ a21M
y
L1
ML1

;

c1 ¼ I þ a12ML2
My

L2
þ a11ML1

My
L1
:

(55)

If a12 
 a11, the charged lepton masses would be diago-
nalized in the same basis as the bulk mass parameters,
inducing minimal flavor violation in the lepton sector. In
this case, all flavor violation will be associated with the
charged currents, leading to values of the lepton flavor
violation processes consistent with experiment for KK
masses as low as a few TeV. As emphasized above, large
mixing angles may naturally arise within this framework, if
all left-handed zero modes localization parameters take
equal values, namely, when a12 ’ a11 ’ 0 [33].

The results of Refs. [33,34] show that it is possible to
impose a flavor symmetry in this class of models such that
no large flavor violation occurs. In this work, we will
assume that this, or a similar [42–44] flavor protection
exists, and will postpone a more detailed analysis of this
question for future work.

IV. DARK MATTER

Dark matter in warped extra dimensions was first intro-
duced in Ref. [45] within a framework which solves the
proton stability problem in unification scenarios. The in-
troduction of a KK parity in warped extra dimensions,
leading to a stable dark-matter candidate, was further
proposed in Ref. [46]. In this work, we shall proceed in a
different way: Following Ref. [30], we shall introduce an
additional exchange Z2 symmetry under which all the
lepton multiplets introduced so far would be even. One
can then define extra fermion multiplets that will be chosen
as the ‘‘odd’’ partners of the lepton multiplets. If this
symmetry is preserved, the lightest odd particle (LOP)
will be stable, and therefore can be considered as a possible
dark-matter candidate. In the framework of Ref. [30] the
equality of the even and odd mass parameters was enforced
by giving the original fermions, whose even and odd
combinations form the even and odd fields, different
charges under an extended Uð1ÞX1

�Uð1ÞX2
gauge sym-

metry. Since in our case the leptons are neutral underUð1ÞX
this property does not hold. Additionally, contrary to
Ref. [30], we shall assume that the quark and gauge boson
multiplets do not have odd partners.

Even though, the structure of our model does not require
the equality of the bulk masses for the odd and even fields;
for simplicity, we shall assume that the bulk mass parame-
ters are identified with each other and are controlled by the
requirement of obtaining the correct small neutrino masses
via the seesaw mechanism. Our assumption is equivalent to
requiring that there are no off-diagonal bulk mass parame-
ters mixing the original fields for which the Z2 exchange
symmetry holds.
In order to explore this possibility, we shall identify the

multiplet containing the dark-matter candidate with the
odd partners of the second lepton multiplet containing
the right-handed neutrinos. As has been shown in the
previous section, this demands values of c2 & 0, and there-
fore we shall require the bulk mass parameter of the dark-
matter candidate to be in this range.
The exchange symmetry, introduced in Ref. [30] allows

arbitrary boundary masses between even fields, necessary
for obtaining the proper lepton masses, as well as between
the odd fields. Boundary masses mixing odd and even
fields are, instead, forbidden by this symmetry. On the
other hand, the boundary conditions for the even and odd
fields are independent of each other. Therefore, the main
link between even and odd fields is through the identifica-
tion of the bulk mass parameters. For simplicity, we shall
choose the boundary conditions of the odd partners of the
chiral first and third lepton multiplets, containing the left-
handed and right-handed charged leptons, to be the same as
the one of the even biodoublet components, ð�þÞ and
ðþ�Þ, respectively. For values of the bulk masses c1 >
0:5 and c3 <�0:5, these fields will be relatively heavy,

with masses about a few times ~k, and decoupled from the
Higgs.
For the second multiplet, the odd fields, denoted by �o

will have the same boundary conditions as �2 for the even
bidoublets. However, since the fifth component does not
contain a zero mode, it must have different boundary
conditions on the IR and UV branes. That leaves us with
two options for the left-handed component of this field:
ðþ;�Þ or ð�;þÞ. The goal here is to consider the possi-
bility of a neutral odd lepton, mainly singlet under the
SUð2ÞL � SUð2ÞR symmetry, as a dark-matter candidate.
The singlet and the doublet states mix via their interactions
with the Higgs field, which will act as a small perturbation
to their masses. In order to make the coupling to the Higgs
effective and to split the doublet and singlet masses, we
shall choose the singlet right-handed field to have the same
boundary conditions on the IR brane as the bidoublet left-
handed field for at least one of the three odd partners of the
second multiplets. Therefore, the boundary conditions for
the odd multiplet containing the LOP are chosen to be

�o
R � Lo

R ¼ Co
Rð�;þÞ1 n0oR ð�;þÞ0

noRð�;þÞ0 C0o
R ð�;þÞ�1

� �
� No

Rðþ;�Þ0:
(56)
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Regarding the other two generations of odd partners of the
second multiplets, for simplicity, we will choose their
singlet states to have the opposite boundary conditions
from the one presented in Eq. (56). This would force their
masses to be heavy for c2 � 0, ensuring that the multiplet
with the boundary conditions given by Eq. (56), �o, would
generate the LOP. In addition, small Dirac boundary
masses may be included, which would allow a small mix-
ing between the odd multiplets inducing decays of the
heavier generation odd states to the LOP, through the
weak gauge bosons and the Higgs boson. Even in the
case of a very small mixing, due to the large mass differ-
ences, the lifetime of these heavy odd partners would
naturally be very short, and therefore these heavier odd
multiplets would not contribute to the LOP relic density in
any relevant way.

Finally, in order to estimate the dark-matter density, we
shall restrict ourselves to the first level of odd KK modes
since they give the dominant contribution to the annihila-
tion cross section. This is due not only to their relatively
small masses with respect to the heavier modes in the
tower, but also due to their larger couplings to the LOP.
We have checked that the inclusion of the second KK level
leads to a very small modification of the annihilation cross
section and therefore of the freeze-out temperature and the
predicted relic density. We expect even smaller modifica-
tions coming from the heavier modes. By restricting our-
selves to the first KK levels, we are implicitly assuming
that the results of our calculation are insensitive to the
ultraviolet completion of the effective theory. Let us finally
comment that in the region consistent with the proper dark-
matter density, the mixing between the singlet and doublet
particles is small and these particles lead to only a small
contribution to the Higgs effective potential and precision
electroweak observables.

Similar to the standard model fields discussed in the
previous section, the boundary conditions, Eq. (56), lead
to a set of equations which determine the masses of our odd
multiplet fermions. For the KK modes that couple to the
Higgs boson, in the case of vanishing Majorana masses for
the odd fields, we find the following condition:

sin

�
	h

fh

�
2 þ _~SM2

_~S�M2
¼ 0: (57)

The solutions for the LOP masses are plotted in Fig. 3.
The behavior of the LOP mass may be understood from the
h ¼ 0 limit. In this limit, the singlet and doublet states do
not mix and the singlet becomes the lightest odd particle
for c2 < 0, while the doublet becomes the LOP for c2 > 0.
At c2 ¼ 0 and h ¼ 0, the singlet and doublet masses are
degenerate. When h � 0 the singlet and doublet states mix
and their masses are split by the Higgs VEV. Only the
lightest state mass is plotted in Fig. 3. In the presence of the
Higgs, at c2 ¼ 0, the LOP is an equal admixture of the
singlet and doublet states. As we move away from c2 ¼ 0,

the roots of the determinant will start splitting into two
clearly spaced masses. For c2 < 0, the lighter mass is
mostly a singlet state and the heavier one is mostly a
doublet state. Since these are Dirac particles, the positive
and negative roots of the determinant are equal.

A. Odd majorana masses

In the above, we have not considered the impact of
Majorana mass terms that could in principle be written
for this multiplet, both on the IR and the UV branes, as was
done for the even neutrinos, and would modify the cou-
plings to the Higgs boson. Including the Majorana masses
for the odd multiplet, the equation determining the odd-
lepton masses is given by

_~S�M2
ð _~SM2

�MIRo
~SM2

� e2c2kLMUVo
ð~S�M2

�MIRo

_~S�M2
ÞÞ

þ sin

�
	h

fh

�
2 ¼ 0: (58)

The effect of introducing the Majorana mass terms can
be seen in the different negative and positive masses as one
moves away from MUVo

, MIRo
¼ 0. Because of the differ-

ent behavior of the functions ~S and _~S, by inspection, we can
see that the positive and negative roots of Eq. (58) will no
longer be equal. The two Dirac states have been split into
four Majorana states. These states can still be recognized
as two mostly singlet and two mostly doublet states by
comparing their masses to the charged states. In the fol-
lowing, we will sometimes refer to these states as singlet or
doublet, where it should be understood that these are not
really the original states, but those mixed by the Higgs.
Without the mixing, the coupling between the singlet-

2c
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FIG. 3 (color online). The Dirac mass of the LOP, m1, as a
function of c2, the localization parameter for the odd fermions
for three values of ~k ¼ 1:5, 2.2, and 3.8 TeV.
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singlet and the doublet-doublet states and the Higgs would
vanish. Therefore, we expect the singlet-singlet coupling to
be suppressed compared with the coupling of the mostly
singlet state to the mostly doublet states. Additionally,
looking at Fig. 4 we see that as expected, the Majorana
masses do not affect the mass of the LOP when the LOP is
mainly a doublet state (purple circles for c2 > 0), as the
convergence of the different curves corresponding to the
different values of MIRo

and MUVo
clearly shows.

The behavior of the LOP mass as well as its coupling to
the Higgs may be studied by looking at the roots of Eq. (58)

. Using the small z expansion for ~SM, we obtain

z� 2~k

�
1

2
þ c2

�MIRo
MUVo

� e2c2kL cos½	hfh �2

e2c2kLMIRo
þ 4

ð12þc2Þ
ð12�c2ÞMUVo

; (59)

which is valid for the case in which at least one of the
Majorana masses is nonvanishing and c2 < 0, in which the
singlet becomes the LOP. This clearly shows that when
only one of the Majorana masses is nonzero, we get a
seesaw effect governing the LOP mass. This behavior is
confirmed in our numerical analysis plotted in Fig. 4.

Observe that if only the ultraviolet mass is nonvanishing,
the mass of the LOP (which is mainly a left-handed singlet)
is exponentially suppressed, unless c2 ’ 0. Indeed, in the
limit of vanishing infrared Majorana masses, Eq. (59)
reduces to

z��~k

�
1

2
� c2

� e2c2kL cos½	hfh �2
2MUVo

: (60)

As can be seen from Eq. (60), the higher operator coupling
of the LOP to the Higgs is also suppressed for c2 < 0. We
will show that the annihilation cross section for a mainly
singlet state is sufficiently enhanced only when the
s-channel Higgs diagram becomes sizable and therefore,
unless c2 ’ 0, the dark-matter density becomes very large
compared to the experimentally observed value.
As both MIRo

and MUVo
are turned on, we see an abrupt

change in the behavior of the mass spectrum for c2 < 0,
which becomes independent of the exact value of MUVo

and only depends on ~k and MIRo
,

z�
~kMIRo

2

�
1

2
� c2

�
: (61)

The LOP mass in this case is of the order of ~k, and does not
show an explicit dependence on the Higgs vacuum expec-
tation value. Indeed, as can be seen from Eq. (59), the
effective coupling to the Higgs for c2 < 0 is exponentially
suppressed. Therefore, as happens in the case of vanishing
MIRo

, a good dark-matter candidate may only be obtained

for values of c2 * 0.
When c2 � 0, the mass can be approximated by

z� ~k
MIRo

MUVo
� e2c2kL cos½	hfh �2

e2c2kLMIRo
þ 4MUVo

: (62)

We see that for MIRo
, MUVo

�Oð1Þ; for values of h in the

linear regime and very small values of c2, we can get a
cancellation resulting in very small LOP masses. This
behavior is clearly portrayed in Fig. 4.
Finally, let us analyze the caseMIRo

� 0 andMUVo
¼ 0.

As MIRo
is turned on, it strongly modifies the spectrum

with respect to the Dirac case for negative values of c2. In
this case, the LOP becomes mostly a right-handed singlet
and its mass is given by

z��~kð1þ 2c2Þ
cos½	hfh �2
MIRo

: (63)

As seen in Eq. (63), the LOP mass in this case is, again, of
the order of the weak scale but with an explicit Higgs VEV
dependence induced by a higher order operator coupling
with a characteristic scale of the order of the KK masses.
Therefore the coupling of the LOP to the Higgs becomes
sizable for KK masses of the order of the TeV scale,
allowing for the possibility of a dark-matter candidate for
c2 < 0.
In the following section, we shall perform a more precise

quantitative analysis of the masses and couplings associ-
ated with the annihilation cross section of the singlet state
for both the Majorana and Dirac cases.
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FIG. 4 (color online). The Majorana mass of the LOP, m1, as a
function of c2, the localization parameter for the odd fermions,
with different values ofMUV marked, and for three values of ~k ¼
1:5, 2.2, and 3.8 TeV (corresponding to the three convergent
purple circle lines from bottom to top for c2 > 0), and two
different values of MIRo

¼ 1 and 0.5 for each ~k and MUVo

(from top to bottom for c2 < 0).
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B. Couplings of the odd leptons

1. Higgs couplings

To calculate the couplings of the Majorana and Dirac
states with the Higgs, the profile function of the odd
leptons which couple to the Higgs bosons needs to be
computed. The mass eigenstate profile functions are given
in terms of combinations of the profile functions without
the Higgs. In the particular case of the neutral odd leptons
these are admixtures of the neutral states belonging to the
bidoublet and the singlet states, with normalization coef-
ficients C2, C3, and C5.

The boundary conditions determine the coefficients C3

and C5 as functions of C2. The fermion profile functions in
the presence of the Higgs are given by

f2LðhÞ ¼
1

2
eð1=2Þð1�2c2Þkx

�
e2c2kx _~S�M2

�
C2

�
1þ cos

�
	h

fh

��

� C3

�
1� cos

�
	h

fh

���

� ffiffiffi
2

p ð~SM2
� e2c2kxMUVo

_~S�M2
ÞC5 sin

�
	h

fh

��
; (64)

f3LðhÞ ¼
1

2
eð1=2Þð1�2c2Þkx

�
e2c2kx _~S�M2

�
C3

�
1þ cos

�
	h

fh

��

� C2

�
1� cos

�
	h

fh

���

� ffiffiffi
2

p ð~SM2
� e2c2kxMUVo

_~S�M2
ÞC5 sin

�
	h

fh

��
; (65)

f5LðhÞ ¼
1

2
eð1=2Þð1�2c2Þkx

�
2ð~SM2

� e2c2kxMUVo

_~S�M2
Þ

� C5 cos

�
	h

fh

�
þ ffiffiffi

2
p

e2c2kx _~S�M2
ðC2 þ C3Þ

� sin

�
	h

fh

��
; (66)

f2RðhÞ ¼
1

2
eð1=2Þð1�2c2Þkx

�
e2c2kx ~S�M2

�
C2

�
1þ cos

�
	h

fh

��

� C3

�
1� cos

�
	h

fh

���

þ ffiffiffi
2

p ðe2c2kxMUVo
~S�M2

� _~SM2
ÞC5 sin

�
	h

fh

��
; (67)

f3RðhÞ ¼
1

2
eð1=2Þð1�2c2Þkx

�
e2c2kx ~S�M2

�
C3

�
1þ cos

�
	h

fh

��

� C2

�
1� cos

�
	h

fh

���

þ ffiffiffi
2

p ðe2c2kxMUVo
~S�M2

� _~SM2
ÞC5 sin

�
	h

fh

��
; (68)

f5RðhÞ ¼
1

2
eð1=2Þð1�2c2Þkx

�
2ð _~SM2

� e2c2kxMUVo
~S�M2

ÞC5 cos

�
	h

fh

�

þ ffiffiffi
2

p
e2c2kx ~S�M2

ðC2 þ C3Þ sin
�
	h

fh

��
; (69)

where the functions ~S and _~S are functions of x5 and the
masses z of the odd fermions.
For the doublet and singlet states mixed by the Higgs, a

nontrivial solution may be only obtained if the following
relations are fulfilled:

C3 ¼ C2; (70)

C5 ¼ C2

ffiffiffi
2

p
e2c2kL _~S�M2

cot½	hfh �L
~SM2

� e2c2kLMUVo

_~S�M2

: (71)

For the neutral leptons which decouple from the Higgs,
instead, the following relations are fulfilled:

C3 ¼ �C2; (72)

C5 ¼ 0: (73)

This implies that only the symmetric combination of
neutral bidoublet states with coefficients given by Eqs. (70)
and (71) couples to the Higgs. Moreover, the normalization
coefficient C2 may be computed by demanding well-
normalized functions, namely,

C2 ¼
�Z L

0

P
i¼2;3;5

ðjfiLj2 þ jfiRj2Þ
jC2j2

dx

��1=2
: (74)

The above definition is appropriate in the Majorana case, in
which the left-handed components of the fermions acquire
contributions from both the original left-handed and the
(charge conjugate) right-handed modes, Eqs. (64)–(69). In
the Dirac case, the left-handed and right-handed functions
acquire equal normalizations and therefore the proper fac-

tor C2 is equal to the one computed above divided by
ffiffiffi
2

p
.

In the following, we will keep the above definition of C2

for both the Majorana and Dirac cases and take care of the

proper
ffiffiffi
2

p
factors explicitly.

To calculate the couplings, we also need the Higgs
profile and normalization:

fh ¼ Che
2kx; (75)

Ch ¼ g5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
L
0 aðxÞ�2dx

q : (76)
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Defining �ðmi;mjÞ:

�ðmi;mjÞ ¼ � e�kx

2
ChC

�
2ðmiÞC2ðmjÞfh½f5�R ðmiÞ½f2LðmjÞ

þ f3LðmjÞ� � ½f2�R ðmiÞ þ f3�R ðmiÞ�f5LðmjÞ�;
(77)

the left-right couplings of the Higgs with the different

states, ��i
LH�j, in the Majorana and Dirac cases can be

written as

	M
i;j ¼

Z L

0
ð�ðmi;mjÞ þ��ðmj;miÞÞdx; (78)

	D
i;j ¼ 2

Z L

0
�ðmi;mjÞdx; (79)

the factor of 2 in the Dirac coupling is due to the definition
of the C2 factor discussed above. Observe that, while in the
Majorana case 	M

ij ¼ 	M�
ji , there is no such relation in the

Dirac case.
The different couplings are plotted in Figs. 5–7. For the

Dirac case and c2 & 0, represented in Fig. 5, small values
of the masses are obtained for smaller values of c2. The
left-right couplings of the singlet and doublet states, 	D

1;2,

acquire large values for negative values of c2. This stems
from the fact that for this case, the left-handed singlet
component is localized toward the IR brane. As c2 goes
to 0, the localization effects become less pronounced and
this coupling starts getting suppressed. The 	D

i;i couplings

have the opposite behavior to the cross couplings. For c2
negative, the mass difference between the singlet and the

doublet state is large, while their mixing is small. Since the
self-couplings of the mass eigenstates are induced by the
product of the singlet and doublet components of these
states, they become very suppressed. However, as c2 goes
to zero, the mass eigenvalues become symmetric and anti-
symmetric combinations of the singlet and doublet states,
and the self-couplings of the mass eigenstates become
large, while the cross couplings tend to zero.
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FIG. 6 (color online). Higgs couplings to the Majorana parti-
cles for three values of ~k� 1:5, 2.2, and 3.8 TeV corresponding
to m1 � 1:7, 2.5, and 4.7 TeV for c2 ¼ 0, from left to right, as a
function of the singlet LOP mass m1.
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In the Majorana case with MUVo
¼ 0, although the

quantitative values are not the same, the 	M
1;1 and 	M

1;4

couplings behave similarly to the 	D
1;1 couplings, since

m1 and m4 are the two mostly singlet states, which are
split due to the nonzero MIRo

. When both the Majorana

masses are nonzero, we see an abrupt change in the be-
havior of the couplings. As mentioned before, for c2 < 0
the self-coupling of the lightest state is exponentially sup-
pressed. This behavior is clearly demonstrated in the Higgs
dependent part of the approximation for the LOP given in
Eq. (59). The couplings of the LOP to the mostly doublet
states, however, continue to be large.

2. Couplings to the Z and W	 bosons

The Z couplings to the lepton sector are defined in a
similar manner to the couplings with the quark sector
[21,22]. However, in the lepton case QX ¼ 0 and the
neutral states that couple to the Higgs have C3 ¼ C2,
implying that f2L;RðhÞ ¼ f3L;RðhÞ. Therefore, the Z, and all

its KK modes, as well as the neutral components of the
SUð2ÞR gauge bosons do not have any couplings with any
two of these states. However, the orthogonal neutral state
in the bidoublet, which does not couple to the Higgs, has
C3 ¼ �C2 and C5 ¼ 0. Hence, an off-diagonal coupling
exists between this mode, the neutral states that couple to
the Higgs and the Z.

The W	 couple the charged fermions with the neutral
components. In component form, the coupling is between

f1;4L;RðhÞ and f2;3;5L;R ðhÞ. The profile functions and their nor-

malization coefficients for the neutral components were
given in Eqs. (69) and (70). The charged fermions and the
neutral component of the bidoublet which do not couple to
the Higgs state are both governed by the same five-
dimensional wave function, namely:

fiL ¼ Cie
ð1=2Þð1þ2c2Þkx _~S�M2

; (80)

fiR ¼ Cie
ð1=2Þð1þ2c2Þkx ~S�M2

: (81)

These fermion masses are given by the roots of ~_S�M2
and

since the Majorana masses do not influence them, they are
always Dirac states. Further, it can be shown trivially that
theW� coupling to the LOP and the positive charged state
is equal to the coupling of the LOP toWþ and the negative
charged states. In the annihilation cross section, we will
only be interested in the couplings between the two
charged fermions and the LOP. We will denote these
couplings by gWL;R

. The expression for these couplings is

given in Appendix B. Similarly, for the Z we will only be
interested in the couplings between the LOP and the N0
state, the neutral bidoublet component that does not mix
with the Higgs, and we will denote these couplings by
gZL;R

.

The gauge boson couplings are plotted in Figs. 8–10.
Again we see that the Dirac and the Majorana, MUVo

¼ 0

couplings behave in a similar way. The coupling of the
mostly singlet state to the charged or neutral fermion is
obtained through the mixing with the bidoublet states. As
discussed before, this mixing is small, for c2 < 0, and
increases for larger values of c2. As c2 approaches 0, in
the Dirac case, we expect that since the mixing is maximal,
theW	 couplings should approach the neutrino-lepton SM

coupling, gw=
ffiffiffi
2

p
, reduced by a factor 1=

ffiffiffi
2

p
, due to the

mixing of the singlet with the doublet state, times another

factor 1=
ffiffiffi
2

p
due to the projection of the neutral doublet

state on the SUð2Þ partner of each of the charged fields.
This behavior is clearly seen in Fig. 8, where only values of
c2 < 0 are plotted and increasing values of m1 are associ-
ated with larger values of c2. For c2 < 0, the left-handed
states which are located toward the infrared brane couple
more strongly to the charged states than the right-handed
states. Moreover, the couplings of the Z and the W	
become proportional to each other, with a coefficient of
proportionality governed by cos�W , namely

gZL;R
¼ gWL;R

cos�W
: (82)

The additional factor of
ffiffiffi
2

p
that appears between SM

couplings of neutrinos to the Z and W is not present in
this case.
In the case of zero ultraviolet Majorana mass but non-

vanishing MIRo
, depicted in Fig. 9, the behavior is similar

to the Dirac case but the couplings are reduced due to the
larger singlet components of the Majorana particles. Also,

 (TeV)1m
0 1 2 3 4 5 6

L
,R±

WD g

0

0.05

0.1

0.15

0.2

0.25

L
±W

D  g

R
±W

D  g

FIG. 8 (color online). W	 couplings to the Dirac particles for
c2 < 0 and three values of ~k� 1:5, 2.2, and 3.8 TeV, which, for
c2 ¼ 0, correspond approximately to m1 � 2, 3, and 5.6 TeV,
from left to right as a function of the singlet LOP mass. Larger
values of m1 are associated with larger values of c2.
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there is a sizable reduction of the left-handed couplings due
to the larger right-handed component of the Majorana
state. Observe that as MUVo

is turned on, for c2 < 0, the

couplings to the gauge bosons become independent of c2.
Finally, as c2 becomes positive, the couplings increase,

due to the larger bidoublet component of the LOP.

C. Annihilation cross section

We will denote the neutral states mixed by the Higgs by
Ni, where i ¼ 1, 2, or i ¼ 1, 2, 3, 4 for the two Dirac or
four Majorana states, respectively, where i labels the states
in increasing order of their absolute masses.C	 will denote
the charged fermions and, as said before,N0 will denote the
bidoublet neutral fermion which does not couple to the
Higgs. The N1 is the LOP, our dark-matter candidate.
Ignoring coannihilation effects, we consider the follow-

ing five dominant processes for N1N1 annihilation: N1 þ
�N1 ! t�t, HH, ZZ, and WþW� (observe that due to the
cancellation of the Z coupling to the states that couple to
the Higgs, the ZH annihilation channel is suppressed). The
Feynman diagrams contributing to each of these processes
are shown in Figs. 11–14. The virtualNi exchanges in these
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FIG. 12. Feynman diagrams contributing to the process N1 þ
�N1 ! H þH.
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diagrams should be understood to be summed over i, where
i as noted above runs over the appropriate index depending
on whether we are considering the Dirac or the Majorana
case. The v in the following formulas is the relative veloc-
ity between the initial particles in the center of mass frame.
	Htt, 	HZZ, 	HWW , and 	H are the couplings of the Higgs to
the top, the W	 and Z bosons, and itself, which were
discussed in Refs. [21,22].

1. N1 þ �N1 ! tþ �t

Because of the cancellation of the coupling of N1 to the
Z, the annihilation into fermion pairs proceeds via an
s-channel Higgs interchange, and is therefore proportional
to the corresponding fermion mass. Therefore, only the top
contributes in a relevant way. The Dirac and Majorana
cross sections are given by the same formula, but the
Higgs coupling should be understood to be the one appro-
priate for each case. Assuming m1 >mt, we obtain

h�vitt ¼
	2
1;1	

2
Httv

2

8
m2
1

�
1�m2

t

m2
1

�
3=2
�
1� m2

H

4m2
1

��2
: (83)

2. N1 þ �N1 ! HþH

The annihilation into Higgs pairs proceeds via an
s-channel Higgs interchange diagram, which is subdomi-
nant, and the t-channel interchange of the neutral odd
fermions. The result, in the limitmH � m1,m2, is given by

h�viDHH ¼ v2

8
2

�
	D
1;1

2

16m2
1

	2
H

m2
1

�X
i

	D
1;1

4m2
1
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mi

�
ð	D
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i
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i

��
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��2
�
1þm1

mj

��2
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j

��
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1
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i

�
þ ð	D
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�
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3m2
i

��
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2 þ 	D
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mj

�
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2 þ 	D

i;1
2Þm1
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�
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3m2
i

�
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i

m2
j

�
þ m4

1

m2
i m

2
j

�
þ 2	D

1;i	
D
i;1

�
1þm2

1

m2
i

��
1þ m2

1

3m2
j

���
; (84)

where we have taken the couplings to be real. The sum runs over the two Dirac states labeled by their masses,m1 andm2. In
the case of real couplings, the Majorana cross section can be simply seen from the above with the replacement 	M

i;j ¼
1=2ð	D

i;j þ 	D
j;iÞ, and the indices now run over the four Majorana states:

h�viMHH¼ v2

2
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: (85)
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3. N1 þ �N1 ! WþW�, Zþ Z

The annihilation into the W	 and Z gauge bosons also
proceeds via the s-channel interchange of a Higgs, plus the
t-channel interchange of the charged fermion C	 and the
neutral fermion N0, respectively. In the formula below, the
label G corresponds to either the W	 or Z gauge bosons,
and � ¼ 1 for the WþW� cross section and � ¼ 1=2 for
the ZZ case. The diagrams contributing to the process in
the Dirac case are given in Fig. 13. For the Majorana case,
two additional diagrams contribute and are given in Fig. 14.
Using the properties of the Majorana couplings, one can

demonstrate that these new diagrams are equal to the ones
associated to the cross diagrams in the amplitudes for the
annihilation into the W	 (due to the interchange of the
fermion of opposite charge) and Z gauge bosons.
Therefore, the cross section is given by the same formula
for both the Dirac andMajorana cases, but with appropriate
couplings, and a factor � ¼ 2 for the Majorana case, and
� ¼ 1 for the Dirac case. Although in the numerical
analysis the full annihilation cross section was used, for
simplicity, we will only quote the cross section for the
longitudinal modes, in the limit mW , mZ <mH � m1:

h�viGG ¼ �

�
1

4
m2
G

m4
1

m4
f

ðg2GL
� g2GR

Þ2
�
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1
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�
	2
1;1

16

	2
HGG

m2
1

� �	1;1

	HGG

mf

�
1þ m2

1

m2
f

��2
�
gGL

gGR

�
1þ m2

1

3m2
f

�

� ðg2GL
þ g2GR

Þ m1

3mf

�
1þ m2

1

m2
f

��
þ �2 2

3

m2
1

m2
f

�
1þ m2

1

m2
f

��4
�
6g2GL

g2GR

�
1þ m2

1

m2
f

þ 5m4
1

3m4
f
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: (86)

These cross sections are plotted in Figs. 15–17. For
negative c2 (smaller values of m1), we observe an interest-
ing correlation between the annihilation cross sections into
W	, Z, and Higgs pairs. We see a dominance of the
longitudinal modes for this range of values of c2 and the
magnitudes of theW	, ZZ, andHH cross sections obey the
2:1:1 behavior expected due to the Goldstone equivalence
theorem. For larger values of c2, the bidoublet component
of the LOP increases and the transverse components of the
gauge bosons are no longer subdominant in their contribu-
tion to the annihilation cross section.

Our extensive numerical and analytic study showed that
for negative c2, the major contributions to the W	 and ZZ
cross sections are due to the s-channel Higgs exchange. In
the HH cross section, this is matched by the contribution
from the virtual exchange of the Ni in the t channel.
Therefore, as emphasized before, for c2 < 0, a sizable
annihilation cross section may only be obtained when the
Higgs coupling to the LOP becomes of order 1.
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FIG. 15 (color online). The cross-section contributions to the
annihilation of the Dirac LOP for (from top to bottom) ~k ¼ 1:5,
2.2, and 3.8 TeV.
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FIG. 16 (color online). The cross-section contributions to the
annihilation of the Majorana LOP with MIRo
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0 for (from top to bottom) ~k ¼ 1:5, 2.2, and 3.8 TeV.
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D. Dark-matter density

We shall follow the standard formalism for the calcu-
lation of the thermal dark-matter density [47,48]. In cal-
culating the annihilation cross sections, we used the
nonrelativistic approximation for the initial particles. The
cross section used in calculating the dark-matter density is
the sum of all the different contributions in the previous
sections and will be denoted by h�viT , and xF ¼ m=TF as
usual. The relative velocity is related to the freeze-out
temperature:

hv2irel ¼ 6

xF
; (87)

xF ¼ log

�
cðcþ 2Þ

ffiffiffiffiffiffiffiffiffiffiffi
90


xFg�

s
g0
2
3

m1MPlh�viT
�
: (88)

The nonrelativistic expansion of the thermal annihilation
cross section may be expressed as

h�viT ¼ �0 þ �1hv2i ’ �0 þ 6�1=xF: (89)

The dark-matter density is then given by

�DM ¼ �s0xF
�cMPlð�0 þ 3�1=xFÞ

ffiffiffiffiffiffiffiffiffi
45


g�

s
; (90)

where c ¼ 1=2, MPl ¼ 1:2� 1019 GeV, g� ¼ 112, s0 ¼
2889:2=cm3, �c ¼ 5:3� 10�6 GeV=cm3, and g0 ¼ 2 is
the degrees of freedom of our dark-matter candidate and
� ¼ 2 or 1 to account for the antiparticles for the Dirac and
Majorana cases, respectively. We take g0 ¼ 2 in the Dirac
case since we compute the density of the particle and
antiparticle separately. The factor � ¼ 2 in the relic den-
sity then accounts for the duplication of the density from

both the N1 particle and the antiparticle in this case. g� is
the degrees of freedom relevant for this calculation and we
have taken it to be the degrees of freedom for the SM and
the DM candidate. All new multiplets and particle states
introduced are much heavier then the LOP and therefore
decouple from the plasma. A possible exception, as de-
scribed in Refs. [21,22], is the first excited state of the top,
t1, which can become much lighter than the rest of the even
KK states. Inclusion of this state however will only be a
small modification to g � , and therefore we feel justified in
not including it in our computations.
To check the veracity of our calculations, we extensively

studied the limit of the Majorana case reducing to the Dirac
case asMIRo

andMUVo
go to 0. As the Majorana masses go

to 0, the two singlet masses start getting degenerate in
mass, and the N1N1 and the N2N2 cross sections become
equal. To properly analyze this limit, then, we must take
coannihilation between the lightest Majorana sates into
account [48]. One can check that the coupling of the
Higgs to each of the degenerate LOP Majorana states,
HNiNi, becomes equal to the one of the Higgs to the
LOP in the Dirac case. Moreover, the cross coupling of
the Higgs, HN1N2, vanishes identically in the limit of
vanishing Majorana masses. Further simple relations exist
between the Higgs couplings to fermions in the Majorana
and Dirac cases. One can check that due to these relations
the annihilation cross section into Higgs states in the
Majorana case NiNi ! HH becomes the same as the
N1

�N1 ! HH cross section in the Dirac case. The same
happens in the case of annihilation into fermions.
In the case of gauge bosons the situation is more com-

plicated. As noted in calculating the couplings, the gauge
boson couplings in the Majorana case are reduced by a

factor 1=
ffiffiffi
2

p
. This implies that for the W	 and ZZ, the

interference between the t- and s-channel diagrams is
reduced by 1=2 and the t-channel diagrams by 1=4 com-
pared to the Dirac cross-section case. These factors are
exactly compensated for by the extra diagrams that con-
tribute in the Majorana case (Fig. 14), and therefore one
obtains that the equality of annihilation cross sections
defined above for the Higgs final states extends to all final
states. We also verified that the N1N2 annihilation cross
section is exactly 0 in this limit. Including coannihilation
between the twoMajorana states [48], the effective degrees
of freedom are then 4, and the effective cross section is
1
2�

D, where �D is the annihilation cross section between

N1 and its antiparticle in the Dirac case. Therefore, the
dark-matter density in the Dirac and Majorana cases in the
limit MUVo;IRo

! 0 is exactly the same, as expected.

We plotted the values of c2 andm1 leading to the correct
dark-matter density in both the Dirac and the Majorana

cases in Fig. 18. We restricted the values of ~k * 1:2 TeV,
for which the SM Higgs couplings are close to their SM
values. This provides a lower bound on the LOP mass and
on the value of c2. The bands in this figure represent the
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FIG. 17 (color online). The cross-section contributions to the
annihilation of the Majorana LOP with MIRo

¼ 0:5 and MUVo
¼

0:5 for (from top to bottom) ~k ¼ 1:5, 2.2, and 3.8 TeV.
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relic density uncertainty. We see that in the Dirac case, we
can only obtain the correct dark-matter density for values
of 2 TeV * m1 * 1 TeV and c2 * �0:4, consistent with

the exchange symmetry. The value of ~k is correlated with
the value of m1, and is constrained to be in the range

2 TeV * ~k * 1:2 TeV for the above range of masses.
In the Majorana case, for MUVo

¼ 0, we are able to

obtain the correct dark-matter density for a larger range
of m1 values, which extend from about 3 TeV up to the
lowest values of aboutm1 � 500 GeV, and for the range of
negative values of c2 * �0:4. The values of m1 are, again,

correlated with the values of ~k, which is in the range

3 TeV * ~k * 1:2 TeV. For MUVo
� 0, instead, we see

that we can only obtain the correct dark-matter density
for c2 * 0. Because of the effect of the Majorana masses,
the singlet LOP state mass is still significantly smaller than
the doublet mass in this case and therefore coannihilation
effects may be ignored.

We have listed some examples of the parameter space
consistent with the correct dark-matter density in Tables. I
and II. As can be seen from the masses of the next to
lightest odd particles (m2), coannihilation effects are neg-
ligible for values of c2 < 0 for both the Dirac and the
Majorana cases.

The values of c2 obtained for the case of vanishing
ultraviolet Majorana masses are fully compatible with the
identification of the LOP with the odd partner of one of the
right-handed neutrinos. Indeed, as can be seen from Fig. 2,
for values of c1 ’ 0:5–0:7, the proper neutrino masses are
obtained for values of �0:4 & c2 & �0:1, for which a

proper dark-matter candidate may be obtained, with a
mass 0:5 TeV & m1 & 2:5 TeV.
The situation is different for nonvanishing values of the

ultraviolet Majorana mass MUVo
. In this case, a proper

dark-matter candidate may only be obtained for values of
c2 * 0. Such values of c2 are incompatible with the ex-
change symmetry if the c1’s of the three generations are
approximately the same, as assumed in this article.
Therefore, a proper dark-matter candidate would demand
that the Majorana mass at the UV brane is either zero or
smaller than expð2c2kLÞ, since in such a case, according to
Eq. (59), masses of the order of the weak scale and cou-
plings to the Higgs of order 1 would be obtained.
Observe that the difficulty in obtaining a proper dark-

matter candidate forMUVo
� 0 stems from the fact that we

have assumed equal bulk mass parameters for the fermions
interchanged by the Z2 exchanged symmetry introduced in
Refs. [30]. Although this is an attractive possibility, since it
allows a connection between the dark-matter properties
and the neutrino masses, this does not need to be the
case. Values of c2 * 0 would be allowed in the more
general case, or for a more general discrete symmetry.
Alternatively, if the value of c1 of the left-handed leptons
was allowed to be different for the three generations, values
of c2 * 0would be consistent with values of c1 compatible
with the relatively small electron mass.

TABLE II. Examples of parameters which give rise to the
correct dark-matter density in the Majorana case.

c2 ~k ðGeVÞ MIR0
MUV0

m1 ðGeVÞ m2 ðGeVÞ 	11

�0:11 2713.1 0.5 0 2420.0 4501 �0:53
�0:22 2315.2 0.5 0 1592.0 3616 �0:41
�0:28 2024.6 0.5 0 1183.0 2971 �0:38
�0:32 1802.6 0.5 0 860.0 2454 �0:37
�0:35 1627.0 0.5 0 662.0 2107 �0:34
�0:09 2433.2 1.0 0 �1557:0 4119 �0:41
�0:16 2112.4 1.0 0 �1136:0 3745 �0:38
�0:22 1870.5 1.0 0 837.6 3360 �0:35
�0:26 1681.3 1.0 0 647.4 2983 �0:35
�0:3 1528.9 1.0 0 492.0 2651 �0:32
�0:32 1403.4 1.0 0 403.0 2388 �0:31

TABLE I. Examples of parameters which give rise to the
correct dark-matter density in the Dirac case.

c2 ~k ðGeVÞ m1 ðGeVÞ m2 ðGeVÞ 	11

�0:21 1627.0 1700 3800 0.88

�0:28 1484.5 1367 3143 0.73

�0:33 1366.4 1080 2995 0.62

�0:36 1266.7 870 2800 0.58
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FIG. 18 (color online). Parametric plot of m1, the mass of the
LOP, versus c2, the localization parameter of the odd fermions,
when �DM � 0:23	 0:1. The two lines for each value of the
Majorana masses are associated with the upper and lower bounds
on �DM.
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E. Direct dark-matter detection through Higgs
exchange

The annihilation cross section for the odd neutrinos
becomes of the proper size for sizable values of the cou-
pling of the odd neutrino to the Higgs boson, 	11 ’
0:3–0:7, with larger couplings associated with larger LOP
masses. Such large couplings induce a relatively large
scattering cross section of the odd lepton with nuclei that
may be probed at direct dark-matter detection experiments.
More quantitatively, the spin-independent elastic scattering
cross section for an odd-lepton scattering off a heavy
nucleus is

�SI ¼ 4m2
r



ðZfp þ ðA� ZÞfnÞ2; (91)

wheremr ¼ mNmN1

mNþmN1

andmN is the mass of the nucleus. The

factors fp;n are given by

fp;n ¼
� X
q¼u;d;s

fðp;nÞTq

aq
mq

þ 2

27
fðp;nÞTG

X
q¼c;b;t

aq
mq

�
mp;n; (92)

au;d ¼ � g2mu;d	1;1

2mWm
2
H

; (93)

where the quark form factors are fpTu
¼ 0:020	 0:004,

fpTd
¼ 0:026	 0:005, fpTs

¼ 0:118	 0:062, fpTG � 0:84,

fnTu
¼ 0:014	 0:003, fnTd

¼ 0:036	 0:008, fnTs
¼

0:118	 0:062, and fnTG � 0:83 [49]. Hence, we find that

the contribution is

fp;n � �mp;n

�
fp;nTu

þ fp;nTd
þ fp;nTs

þ 2

27
fp;nTG

�
g2	11

2mWm
2
H

;

(94)

� �0:2mp

g2	11

2mWm
2
H

; (95)

where we have neglected the differences between the
proton and the neutron mass and have used the fact that
the neutron and proton fT factors are relatively similar.
Assuming that the mass of the odd neutrino is much larger
than that of the nucleus we have mr �mN � Amp and

�SI �
4A2m2

p



A2f2p (96)

) �SI

A4
� 0:04	2

11m
4
pg

2
2


m2
Wm

4
H

; (97)

where �SI=A
4 is the neutrino-nucleon spin-independent

cross section. From Eq. (97), the spin-independent cross
section scales as 	2

11=m
4
H and therefore direct dark-matter

detection experiments like cryogenic dark matter search
(CDMS) can put strong constraints on regions of small mH

and large 	11.

As discussed above, in the Majorana case, an odd neu-
trino with a mass of about 700 GeV and a coupling to the
Higgs of about 0.35 leads to an acceptable dark-matter
density. The spin-independent cross section obtained in
such a case for a Higgs mass, mH ’ 130 GeV, is about
1:4� 10�43 cm2. The current limit coming from CDMS,
from a combination of the Ge data and under the standard
assumptions of local dark-matter density distribution, is
about 2:5� 10�43 cm2 [50]. The XENON experiment puts
a slightly weaker limit for this range of LOP masses [51].
Therefore, the predicted spin-independent cross section is
only a factor of a few lower than the current experimental
limits. For larger masses, of about 1 TeV, the Higgs cou-
plings grow to about 0.38 and the predicted cross section is
therefore about 1:65� 10�43 cm2, while the CDMS bound
is about 2 times larger. Similar results are found for masses
above 1 TeV.1 In the Dirac case, the couplings are about 50
to 80% larger than in the Majorana case (See Tables I and
II) and therefore the predicted cross section for a mass
m1 ’ 1 TeV is slightly above the CDMS reported bound.
One would be able to conclude that the Dirac case for
mH & 130 GeV is therefore disfavored. There are, how-
ever, uncertainties of the order of a few associated with the
local dark-matter density distribution and the nuclear form
factors which should be taken into account before ruling
out a specific model. It is expected that both the XENON
and CDMS experiments will further improve their sensi-
tivity by about an order of magnitude by the end of 2009
[52,53]. Therefore, even considering possible uncertainties
associated with the local density and the nuclear form
factors, the minimal model discussed in this article should
be probed by these experiments in the near future.
Let us comment that the mass of the N1 particle may be

in the appropriate range to provide an explanation of the
anomalous excess in electrons and positrons observed by
the Pamela [54] and ATIC [55] experiments. However,
since in these model these particles decay mostly into
Higgs and gauge bosons, if these particles are distributed
throughout the halo of the galaxy, an excess of positrons of
the size observed by these experiments will need a large
boost factor enhancement and would probably lead to an
unobserved excess of antiprotons [56,57]. It remains to be
determined if the Pamela and ATIC excesses could be
explained by a nearby clump of dark matter as is studied
for the neutralino case in Ref. [58].

V. CONCLUSIONS

In this article, we have considered the question of in-
corporating the charged and neutral leptons in a gauge-
Higgs unification scenario based on the gauge group
SOð5Þ �Uð1ÞX in warped extra dimensions. These models
are attractive since the SOð4Þ � SUð2ÞL � SUð2ÞR sub-

1We would like to thank Dan Bauer for providing us with the
CDMS limits for masses above 1 TeV.
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group of SOð5Þ incorporates in a natural way the weak
gauge group as well as an appropriate custodial symmetry
group in order to suppress large contributions to the preci-
sion electroweak observables. Moreover, the fifth dimen-
sional components of SOð5Þ=SOð4Þ gauge bosons have the
right quantum numbers to play the role of the Higgs
doublet responsible for the breakdown of the electroweak
symmetry.

We have shown that, similar to the quark sector, the
leptons can be incorporated by including the left-handed
zero modes in a fundamental representation of SOð5Þ and
the right-handed charged leptons in a 10 of SOð5Þ. The
model includes right-handed neutrinos which are singlets
under the SOð4Þ �Uð1ÞX group and can therefore acquire
localized Majorana masses on the IR and UV branes. The
simple inclusion of the right-handed neutrinos in the same
multiplet as the charged leptons fails to produce the correct
lepton masses. The correct charged lepton and neutrino
masses may be obtained from a three multiplet structure
similar to the quark case. The bulk mass parameters c1, c2,
and c3 of the left-handed leptons, right-handed neutrinos,
and right-handed charged leptons, respectively, acquire
values c1 ’ 0:5–0:7, �0:4 & c2 & �0:1, and �0:9<
c3 <�0:5, where larger negative values of c3 correspond
to the first generation leptons.

We have further investigated the possibility of incorpo-
rating a dark-matter candidate by including an exchange
symmetry, under which all SM lepton multiplets are even,
and which ensures the stability of the lightest odd-lepton
partner. We therefore analyzed the possibility of associat-
ing dark matter with the lightest neutral components of the
odd leptons, transforming in the fundamental representa-
tion of SOð5Þ. We have shown that these neutral compo-
nents have interesting properties. The neutral leptons that
couple to the Higgs do not have self-couplings to the
Z boson. However, these neutral states couple to the or-
thogonal combination of neutral states in the bidoublet and
to the Z, as well as to the charged leptons and theW-gauge
bosons.

We computed the couplings of the neutral odd leptons to
the gauge bosons and the Higgs in a functional way and
computed the dominant contributions to the annihilation
cross section into Higgs, neutral and charged gauge bosons
and fermions (top-quark) final states. We considered the
cases in which the Majorana masses for the neutral leptons
vanish in both branes (Dirac case) as well as the case in
which at least one of them is nonvanishing. By doing that,
we have shown that in the Dirac case, a proper dark-matter
candidate may be obtained for masses of about 1 to 2 TeV
and localization parameter �0:4 & c2 & �0:1 in agree-
ment with the exchange symmetry. If only the Majorana
mass in the infrared brane is nonvanishing, one obtains
lower values of the required odd-lepton masses, which may
be of about 500 GeV to 2.5 TeV, and a range for the
localization parameter �0:4 & c2 & �0:1. Finally, in the

case that the ultraviolet Majorana mass is different from
zero, the self-coupling of the LOP with the Higgs is
exponentially suppressed for c2 < 0 and becomes nonvan-
ishing only for c2 ’ 0, for which a proper dark matter may
be obtained with a mass similar to the one obtained when
only MIR is different from zero. This last possibility is
incompatible with the exchange symmetry and the proper
neutrino masses if a common value of c1 is assumed for the
three families.
The collider signatures of these models have been pre-

viously discussed in the literature. The odd leptons intro-
duced in this article will be hard to detect at collider
experiments, since the masses of the charged and neutral
non-LOP odd leptons are above a few TeV, and they have
relatively weak interactions. In all cases, a proper dark-
matter candidate is obtained for values of the self-coupling
of N1 to the Higgs of about 0.3–1, with larger Higgs
couplings corresponding to larger LOP masses, for which
the scattering cross section of the LOP dark matter with
nuclei becomes sizable. We have computed the dark-matter
cross section with nuclei and have shown that these models
will be probed by the CDMS and XENON direct dark-
matter detection experiments in the near future.
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APPENDIX A: PROFILE FUNCTIONS AT h ¼ 0

In the h ¼ 0 gauge, we redefine ĉ ¼ a2ðx5Þc and we
write our vector-fermionic fields in terms of chiral fields.
We can KK decompose the fermionic chiral components as

ĉ L;R ¼ X1
n¼0

c n
L;Rðx�Þf̂L;R;nðx5Þ; (A1)

where f̂ is normalized by

Z L

0
dx5a

�1ðx5Þf̂nf̂m ¼ �m;n: (A2)

Therefore the profile function for the zero mode fermion

corresponds to a�1=2ðx5Þf̂0.
From the 5D action, concentrating on the free fermionic

fields, we can derive the following first order coupled

equations of motion for f̂L;R;n:
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ð@5 þMÞf̂R;n ¼ ðz=aðx5ÞÞf̂L;n;
ð@5 �MÞf̂L;n ¼ �ðz=aðx5ÞÞf̂R;n:

(A3)

We see from Eq. (A3) that we can redefine ~fR;L;n ¼
e�Mx5 f̂R;L;n and relate the opposite chiral component of the

same vectorlike field by ~fR;n ¼ ð�aðx5Þ=zÞ@5 ~fL;n. For the
left-handed field having Dirichlet boundary conditions on
the UV brane, we can derive a second order equation for

the chiral component ~fL;n:�
@25 þ

�
a0

a
þ 2M

�
@5 þ z2

a2

�
~fL;n ¼ 0 (A4)

the solution of which we shall call ~SMðx5; zÞ, with bound-

ary conditions ~SMð0; zÞ ¼ 0, ~S0Mð0; zÞ ¼ z.
Similarly, if the right-handed field fulfills Dirichlet

boundary conditions on the UV brane, we can redefine
~fR;L;n ¼ eMx5 f̂R;L;n and then relate the opposite chirality

via ~fL;n ¼ ðaðx5Þ=zÞ@5 ~fR;n. We can further write the equa-

tion of motion for ~fR;n:�
@25 þ

�
a0

a
� 2M

�
@5 þ z2

a2

�
~fR;n ¼ 0: (A5)

We shall correspondingly denote the solution to this equa-

tion with ~S�Mðx5; zÞ, fulfilling the boundary conditions
~S�Mð0; zÞ ¼ 0, ~S0�Mð0; zÞ ¼ z.
The solution to Eq. (A4) is given by [3]

~SMðx5; zÞ ¼ 
z

2k
a�c�1=2ðx5Þ

�
J1=2þc

�
z

k

�
Y1=2þc

�
z

kaðx5Þ
�

� Y1=2þc

�
z

k

�
J1=2þc

�
z

kaðx5Þ
��

: (A6)

The solution for Eq. (A5), ~S�M, is given by Eq. (A6) with
the replacement c ! �c.

APPENDIX B: COUPLING OF THE CHARGED
GAUGE BOSONS

Following the notation of Ref. [22], the W	 boson
profile functions are given by

f1̂GðhÞ ¼ Sðx5Þ
�
cos

�
	h

fh

�
CG
1̂
þ 1ffiffiffi

2
p sin

�
	h

fh

�
CG
1R

�

� 1ffiffiffi
2

p Cðx5Þ sin
�
	h

fh

�
CG
1L
; (B1)

f1LG ðhÞ ¼ 1

2

�
Sðx5Þ

��
cos

�
	h

fh

�
� 1

�
CG
1R
þ ffiffiffi

2
p

sin

�
	h

fh

�
CG
1̂

�

þ Cðx5Þ
�
1þ cos

�
	h

fh

��
CG
1L

�
; (B2)

f1RG ðhÞ ¼ 1

2

�
Sðx5Þ

��
cos

�
	h

fh

�
þ 1

�
CG
1R
� ffiffiffi

2
p

sin

�
	h

fh

�
CG
1̂

�

þ Cðx5Þ
�
1� cos

�
	h

fh

��
CG
1L

�
: (B3)

The normalization coefficients CG
1̂;1R

, in terms of CG
1L

are

given by

CG
1̂
¼ CG

1L

�4 cos½	hfh �LCðLÞ0SðLÞ0 þ Chhe
2kL sin½	hfh �LðCðLÞ0SðLÞ þ CðLÞSðLÞ0Þffiffiffi

2
p

SðLÞ0ðChhe
2kL cos½	hfh �LSðLÞ þ 2 sin½	hfh �LSðLÞ0Þ

; (B4)

CG
1R

¼ �CG
1L

CðLÞ0
SðLÞ0 : (B5)

The five-dimensional weak coupling is defined as g5w ¼ gw
ffiffiffiffi
L

p
. In terms of these, the Dirac couplings for Wþ and Z,

(denoted by G), are given by

gDG1L;R2L;R
¼ �g5w

Z L

0
ð ~fþ;00

1L;R
� ðf1̂GðhÞT1̂ þ f1LG ðhÞT1L þ f1RG ðhÞT1RÞ � ~f02L;RÞdx5

¼ �g5w
Z L

0
ðf1�L;RðhÞðf5L;RðhÞf1̂GðhÞ þ f2L;RðhÞf1LG ðhÞ � f3L;RðhÞf1RG ðhÞÞÞdx5: (B6)

Again, due to our choice of normalization for the coefficientC2, the factor
ffiffiffi
2

p
, coming from the definition of theW	 fields,

is not present in this expression. The Majorana couplings are given in terms of the Dirac couplings,

gM ¼ 1ffiffiffi
2

p gD; (B7)

with gD given in Eq. (B6).
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