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We compare a recent lattice determination of the nucleon distribution amplitudes with other approaches

and models. We study the nucleon distribution amplitudes up to twist 6 in next-to-leading conformal spin

and we also investigate conformal d-wave contributions to the leading-twist distribution amplitude. With

the help of light-cone sum rules one can relate the distribution amplitudes to the form factors of the

nucleon or the N ! � transition at intermediate values of the momentum transfer. We compare our results

with experimental data in the range 1 GeV2 � Q2 � 10 GeV2. Keeping in mind that we are working only

in leading order QCD and next-to-leading order QCD corrections might be sizeable, we already obtain a

surprisingly good agreement for the nucleon form factors Gn
M, G

p
M, G

p
A, and Gp

T and for the N ! �

transition form factor ratios REM and RSM.
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I. INTRODUCTION

The nucleon distribution amplitudes represent the uni-
versal nonperturbative input to numerous exclusive reac-
tions, see, e.g., [1] for an early review. Taking corrections
up to twist 6 [2] into account we compare different non-
perturbative methods to determine the nucleon distribution
amplitudes, in particular, lattice simulations [3–5], QCD
sum-rule estimates [2,6], and a phenomenological model
[6]. For asymptotically large values of the momentum
transfer Q2 the form factors can be expressed as a con-
volution of two leading-twist distribution amplitudes with
a hard—perturbatively calculable—scattering kernel [7–
15]. This approach (pQCD) is formally proven in theQ2 !
1 limit, and currently there is the consensus that pQCD is
not valid at experimentally accessible values of the mo-
mentum transfer. In [16] light-cone sum rules (LCSR)
[17,18] were worked out which relate the nucleon distri-
bution amplitudes to the experimentally accessible form
factors of the nucleon at intermediate momentum transfer.
Form factors are interesting quantities per se, since they
encode information about the structure of the investigated
baryon. This interest has risen a lot in recent years, in
particular, because new data from JLAB [19–22] for the
well-known electromagnetic form factors of the nucleon
contradict common textbook wisdom. See, e.g., [23] for a
review and further references. To our knowledge light-cone
sum rules are the only theoretical approach to determine
form factors at intermediate momentum transfer that in-
corporate consistently the purely perturbative approach
(pQCD). This was explicitly shown in the case of the
pion form factor [24]. If one calculates the light-cone
sum rules for the pion form factor to leading order (LO)
and next-to-leading order (NLO) in QCD one can show
that the �s corrections include the pQCD result in the
Q2 ! 1 limit. In the case of baryon form factors the
pQCD result is expected to be included in the Oð�2

sÞ

corrections to the light-cone sum-rule calculation.
Currently only leading-order sum rules for the baryon
form factors are known and a part of the NLO-QCD
corrections to the nucleon form factors.
The paper is organized as follows. In Sec. II we intro-

duce the concept of distribution amplitudes, in Sec. III we
collect QCD sum-rule predictions for the nucleon distri-
bution amplitudes, and in Sec. IV we quickly explain the
lattice determination of the moments of the nucleon distri-
bution amplitudes. All these approaches, including the
numerical results, are discussed in Sec. V. The light-cone
sum-rule formalism is introduced in Sec. VI where we also
give a short overview over the current literature on light-
cone sum rules for baryonic form factors. In the next three
sections we compare light-cone sum-rule predictions with
different models of the nucleon distribution amplitude for
the form factors of the nucleon and for the N ! � tran-
sition. In Sec. VII we use the nucleon distribution ampli-
tudes including next-to-leading conformal spin
contributions to determine the form factors, in Sec. VIII
we make use of some relations between twist-4 and twist-3
parameters, and in Sec. IX we investigate the effect of the
d-wave contributions to the leading-twist distribution am-
plitude. We conclude and summarize our results in Sec. X.
In the Appendixes we give for the first time the full

expression for all nucleon distribution amplitudes up to
twist 6 including also the d-wave contribution for the
leading-twist distribution amplitude.

II. THE NUCLEON DISTRIBUTION AMPLITUDES

The distribution amplitudes comprise the infrared be-
havior in exclusive processes involving large momentum
transfer. They remove the infrared divergences in the per-
turbative diagrams encoding the nonperturbative content of
the process and are defined in terms of the Bethe-Salpeter
wave function
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�BSðx; k?Þ ¼ h0jT½qðx1; k1;?Þqðx2; k2;?Þqðx3; k3;?Þ�jPi
(1)

with xi being the longitudinal momentum fraction carried
by the quark i, ki;? its transverse momentum, and jPi the
nucleon state with momentum P (P2 ¼ M2

N). The distri-
bution amplitudes are then obtained by integrating out the
transverse momenta,

�ðxi; �Þ ¼ Zð�Þ
Z jk?j��

d2ki;?�BSðx; k?Þ; (2)

where Z results from the renormalization of the quark field
operators. In coordinate space the nucleon distribution
amplitudes are derived from the following nonlocal
nucleon-to-vacuum matrix element (here we follow the
definitions in [2])

h0j�ijkui0�ða1xÞ½a1x; a0x�i0;iuj
0
�ða2xÞ½a2x; a0x�j0;jdk0� ða3xÞ

� ½a3x; a0x�k0;kjPi; (3)

u and d are quark field operators, �, �, and � are Dirac
indices, while i, j, and k are color indices; x is an arbitrary
lightlike vector, x2 ¼ 0, while the ai are real numbers that
fulfill a1 þ a2 þ a3 ¼ 1. The gauge factors ½x; y� are de-
fined as

½x;y�¼P exp

�
ig
Z 1

0
dtðx�yÞ�A�ðtxþð1� tÞyÞ

�
; (4)

where path ordering P is implied. They render the matrix
element in Eq. (3) gauge invariant. In the following for-
mulas we omit the gauge factors in order to simplify the
notation. The leading-twist contribution to the nucleon
distribution amplitudes has been determined a long time
ago including terms of next-to-next-to-leading conformal
spin; see, e.g., [1] for an early review. We compare differ-
ent determinations of the arising nonperturbative parame-
ters in Sec. V. Currently the nucleon distribution
amplitudes have been expanded up to contributions of
twist 6 in [2] and the corresponding nonperturbative pa-
rameters were estimated in [2,6] with QCD sum rules and
in [6] from a phenomenological model. Some of these
parameters were also calculated on the lattice [3–
5,25,26]. So-called x2 corrections [corresponding to devi-
ations from the lightlike separations of the quark fields in
Eq. (3)] to the leading-twist distribution amplitudes were
determined in [6,16,27,28]; they are formally of twist 5.
Using the symmetry properties of the quark fields the
matrix element in (3) can be expanded in twist as

4h0j�ijkui�ða1xÞuj�ða2xÞdk�ða3xÞjPi ¼
X
i

ð�3Þi��ð�4Þi�Fi;

(5)

where �3=4 are certain Dirac structures and the Fi are

distribution amplitudes, which can be expanded into eigen-
states of conformal symmetry. This results in terms con-
taining local operators. These local operators are

associated with the moments of the distribution ampli-
tudes, which are defined as

Fn1n2n3
i ¼ 1

Fi;N

Z 1

0
Dxxn11 xn22 xn33 Fiðx1; x2; x3Þ: (6)

Here Fiðx1; x2; x3Þ stands for a distribution amplitude and
Fi;N for its normalization constant, which is chosen such

that F000
i � 1. The integration measure is defined as

D x ¼ dx1dx2dx3�ð1� x1 � x2 � x3Þ: (7)

Thus momentum conservation implies for the moments of
the distribution amplitudes the relation

Fn1n2n3
i ¼ Fðn1þ1Þn2n3i þ Fn1ðn2þ1Þn3

i þ Fn1n2ðn3þ1Þ
i : (8)

Further details on distribution amplitudes (with complete
expressions and definitions up to twist 6) are summarized
in the Appendixes. For the nucleon distribution amplitudes
isospin symmetry and the presence of two quarks of the
same type implies that the number of independent distri-
bution amplitudes is reduced compared to the general case.
In particular, the leading-twist nucleon distribution ampli-
tudes can be expressed in terms of only one independent
distribution amplitude which is usually taken as

’ðx1; x2; x3Þ ¼ V1ðx1; x2; x3Þ � A1ðx1; x2; x3Þ (9)

and is equal to �3ðx1; x2; x3Þ in the notation of [2]. The
distribution amplitudes A1 and V1 are defined in the
Appendixes. At leading twist the nucleon distribution am-
plitude ’ðxiÞ corresponds to the following form of the
proton state [29,30]:

jP; "i ¼
Z 1

0
Dx

’ðxiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
96x1x2x3
p ju"ðx1Þ½u#ðx2Þd"ðx3Þ

� d#ðx2Þu"ðx3Þ�i: (10)

The first moments of ’ðxiÞ can be interpreted as the
momentum fractions carried by the quarks.
The leading-twist distribution amplitude depends at

leading conformal spin on one nonperturbative parameter,
the normalization constant fN , while for twist 4 we have
two additional constants �1 and �2. In our approach no new
parameters appear in leading conformal spin up to twist 6.
At next-to-leading conformal spin only two nonperturba-
tive parameters Vd

1 ¼ ’001 and Au
1 ¼ ’100 � ’010 arise in

the case of leading twist and at next-to-leading twist we
have three nonperturbative parameters, fd1 , f

u
1 , and fd2 ; for

details see [2,6]. For the leading-twist distribution ampli-
tude ’ðxiÞ we have also determined the next-to-next-to-
leading conformal spin contributions which can be com-
pletely parametrized, e.g., by the moments ’101, ’200, and
’002. The local matrix elements defining the nonperturba-
tive parameters up to next-to-leading conformal spin are
(see [6] for the corrected formulas from [2])

h0j"ijk½uiCz6 uj�ð0Þ½�5z6 dk��ð0ÞjPi ¼ fNðP � zÞz6 N�ðPÞ;
(11)
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h0j"ijk½uiC��u
j�ð0Þ½�5�

�dk��ð0ÞjPi ¼ �1mNN�ðPÞ;
(12)

h0j"ijk½uiC��	u
j�ð0Þ½�5�

�	dk��ð0ÞjPi ¼ �2mNN�ðPÞ;
(13)

h0j"ijk½uiCz6 uj�ð0Þ½�5z6 iz � ~Ddk��ð0ÞjPi
¼ fNV

d
1 ðP � zÞ2z6 N�ðPÞ; (14)

h0j"ijk½uiCz6 �5iz �D$uj�ð0Þ½z6 dk��ð0ÞjPi
¼ �fNAu

1ðP � zÞ2z6 N�ðPÞ; (15)

h0j"ijk½uiC��u
j�ð0Þ½z6 �5�

�iz � ~Ddk��ð0ÞjPi
¼ �1f

d
1 ðP � zÞMz6 N�ðPÞ; (16)

h0j"ijk½uiC��	u
j�ð0Þ½z6 �5�

�	iz � ~Ddk��ð0ÞjPi
¼ �2f

d
2ðP � zÞMz6 N�ðPÞ; (17)

h0j"ijk½uiC���5iz �D$uj�ð0Þ½z6 ��dk��ð0ÞjPi
¼ �1f

u
1 ðP � zÞMz6 N�ðPÞ; (18)

with the nucleon spinor N�ðPÞ, the nucleon mass mN , an

arbitrary lightlike vector z	 with z2 ¼ 0 and D
$ ¼ ~D�D

 
.

All derivatives act only on the quark fields and not on any
explicit factor z. The second moments of the nucleon
distribution amplitudes are related to the following local
operators:

h0j"ijk½uiCz6 uj�ð0Þ½�5z6 ðiz � ~DÞ2dk��ð0ÞjPi
¼ fN’

002ðP � zÞ3z6 N�ðPÞ; (19)

h0j "ijk½ððiz � ~DÞ2uiÞCz6 uj�ð0Þ½�5z6 dk��ð0ÞjPi
� h0j"ijk½ððiz � ~DÞ2uiÞCz6 �5u

j�ð0Þ½z6 dk��ð0ÞjPi
¼ fN’

200ðP � zÞ3z6 N�ðPÞ; (20)

h0j"ijk½ðiz � ~DuiÞCz6 uj�ð0Þ½�5z6 iz � ~Ddk��ð0ÞjPi
� h0j"ijk½ðiz � ~DuiÞCz6 �5u

j�ð0Þ½z6 iz � ~Ddk��ð0ÞjPi
¼ fN’

101ðP � zÞ3z6 N�ðPÞ: (21)

The parameters used in this work with their twist and
conformal spin are summarized as follows:

Leading twist Higher twist

Leading conformal spin fN �1, �2

Next-to-leading conformal spin Au
1 , V

d
1 fu1 , f

d
1 , f

d
2

Next-to-next-to-leading

conformal spin

’101, ’200, ’002 � � �

As in the meson case these parameters can be estimated
with QCD sum rules [31] (see, e.g., [32–34] for some
recent work in the meson case) or with lattice simulations
(see, e.g., [35,36] for lattice works considering the same
mesons).

III. QCD SUM-RULE DETERMINATION OF THE
NUCLEON DISTRIBUTION AMPLITUDES

The leading-twist distribution amplitude was investi-
gated with QCD sum rules up to the second moments in
[29,37] and up to the third moments in [30] including
perturbative contributions and terms proportional to the
gluon condensate and to the four-quark condensate (several
errors in [29] were corrected in [30]).
The next-to-leading twist normalization constants �1

and �2 describe the coupling to the proton of two indepen-
dent proton interpolating fields used in QCD sum rules, �1

is the coupling of the so-called Ioffe current [38], while �2

is the coupling of the interpolating nucleon field that was
advocated in [39]. In [38,39] first QCD sum-rule estimates
for �1;2 were presented. Higher dimensional condensates

were included in [40]. Unfortunately these pioneering
works contain several misprints; for a review with the
correct expressions see, e.g., [41,42]. �s corrections were
calculated by Jamin in [43]. They turned out to be very
large ( � þ50% for j�2

1j, corresponding to � þ25% for
j�1j), but we will not take them into account, since we also
do not have �s corrections for the light-cone sum rules,
connecting the distribution amplitudes with the nucleon
form factors. In [6] contributions of nonplanar diagrams to
the dimension 8 condensates were also included. Putting
all this together (for the first time) the QCD sum-rule
expression for �1 reads

2ð2
Þ4m2
Nj�2

1j ¼ em
2
N=M

2
B

�
M6

BE3

�
�
s0
M2

B

�
L�4=9

�
1þ

�
53

12
þ�E

�
�sðM2

BÞ



�

þb

4
M2

BE1

�
s0
M2

B

�
L�4=9þa2

3

�
4� 4

3

m2
0

M2
B

��
;

(22)

where MB is the Borel parameter, s0 is the continuum
threshold, and

Enðs0=M2Þ ¼ 1� eð�s0=M2Þ Xn�1
k¼0

1

k!

�
s0
M2

�
k
; (23)

L ¼ �sð�2Þ
�sðM2

BÞ
; (24)

a ¼ �ð2
Þ2h �qqi ’ 0:55 GeV3; (25)
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b ¼ ð2
Þ2
�
�S



G2

	
’ 0:47 GeV4; (26)

m2
0 ¼
h �qgGqi
h �qqi ’ 0:65 GeV2: (27)

We have neglected in Eq. (22) the small �s corrections to
the four-quark contribution proportional to a2. The corre-
sponding formula for �2 can be found, e.g., in [6]. QCD
sum-rule estimates for the fyx defined in Eqs. (16)–(18)
were first presented in [2] and updated in [6]. The parame-
ter set which is obtained by QCD sum rules will be called
the sum-rule estimate in the following; we use the numeri-
cal values from [30] for the moments of the leading-twist
distribution amplitude and the values from [6] for fN , �1,
�2, A

u
1 , V

d
1 , f

d
1 , f

u
1 , and fd2 . In our analysis we use two

related parameter sets which are based on the QCD sum-
rule determination:

(i) Demanding that all higher conformal contributions
vanish, fixes Au

1 , V
d
1 , f

d
1 , f

u
1 , and f

d
2 , while the values

for fN , �1, and �2 are taken from the QCD sum-rule
estimates or from the lattice calculation. This pa-
rameter set will be called asymptotic. In the case of
the leading twist, one would be left with the asymp-
totic distribution amplitude ’ðxi; Q2 ! 1Þ ¼
’asyðxiÞ ¼ 120x1x2x3fN . The corresponding expres-

sions for the higher twist distribution amplitudes can
be found in [2].

(ii) With the help of light-cone sum rules [6,16,44] one
can express the nucleon form factors in terms of the
eight nonperturbative parameters fN , �1, �2, A

u
1 , V

d
1 ,

fd1 , f
u
1 , and fd2 (including twist-6 corrections and

expanding the distribution amplitudes up to the
next-to-leading conformal spin). Choosing values
for these parameters in between the asymptotic and
the sum-rule values, we got an astonishingly good
agreement with the experimental numbers; see [6].
This procedure is obviously rather ad hoc and has to
be replaced by a real fit after �s corrections to the
light-cone sum rules have been calculated. The pa-
rameter set obtained in [6] will be called BLW.

IV. LATTICE DETERMINATION OF THE
NUCLEON DISTRIBUTION AMPLITUDES

Lattice QCD offers the possibility to perform nonper-
turbative computations in QCD without additional model
assumptions. For example, one can evaluate hadron masses
and matrix elements of local operators between hadron
states. In particular, the nonperturbative parameters
fN; . . . introduced above can be extracted from
Monte Carlo simulations on the lattice as advocated in
[45].

Recently, the QCDSF Collaboration performed such a
calculation [4]. It is based on gauge field configurations
generated with two dynamical flavors of quarks. For the

gauge field the standard Wilson action was used, while the
lattice action for the quarks was the so-called nonperturba-
tively OðaÞ improved Wilson fermion action, also known
as the clover fermion action. Although lattice artifacts
seem to be small, a reliable continuum extrapolation could
not be attempted, and we utilize here the data obtained on
the finest lattice corresponding to a gauge coupling pa-
rameter � ¼ 5:40. Setting the scale via a Sommer parame-
ter of r0 ¼ 0:467 fm the lattice spacing turns out to be
a � 0:067 fm.
On the lattice, matrix elements between the vacuum and

a nucleon such as those needed here are computed from
two-point correlation functions of the local operatorO�ðxÞ
under study and a suitable interpolating field �N �ðxÞ for
the nucleon.
Asymptotically this two-point function decays exponen-

tially with the distance between the operators since the
lattice calculations are performed in Euclidean space.
Projecting onto definite momentum one finds for suffi-
ciently large (Euclidean) times t:

X
~x

X
~y

e�i ~P� ~xei ~P� ~yhO�ð ~x; tÞ �N �ð ~y; 0Þi

¼ Vs

ffiffiffiffi
Z
p

2Eð ~PÞMOðEð ~PÞ�4 � i ~P � ~�þmNÞ��e�Eð ~PÞt: (28)

Here Vs denotes the spatial volume of the lattice and the

matrix elements of O�ðxÞ and �N �ðxÞ have been repre-
sented as

h0jO�ð0ÞjPi ¼ MON�ðPÞ; (29)

hPj �N �ð0Þj0i ¼
ffiffiffiffi
Z
p

�N�ðPÞ: (30)

As the local operators O�ðxÞ used in the simulations
are linear combinations of the operators appearing in
(11)–(21), the constants MO are directly related to mo-
ments of the distribution amplitudes.
The operatorsO�ðxÞ need to be renormalized. In Ref. [4]

a nonperturbative renormalization procedure has been
chosen. As the space-time symmetry on the lattice is
reduced to the finite (spinorial) hypercubic group, the
mixing pattern of our three-quark operators is more com-
plicated than in the continuum and the choice of the
operators becomes an important issue. Guided by the
group-theoretical classification of three-quark operators
given in [46] the problematic mixing with lower dimen-
sional operators could however be completely avoided.
Moreover, the freedom in the choice of the operators has
been exploited in order to reduce the statistical uncertain-
ties of the results.
Primarily, the combination of moments

�n1n2n3 ¼ 1
3ðVn1n2n3

1 � An1n2n3
1 þ 2Tn1n3n2

1 Þ
¼ 1

3ð2’n1n2n3 þ ’n3n2n1Þ (31)
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has been evaluated, from which the combination ’n1n2n3

usually used in sum-rule calculations is readily obtained by

’n1n2n3 ¼ 2�n1n2n3 ��n3n2n1 : (32)

In the following sections we shall compare these lattice
results with results obtained from other approaches and see
what the lattice numbers imply for the nucleon form
factors.

V. COMPARISON OF DIFFERENT METHODS TO
DETERMINE THE DISTRIBUTION AMPLITUDES

In Table I we compare different estimates for the mo-
ments of the leading-twist distribution amplitude at
1 GeV2. It turns out that the BLW model, the Bolz-Kroll
(BK) model, and the lattice evaluation give almost identi-
cal results, which are close to the asymptotic values, while
the QCD sum-rule estimates seem to overestimate the
deviation from the asymptotic form, although the deviation
goes in the right direction. The BLW model was inspired
by this experience: One starts with the asymptotic form and

goes then in the direction of the QCD sum-rule estimate,
but only for a fraction of the whole difference. Choosing
this fraction to be 1=3 one gets an astonishingly good
agreement between light-cone sum-rule predictions for
the nucleon form factors and experiment; see [6]. In the
same spirit one can make a BLW model for the second
moments, also given in Table I [48]. These values are again
very close to the lattice values. The BK model [47] was
also inspired by experiment, in particular, the decay
J=�! N �N, the Feynman contribution to the nucleon
form factor, and the valence quark distribution function.
In Table II we compare different estimates for fN , �1,

�2, A
u
1 , V

d
1 , f

d
1 , f

u
1 , and fd2 at 1 GeV2. The leading-twist

parameters Au
1 and V

d
1 are already fully contained in Table I

via the relations

Au
1 ¼ 2’100 þ ’001 � 1; (33)

Vd
1 ¼ ’001: (34)

Let us stress, however, that the errors quoted in Tables I and
II have to be taken with caution. On the lattice side a

TABLE I. Comparison of different estimates for the moments of the leading-twist distribution amplitude renormalized at 1 GeV2.
We show the asymptotic values (Asy) and the QCD sum-rule estimates from [30]. Inspired by the QCD sum-rule calculation two
models for the leading-twist distribution amplitude were suggested, the COZ model [30] and the KS model [37]. Using also some
experimental input two phenomenological models were introduced, the BK model [47] and the BLW model [6]. Finally we show the
lattice values from [3–5]. The first error is statistical, and the second error represents the uncertainty due to the chiral extrapolation and
renormalization. For the BK model no contributions from next-to-next-to-leading conformal spin were taken into account; thus the
second moments denoted by the ? do not contain any additional information and are fully determined by the first moments.

Asy. QCD-SR COZ KS BK BLW LAT

’100 1
3 � 0:333 0.560(60) 0.579 0.55 8

21 � 0:38 0.415 0.3999(37)(139)

’010 1
3 � 0:333 0.192(12) 0.192 0.21 13

42 � 0:31 0.285 0.2986(11)(52)

’001 1
3 � 0:333 0.229(29) 0.229 0.24 13

42 � 0:31 0.300 0.3015(32)(106)

’200 1
7 � 0:143 0.350(70) 0.369 0.35 5

28 � 0:18? 0.225 0.1816(64)(212)

’020 1
7 � 0:143 0.084(19) 0.068 0.09 1

8 � 0:13? 0.121 0.1281(32)(106)

’002 1
7 � 0:143 0.109(19) 0.089 0.12 1

8 � 0:13? 0.132 0.1311(113)(382)

’011 2
21 � 0:095 �0:030ð30Þ 0.027 0.02 1

12 � 0:08? 0.071 0.0613(89)(319)

’101 2
21 � 0:095 0.102(12) 0.113 0.10 17

168 � 0:10? 0.097 0.1091(41)(152)

’110 2
21 � 0:095 0.090(10) 0.097 0.10 8

21 � 0:10? 0.093 0.1092(67)(219)

TABLE II. Comparison of different estimates for fN , �1, �2, A
u
1 , V

d
1 , f

d
1 , f

u
1 , and fd2 renormalized at 1 GeV2. The QCD sum-rule

estimates and the BLW values are taken from [6] and we also show the phenomenological model from [47] (BK). For the asymptotic
and the BLW parameters the values for fN , �1, and �2 coincide with the ones from the QCD sum-rule estimates.

Asy. QCD-SR BK BLW LAT

fN � 103 (GeV2) 5.0(5) 5.0(5) 6.64 5.0(5) 3.234(63)(86)

�1 � 103 (GeV2) �27ð9Þ �27ð9Þ � � � �27ð9Þ �35:57ð65Þð136Þ
�2 � 103 (GeV2) 54ð19Þ 54ð19Þ � � � 54ð19Þ 70.02(128)(268)

Au
1 0 0.38(15) 1

14 � 0:071 0.13 0.1013(81)(298)

Vd
1

1
3 � 0:333 0.23(3) 13

42 � 0:31 0.30 0.3015(32)(106)

fd1 0.30 0.40(5) � � � 0.33 � � �
fu1 0.10 0.07(5) � � � 0.09 � � �
fd2

4
15 � 0:267 0.22(5) � � � 0.25 � � �
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continuum extrapolation could not be attempted, and hence
the associated systematic error is not included. Moreover,
the errors on Au

1 have been calculated by error propagation,
which might not be too reliable. For the sum-rule estimates
the radiative corrections are expected to be sizable, but
these are only known for �1 and �2. The central lattice
value of fN is about 35% smaller than the QCD sum-rule
estimates, while the lattice results for j�1j and j�2j are
about 30% larger than the QCD sum-rule estimates. For �1

and �2 the discrepancy is strongly reduced, if radiative
corrections to the sum-rule estimates are included,
cf. Equation (22), for fN—according to our knowledge—
no radiative corrections have been calculated yet.

The parameters �1 and �2 can also be extracted from the
lattice calculation of the nucleon decay matrix elements
(expressed in terms of the parameters � and �) in [25,26].
Using the relations

�1 ¼ 4

mN

�; �2 ¼ 8

mN

�; (35)

we obtain from the results in [25,26]

�1 ¼ �43:90� 4:7� 8:5� 10�3 GeV2;

�2 ¼ 93:96� 10:2� 22:7� 10�3 GeV2;

at the renormalization scale 1 GeV2. In that case the de-
viation from the QCD sum-rule values is even more
pronounced.

In the nonrelativistic limit one gets

2�1 þ �2 ¼ 0:

The estimates presented in Table II fulfill this relation
almost perfectly:









2�1 þ �2

2�1 � �2









QCD-SR
¼ 0� 0:24; (36)










2�1 þ �2

2�1 � �2









LAT
¼ 0:008� 0:013: (37)

For the ratio fN=�1 the differences between the central
lattice and QCD sum-rule estimates are even more en-
hanced: �

fN
�1

�
QCD-SR

¼ �0:185� 0:064; (38)

�
fN
�1

�
LAT
¼ �0:0909� 0:0054� 0:0095: (39)

The QCD sum-rule estimate is a factor of 2 larger than the
lattice result. In the next section we will see that the
electromagnetic form factors of the nucleon depend only
on the ratio but not on the individual values of fN and �1, if
the so-called Ioffe interpolating field is used, while the
N ! � transition depends on the individual values.

VI. LIGHT-CONE SUM RULES FOR FORM
FACTORS

LCSRs are an advancement of QCD sum rules [31] for
intermediate values of the momentum transfer Q2, i.e.,
1 GeV2 <Q2 < 10 GeV2 in the case of nucleon form
factors. They were introduced in [17,18]. The starting point
is a correlation function of the form

TðP; qÞ ¼
Z

d4xe�iqxh0jTf�ð0ÞjðxÞgjNðPÞi; (40)

which describes the transition of a baryon B with momen-
tum P� q to the nucleon NðPÞ via the current j. The
baryon B is created by the interpolating three-quark field
�. If B is a nucleon one can use, e.g., the Ioffe current [38]
for the proton

�IoffeðxÞ ¼ �ijk½uiðxÞðC�	ÞujðxÞ�ð�5�
	Þdk�ðxÞ: (41)

A typical example for j is the electromagnetic current in
the case of the electromagnetic form factors

jEM� ðxÞ ¼ eu �uðxÞ��uðxÞ þ ed �dðxÞ��dðxÞ: (42)

With the definitions in Eqs. (41) and (42) the correlation
function in Eq. (40) describes the electromagnetic form
factors of the nucleon, which can be measured, e.g., in
elastic electron-proton scattering.
The basic idea of the light-cone sum-rule approach is to

calculate the correlation function in Eq. (40) both on the
hadron level (expressed in terms of form factors) and on the
quark level (expressed in terms of the nucleon distribution
amplitudes). Equating both results and performing a Borel
transformation to suppress higher mass states one can
express the form factors in terms of the eight (taking
only leading and next-to-leading conformal spin into ac-
count) nonperturbative parameters of the nucleon distribu-
tion amplitudes, the Borel parameter MB, and the
continuum threshold s0; for details see [6,16].
We studied the electromagnetic nucleon form factors

with the Chernyak-Zhitnitsky interpolating field (�CZ) in
[16]. In [44] we found that �CZ yields large unphysical
isospin violating effects; therefore we introduced a new
isospin respecting CZ-like current to determine the elec-
tromagnetic form factors. In [6] we also studied the Ioffe
current for the nucleon and extended our studies from the
electromagnetic form factors to axial form factors, pseu-
doscalar form factors, and the neutron to proton transition.
It turned out that the Ioffe current yields the most reliable
results. Despite our ‘‘bad experience’’ �CZ was used to
determine the scalar form factor of the nucleon [49] and the
axial and the pseudoscalar one in [50]. The question of the
ideal interpolating field can also be addressed more gen-
erally: One can write down the most general interpolating
field—without derivatives—of the nucleon as a linear
combination of two currents and then try to optimize the
relative strength of these currents. This approach was used
for the scalar form factor of the nucleon in [51], for the
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axial-vector form factors in [52], and for the electromag-
netic form factors in [53]. Since in [53] x2 corrections were
not included and different Dirac projections to extract the
sum rules were used, we cannot easily compare the result
with [6].

The light-cone sum-rule method can also be applied to
other observables than the nucleon form factors.

In the class of nucleon to resonance transitions the
following processes were considered: The N ! � transi-
tion was studied in this framework in [54] (for a similar
approach for Q2 ¼ 0 see, e.g., [55]), and the axial part of
the N ! � transition was calculated in [56]. Very recently
the form factors of the N ! N	ð1535Þ transition were
presented in [57]. In [58–60] pion electroproduction was
investigated.

Also decays of baryons can be described with that
formalism: �b ! pl	 was discussed in [27]. The authors
of [61] considered �c ! �l	 and therefore determined a
part of the � distribution amplitude. In [62] the transition
�! N was investigated. Recently the rare decays �b !
�� and �b ! �lþl� were treated in [63] with the same
formalism. Electromagnetic form factors of � and � bary-
ons were estimated in [64,65].

So far all mentioned LCSR calculations for the baryon
form factors were done in leading-order QCD. One expects
sizable radiative corrections of up to 30%. In [66] a first
step in calculating the fullOð�sÞ corrections to the nucleon
electromagnetic form factors was performed. The intrinsic
final uncertainty of this approach is expected to be in the
range of less than�20%, if QCD corrections are included.
Comparing the theoretical predictions with experimental
numbers one must be careful to distinguish between quan-
tities directly calculated like F1 and F2 and quantities like
GE ¼ F1 �Q2=ð4m2

NÞF2 for which cancellations might

ruin the predictive power.
In the following we use the LO QCD light-cone sum

rules of [6] for the electromagnetic form factors of the
nucleon and the LO QCD results of [54] for the N ! �
transition to compare the consequences for the form factors
which the lattice results for the nucleon distribution am-
plitudes entail with those which result from different QCD
sum-rule estimates. Note, however, that the errors on the
nonperturbative parameters of the nucleon distribution
amplitudes will not be taken into account, because this
would not make much sense due to the inherent uncertainty
in the LO light-cone sum rules.

VII. RESULTS FOR THE FORM FACTORS AT
INTERMEDIATE MOMENTUM TRANSFER

In this section we use light-cone sum rules to extract
physical form factors from the nucleon distribution ampli-
tudes, by taking into account conformal spin contributions
up to the p-wave; d-wave effects will be discussed in
Sec. IX.

We compare our theory results to the following experi-
mental numbers. For the electromagnetic nucleon form
factors we take data from the following:
(i) The magnetic form factor of the proton normalized

to the dipole form factor Gp
M=ð�pGDÞ from [67–75],

with

GDðQ2Þ ¼ 1

ð1þ Q2

0:71 GeV2Þ2
; �p ¼ 2:7928 � � � :

(43)

The data of [69–71] are actually taken from the
reanalysis in [76].

(ii) The ratio of the electric and magnetic form factors of
the proton �pG

p
E=G

p
M from Rosenbluth separation

[67–75,77–79] and from polarization transfer [19–
22]. We would like to point out here that [74,75]
claimed already in the 1970s a steeper Q2 depen-
dence of Gp

E compared to Gp
M for momentum trans-

fers above 1 GeV2. Currently the Rosenbluth
separation data for GE are judged to be less reliable.

(iii) The ratio of the proton form factors Fp
1 and Fp

2 given

as
ffiffiffiffiffiffi
Q2

p
Fp
1 =ðð�p � 1ÞFp

2 Þ in [67,68,80].

(iv) The magnetic form factor of the neutron normalized
to the dipole form factor: Gn

M=ð�nGDÞ from [74,81–
87] with �n ¼ �1:913 � � � .

(v) The electric form factor of the neutron normalized to
the dipole form factor: Gn

E=GD from [74,81,84,88–
101]. The data are very well described by the so-
called Galster fit [102]; we show in our plots the
update of the Galster fit from Kelly [103]:

Gn;Galster
E ðQ2Þ ¼ ð1:70� 0:04Þ

1þ ð3:30� 0:32ÞGDðQ2Þ;

with  ¼ Q2

4m2
p

: (44)

For the axial form factors we compare our result to the
dipole formula [104]

GAðQ2Þ ¼ 1:267

ð1þ Q2

ð1:014 GeVÞ2Þ2
: (45)

For more details see [6].
Finally we use the following data for the N ! � tran-

sition:
(i) The magnetic form factor normalized to the dipole

form factor G	M=ð3GDÞ from [105–112].
(ii) The ratio of the electric quadrupole to the magnetic

form factor REM from [112,113].
(iii) The ratio of the Coulomb quadrupole to the magnetic

form factor RSM from [112,113].
For more details see [54]. Since we compare the data

with the LCSR predictions, which are expected to work
best in the region 1 GeV2 <Q2 < 10 GeV2, we are only

NUCLEON DISTRIBUTION AMPLITUDES AND THEIR . . . PHYSICAL REVIEW D 79, 093007 (2009)

093007-7



interested in experiments where values of the form factors
for momentum transfer above Q2 ¼ 1 GeV2 are available.

For the theory prediction we will use six models (i.e., six
determinations for the nonperturbative parameters fN , �1,
�2, A

u
1 , V

d
1 , f

d
1 , f

u
1 , and fd2 ) for the nucleon distribution

amplitudes including s- and p-wave contributions:
(1) QCD sum-rule estimates (dotted red lines in Figs. 1–

5),
(2) asymptotic form (dashed red lines),
(3) BLW model (solid red lines),
(4) lattice evaluation plus QCD sum-rule estimate for fyx

(dotted blue lines),
(5) lattice evaluation plus asymptotic values for fyx

(dashed blue lines),
(6) lattice evaluation plus BLW estimate for fyx (solid

blue lines).
Since fd1 , f

u
1 , and fd2 have not been determined on the

lattice, we have to use in the lattice parameter set QCD
sum-rule estimates, asymptotic values, or the BLW model
for fyx. For the nucleon form factors we use the LCSRs
obtained in [6] and for the N ! � transition we use the
LCSRs obtained in [54].

To our accuracy, the sum rules for the nucleon form
factors depend only on the five parameters fN=�1, A

u
1 , V

d
1 ,

fu1 , and fd1 . Within the light-cone sum-rule approach we

determine the form factors F1 and F2 directly. The electric

and the magnetic form factors GE and GM are linear
combinations of F1 and F2:

GMðQ2Þ ¼ F1ðQ2Þ þ F2ðQ2Þ;

GEðQ2Þ ¼ F1ðQ2Þ � Q2

4m2
N

F2ðQ2Þ: (46)

As discussed above, Eq. (46) shows that in GE cancella-
tions occur. Therefore our predictions for GE are less
reliable than those for GM.
The light-cone sum-rule predictions for the form factors

are shown in Figs. 1–4. For Gp
M, G

p
A, G

n
M, and Gn

E the

differences between the lattice determinations and the
other approaches (asymptotic, QCD sum rule, and BLW)
are smaller than the expected overall uncertainties, i.e., the
pairs of parameter sets (1)–(4), (2)–(5), and (3)–(6) yield
almost identical results. Since fu1 and f

d
1 were chosen to be

identical within these pairs, differences can only occur due
to Vd

1 , A
u
1 , and fN=�1. The lattice values for V

d
1 and Au

1 are

very close to the BLW values, while fN=�1 is in the lattice
determination about a factor of 2 smaller than the QCD

sum-rule estimate. In GE,
ffiffiffiffiffiffi
Q2

p
Fp
2 =ðð�p � 1ÞFp

1 Þ and Gp
T

cancellations occur, so we expect much bigger theoretical
uncertainties and also big differences between our data sets
might be possible.
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FIG. 1 (color online). LCSR results for the electromagnetic form factors (left panel: GM=ð�pGDÞ vs Q2; right panel: �pGE=GM vs
Q2) of the proton. In the left panel the curves correspond to the models (2), (5), (3), (6), (1), and (4) (from top to bottom), where (2) and
(5) are almost identical. In the right panel the curves correspond to the models (2), (5), (6), (3), (4), and (1) (from top to bottom on the
right). The gray (red) triangles in the right panel are JLAB data, while the dark gray (blue) data points and the light gray (green)
triangles are obtained via Rosenbluth separation. Currently the Rosenbluth separation data for GE are judged to be less reliable.
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FIG. 2 (color online). LCSR results for the electromagnetic form factors of the neutron (left panel: GM=ð�nGDÞ vs Q2; right panel:
GE=ðGDÞ vs Q2). In the left panel the curves correspond to the models (2), (5), (3), (6), (1), and (4) (from top to bottom). In the right
panel the thick curves correspond to the models (1), (4), (3), (6), (2), and (5) (from top to bottom), while the thin solid (blue) line
represents the updated Galster fit.
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The data forGp
M (Fig. 1) are very well described with the

asymptotic and the BLW data sets, the differences between
the parameter sets (2) and (5) and between (3) and (6) are
negligible. The pure QCD sum-rule estimates [sets (1) and
(4)] are about a factor of 2 too small. In the case of Gn

M

(Fig. 2) one sees the same structure for the different models
of the nucleon distribution amplitude as for Gp

M, but now
all theory predictions are shifted to lower values. For Gp

A

(Fig. 3) we agree for Q2 values below 5 GeV2 very well
with the dipole behavior, if we use the asymptotic or the
BLW parameters; for higher Q2 we predict a slightly
steeper falloff. Again the pure QCD sum-rule estimates
are considerably worse. An interesting test of our approach
is whether the unphysical tensor form factor GT (Fig. 3) is
consistent with zero. This holds for all parameter sets
except the pure QCD sum-rule estimates [set (1)]. In our
approachGp

T is not exactly zero, because we treat the initial
proton state differently from the final proton state: one is
described by an interpolating nucleon field, the other by the
nucleon distribution amplitude.

Finally we have the ratios Gn
E=GD (Fig. 2), Gp

E=G
p
M

(Fig. 1), and
ffiffiffiffiffiffi
Q2

p
Fp
2 =ðð�p � 1ÞFp

1 Þ (Fig. 4), which are

very sensitive to the explicit form of the nucleon distribu-
tion amplitudes due to cancellations in GE. If we just look

at Gn
E our result would be consistent with zero and there-

fore describes the data well. If we investigate Gn
E=GD, we

blow up the large Q2 contributions. Now we have a ‘‘per-
fect’’ agreement between the pure QCD sum-rule parame-
ters and the data. Our data set (4) is almost identical to the
updated Galster fit. The BLW model is consistent with
zero, while the asymptotic distribution amplitude yields
negative values. The difference between the lattice values
for the distribution amplitudes and the data sets (1)–(3) is
visible, but not dramatic. In the case of Gp

E=G
p
M andffiffiffiffiffiffi

Q2
p

Fp
2 =ðFp

1 	 1:79Þ we can make similar observations.

The purely asymptotic values lie above (below) the data

forGp
E=G

p
M [

ffiffiffiffiffiffi
Q2

p
Fp
2 =ðFp

1 	 1:79Þ], the BLW data set moves

the results in the right direction, but not far enough. Our
data set (1) is completely off, because it predicts a very
small value for Fp

1 . Now we also have big differences

between the lattice values of the distribution amplitudes
and the pure QCD sum-rule values.
Taking into account that the fullOð�sÞ corrections to the

LCSRs are not yet available, already a rough agreement of
our approach with the data is a success. For Gp

M, G
p
A, G

n
M,

and Gn
E we get unexpectedly ‘‘good’’ results if we use the

BLW form or the asymptotic form of the nucleon distribu-
tion amplitude. The corresponding lattice values [sets (5)
and (6)] give similar results. For Gn

E=GD, G
p
E=G

p
M, andffiffiffiffiffiffi

Q2
p

Fp
2 =ðFp

1 	 1:79Þ the BLW model lies in the right ball

park, but we would prefer a model for the distribution
amplitudes which lies in the middle between the asymp-
totic and the pure QCD sum-rule estimate (BLW is closer
to the asymptotic value).
In the transition form factors of �	N ! � all eight

nonperturbative parameters appear; see [54]. The results
are shown in Fig. 5. As expected, now the differences
between the parameter set pairs (1)–(4), (2)–(5), and (3)–
(6) are more pronounced. In the case of G	M the theory
curves generally tend to be more flat than the experimental
data. The form factors obtained with the lattice values for
the nucleon distribution amplitude lie considerably above
the data sets (1)–(3). Above Q2 � 3 GeV2 the asymptotic
distribution amplitude and the BLW distribution amplitude
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FIG. 3 (color online). LCSR results for the axial form factor of the proton GA normalized to GD ¼ gA=ð1þQ2=m2
AÞ2 vs Q2 (left

panel) and the tensor form factor GT normalized to GA vs Q2 (right panel). In the left panel the curves correspond to the models (2),
(5), (3), (6), (1), and (4) (from top to bottom), where (2) and (5) as well as (3) and (6) are almost identical. In the right panel the curves
correspond to the models (1), (3), (2), (4), (6), and (5) (from top to bottom on the left), where (3) yields nearly zero.
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FIG. 4 (color online). LCSR results for the ratio
ffiffiffiffiffiffi
Q2

p
Fp
2 =ðFp

1 	
1:79Þ. The curves correspond to the models (1), (4), (3), (6), (5),
and (2) (from top to bottom on the right). Gray (red) symbols:
experimental values obtained via polarization transfer. Dark gray
(blue) symbols: experimental values obtained via Rosenbluth
separation. Currently the Rosenbluth separation data for GE are
judged to be less reliable.
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are close to the data. The fact that REM is close to zero is
reproduced very well with the BLW parameters [sets (3)
and (6)] and the lattice plus asymptotic values [set (5)],
while positive values are obtained with the purely asymp-
totic form [set (2)]. One gets a negative result with the
QCD sum-rule determination of the nucleon distribution
amplitude [sets (1) and (4)]. In the case of RSM the differ-
ences are not very pronounced; all values are close to zero.
Altogether one has to conclude that while all approaches
give the correct order of magnitude none gives a really
convincing description of all data. However in view of the
fact that the systematic uncertainties are even more pro-
nounced than for the nucleon form factors more could not
have been expected.

VIII. REDUCING THE NUMBER OF
INDEPENDENT PARAMETERS OF THE

DISTRIBUTION AMPLITUDES

In [114] the following approximate relations between
twist-4 and twist-3 parameters were derived:

fd1 ¼
3

10
� 1

6

fN
�1

; fu1 ¼
1

10
� 1

6

fN
�1

: (47)

Using these relations, we can express the nucleon form
factors in terms of only three independent parameters,

namely, fN�1
, Vd

1 , and Au
1 . For the comparison with the data

in Figs. 6–10 we show now only two models for the
remaining three parameters of the nucleon distribution
amplitude: (a) lattice determination of the distribution
amplitude—blue curve and (b) BLW model—red curve.
We obtain the following values for fx1:

(a) (b) Asymptotic BLW QCD-SR

fu1 0.11 0.13 0.10 0.09 0.07

fd1 0.31 0.33 0.30 0.33 0.40

which are compared with our previous estimates for fu1 and
fd1 . In this approach f

d
1 lies between the asymptotic and the

BLW value; fu1 is also close to the asymptotic or the BLW
value, but its deviation from the asymptotic value is in the
‘‘wrong’’ direction. In Fig. 6 we show the electromagnetic
form factors of the proton, in Fig. 7 the electromagnetic
form factors of the neutron, in Fig. 8 the axial and the
tensor form factor of the proton, and finally in Fig. 9 the
ratio of the form factors F2 and F1 of the proton. In Fig. 10
we show the three N ! � transition form factors. In all
cases we obtain results which are very close to the BLW
results of the previous section, so it seems that the nucleon
form factors are very sensitive to the values of Vd

1 and Au
1 ,

while the dependence on fN=�1, fd1 , and fu1 is less
pronounced.
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FIG. 5 (color online). �	N ! � transition form factors [left panel: G	M=ð3GDÞ vs Q2; middle panel: REM vs Q2; right panel: RSM vs
Q2] in the LCSR approach [54]. In the left panel the curves correspond to the models (4), (6), (5), (1), (3), and (2) (from top to bottom
on the left). In the middle panel the curves correspond to the models (2), (5), (3), (6), (4), and (1) (from top to bottom on the right). In
the right panel the curves correspond to the models (2), (3), (5), (1), (6), and (4) (from top to bottom on the right), where (5) and (1) are
almost identical.
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FIG. 6 (color online). LCSR results for the electromagnetic form factors [left panel: GM=ð�pGDÞ vs Q2; right panel: �pGE=GM vs
Q2] of the proton. In the left panel the upper (red) curve corresponds to the BLW model, and the lower (blue) curve is based on the
lattice data. In the right panel the lower (red) curve corresponds to the BLW model, and the upper (blue) curve is based on the lattice
data. In both models the parameters fx1 are determined from the twist-3 parameters, cf. Eq. (47). The red (gray) triangles in the right

panel are JLAB data, while the dark gray (blue) data points and the light gray (green) triangles are obtained via Rosenbluth separation.
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IX. EFFECTS OF HIGHER CONFORMAL SPIN
CONTRIBUTIONS

In this section we include (in comparison to the previous
sections) also contributions of the next-to-next-to-leading
conformal spin to the leading-twist distribution amplitude.
These terms have been determined on the lattice [3,4] and
with QCD sum rules [29,30,37]. The explicit expressions
for the leading-twist distribution amplitudes can be found
in Appendix C. The contributions of these higher moments
to the electromagnetic form factors of the nucleon have
already been estimated in [16], but only for the Chernyak-
Zhitnitsky interpolating field. Here we work out the con-
tributions of the second moments to the light-cone sum
rules for nucleon form factors using the Ioffe current. We
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FIG. 8 (color online). LCSR results for the axial form factor of the proton GA normalized to GD ¼ gA=ð1þQ2=m2
AÞ2 vs Q2 (left

panel) and the tensor form factor GT normalized to GA vs Q2 (right panel). The upper (red) curves correspond to the BLW model, and
the lower (blue) curves are based on the lattice data. In both models the parameters fx1 are determined from the twist-3 parameters,

cf. Eq. (47).
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FIG. 9 (color online). LCSR results for the ratio
ffiffiffiffiffiffi
Q2

p
Fp
2 =ðFp

1 	
1:79Þ. The upper (red) curve corresponds to the BLW model, and
the lower (blue) curve is based on the lattice data. In both models
the parameters fx1 are determined from the twist-3 parameters,

cf. Eq. (47). Gray (red) symbols: experimental values obtained
via polarization transfer. Dark gray (blue) symbols: experimental
values obtained via Rosenbluth separation.
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FIG. 7 (color online). LCSR results for the electromagnetic form factors of the neutron [left panel: GM=ð�nGDÞ vs Q2; right panel:
GE=ðGDÞ vs Q2]. The upper (red) curves correspond to the BLW model, and the lower (blue) curves are based on the lattice data. In
both models the parameters fx1 are determined from the twist-3 parameters, cf. Eq. (47). The thin solid (blue) line represents the

updated Galster fit.
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FIG. 10 (color online). �	N ! � transition form factors [left panel: G	M=ð3GDÞ vsQ2; middle panel: REM vsQ2; right panel: RSM vs
Q2] in the LCSR approach [54]. In the left panel the upper (blue) curve is based on the lattice data, and the lower (red) curve
corresponds to the BLW model. In the other panels the upper (red) curve corresponds to the BLW model, while the lower (blue) curve
is based on the lattice data. In both models the parameters fx1 are determined from the twist-3 parameters, cf. Eq. (47).
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will use the form in Eq. (C1) for the leading-twist distri-
bution amplitude and the following parameter sets:

(1) asymptotic distribution amplitude (black lines in
Figs. 11–15),

(2) BLW plus second moments from QCD sum rules
(dotted red lines),

(3) BLW plus second moments from the lattice (dashed
red lines),

(4) BLW plus second moments à la BLW (solid red
lines),

(5) lattice evaluation plus QCD sum-rule estimates for
fyx (dotted blue lines),

(6) lattice evaluation plus asymptotic values for fyx
(dashed blue lines),

(7) lattice evaluation plus BLW estimates for fyx (solid
blue lines).

In Fig. 11 we show the electromagnetic form factors of
the proton, in Fig. 12 the electromagnetic form factors of
the neutron, in Fig. 13 the axial and the tensor form factors
of the proton, and finally in Fig. 14 the ratio of the form
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FIG. 12 (color online). LCSR results for the electromagnetic form factors of the neutron [left panel: GM=ð�nGDÞ vs Q2; right panel:
GE vs Q2]. In the left panel the curves correspond to the models (4), (6), (1), (3), (2), (7), and (5) (from top to bottom on the right). In
the right panel the thick curves correspond to the models (2), (4), (5), (3), (7), (6), and (1) (from top to bottom on the right), while the
thin solid (blue) line represents the updated Galster fit.
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FIG. 11 (color online). LCSR results for the electromagnetic form factors [left panel: GM=ð�pGDÞ vs Q2; right panel: �pGE=GM vs
Q2] of the proton. In the left panel the curves correspond to the models (2), (1), (4), (6), (7), (3), and (5) (from top to bottom on the
right). In the right panel the curves correspond to the models (3), (6), (7), (1), (5), (4), and (2) (from top to bottom on the right), where
(7) and (1) are almost identical. The gray (red) triangles in the right panel are JLAB data, while the dark gray (blue) data points and the
light gray (green) triangles are obtained via Rosenbluth separation.
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FIG. 13 (color online). LCSR results for the axial form factor of the proton GA normalized to GD ¼ gA=ð1þQ2=m2
AÞ2 vs Q2 (left

panel) and the tensor form factor GT normalized to GA vs Q2 (right panel). In the left panel the curves correspond to the models (6),
(3), (4), (7), (2), and (5) (from top to bottom on the right), where (6) and (3) as well as (4) and (7) are almost identical. In the right panel
the curves correspond to the models (2), (5), (4), (7), (6), and (3) (from top to bottom on the right), where (4) yields nearly zero and (7),
(6), and (3) are almost identical.
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factors F2 and F1 of the proton. In Fig. 15 we show the
three N ! � transition form factors.

In almost all cases the second moments of the leading-
twist distribution amplitude determined with QCD sum
rules give huge corrections. We show these parameter
sets in the plots, but we will not discuss them any further.

The magnetic form factor of the proton Gp
M is very well

described by the BLW model with second moments à la
BLW [set (4)] or from the lattice [set (3)] and the lattice
values for the distribution amplitude with fyx from BLW
[set (7)] or with the asymptotic values for fyx [set (6)]. This
is not unexpected, since the second moments à la BLWand
from the lattice are quite similar in size. This observation
ensures, however, that there is not an unexpected strong
sensitivity of the LCSRs to the second moments. The
theory predictions for the magnetic form factor of the
neutron Gn

M are again shifted to lower values. Apart from
this fact, the predictions for the parameter sets (1), (3), (4),
(6), and (7) lie relatively close together and they agree a
little better with experiment, compared to the case where
the d-wave contributions have been neglected. Also forGp

A

and Gp
T we get nice results, unless we use the QCD sum-

rule values of the second moments. As expected, in

Gp
E=G

p
M, G

n
E=GD, and Fp

2 =F
p
1 cancellations arise that lead

to a strong dependence on the concrete form of the nucleon
distribution amplitudes.
In the case of the N ! � transition the inclusion of

d-wave corrections leads to strong enhancements in the
prediction of G	M, while REM and RSM agree now better
with experiment.

X. CONCLUSION

We have compared a new determination of the nucleon
distribution amplitudes based on lattice QCD with differ-
ent values available in the literature. The nonperturbative
parameters of nonleading conformal spin from the lattice
evaluation turned out to be close to the asymptotic form
and very close to the BLW model. For the leading confor-
mal spin parameters fN , �1, and �2 the deviation between
lattice and QCD sum rules is about 30%, which is possibly
due to neglected radiative corrections in the QCD sum-rule
estimates. Our models for the nucleon distribution ampli-
tudes can be related to measurable form factors with light-
cone sum rules. Despite the fact that the light-cone sum
rules are only calculated to leading order in QCD and
despite an intrinsic uncertainty of light-cone sum rules of
about �20% we get a very good description of Gp

M, G
n
M,

Gp
A, andG

p
T at intermediate momentum transfer. InGp

E,G
n
E,

and Fp
2 =F

p
1 cancellations occur, which limit our predictive

power. In general we found the following tendency: The
asymptotic distribution amplitudes describe the data al-
ready amazingly well. Pure QCD sum-rule estimates for
the nonperturbative parameters overestimate the deviation
from the asymptotic form, but the deviation goes in the
right direction. The best results are obtained for the BLW
values and the very similar lattice values. Including also
d-wave contributions to the twist-3 distribution amplitude
improves the description of Gp

M, G
n
M, G

p
A, and Gp

T a little

bit, but results also in bigger uncertainites in Gp
E, G

n
E, and

Fp
2 =F

p
1 . In the case of the N ! � transition, we do not see

the steep falloff ofG	M, but the smallness of REM andRSM is
very well reproduced.
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FIG. 14 (color online). LCSR results for the ratioffiffiffiffiffiffi
Q2

p
Fp
2 =ðFp

1 	 1:79Þ. The curves correspond to the models (4),

(5), (1), (7), (6), (3), and (2) (from top to bottom on the right),
where (1), (7), and (6) are almost identical. Gray (red) symbols:
experimental values obtained via polarization transfer. Dark gray
(blue) symbols: experimental values obtained via Rosenbluth
separation.
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FIG. 15 (color online). �	N ! � transition form factors [left panel: G	M=ð3GDÞ vsQ2; middle panel: REM vsQ2; right panel: RSM vs
Q2] in the LCSR approach [54]. In the left panel the curves correspond to the models (5), (7), (6), (3), (4), (2), and (1) (from top to
bottom on the right). In the middle panel the curves correspond to the models (1), (2), (3), (4), (6), (7), and (5) (from top to bottom on
the left), where (3) and (4) are almost identical. In the right panel the curves correspond to the models (1), (2), (4), (3), (6), (7), and (5)
(from top to bottom on the right), where (3) and (6) are almost identical.
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Further improvements on the theoretical side can be
achieved by determining the NLO-QCD corrections to
light-cone sum rules, which connect the nucleon distribu-
tion amplitudes to the form factors. To match the NLO-
QCD accuracy also �s corrections have then to be included
in all QCD sum-rule estimates of the moments of the
nucleon distribution amplitudes.
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APPENDIX A: NUCLEON DISTRIBUTION
AMPLITUDES UP TO TWIST 6

For completeness we give in this Appendix the full
expressions for the nucleon distribution amplitudes up to
twist 6; details can be found in [2,6]. The general Lorentz
decomposition of the matrix element defined in Eq. (5)
reads [2]

4h0j�ijkui�ða1xÞuj�ða2xÞdk�ða3xÞjPi ¼ S1mNC��ð�5NÞ�þS2m
2
NC��ðx6 �5NÞ�þP 1mNð�5CÞ��N�þP 2m

2
Nð�5CÞ��ðx6 NÞ�

þ
�
V 1þ x2m2

N

4
VM

1

�
ðP6 CÞ��ð�5NÞ�þV 2mNðP6 CÞ��ðx6 �5NÞ�þV 3mNð��CÞ��

�ð���5NÞ�þV 4m
2
Nðx6 CÞ��ð�5NÞ�þV 5m

2
Nð��CÞ��ði��	x	�5NÞ�

þV 6m
3
Nðx6 CÞ��ðx6 �5NÞ�þ

�
A1þ x2m2

N

4
AM

1

�
ðP6 �5CÞ��N�

þA2mNðP6 �5CÞ��ðx6 NÞ�þA3mNð���5CÞ��ð��NÞ�þA4m
2
Nðx6 �5CÞ��N�

þA5m
2
Nð���5CÞ��ði��	x	NÞ�þA6m

3
Nðx6 �5CÞ��ðx6 NÞ�þ

�
T 1þ x2m2

N

4
T M

1

�

�ðP	i��	CÞ��ð���5NÞ�þT 2mNðx�P	i��	CÞ��ð�5NÞ�
þT 3mNð��	CÞ��ð��	�5NÞ�þT 4mNðP	��	CÞ��ð���x��5NÞ�
þT 5m

2
Nðx	i��	CÞ��ð���5NÞ�þT 6m

2
Nðx�P	i��	CÞ��ðx6 �5NÞ�

þT 7m
2
Nð��	CÞ��ð��	x6 �5NÞ�þT 8m

3
Nðx	��	CÞ��ð���x��5NÞ�; (A1)

with

S1 ¼ S1; 2ðP � xÞS2 ¼ S1 � S2; P 1 ¼ P1; 2ðP � xÞP 2 ¼ P2 � P1;

V 1 ¼ V1; 2ðP � xÞV 2 ¼ V1 � V2 � V3; 2V 3 ¼ V3; 4ðP � xÞV 4 ¼ �2V1 þ V3 þ V4 þ 2V5;

4ðP � xÞV 5 ¼ V4 � V3; 4ðP � xÞ2V 6 ¼ �V1 þ V2 þ V3 þ V4 þ V5 � V6;

A1 ¼ A1; 2ðP � xÞA2 ¼ �A1 þ A2 � A3; 2A3 ¼ A3; 4ðP � xÞA4 ¼ �2A1 � A3 � A4 þ 2A5;

4ðP � xÞA5 ¼ A3 � A4; 4ðP � xÞ2A6 ¼ A1 � A2 þ A3 þ A4 � A5 þ A6;

T 1 ¼ T1; 2ðP � xÞT 2 ¼ T1 þ T2 � 2T3; 2T 3 ¼ T7; 2ðP � xÞT 4 ¼ T1 � T2 � 2T7;

2ðP � xÞT 5 ¼ �T1 þ T5 þ 2T8; 4ðP � xÞ2T 6 ¼ 2T2 � 2T3 � 2T4 þ 2T5 þ 2T7 þ 2T8;

4ðP � xÞT 7 ¼ T7 � T8; 4ðP � xÞ2T 8 ¼ �T1 þ T2 þ T5 � T6 þ 2T7 þ 2T8: (A2)

The calligraphic notation is used for distribution amplitudes belonging to a simple Dirac structure, while the noncalli-
graphic functions denote distribution amplitudes of definite twist. Each distribution amplitude F ¼ Vi, Ai, Ti, Si, and Pi

can be represented as

Fða1; a2; a3; ðP � xÞÞ ¼
Z

Dxe
�iðP�xÞP

i

xiai
FðxiÞ; (A3)

where the functions FðxiÞ depend on the dimensionless variables xi, 0< xi < 1, and
P

ixi ¼ 1 which correspond to the
longitudinal momentum fractions carried by the quarks inside the nucleon.
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APPENDIX B: EXPANSION OF THE NUCLEON DISTRIBUTION AMPLITUDES UP TO NEXT-TO-
LEADING CONFORMAL SPIN

In [2] the distribution amplitudes were expanded up to next-to-leading order in the conformal spin. The twist-3
distribution amplitudes read

V1ðxi; �Þ ¼ 120x1x2x3½�0
3ð�Þ þ�þ3 ð�Þð1� 3x3Þ�; A1ðxi; �Þ ¼ 120x1x2x3ðx2 � x1Þ��3 ð�Þ;

T1ðxi; �Þ ¼ 120x1x2x3½�0
3ð�Þ � 1

2ð�þ3 ���3 Þð�Þð1� 3x3Þ�:
(B1)

The twist-4 distribution amplitudes read

V2ðxi; �Þ ¼ 24x1x2½�0
4ð�Þ þ�þ4 ð�Þð1� 5x3Þ�;

A2ðxi; �Þ ¼ 24x1x2ðx2 � x1Þ��4 ð�Þ;
T2ðxi; �Þ ¼ 24x1x2½�0

4ð�Þ þ �þ4 ð�Þð1� 5x3Þ�;
V3ðxi; �Þ ¼ 12x3½c 0

4ð�Þð1� x3Þ þ cþ4 ð�Þð1� x3 � 10x1x2Þ þ c�4 ð�Þðx21 þ x22 � x3ð1� x3ÞÞ�;
A3ðxi; �Þ ¼ 12x3ðx2 � x1Þ½ðc 0

4 þ cþ4 Þð�Þ þ c�4 ð�Þð1� 2x3Þ�;
T3ðxi; �Þ ¼ 6x3½ð�0

4 þ c 0
4 þ �0

4Þð�Þð1� x3Þ þ ð�þ4 þ cþ4 þ �þ4 Þð�Þð1� x3 � 10x1x2Þ
þ ð��4 � c�4 þ ��4 Þð�Þðx21 þ x22 � x3ð1� x3ÞÞ�;

T7ðxi; �Þ ¼ 6x3½ð�0
4 þ c 0

4 � �0
4Þð�Þð1� x3Þ þ ð�þ4 þ cþ4 � �þ4 Þð�Þð1� x3 � 10x1x2Þ

þ ð��4 � c�4 � ��4 Þð�Þðx21 þ x22 � x3ð1� x3ÞÞ�;
S1ðxi; �Þ ¼ 6x3ðx2 � x1Þ½ð�0

4 þ c 0
4 þ �0

4 þ�þ4 þ cþ4 þ �þ4 Þð�Þ þ ð��4 � c�4 þ ��4 Þð�Þð1� 2x3Þ�;
P1ðxi; �Þ ¼ 6x3ðx1 � x2Þ½ð�0

4 þ c 0
4 � �0

4 þ�þ4 þ cþ4 � �þ4 Þð�Þ þ ð��4 � c�4 � ��4 Þð�Þð1� 2x3Þ�: (B2)

The twist-5 amplitudes are given by

V4ðxi; �Þ ¼ 3½c 0
5ð�Þð1� x3Þ þ cþ5 ð�Þð1� x3 � 2ðx21 þ x22ÞÞ þ c�5 ð�Þð2x1x2 � x3ð1� x3ÞÞ�;

A4ðxi; �Þ ¼ 3ðx2 � x1Þ½�c 0
5ð�Þ þ cþ5 ð�Þð1� 2x3Þ þ c�5 ð�Þx3�;

T4ðxi; �Þ ¼ 3
2½ð�0

5 þ c 0
5 þ �0

5Þð�Þð1� x3Þ þ ð�þ5 þ cþ5 þ �þ5 Þð�Þð1� x3 � 2ðx21 þ x22ÞÞ
þ ð��5 � c�5 þ ��5 Þð�Þð2x1x2 � x3ð1� x3ÞÞ�;

T8ðxi; �Þ ¼ 3
2½ð�0

5 þ c 0
5 � �0

5Þð�Þð1� x3Þ þ ð�þ5 þ cþ5 � �þ5 Þð�Þð1� x3 � 2ðx21 þ x22ÞÞ
þ ð��5 � c�5 � ��5 Þð�Þð2x1x2 � x3ð1� x3ÞÞ�;

V5ðxi; �Þ ¼ 6x3½�0
5ð�Þ þ�þ5 ð�Þð1� 2x3Þ�;

A5ðxi; �Þ ¼ 6x3ðx2 � x1Þ��5 ð�Þ;
T5ðxi; �Þ ¼ 6x3½�0

5ð�Þ þ �þ5 ð�Þð1� 2x3Þ�;
S2ðxi; �Þ ¼ 3

2ðx2 � x1Þ½�ð�0
5 þ c 0

5 þ �0
5Þð�Þ þ ð�þ5 þ cþ5 þ �þ5 Þð�Þð1� 2x3Þ þ ð��5 � c�5 þ ��5 Þð�Þx3�;

P2ðxi; �Þ ¼ 3
2ðx2 � x1Þ½�ð��0

5 � c 0
5 þ �0

5Þð�Þ þ ð��þ5 � cþ5 þ �þ5 Þð�Þð1� 2x3Þ þ ð���5 þ c�5 þ ��5 Þð�Þx3�; (B3)

and the twist-6 contributions are given by

V6ðxi; �Þ ¼ 2½�0
6ð�Þ þ�þ6 ð�Þð1� 3x3Þ�;

A6ðxi; �Þ ¼ 2ðx2 � x1Þ��6 ;
T6ðxi; �Þ ¼ 2½�0

6ð�Þ � 1
2ð�þ6 ���6 Þð1� 3x3Þ�:

(B4)

The coefficients �x
i , c

x
i , and �x

i (i stands for the twist) in
the above expansions can be expressed in terms of the eight
nonperturbative parameters fN, �1, �2, f

u
1 , f

d
1 , f

d
2 , A

u
1 , and

Vd
1 , defined in Sec. II. The corresponding relations read, for

the leading conformal spin,

�0
3 ¼ �0

6 ¼ fN; �0
4 ¼ �0

5 ¼ 1
2ðfN þ �1Þ;

�0
4 ¼ �0

5 ¼ 1
6�2; c 0

4 ¼ c 0
5 ¼ 1

2ðfN � �1Þ:
(B5)

For the next-to-leading spin, for twist 3:

��3 ¼ 21
2 fNA

u
1 ; �þ3 ¼ 7

2fNð1� 3Vd
1 Þ; (B6)

for twist 4:
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�þ4 ¼ 1
4½fNð3� 10Vd

1 Þ þ �1ð3� 10fd1 Þ�;
��4 ¼ �5

4½fNð1� 2Au
1Þ � �1ð1� 2fd1 � 4fu1Þ�;

cþ4 ¼ �1
4½fNð2þ 5Au

1 � 5Vd
1 Þ � �1ð2� 5fd1 � 5fu1 Þ�;

c�4 ¼ 5
4½fNð2� Au

1 � 3Vd
1 Þ � �1ð2� 7fd1 þ fu1 Þ�;

�þ4 ¼ 1
16�2ð4� 15fd2 Þ; ��4 ¼ 5

16�2ð4� 15fd2Þ; (B7)

for twist 5:

�þ5 ¼ �5
6½fNð3þ 4Vd

1 Þ � �1ð1� 4fd1 Þ�;
��5 ¼ �5

3½fNð1� 2Au
1Þ � �1ðfd1 � fu1 Þ�;

cþ5 ¼ �5
6½fNð5þ 2Au

1 � 2Vd
1 Þ � �1ð1� 2fd1 � 2fu1 Þ�;

c�5 ¼ 5
3½fNð2� Au

1 � 3Vd
1 Þ þ �1ðfd1 � fu1 Þ�;

�þ5 ¼ 5
36�2ð2� 9fd2 Þ; ��5 ¼ �5

4�2f
d
2 ; (B8)

and for twist 6:

�þ6 ¼ 1
2½fNð1� 4Vd

1 Þ � �1ð1� 2fd1 Þ�;
��6 ¼ 1

2½fNð1þ 4Au
1Þ þ �1ð1� 4fd1 � 2fu1 Þ�:

(B9)

Next we summarize the expressions for the
x2 corrections to the leading-twist distribution amplitudes
V1, A1, and T1. These corrections have been determined in
[6,16,27,28]. For V1 we have

VMðuÞ
1 ðx2Þ ¼

Z 1�x2
0

dx1V
M
1 ðx1; x2; 1� x1 � x2Þ

¼ x22
24
ðfNCu

f þ �1C
u
�Þ;

VMðdÞ
1 ðx3Þ ¼

Z 1�x3
0

dx1V
M
1 ðx1; 1� x1 � x3; x3Þ

¼ x23
24
ðfNCd

f þ �1C
d
�Þ (B10)

with

Cu
f ¼ ð1� x2Þ3½113þ 495x2 � 552x22 � 10Au

1ð1� 3x2Þ þ 2Vd
1 ð113� 951x2 þ 828x22Þ�;

Cu
� ¼ �ð1� x2Þ3½13� 20fd1 þ 3x2 þ 10fu1 ð1� 3x2Þ�;

Cd
f ¼ �ð1� x3Þ½1441þ 505x3 � 3371x23 þ 3405x33 � 1104x43 � 24Vd

1 ð207� 3x3 � 368x23 þ 412x33 � 138x43Þ�
� 12ð73� 220Vd

1 Þ lnðx3Þ;
Cd
� ¼ �ð1� x3Þ½11þ 131x3 � 169x23 þ 63x33 � 30fd1 ð3þ 11x3 � 17x23 þ 7x33Þ� � 12ð3� 10fd1 Þ lnðx3Þ: (B11)

In the case of A1 one finds

AMðuÞ
1 ðx2Þ ¼

Z 1�x2
0

dx1A
M
1 ðx1; x2; 1� x1 � x2Þ ¼ x22

24
ð1� x2Þ3ðfNDu

f þ �1D
u
�Þ;

AMðdÞ
1 ðx3Þ ¼

Z 1�x3
0

dx1A
M
1 ðx1; 1� x1 � x3; x3Þ ¼ 0;

(B12)

with

Du
f ¼ 11þ 45x2 � 2Au

1ð113� 951x2 þ 828x22Þ þ 10Vd
1 ð1� 30x2Þ;

Du
� ¼ 29� 45x2 � 10fu1 ð7� 9x2Þ � 20fd1 ð5� 6x2Þ:

(B13)

Finally, for T1 one has

T MðuÞ
1 ðx2Þ ¼

Z 1�x2
0

dx1T
M
1 ðx1; x2; 1� x1 � x2Þ ¼ x22

48
ðfNEu

f þ �1E
u
�Þ;

T MðdÞ
1 ðx3Þ ¼

Z 1�x3
0

dx1T
M
1 ðx1; 1� x1 � x3; x3Þ ¼ x23ð1� x3Þ4

4
ðfNEd

f þ �1E
d
�Þ

(B14)

with

Eu
f ¼ �½ð1� x2Þð3ð439þ 71x2 � 621x22 þ 587x32 � 184x42Þ þ 4Au

1ð1� x2Þ2ð59� 483x2 þ 414x22Þ
� 4Vd

1 ð1301� 619x2 � 769x22 þ 1161x32 � 414x42ÞÞ� � 12ð73� 220Vd
1 Þ lnðx2Þ;

Eu
� ¼ �½ð1� x2Þð5� 211x2 þ 281x22 � 111x32 þ 10ð1þ 61x2 � 83x22 þ 33x32Þfd1 � 40ð1� x2Þ2ð2� 3x2Þfu1 Þ�
� 12ð3� 10fd1 Þ lnðx2Þ;

Ed
f ¼ 17þ 92x3 þ 12ðAu

1 þ Vd
1 Þð3� 23x3Þ;

Ed
� ¼ �7þ 20fd1 þ 10fu1 : (B15)
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APPENDIX C: EXPANSION OF THE NUCLEON DISTRIBUTION AMPLITUDE OF TWIST 3 UP TO
NEXT-TO-NEXT-TO-LEADING CONFORMAL SPIN

The expansion of the leading-twist distribution amplitude in a basis which is diagonal with respect to one-loop
renormalization reads up to next-to-next-to-leading conformal spin

’ðx1; x2; x3; �Þ ¼ 120x1x2x3fNð�0ÞL2=3�0f1þ h10ð�0Þðx1 � 2x2 þ x3ÞL8=3�0 þ h11ð�0Þðx1 � x3ÞL20=9�0

þ h20ð�0Þ½1þ 7ðx2 � 2x1x3 � 2x22Þ�L14=3�0 þ h21ð�0Þð1� 4x2Þðx1 � x3ÞL40=9�0

þ h22ð�0Þ½3� 9x2 þ 8x22 � 12x1x3�L32=9�0g (C1)

with

L ¼ �sð�Þ
�sð�0Þ ; �0 ¼ 11� 2

3
nF: (C2)

The coefficients hij can be expressed in terms of the mo-
ments by

h10ð�Þ ¼ 7
2ð1� 3’010ð�ÞÞ (C3)

¼ �7
4ð1� 3ðAu

1ð�Þ þ Vd
1 ð�ÞÞÞ (C4)

¼ �1
2ð ~�þ3 ð�Þ � ~��3 ð�ÞÞ; (C5)

h11ð�Þ ¼ 21
2 ð’100ð�Þ � ’001ð�ÞÞ (C6)

¼ 21
4 ð1þ Au

1ð�Þ � 3Vd
1 ð�ÞÞ (C7)

¼ 1
2ð3 ~�þ3 ð�Þ þ ~��3 ð�ÞÞ; (C8)

h20ð�Þ ¼ 18
5 ðh10ð�Þ þ 4� 7ð3’101ð�Þ þ ’200ð�Þ
þ ’002ð�ÞÞÞ; (C9)

h21ð�Þ ¼ 126ð’200ð�Þ � ’002ð�ÞÞ � 9h11ð�Þ; (C10)

h22ð�Þ ¼ 21
5 ð�h10ð�Þ � 4þ 6ð’101ð�Þ þ 2’200ð�Þ
þ 2’002ð�ÞÞÞ: (C11)

Of course, this form of ’ is not uniquely determined by the
moments. The anomalous dimensions were obtained, e.g.,

in [115–117]. One can also write down the renormalization
group equations for the moments ’n1n2n3 ¼ Vn1n2n3

1 �
An1n2n3
1 alone:

’100ð�Þ ¼ 1
21ð7þ h10ð�0ÞL8=3�0 þ h11ð�0ÞL20=9�0Þ;

(C12)

’010ð�Þ ¼ 1
21ð7� 2h10ð�0ÞL8=3�0Þ; (C13)

’001ð�Þ ¼ 1
21ð7þ h10ð�0ÞL8=3�0 � h11ð�0ÞL20=9�0Þ;

(C14)

’101ð�Þ ¼ 1
126ð12þ 3h10ð�0ÞL8=3�0 � 2h20ð�0ÞL14=3�0

� h22ð�0ÞL32=9�0Þ; (C15)

’200ð�Þ ¼ 1
252ð36þ 9h10ð�0ÞL8=3�0 þ 9h11ð�0ÞL20=9�0

þ h20ð�0ÞL14=3�0 þ h21ð�0ÞL40=9�0

þ 3h22ð�0ÞL32=9�0Þ; (C16)

’002ð�Þ ¼ 1
252ð36þ 9h10ð�0ÞL8=3�0 � 9h11ð�0ÞL20=9�0

þ h20ð�0ÞL14=3�0 � h21ð�0ÞL40=9�0

þ 3h22ð�0ÞL32=9�0Þ: (C17)

Next we determine V1, A1, and T1 from ’ up to d-wave
contributions. Including all anomalous dimensions we ob-
tain (in the following we suppress the explicit renormal-
ization scale dependence in the formulas)

V1ðx1; x2; x3Þ ¼ 120x1x2x3fNL
2=3�0

�
1� h10

2
ð1� 3x3ÞL8=3�0 þ h11

2
ð1� 3x3ÞL20=9�0

� h20
2
½ð�2þ 7ðx1 þ x2 � 4x1x2Þ�L14=3�0 � h21

2
½�1þ 8x2 � 8x22 � x3 � 8x2x3 þ 4x23�L40=9�0

þ h22
2
½6� 21x1 þ 20x21 � 21x2 þ 24x1x2 þ 20x22�L32=9�0

�
; (C18)
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A1ðx1; x2; x3Þ ¼ �60x1x2x3ðx1 � x2ÞfNL2=3�0f3h10L8=3�0

þ h11L
20=9�0 þ ð1� 4x3Þð7h20L14=3�0

þ h21L
40=9�0 þ h22L

32=9�0Þg; (C19)

T1ðx1;x2;x3Þ¼ 120x1x2x3fNL
2=3�0

�f1þh10ð1�3x3ÞL8=3�0

�h20½�1þ14x1x2�7x3þ14x23�L14=3�0

�h22½�3þ12x1x2þ9x3�8x23�L32=9�0g:
(C20)

In the light-cone sum-rule determination of the nucleon
form factors we need the distribution amplitudes at a
certain renormalization scale � ¼ �0; therefore we give
also the simplified expressions (L � 1) in the following.
Our expressions agree up to next-to-leading conformal spin
with the corresponding ones of [2]. In [16] the vector
function V1 including the next-to-next-to-leading confor-
mal spin was used with the following notation:

V1ðx1; x2; x3Þ ¼ 120x1x2x3fN½1þ ~�þ3 ð1� 3x3Þ
þ ~�d1

3 ½3� 21x3þ 28x23� þ ~�d2
3 ½5ðx21þ x22Þ

� 3ð1� x3Þ2Þ��; (C21)

A1ðx1; x2; x3Þ ¼ 120x1x2x3ðx2 � x1ÞfN
� f ~��3 þ ð1� 4x3Þ ~�d3

3 g; (C22)

T1ðx1; x2; x3Þ ¼ 120x1x2x3fNf1þ 1
2ð ~��3 � ~�þ3 Þð1� 3x3Þ

þ ~�d4
3 ½1� 14x1x2 þ 7x3 � 14x23�

þ ~�d5
3 ½1þ x1x2 � 8x3 þ 11x23�g; (C23)

with

~�d1
3 ¼ 1

10ðh20 � h21 þ 3h22Þ (C24)

¼ 9
10ð3þ 28’002 � 21Vd

1 Þ; (C25)

~�d2
3 ¼ 1

5ð�7h20 þ 2h21 þ 4h22Þ (C26)

¼ �63
5 ð3þ 5Au

1 � Vd
1 � 2ð’002 þ 5’101 þ 5’200ÞÞ;

(C27)

~�d3
3 ¼ 1

2ð7h20 þ h21 þ h22Þ (C28)

¼ 63
2 ðAu

1 þ 4Vd
1 � 4ð’002 þ 2’101ÞÞ; (C29)

~�d4
3 ¼ h20 þ h22 (C30)

¼ � 9
20ð3þ 7ðAu

1 þ Vd
1 Þ � 56ð’002 � 2’101 þ ’200ÞÞ;

(C31)

~�d5
3 ¼ 2h22 (C32)

¼ �63
10ð3þ 7ðAu

1 þ Vd
1 Þ � 8ð2’002 þ ’101 þ 2’200ÞÞ:

(C33)

Numerically one obtains for the COZ model [30]

~�d1
3 ð� ¼ 1 GeVÞ ¼ 0:61; (C34)

~�d2
3 ð� ¼ 1 GeVÞ ¼ 3:7: (C35)

This agrees with the numbers quoted in [16]. Using the
lattice calculation we get

~�d1
3 ð� ¼ 1 GeVÞ ¼ 0:51; (C36)

~�d2
3 ð� ¼ 1 GeVÞ ¼ 0:71: (C37)

Here again the pure QCD sum-rule calculation seems to
overestimate the effects.

APPENDIX D: MODELS FOR THE LEADING-
TWIST NUCLEON DISTRIBUTION AMPLITUDE

In this section we present concrete models for the
leading-twist nucleon distribution amplitude including
next-to-next-to-leading conformal spin at the renormaliza-
tion scale 1 GeV. At twist 3 one independent distribution
amplitude ’ðx1; x2; x3; �Þ arises, see, e.g., [2]:

’ðx1; x2; x3; �Þ ¼ ðV1 � A1Þðx1; x2; x3; �Þ: (D1)

In [2] this distribution amplitude was denoted by
�3ðx1; x2; x3; �Þ. From ’ one easily gets V1, A1, and T1,
see, e.g., [2]:

T1ðx1; x2; x3Þ ¼ 1
2½’ðx1; x3; x2Þ þ ’ðx2; x3; x1Þ�; (D2)

V1ðx1; x2; x3Þ ¼ 1
2½’ðx1; x2; x3Þ þ ’ðx2; x1; x3Þ�; (D3)

A1ðx1; x2; x3Þ ¼ 1
2½’ðx2; x1; x3Þ � ’ðx1; x2; x3Þ�: (D4)

The asymptotic form—only the leading conformal spin
contribution—of ’ðx1; x2; x3; �Þ reads
’Asyðx1; x2; x3; �Þ ¼ 120x1x2x3�

0
3ð�Þ; ð�0

3 � fNÞ:
(D5)

Including next-to-leading conformal spin one gets [2]

’ðx1; x2; x3; �Þ ¼ ’Asyðx1; x2; x3; �Þ½1þ ~��3 ð�Þðx1 � x2Þ
þ ~�þ3 ð�Þð1� 3x3Þ�; (D6)

with
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~��3 ¼
��3
�0

3

; ~�þ3 ¼
�þ3
�0

3

: (D7)

In the literature also second moments of the leading-twist
distribution amplitude were determined with QCD sum
rules [29,30,37]. With this information one can build mod-
els for ’ðx1; x2; x3Þ at a certain renormalization scale �,
including next-to-next-to-leading conformal spin. We will
use the model from [30] ’COZðx1; x2; x3Þ and the model
from [37] ’KSðx1; x2; x3Þ:
’COZðx1; x2; x3Þ ¼ ’Asyðx1; x2; x3Þ½23:814x21 þ 12:978x22

þ 6:174x23 þ 5:88x3 � 7:098�; (D8)

’KSðx1; x2; x3Þ ¼ ’Asyðx1; x2; x3Þ½20:16x21 þ 15:12x22

þ 22:68x23 � 6:72x3 þ 1:68ðx1 � x2Þ
� 5:04�: (D9)

Bolz and Kroll derived a very simple model using some
experimental constraints [47]. Their model for the leading-
twist distribution amplitude reads

’BKðx1; x2; x3Þ ¼ 1
2’Asyðx1; x2; x3Þð1þ 3x1Þ: (D10)

Based on the lattice calculations of ’100, ’001, ’101, ’200,
and ’002 in [3,4] and Eq. (C1) we have obtained the model

’LATðx1; x2; x3Þ ¼ ’Asyðx1; x2; x3Þð�0:401þ 29:214x1

� 44:542x2 þ 7:664x3 þ 12:561x1x2

þ 31:748x1x3 � 103:09x2x3

� 41:880x21 þ 92:958x22 þ 17:836x23Þ:
(D11)
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