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Two-time (2T) gravity in d + 2 dimensions predicts 1T general relativity in d dimensions, augmented
with a local scale symmetry known as the Weyl symmetry in 1T field theory. The emerging general
relativity comes with a number of constraints, particularly on scalar fields and their interactions in 1T field
theory. These constraints, detailed in this paper, are footprints of 2T gravity and could be a basis for testing
2T physics. Some of the conceptually interesting consequences of the “accidental” Weyl symmetry
include that the gravitational constant emerges from vacuum values of the dilaton and other Higgs-type
scalars and that it changes after every cosmic phase transition (inflation, grand unification, electroweak
phase transition, etc.). We show that this consequential Weyl symmetry in d dimensions originates from
coordinate reparametrization, not from scale transformations, in the d + 2 spacetime of 2T gravity. To
recognize this structure we develop in detail the geometrical structures, curvatures, symmetries, etc. of the
d + 2 spacetime which is restricted by a homothety condition derived from the action of 2T gravity.
Observers that live in d dimensions perceive general relativity and all degrees of freedom as shadows of
their counterparts in d + 2 dimensions. Kaluza-Klein type modes are removed by gauge symmetries and
constraints that follow from the 2T-gravity action. However some analogs to Kaluza-Klein modes, which
we call “prolongations” of the shadows into the higher dimensions, remain but they are completely

determined, up to gauge freedom, by the shadows in d dimensions.
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I. INTRODUCTION

Two-time (2T) gravity [1] in d + 2 dimensions has
successfully reproduced the usual one time general rela-
tivity (GR) as a shadow in (d — 1) + 1 dimensions. Taken
together with similar recent results for the standard model
[2] and N = 1, 2, 4 supersymmetric 2T field theory [3,4],
these 2T theories correctly describe 3 + 1 dimensional
nature directly in 4 + 2 dimensions. The phenomenologi-
cally successful theories now have counterparts in 4 + 2
dimensions, thus providing a new perspective on the sig-
nificance of space and time and lending a new outlook on
unification of 1T-physics theories.

Briefly, the relation between the 4 + 2 and 3 + 1 theory
is as follows. After gauge fixing and solving some kine-
matic equations of motion, the 4 + 2 field theory yields
various ‘“‘shadows” in 3 + 1 dimensions. The ‘“conformal
shadow” of the 4 + 2 theories coincides with the standard
familiar theories, except for some additional new con-
straints. These new constraints on 1T field theory—in
particular on scalar fields and their interactions—are con-
sistent with everything we know so far. Potentially there
are measurable phenomenological consequences of these
new restrictions within the conformal shadow that could
distinguish 2T physics from other approaches, as explained
at the end of Sec. II.

In addition, a main novelty in 2T physics is that this
formalism produces many 1T-physics shadows from the
same parent theory. The conformal shadow mentioned in
the previous paragraph is only one of many. The other
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shadows provide 1T field theories that are dual to the
familiar ones and these may be turned into computational
tools for extracting nonperturbative physics. The shadows
give different perspectives of the 4 + 2 theory as viewed by
observers that are stuck in 3 + 1 dimensions. The different
embedding of 3 + 1 dimensions into 4 + 2 dimensions
contains moduli that appear in 3 + 1 dimensions as pa-
rameters of the 1T shadow theory, such as mass, curvature,
or interaction with backgrounds, which offer different
glimpses of the higher dimensions. Dualities transform
shadows with different 3 + 1 geometries or different val-
ues of the parameters. The shadows and dualities are most
easily understood in the worldline formulation of 2T phys-
ics.! While the investigation of dualities in the 1T field
theory formalism are ongoing [6], some of the simpler
cases have been reported in [5] for scalar fields and in [7]
for Dirac and Yang-Mills fields.

Through the dualities, and through hidden symmetries
related to the higher spacetime, the parent theory in d + 2
dimensions provides a new kind of unification of various
1T-physics field theories.

In this paper we will concentrate exclusively on the
conformal shadow of 2T gravity in d + 2 dimensions in
order to clarify further its geometrical and symmetry prop-
erties. Specifically, we will investigate not only the shadow
in (d — 1) + 1 dimensions but also its prolongation into
d + 2 dimensions. By this we mean that there are Riemann

"For examples of (d — 1) + 1 shadows that emerge from flat
d + 2 spacetime, see Tables I, II, and III in [5].
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curvature components R%’PQ and other geometrical fields
that are nonvanishing not only in the shadow in (d — 1) +
1 dimensions but also in d + 2 dimensions. We will show
that all such nonvanishing components of the prolongation
of the shadow are actually fully determined, up to gauge
freedom, by the fields within the shadow in (d — 1) + 1
dimensions.

Concentrating only on the shadow with an effective
action principle in (d — 1) + 1 is self-consistent as shown
in [1]. However, the extension of the shadow into the
higher spacetime is likely to be important for discussing
the dualities among shadows as well as for grasping the
higher d + 2 dimensional properties of the underlying
theory.

Another important property of the conformal shadow for
gravity in (d — 1) + 1 is that general relativity comes with
a local rescaling Weyl symmetry [8—11], along with a
dilaton that compensates for the local rescaling of the
metric. This is one of the important restrictions imposed
on 1T physics by 2T physics, as reported in [1]. The
physical effect of this is that the gravitational constant is
not a parameter but emerges in 1T physics from the vac-
uum value of the dilaton.”

A further property associated with the Weyl symmetry is
that every scalar field in 1T physics beyond the dilaton
(such as inflaton, Higgs, etc.) must be a conformal scalar
that has a special fixed dimensionless coupling to the
curvature scalar R. The physical effect of this is that the
gravitational constant changes as a function of cosmic time
after every phase transition in the universe (inflation, grand
unification, etc.). In this paper we will clarify the origin of
this important accidental local scale symmetry in the con-
formal shadow. It will be shown that it emerges as a
remnant from symmetry under coordinate transformation
(not scale transformations) of the higher dimensional 2T
gravity.

In Sec. II we will briefly review the basic setup of 2T
gravity, display its reduction to ordinary 1T general rela-
tivity augmented with the local Weyl symmetry, and ex-
plain the physically significant constraints that this
structure puts on 1T field theory coupled to gravity. The
rest of the paper develops the technical aspects of the
geometry and symmetries to explain in detail how the
reduced 1T theory of Sec. II is recovered from 2T gravity.
In Sec. IIT we discuss the kinematics of 2T curved space-
time in d + 2 dimensions. This involves solving the kine-
matical equations of motion that follow from the 2T-
gravity action and working out the general consequences
that the geometry of the 2T spacetime is restricted by a

*The massless Goldstone boson that emerges from the sponta-
neous breaking of scale symmetry [8—19], i.e. the fluctuation of
the dilaton around its vacuum value, is eliminated by a Weyl
gauge choice in our theory, so it does not generate any long range
forces that could compete with the long range effects of gravity
[20].
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homothety condition on the metric. In Sec. IV the dynami-
cal and kinematical equations are discussed. Their relation
to an Sp(2, R) gauge symmetry of an underlying worldline
particle theory is explained in Sec. V. Then in Sec. VI we
show how spacetime in (d — 1) + 1 dimensions is em-
bedded in spacetime in (d + 2) dimensions by making
gauge choices and solving the kinematic equations. This
leads to an explanation of the origin of the local scaling
symmetry in general relativity in (d — 1) + 1 dimensions
known as the Weyl symmetry. It will be shown that it
originates from general coordinate transformations, not
from local rescalings, in d + 2 dimensions. In Sec. VII
we calculate the components of the Riemann tensors and of
the SO(d,2) “Lorentz” curvature in tangent space that
describe the geometry of the prolongation of the conformal
shadow into the higher dimensions. In Sec. VIII we discuss
in more detail the emerging 1T dynamical equations of
motion of both the shadow fields in d dimensions and their
prolongations to higher dimensions and show that, up to
gauge freedom, the prolongations are completely deter-
mined by the shadow fields in d dimensions. This leads
to one of our main conclusions, that the shadow fields
themselves are determined self-consistently by the action
only within the shadow in d dimensions, independently of
the prolongations, which was one of the goals in our
investigation.

II. CONSTRAINTS IN 1T FIELD THEORY
INDUCED BY 2T GRAVITY

In this section we briefly review 2T gravity to explain
the constraints that it induces in 1T field theory, particu-
larly involving scalar fields. We will see that the gravita-
tional constant emerges from the vacuum values of the
scalars and that it appears in several places in the action
of 1T field theory. The structure of scalars that emerges in
IT field theory, shown in Eq. (2.15) and related discussion,
is consistent with current observations but this structure
could be one of the future tests for the predictions of 2T
physics.

2T gravity, without any matter, includes three fields
which we call the gravity triplet: the metric Gy, the
dilaton €, and another scalar field W, all in d + 2 dimen-
sions X™. The action for pure 2T gravity is [1]

SO =y [ d"”X\/E{B(W)I:QzR(G) + %an Y0}

- V(Q)] + 8'(W)[Q*(4 — V2W) + oW - aﬂz]}.
2.1

Here R(G) is the Riemann curvature scalar, a is the special
constant

d—2
8(d — 1)’

a =

(2.2)
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while the potential V can only have the form V(Q) =
AQ24/@=2) with a dimensionless coupling A. The overall
constant vy can be absorbed away by rescaling the fields,
but is used for convenience to normalize the 1T shadow
action that emerges in two lower dimensions. The action
with this structure of kinetic terms, value of a, and form of
V is unique under certain local gauge symmetries dis-
cussed in [1].

The unusual features of this action as a field theory
include the delta function 8(W) and its derivative &8'(W).
All fields are varied freely to derive equations of motion or
to verify symmetries. The variations contain terms propor-
tional to (W), 8'(W), and 6”(W) where more derivatives
on 8(W) or 6'(W) emerge from integration by parts and the
chain rule 9,,6(W) = &' (W)a,,W, etc. The coefficients of
(W), 8'(W), and 8”(W) for each general variation GV,
6Q), and 6W give three equations of motion for each field.
We will discuss some of the equations of motion later.
There are remarkable consistencies between these equa-
tions all due to the noteworthy symmetries of this action.
This symmetry in field theory captures the essentials of an
underlying Sp(2, R) symmetry (see Sec. V) that makes
position and momentum XM(7), Py, (7) indistinguishable
at every instant 7 at the level of a worldline formulation of
a particle in the presence of gravity [1].

Part of the gauge symmetry can be used to fix W(X) to
any function of X that can vanish in some region of
spacetime X". To understand the role of W the reader is
reminded that, in 2T field theory in flat space, W is
replaced by a fixed function Wy, = XXV %,y where
Ny is the SO(d, 2) invariant flat metric. When 2T field
theory in flat d + 2 dimensions is reduced to shadows in
(d — 1) + 1 dimensions, then, in the conformal shadow,
the SO(d, 2) symmetry of W becomes the conformal sym-
metry of 1T field theory in Minkowski space.’

The symmetries of the action (2.1) do not allow a
gravitational constant in d + 2 dimensions; however
Newton’s constant emerges in the shadow in d dimensions
from the vacuum value of the dilaton (0) when the equa-
tions of motion are used to reduce this theory to the
conformal shadow. The conformal shadow action derived
from (2.1) in [1] (see Sec. VIII for justification) has the
familiar form of a conformal scalar

1
Sghadow = [ddx\/——_g(gg””a#(f)ayd) + Rd)z - V(d))):
2.3)

where g,,,(x) is the metric in d dimensions, R(g) is its
Riemann curvature scalar, and a has the special value in
Eq. (2.2). The relation of g, (x) to Gyy(X) and of ¢(x) to
Q(X) will be displayed below. Suffice it for now to say that

*In other 1T shadows' this SO(d, 2) of the flat 2T theory is still
a symmetry that is usually hidden and often not noticed in 1T
physics before discovering it through a shadow of 2T physics.
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(8v» ¢) are the shadows of the higher dimensional fields
as seen by observers living in d dimensions. There are no
Kaluza-Klein (KK) type physical degrees of freedom, as
those are removed by the gauge symmetries of 2T physics.
But there are some analogs to KK modes, which we call
“prolongations’ of the shadow into the higher dimensions,
determined by the shadow fields (g,,, ¢) as will be dis-
cussed later in this paper.

In the conformal shadow in Eq. (2.3) there is an acci-
dental Weyl symmetry that plays multiple important roles.
Because of the special value of a, Eq. (2.3) is the
well-known action of a conformal scalar that has a Weyl
symmetry S% . (g, @) = SY.40w(8 @) under local re-
scalings — [9] g, (x) = ePWg,, (0, #x) =
e [[@=2/2M) ¢(x) with an arbitrary A(x). The original
action in d + 2 dimensions (2.1) does not have a Weyl
symmetry, so the symmetry in the conformal shadow ap-
pears to be “‘accidental.” Later in this paper it will be
explained how this symmetry originates in the coordinate
transformations (not in scale transformations) in higher
dimensions. Using this local symmetry, ¢(x) can be gauge
fixed to a constant ¢, so that the action (2.3) becomes
precisely pure general relativity in d dimensions

i R(g) Ay
SO,flxed — [ dd — ( _ _),
shadow x 8 2K5 2K5
. 1 _
with 7z = $3, Ay = Mepp)¥4=2_ (2.4)
d

Note that according to the sign of the kinetic term in
Eq. (2.3), the field ¢(x) has negative norm, but this sign is
required in order to obtain a positive gravitational constant
while being consistent with the Weyl symmetry. Of course,
by having the Weyl symmetry, the negative norm ghost,
which is also a Goldstone boson of scale transformations,
is removed from the physical spectrum. This nice feature is
a consequence of the symmetries of the higher dimensional
2T-gravity theory.

When matter is included the Weyl gauge can be chosen
in various other ways (see below), and then one finds more
physical effects of the dilaton beyond its footprints in the
form of the gravitational constant in d dimensions (2K§Z)_1
and an undetermined cosmological constant A, (A has any
sign or magnitude).

We now outline the coupling of the gravity triplet (W, (1,
GMN) to matter fields of the type Klein-Gordon S;(X),
Dirac W(X), and Yang-Mills A,,(X) [1]. In flar 2T field
theory these fields must have the following engineering
dimensions [2]:

d—2

dim(X) =1, dim(S;) = ———,
) 2 (2.5)

dim(V¥) = 5 dim(A,) = — 1.

The general 2T field theory of these fields in flat space in
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TABLE 1. Matter S;, ¥, Ay, in interaction with the gravity triplet (W, Q, G¥N).
Quantity Flat Curved
Metric nMN GMN(X)
Volume element (d4T2X)8(X?) (d?*2X)\/GS(W(X))
Explicit X xM VM(X) =1G"Voyw
Gamma matrix, vielbein Y E$(X)y,
Spin connection M3, T EMey 0y + 3 vap @il (X)W
Yang-Mills Specialize p™¥ QA== Tr(— L Fyyy Fr JGMEGNE
Yukawa Specialize XMy, Q=D d=DyM (g Loy, WRS, + H.c.)
{Real scalar fields S, {Complex ¢ = 517*5’5—} {GMN(ﬁ 9y QayQ — %Zi‘:)MSiaNSi) + (02 — a3, S)R(G)
Q) extra =1 for dilaton} - V(Q,S)}
&'(W) term, scalars only Wia = X2 {(Q? — a3, S2)(4 — V2W) 4+ oW - 9(Q? — a3 ;SH}8' (W)

d + 2 dimensions was given in [2]. The matter part of the
theory in curved space follows from the flat theory in [2] by
making the substitutions indicated in Table I [1]. The
dilaton () couples to Yang-Mills fields with factor
QRE@=H/@=21  and  Yukawa terms with  factor
Q) ~@=49/(d=2) a5 in Table I. This coupling of () is dictated
by the symmetries of the theory consistently with the
dimensions in Eq. (2.5). When d + 2 = 6, these factors
become 1, so this coupling of the dilaton disappears for this
special case. An important property of V({), S;) related
again to the dimensions (2.5) and symmetries is that it
must have the homogeneity property

V(tQ, 1S;) = Y@=y (Q), S,). (2.6)

A general function with this property may be written in the
form V(Q, S;) = Q2/@=2 £(5./Q)), where f(o;) is an ar-
bitrary function of the scale invariant variables o; = S,/).

We emphasize an important property of the scalars S;
(including the Higgs field in the standard model). The
symmetries require that, except for an overall normaliza-
tion for each scalar, the quadratic part of the Lagrangian
for any scalar S;(X) must have exactly the same structure as
the one for the dilaton field ) in the pure gravity action
Eq. (2.1). This structure is included for scalars ), S; in
Table I, where the sign and structure of the curvature term
relative to the kinetic term is fixed by the constant a.
Furthermore, the symmetry requires also a &'(W) term
for the quadratic term in the scalars (), S; as shown in
the table.’

“Then V(€, S;) has dimension —d under the scaling of scalars
(Q, S;) = ¢ 1d=2/2X(Q) ), that is V — e~ 9*V.

In flat space the 8/(X?) term can be rewritten as a 8(X?) term
that modifies the naive kinetic term. As indicated in the table, for
2T field theory in flat spacetime the function W is replaced by
Wi = X2. Then it can be verified that for each scalar (), S; the
kinetic terms (5 0€) - 9Q — 195, - 45,) that are multiplied with
8(X?) combine with the &’ (ZXZ) terms in Table I to become
simply 8(X?)(5; Q9%Q — 15,02S,) after dropping a total deriva-
tive, thus avoiding any 5/%X2) terms, as in the general 2T-field
theory in flat space [2].

The overall sign and magnitude of the normalization for
the kinetic term (5) of a real scalar 5 GMNa,,S,05S; is
fixed by the requirements of unitarity (no negative norms)
and conventional definition of norm. For the dilaton the
norm differs by an overall _71; the magnitude can be
changed by rescaling the field ) so it is not significant,
but the sign is significant (negative norm) and is needed to
produce a positive Newton constant from the vacuum
values of the scalars in the shadow 1T theory as explained
above. This negative norm ghost is harmless since it is
removable in the shadow by using the leftover Weyl sym-
metry arising from coordinate transformations.

The form of the shadow action with only scalar matter
fields was derived in [1] (see Sec. VIII for justification). It
has the form of conformal scalars coupled to gravity

1
Sshadow(g’ ¢’ Si) = fddx\/ _g(zg’u,}a#d)au(ﬁ
1
- Eg’uva,usiavsi + (¢ — asPR
- Vi), @7

where a sum over i is implied. The equations of motion that
follow from this action include

R,.,(8) — 38, R(8) =T, (b, 5)),

with the energy momentum tensor 7, given by

(2.8)

1 1 1
— _ + 20 508
Tp,y (¢2 — as%) [( 2a a,ud)ayd) zap,slavsz>
- (g;u/vz - v,u,av)(qbz - aslz)

1 1 1
+ — - -0 — < 0§; i y O .
3806 96 — 50505, — V(b5 |

(2.9)

The relation of the shadow (g,,, ¢, and s;) to (G, {2,
and S;) and their prolongations will be given below. If there
are N real scalars s; in addition to the dilaton ¢, then the
kinetic and curvature terms have an automatic global sym-
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metry SO(N, 1), with a SO(N, 1) diagonal metric
(—=1/a,1,1,...,1) as seen in the expression (¢*> — as?)R
and the kinetic term. This symmetry could be explicitly
broken by the potential V(¢, s;) which is arbitrary except
for the homogeneity condition in Eq. (2.6).° The vacuum is
determined by the properties of V(¢, s;) and therefore the
gravitational constant and the cosmological constants are
now functions of the vacuum values of all the scalars

a2y s,

2 23 (2.10)
generalizing Eq. (2.4). These gravitational and cosmologi-
cal “constants” (x,;, A,) induced by the various funda-
mental scalars (), S;) are not really constants since they
must change after every cosmic phase transition of the
Universe as a whole (inflation, grand unification, electro-
weak phase transition, etc.) as the various vacuum expec-
tations values {¢), (s,) turn on at critical values of cosmic
temperature or cosmic time. The cosmological implica-
tions of this are under study [21].

An important fact again is the presence of the accidental
Weyl symmetry in the action (2.7), Sgaqow(g’s @', s}) =
Shadow (&> @, 5;), under local rescalings with an arbitrary
local gauge parameter A(x)

gl =g, ¢ = e ld-2/20 g, .

s = e ld=2/2N g @D
This symmetry persists in the shadow action with addi-
tional matter fields when the fermions and gauge fields are
included in the 2T action according to Table I. The Weyl
symmetry can be used to remove the dilatonic Goldstone
boson (now a mixture of many fields ¢, s;). The remaining
physical scalar fields, after the phase transitions that pro-
duce the gravitational constant (2Kf,)_1, can be neatly
described by fixing the Weyl gauge so that the dilaton ¢
gets determined by the other scalars as follows:

1

1/2
d(x) = i(as%(x) + 2—’(5) )

(2.12)
This gauge choice reduces the curvature term in Eq. (2.7)
to simply R(g)/(2«3), thus conveniently describing gravity
after the phase transition in the Einstein frame. However,
while this gauge choice is convenient to describe gravity in
the traditional setting, the gravitational constant enters in a
few other places in the action as described below. In
particular, the kinetic term of the scalars in the shadow
action (2.7) turns into a nonlinear sigma model for the
group SO(N, 1) [see Eq. (2.15)]. The scale of the nonline-

S0Of course, in a complete model of fundamental interactions,
various Yang-Mills gauge symmetries also put constraints on the
structure of the potential V({), ;) in addition to the homogeneity
condition (2.6).
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arity in the sigma model is determined by the gravitational
constant (2«2)~! as in Eq. (2.12).

Taking advantage of the homogeneity of the potential,
and using t = (¢ — as?)~'/?in Eq. (2.6), V can be written
in the form

V(. 5;) = (¢* — as?)i/d=

: V(\M,f: aslz"/qﬁzsi as?)

= v(o;). (2.13)

In the Weyl gauge (2.12), after replacing the overall coef-
ficient by the constant (¢ — as?)¥/(@=2) = (242)~4/(d=2)]
and absorbing it into the definition of v(o;), we see that the
leftover v(o;) is an arbitrary function of the N variables
o; = 5;/¢ that are invariants under the local scale trans-
formations of Eq. (2.11). Of course at this fixed gauge there
are now some scales in the theory, namely, the gravitational
scale «, and the other scales (s;/¢) = (o;) generated by
phase transitions that follow from the properties of v(o;).

The kinetic term of the scalars in the nonlinear sigma
model can also be written in terms of the o; or the s;. For
example, if we parametrize the N fields as s; = sn; where
n;(x) is a unit vector Y ;n;n; = 1 and s(x) is the magnitude
of the SO(N) vector s;(x), then we can write Y ;57 = s so
that ¢ in Eq. (2.12) becomes a function of a single field

s(x)
¢ = i(ZK%l)*(l/z)\/l + 2ar3s?.

Replacing these forms in the action (2.7) we obtain an
ordinary looking general relativity (after the phase transi-
tions) coupled to an arbitrary® potential v(s, n;) with a
nonordinary kinetic energy term for scalars where the
gravity scale k, appears nontrivially

! 1
S?li(:gow(g’ S, ni) = [ddx\/ _g{mR(g) - U(S, ni)
d

1 0,50, )
B ng[l +2ax?s? i zaﬂniayni]}'

(2.15)

(2.14)

The last term Y ;dn; - dn;, with 71 - 77 = 1, is a nonlinear
SO(N) sigma model, while taken together as a whole the
scalar kinetic terms form a nonlinear SO(N, 1) sigma
model coupled to gravity. The scale of nonlinearity of the
SO(N, 1) sigma model is also determined uniquely by the
gravity scale k,; and the constant a given in Eq. (2.2). That
the gravitational constant (2K§)_1 should appear in this
way in 1T field theory, in addition to the traditional term
R(g)/ ZKf,, is a prediction of the symmetries of 2T gravity.

Additional places in IT field theory action where
(2KL21)71 appears as a consequence of 2T gravity include
the dilaton factor ¢2@=4/@=2 for Yang-Mills kinetic
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terms, and the dilaton factor ¢~ @=4/(4=2) for Yukawa
terms, which come from the similar terms in 2T field
theory as shown in Table I. In these expressions ¢ =

+(263) W21 + 2ax?s? as above. Evidently when d =
4 these factors disappear, but they could play a physical

role in a theory with d less than or larger than 4, thus
providing additional signals of 2T physics.

The o; or s; can also be parametrized in other conve-
nient ways to take advantage of both the SO(N, 1) symme-
try of the kinetic term and of possible other symmetries6 of
the potential term V((), S;). Presumably the symmetries of
the potential, indeed of the full theory, include at the very
least the SU(3) X SU(2) X U(1) symmetry of the standard
model, which is possibly embedded in a larger grand
unified symmetry group. In this context N is the total
number of all the real scalars in the theory besides the
dilaton. In the physical applications of these concepts in a
complete theory, one would be advised to take advantage
of the flavor/color or grand unified symmetry structures in
choosing the most convenient parametrization of the
SO(N, 1) sigma model.

We see that, in addition to the possibility of a changing
gravitational constant after each phase transition, some
general constraints have emerged from 2T gravity on the
structure of scalars in 1T field theory. The constraints
described in the above paragraphs permeate to the shadow
IT field theory in d dimensions and show up in the cou-
plings among scalars in the kinetic terms, potential energy
v(s, n;), and gauge bosons and fermions through the factors
P2d=/(d=2) gnd ¢—(d=4/(d=2) regpectively, thus leaving
footprints that observers in the conformal shadow in d
dimensions can use to infer properties of the underlying
2T theory. These properties of scalars, including the in-
flaton and the Higgs, are currently under investigation in
cosmological and LHC contexts [21].

Additional and deeper observable properties of the 2T
theory can be obtained by studying the other shadows
related to the conformal shadow by duality transformations
as in the examples in [5,7] and their generalizations that are
still under investigation [6].

III. KINEMATICS OF 2T CURVED SPACE IN d + 2
DIMENSIONS

A. Kinematic equations

The equations of motion that follow from the 2T-gravity
action in Eq. (2.1) and Table I can be divided into two
categories: dynamical equations and kinematical equa-
tions. The dynamical equations are those proportional to
the delta function 6(W)—these provide the dynamics in-
cluding the field interactions in d + 2 dimensions. The
kinematical equations are those proportional to the deriva-
tives of the delta function 8'(W) and 6" (W). We recall that
such derivatives emerge from integration by parts in com-
puting the variation of the action.

PHYSICAL REVIEW D 79, 085021 (2009)

A remarkable property of the kinematical equations that
will be emphasized below is that they are universal and
have a geometrical character. They can be shown to be
independent of interactions and they are the same for each
field independent of which other fields are included in the
action. Although these properties may not be immediately
apparent when the kinematic equations are derived from
the action, it follows after some rewriting of the equations
as seen below. There is an important underlying symmetry
for this result, namely, Sp(2, R) which will be discussed in
Sec. V. The kinematical equations provide the instructions
for how to relate the fields in (d + 2) dimensions to the
shadows in d dimensions, so their solutions reduce the
original 2T theory to various shadows in d dimensions,
such as the conformal shadow in Eq. (2.4).

Both the kinematic and dynamical equations for 2T
gravity were derived from the action in [1]. In this section
we deal mainly with the kinematics. For the pure gravity
triplet (Gyy, €, W) the kinematic equations have the
following form:

VyoyW = Gyn[—6 + V2W + 8a(6 — V2W)],  (3.3)

where V is the covariant derivative in the curved space with
metric G,y . After contracting the third equation with GMV
and taking account of V2W = GMNV,,9,W, one can solve
for V2W and find

6(d +2)(8a—1)

VW= it Ga- D11

=2(d +2), (3.4)
where the special value of a in Eq. (2.2) is used. Note
that the result is independent of the metric, and, in particu-
lar, it is true in flat space for Wy, = X? as listed in
Table I, namely, (V2W)g,e = nMV 005 (X?) = 20, XM =
2(d + 2).

With this result, the kinematic equations for the gravity
triplet (3.1)—(3.3) simplify to

-2

V-9Q =— -2 Q,

W=V-V,
2 (3.5)

Gun = VuV,

where the dot products are constructed with GMY and the

vector V,, or VM is defined as the derivative of W(X)
Vi = 30uW, VM =1GMN gy W. (3.6)

For this form of V), the expression for Gy =
%VMGNW = %(’)MGNW - %FleaKW is Symmetric GMN =
VuVy = VyVy, since the Christoffel symbol [22]

is symmetric. In particular, in flat space all the kinematic
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equations above are satisfied by

Wiae = X2, vilat = x, .

3.8
(rﬁN)ﬂat =0 ( )

flat —
Gyn = Mun

as listed in Table I.

The form of the metric in (3.5) that emerged from the 2T
gravity action satisfies a special geometric property. By
using the definition of the Lie derivative Ly for the vector
V, which on a tensor is given by L,Gyy =V Vy +
VaVuy, we can recognize that the form Gy given in
(3.5) and (3.6) is equivalent to writing the following ho-
mothety equations for the metric and its inverse:

LyGyn =2Gyy, L,GMN = —2GMN_ (3.9)
The Lie derivative amounts to a general coordinate trans-
formation of the metric using the vector V,(X) as the
parameter of transformation, therefore we can say that
under such a transformation the metric yields a factor of 2

ZGMN = -EVGMN = VMVN + VNVM
= VKGKGMN + aMVKGKN + GNVKGMK. (310)

The equivalence of the homothety conditions above to the
kinematic equations of motion (3.5) that emerged from the
action is shown by inserting the Christoffel symbol (3.7)
into Vy, Vy = 9y, Vy — 'Ky Vi

After coupling the gravity triplet to any matter as in
Table I, the kinematic equations initially derived from the
action appear to have couplings between the gravity triplet
(Gun, Q, W) and matter fields [1]. However, after using
the kinematic equations for matter as well, one finds that
they simplify to the form above (3.5) and (3.6) regardless of
the type of matter they couple to [1]. Furthermore, the
kinematic equations for matter fields (S;, W, A,) also
simplify to the following form [1]:

—%Si, vopw=—2v

V- DSl =
2 (3.11)

VMFMN = 0,

where Fyy = dyAy — dyAy — iglAy, Ay] is the Yang-
Mills field strength, and D), is the Yang-Mills covariant
derivative. These equations can also be rewritten as the
response to the Lie derivative L, applied on the corre-
sponding fields of various spins.

It is now evident that all kinematic equations (3.5) and
(3.11) derived from the action (2.1) have a geometrical
meaning and they are the same for each field irrespective of
the interactions and irrespective of which other fields are
included in the action. This is why we call these ‘“‘kine-
matic’ equations. The deeper significance of this structure
is an underlying Sp(2, R) symmetry explained in Sec. V.
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B. Kinematics of the metric, vielbein and Dirac gamma
matrices

The kinematic equations described above required the
peculiar homothety condition (3.9) that the metric must
satisfy Ly Gyn = 2Gyn, Which in turn requires that the
metric must also be constructed from the potential W(X)

Gun = VyVy, with Vy=19yW and W=V-V.
(3.12)

This is a nonlinear equation since '}, is constructed from
the metric as in (3.7). These equations are solved by
choosing gauges and convenient coordinates. Then the
solution is expressed in terms of the shadow field g, (x)
in two lower dimensions, and its prolongations, all of
which remain arbitrary as far as the homothety condition
(3.12) is concerned, as will be discussed below. In this
section we develop properties of the curved space de-
scribed by a metric that satisfies (3.12) without choosing
any gauges.

Before imposing the homothety condition (3.12), we
recall the well-known usual formulation of curved space,
with any signature in any number of dimensions. We define
a base space and a tangent space. The vielbein that con-
nects the two spaces E,,(X) is labeled by an index M in
base space and an index « in tangent space. The metric in
flat tangent space is the SO(d, 2) invariant flat metric 7,,
while the curved space metric Gy (X) is constructed from
the vielbein as a SO(d, 2) invariant

Gun(X) = Ep*(XEyN" (X) ap-

We introduce the usual affine connection '} (X) of
Eq. (3.7) which is symmetric in base space '}, = I'%,,,
and the SO(d,2) Yang-Mills field known as the “spin
connection” w,,*(X) which is antisymmetric in tangent
space w,,"* = —w,,**. We will use the following notation
for various covariant derivatives:

(3.13)

V=0T Dy = dy + oy

. (3.14)

The first one V, is covariant when applied on a field with
only base space indices, the second one D, is covariant
when applied on a field with only tangent space indices,
and the third one D), is covariant when applied on a field
with both base and tangent space indices. In many expres-
sions we will write D,, and let it be understood that some-
times I"y; or w,, would drop out automatically depending
on the field. However, when it becomes useful we will
specialize D, to V,; or D, or even d,,.

Using these definitions, the covariant derivative of E;,“
that is gauge invariant under general coordinate transfor-
mations as well as under the tangent space local SO(d, 2)
transformations is

DMENa = 6MEN“ - FMNPEPa + wM”bENb. (315)
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. . P _ P . .
A symmetric connection I'),, = I'y;, demands vanishing
torsion T,y

Tyun" = DyEy" — DyEy® = dpEy" + oy Eny

— DyEy = 0,

V] (3.16)

where T4, dropped out due to antisymmetrization.
Ty = 0 is an equation from which the spin connection

w,,%? is solved as a function of E¢, as

wif = ENEP*(Cynp — Cnpm — Crun)s

(3.17)
Cunp = —3Enc(INEs — 9pER).

Furthermore, the two connections '}, and w,,% are

related to each other by requiring that the covariant deriva-
tive of EY, in Eq. (3.15) vanishes

D yEy" =0— wy,* =1EMa(V,ER). (3.18)

Equation (3.18) insures that the covariant derivative of the
metric vanishes DpGyy = VpGyy = 0, and since wy,
drops out it can be written as

VpGyn = 3pGyn — FPMQGQN - FPNQGMQ = 0.
(3.19)

Then one can show that the I'};,, which solves both equa-
tions (3.18) and (3.19) is nothing but the usual Christoffel
connection constructed from the metric Gy given in
Eq. 3.7).

The curvature tensor is constructed just as in Yang-Mills
theory from the spin connection w,,*” which is nothing but
the Yang-Mills gauge field for the SO(d, 2) local symmetry
in tangent space

ab — ab _ ab ak b
RyN® = 0oy INw 7+ @y oy,

ak b

—onT oy (3.20)

This Yang-Mills field strength coincides with the standard
curvature tensor R’é v constructed from the affine connec-
tion
P P M P TS P TS
RQMN - aMFNQ - 6NFMQ + FMSFNQ - FNSFMQ
(3.21)
after converting the base indices to tangent indices

Ryy® = —Rb NESEC. (3.22)

As is well known, the curvature with all lower indices
GpxkREyy = Rpouy is antisymmetric in M < N and
separately under P < Q, but is symmetric under the inter-
change of the pairs MN < P(Q, and satisfies the cyclic
identity

RMNPQ = _RNMPQ = _RMNQP = RPQMN’

. . . (3.23)
Rbyy + Rino + Rhyon = 0.
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We now turn to the special kinematics of 2T physics.
The specialty in 2T physics is that the metric is constructed
from the covariant derivative of the vector V,, as in
Eq. (3.12). Applying the standard formalism above, and
imposing the homothety condition (3.12), we obtain the
following seven lemmas that describe certain general prop-
erties of this special gravitational system that are useful in
our work:

(1) The vielbein EY, is constructed from a vector V¢ in

tangent space

Ey® = DyVe = 9y, V*+ 0itV,, (3.24)
where W = V¢V, and
Ve = VyEM* =19, W)EM?  or
(3.25)

Vi = EyV, = 3ayW).

This is shown by reconstructing the metric and using
the following series of steps to prove that it agrees
with Eq. (3.12) as follows:

Gun(X) = Ey“(X)EN"(X) 0,
= Dy VE\*(X)N 4 = Dy (V,EN"(X))
= DM[DN(%VaVb Nap)] = %vMaNW

In going from the first to the second line we used
DMENb = 0 of Eq. (3.18); the rest of the steps are
evident. Hence the structure of the vielbein in (3.24)
is equivalent to the homothety condition (3.12) on
GMN-

(2) The vanishing of torsion T, = 0 requires the fol-
lowing kinematic conditions on the curvature:

RMNabe = 0,

RynpoV? =0,

VPRPQMN =0,

y b (3.27)
VYR, = 0.
The first form is shown by inserting E ¢ = DyV@in

the vanishing torsion 0 =T, = ﬁ[MEN]“ =

[Dy, Dy]Ve = R4bV,. The second form follows
from the first by replacing tangent indices by base
indices, or directly by writing the vanishing torsion
in the form Tfy = [V,, Vy]VP = VeR], \ = 0.
The third form follows from the second by using
the identity Rpoyy = Ruynpo- The last form follows
from converting the P, Q indices to ab indices in the
third form. It should be noted that the last form
VMR v = 0 is the standard kinematic equation
required by Sp(2, R) constraints on any Yang-Mills
field strength for any gauge group VMF,,\ ¢ as given
in Eq. (3.11).

(3) The SO(d, 2) Dirac gamma matrices with base space
indices vy, = Ef,v, are covariantly constant

085021-8



GEOMETRY AND SYMMETRY STRUCTURES IN TWO-TIME ...

“)

(&)

(6)

(7

Dyyy = dwyn — Thivve

+ 3085 (Yap YN = YNYap) = O. (3.28)
Here the covariant derivative D, includes w{? be-
cause (yy)4p has spinor indices AB in tangent
space. To show this result, consider first the tangent
space gamma matrices 7y,, which are pure constants
that satisfy d,,v, = 0. For these the covariant de-
rivative also gives D,;v, = 0 because it reduces to
the ordinary derivative
DM’)/a:DM’yg:aM’Va:O) (329)
because the w{? contributions for all tangent space
indices a, A, and B in (y,),s cancel each other.
Then the result in Eq. (3.28) is shown by rewriting
Dyyy = Dy(ESy,) = (DyES)y, = 0 which fol-
lows from (3.18).
The covariant derivative of the gamma matrix V =
VNyy = V@y,, which appears in the Yukawa cou-
plings in Table I, gives yy,

DV =D,V =vy,,. (3.30)
This is shown by writing Dy V = (DyV%)y, =
EZdya = Ym-
The ordinary derivative of V? = VeV, = VvM1y,
gives 2V,

This is shown by writing d9,V? = Dy,V?=
2(Dy V"V, = 2E,*V, = 2V, Of course, this is
in agreement with the fact that W = V2 and the
definition Vj; = £, W.

The various fields V,, Vy, and V automatically
satisfy the following kinematic equations:

(VMD,, — 1)V, =0
(VMD,, — )V = 0.

(3.32)

These follow from Dy, V, = Ey,, Vi Vy = Gun.»
and D,V = v,, derived above.
The following kinematic property in d + 2 dimen-
sions is automatically satisfied

Dy (NGS(VHYMV) = dGS(V?).  (3.33)
To show this, first recall that the divergence of any
vector Vy oM = 9, oM + T, ,Mv? can be rewritten
as VoM = G7129,,(J/GuM). Applying this to the
vector vM = 8(VOYMV, gives D, (NGvM) =
JGD v where Dy, appears. Then use the proper-
ties derived in the lemmas above as follows:

PHYSICAL REVIEW D 79, 085021 (2009)

Dy[NGs(V)yM"V]

= GDy[8(V})yM"V]

= VG(Dy8(V)YMV + G (V) Dy y™)V
+VG8(VA)yM Dy, v

= JG&'(V2)2V,)yMV + G S(V2)(0)V
+VG(V2)yMyy

= JG5'(V)2V? + JGS(V?)(d + 2)

= dJG6(V?).

To get to the last step we have used the property of
the delta function V28'(V?) = —§(V?).

IV. DYNAMICAL AND KINEMATIC EQUATIONS
OF MOTION

The dynamical equations of motion derived from the
action (2.1), and its generalization from Table I, are those
proportional to §(W) for the general variation of every
field. The dynamical equations that follow from varying
the metric, dilaton, and scalars are [1]

8Q0: [V2Q — 2aRQ + adgV(Q, S)lw—o =0, (4.1)
68[2 [VZS,- - 2(1RS,~ - as V(Q, Si)]W:O = O, (42)
S8GMN: [Ryn(G) = 3GynR(G) — Tynlw—0 =0, (4.3)
where the stress tensor Ty is
1 1 1
+ Gynl— aQZ—— aS~2——VQ,S-)
MN(4a< P68~ V(@)
and as usual Ryy(G) =R}, and R(G) = GMNR,.

These equations are to be solved at W = 0 because of
the delta function (W) that multiplies them, but we will
at first manipulate them for any W.

We now simplify these equations as follows. Contracting
Eq. (4.3) with GMY, we can solve for R(G) = —2GM T,y
and get

(Q? — aS?HR(G) = [—ziaﬂ - 9Q) + %asi - S,

L2d+ )
d

d+2
+7v(0 S)]

2ET V02 - as?)
(4.5)

Multiply Egs. (4.1) and (4.2) by (= /a), S; respectively,
sum over i and add them, to get
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1
0= 2R(Qz - aSlz) - —(QVZQ - aSiszi)
a
— Qg + S;05)V(Q, 5). (4.6)

In this equation we insert the expression in (4.5) and use the
homogeneity of the potential (2.6) to write (9 +
S;05)V(L, S) = % V(€, S), and after some simplifica-
tions we obtain

V2(Q? - a$?) = —-V(Q, S)). 4.7)
Inserting this back into (4.5) yields
—L9Q-00 +19S; 05, —V(Q,S;
R(G) = —2« 295i° 95; = V(L S) (4.8)

02 —a$?

Using both Egs. (4.7) and (4.8), the energy momentum
tensor in Eq. (4.4) simplifies to

1 1 1
TMN = m[_ ZaMQaNQ + EHMS,»(?NS,-
1
4.9)
Inserting (4.8) and (4.9) into (4.3) yields
Ryn(G) = Syn(, S)), (4.10)

where Sy,y(€, S;) is given by

1 1
Sunv(Q, S) = ———| ——3),,Q9yQ
mn( ) (Q2—aS§)|: 2g OMAHON
1
+ §8MS,-8NSI~ + VMBN(QZ - CZSIQ)]
(4.11)
Of course, Tyy and Sy are related by Tyy =

Syn — 1 GynGP2Sp. This is as much as we can simplify
the dynamical equations before choosing gauges and im-
posing W = 0.

We also gather the kinematic equations satisfied by these
fields and W as discussed in the previous section, with

W=V-V, Guv = VuVy,
My EMEN (4.12)
VPRPQMN = O, VMRMN = 0,
d—2 d—2
V-0l =——0, V-9S;=——8,
2 2 (4.13)
VMSMN = 0.

A remarkable property is that the variation of the action
with respect to W does not give a new equation besides
those kinematic or dynamical equations that are obtained
from the variation of the other fields. This was explained
[1] as being due to a local symmetry that allows W(X) to
be set to any desired function of X" Although W is set to
zero eventually in the dynamical equations (4.1)—(4.3), its
first and second derivatives that are related to V;, and G,y
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do not vanish [see e.g. the flat case in Eq. (3.8)]. Exercising
the freedom in choosing some W(X) is one of the steps that
defines the shadow in lower dimensions. The selection that
leads to the conformal shadow will be described in the next
section.

V. THE UNDERLYING Sp(2, R)

In the previous section we showed that the kinematic
equations have a geometrical significance. Now we em-
phasize that both the kinematic and dynamical equations
are intimately related to the fundamental Sp(2, R) gauge
symmetry that is at the root of 2T physics. The significance
of the kinematic equations is that they impose part of the
gauge invariant physical state conditions under Sp(2, R)
which is explained as follows. It was shown in [1] that the
three generators Q,; of Sp(2, R) in the presence of gravity
are given by the following three functions of phase space
XM, Py

0 = W(X), O = 0y = VM(X)Py,

(5.1
05, = GMN(X)PyPy.

These Q;; form the Sp(2, R) Lie algebra under Poisson
brackets provided the fields W(X), V¥(X), and GMV(X)
satisfy the kinematic equations in Egs. (3.5), (3.6), and
(3.9). The reader can check that in flat space W, = X2,
Vi, = Xy, and GMV = MV satisfy the Sp(2, R) closure
property under Poisson brackets. These Q;; generate a
local gauge symmetry on the worldline for a particle inter-
acting with gravity, thus making its position and momen-
tum XM(7), Py(7) indistinguishable at every worldline
instance [1]. In the quantum theory of such a particle, its
physical states must be Sp(2, R) gauge invariant, and hence
these Q;; must vanish on the first quantized wave func-
tions. In position space the first quantized wave functions
are the fields in 2T field theory. Therefore these fields must
satisfy Q;; ~ 0 after a proper quantum ordering of X, P,
and replacing the momentum by a derivative Py, = —id,.
The kinematic equations in (3.5), (3.6), and (3.9) imposed
by the action are the precise expressions of the vanishing of
the generator Q, = (—iV™d,, + - - -) ~ 0 after appropri-
ate quantum ordering for matter or gravitational fields of
various spins. The vanishing of Q;; = W(X) is imposed
through the delta function (W) and its derivatives, and
finally the vanishing of Q. = (=GN, oy + )
amounts to the dynamical equations of motion.” Thus we
see that all the equations of motion generated by the

"The dots - - - in the expressions of Q;; are the corrections due
to interactions. This general property is explained in
Refs. [1,2,23]. These corrections, in the case of gravity, are
precisely supplied directly by the action in Eq. (2.1) and
Table I, so they are determined and written out fully in the
kinematic and dynamical equations discussed in this paper as
well as Ref. [1].
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2T field theory have the significance of imposing the
physical state condition under the Sp(2, R) gauge symme-
try, or more precisely, its extension that includes particles
with spin as well as interactions, as explained in [2,23].
One additional point of clarification about the role of the
underlying Sp(2, R), as reflected in the kinematics, is in
order. The Becchi-Rouet-Stora-Tyutin (BRST) field theory
formulation in [23] is technically a fuller approach for
imposing Sp(2, R), but the extra baggage of the BRST
formalism, in the form of ghosts and redundant gauge
degrees of freedom, can be avoided by appreciating a
few simple aspects related to Sp(2, R) as just outlined in
the previous paragraph. A related point is that the under-
lying Sp(2, R) provides the key for the resolution of an
ambiguity about the kinematic equations as derived from
the action (2.1) and Table I. This ambiguity is avoided
through the BRST approach, but is more easily resolved
directly as follows. The variation of the action for each
field yields a linear superposition of the delta function and
its derivatives of the form AS(W) + B&'(W) + C8"(W) =
0. These imply three equations that are satisfied at W = 0,
but there is ambiguity in identifying the proper forms of A,
B, and C that should vanish at W = 0. This is because these
distributions satisfy W&"(W) = —26'(W) and W&'(W) =
—&8(W). Therefore, if we add to B a term that is propor-
tional to W, that term feeds into a term added to A.
Similarly any terms proportional to W and W? in C feed
into B and A, respectively. In the BRST approach the
ambiguities of adding such terms to B or C are just gauge
degrees of freedom which in any case drop out automati-
cally in the physical sector. When the BRST approach is
short-circuited as explained in [2], this ambiguity is re-
solved by recognizing that the B = C = ( kinematic equa-
tions amount to demanding the closure of the underlying
Sp(2, R) Lie algebra, as made clear by the Q,; in Eq. (5.1)
for the corresponding worldline particle model [1]. This
closure demands that the equations B = C = 0 must be
valid for all W, not only W = 0, so that Sp(2, R) is defined
and its Lie algebra is satisfied without restrictions on the
phase space degrees of freedom. This is necessary for it to
be a gauge symmetry of the particle model. The upshot is
that the particle model can be used as a guide to identify the
correct forms of B, C and then demand B = C = 0 not
only at W = 0 but at all W, which means that if B, C are
expanded in powers of W, the coefficient of each power of
W should vanish. This is a shortcut to insure self-
consistency of all the equations of motion, including the
dynamical equations, derived from the action (i.e. consis-
tency of having first class constraints Qy;, Q,, and Oy,
which then are set to zero). By satisfying Sp(2, R) in this
way, the ambiguities in A, B, and C are resolved at any W.
This insures the validity of the underlying Sp(2, R) gauge
symmetry and turns the ambiguities into gauge freedom,
consistent with the BRST approach [2]. Thus, the physical
sector that is gauge invariant under Sp(2, R), namely, B =
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C =0 at any W, and Aly—, = 0, are the consistent field
equations of motion.

Accordingly, it should be emphasized that the kinematic
equations above (4.12) and (4.13), which are consistent
with the particle model [1], are to be solved at any W,
not only at W = 0, while the dynamical equations (4.1)—
(4.11) need to be satisfied only at W = 0. This is the
procedure followed in the following sections to obtain
the conformal shadow and its prolongation.

The same result is also obtained without using the
guidance of the particle model discussed in the two pre-
vious paragraphs, but only using the gauge symmetry in the
equations of motion AS(W) + BS&'(W) + C8"(W) =0
that follow from the 2T field theory action. To explain
this gauge symmetry we will make a coordinate trans-
formation, X” — (w, u, x*), such that W(X) = w is one
of the coordinates, as in the next section. Furthermore, to
simplify the discussion we will concentrate only on a
single scalar field, say the dilaton Q(w, u, x*), and sup-
press the coordinates u, x* since they are irrelevant to the
discussion. A similar discussion will hold for each field in
the theory.

We want to show that the action has a gauge symmetry
under the gauge transformation 6, = Ag(w, u, x) for
off-shell arbitrary () as well as off-shell other fields. The
variation of the action with respect to the field () takes the
form

5,8 = fdwduddx6AQ(w)[AQ(w)6(w) + Bo(w)d'(w)

+ Cow)ds"(w)]. (5.2)

Of course, Ag, Bg, and Cq depend on w through () and
other fields as well. Because of the delta functions we need
to analyze the expansion of each term in powers of w and
then do the integral over w. Hence we have

Qw) = Qg + wy + w2 Qy + - -+, (5.3)
Ag(w) = Ay + wA| + w24y + -+ -, (5.4)
Bo(w) = By + wBy +1wB, + -+, (5.5)
Cow) = Cy + wCy +Iw?Cy + -+ -, (5.6)
Aow) = Ag + wA;| + w2 Ay + -+ -, (5.7)

Then the integral gives
5AS = [duddX[Ao(AO - Bl + Cz) + Al(_BO + 2C1)

+ A, Gyl (5.8)

It is possible to make 0,8 = 0 with a choice of gauge
parameters Ay, A, and A, that are related to each other,
when all the fields are off shell. There are three local
parameters but only one condition; hence two of the pa-
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rameters among Ay, A, and A, can be chosen arbitrarily
such that the action is gauge invariant 6,5 = 0 off shell.
This 2-parameter gauge symmetry is a remnant of the
Sp(2, R) BRST gauge symmetry discussed in [23]. A simi-
lar local symmetry is valid separately for each field in any
2T-field theory. This was called the 2T-gauge symmetry in
[2].

Using this gauge symmetry we can choose arbitrarily the
prolongations €);(u, x) and ,(u, x) in the expansion of
Eq. (5.3). It is convenient to make the choice of ,, (,
such that B; = C, and C; = 0. These gauge choices hold
when all the fields are off shell.

Now we investigate the on-shell equations of motion
which are obtained from the above procedure by taking
6Qy, 60, and 6}, arbitrary and independent of each
other. So the equations of motion for the on-shell ) , are

AO_BI+C2:O’ _Bo+2C1:O, CO:O.
5.9

In the gauge we have chosen they become Aj = 0, By = 0,
Bl = C2, CO = 0, and Cl = 0.

Now we investigate what C, is in more detail. It was
shown in [1] that in the variation of the action with respect
to every field the term C8”(W) is always of the form C ~
(GMN9,WayW — 4W) up to a field dependent proportion-
ality factor. In the next section we show that in the coor-
dinate system W(X) = w, this expression becomes zero
automatically by constraining only the G"" component of
the metric GMY(X). Therefore, we automatically obtain
C2 = 0.

With this result for C, = 0 taken into account, we now
see that, in our chosen gauge, the on-shell dynamics must
satisfy

BOZO, 31:0,
C]ZO, C2:0

(5.10)

The coefficients of the higher powers of w in the expansion
of Ag(w), Bo(w), and Cq(w), such as A,~;, B,=,, and
C,=3 are arbitrary because they never enter in the equa-
tions. So they could be chosen arbitrarily without any
consequence for the dynamics of the fields (), €1, and
(), which do appear in the equations. In particular, impos-
ing B,~, = 0 and C,~3 = 0 has no consequences for the
field components (), {);, and (), since they only restrict
Q,=3. The latter are pure gauge freedom which never
appear in the equations or even in the off-shell action.
Similar statements apply to the other fields.

This is in agreement with the procedure we discussed
above, of solving the equations AS(W) + B&'(W) +
C8"(W) = 0 for all the fields by imposing Aly—, while
taking B = C = 0 at all W. As we have shown, this is the
consequence of a gauge choice, consistent with the gauge
symmetries of the action in Eq. (2.1), as well as with the
Sp(2, R) gauge symmetry properties of the worldline for-
mulation of particle dynamics in the presence of gravity.
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VI. GENERAL RELATIVITY AS A SHADOW WITH
WEYL SYMMETRY

In this section we determine the shadow fields and their
prolongations. For scalar fields (), S;(X), these are defined
by expanding the field in powers of W(X), as done below.
The zeroth order term is the shadow. The coefficients of all
higher powers are Kaluza-Klein—type degrees of freedom,
which we call prolongations of the shadow. For fields that
have spin indices, such as Gy(X), Rynpo(X), the zeroth
order term has components that point in two lower dimen-
sions, such as g,,,,, R, as well as components that point
in the additional two dimensions. In traditional Kaluza-
Klein terminology the extra components are additional KK
degrees of freedom. In our case all such KK-type degrees
of freedom, as well as the coefficients of the higher powers
in W, are called prolongations.

We will take advantage of gauge symmetries to elimi-
nate some of the redundant gauge degrees of freedom to
clearly identify the physical degrees of freedom recognized
in 1T field theory in d dimensions. The result will be that
the fields in d + 2 dimensions Gy(X), (X), and S;(X)
will be reduced to the fields in d dimensions g, (x), ¢(x),
and s,(x) by a series of steps that involve gauge fixing as
well as solving the kinematic equations. The prolongations
of the shadows g, (x), ¢(x), and s;(x) from the “wall” x*
into the higher dimensional space X™, namely, the full
Gun(X), Q(X), and S;(X), will also be discussed. In this
section the shadows and their prolongations will be al-
lowed to be arbitrary fields in d dimensions, restricted
only by the kinematic conditions, but in the following
section, by using the dynamical equations of the full theory
it will be shown that all prolongations become functions of
only the shadow fields g, (x), ¢(x), and s;(x). One of the
goals in this section is to show that the accidental Weyl
symmetry of Eq. (2.11) acting on g ,,,(x), ¢(x), and s,(x) in
general relativity in the shadow action (2.7) emerges from
the local coordinate reparametrization symmetry in the
higher spacetime X*. It will be clarified how a general-
ization of the Weyl symmetry acts also on the
prolongations.

Among the local symmetries in 2T gravity there are
obviously general coordinate transformations and the local
symmetry that allows arbitrary transformation of W [1] as
emphasized above. Exercising the freedom of making
gauge choices for these local symmetries defines the prop-
erties of the emergent spacetimes for the shadows in the
lower dimensions.

To begin this process we parametrize the spacetime X
in terms of d + 2 coordinates (w, u, and x*) and define the
tangent basis in base space 9, = (9, d,, d,,) relative to
these coordinates. In this basis we use the general coordi-
nate transformations to gauge fix d + 2 components of the
metric, G = 0, G" = —1, and G*" = 0, leading to the
following gauge fixed form of GMV(X):
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M\N w o u v

\ G =1 0

y (_1 0 G)
" 0 G Gmr

Next we select W(w, u, x*) = w to be simply one of the
coordinates, which immediately gives Vj, = %aMW =
(%, 0,0),,. Inserting this in the kinematic equation W =
GMNV)yVy gives w = 1 G"" which fixes another compo-
nent of the metric. The result of these steps is then

GMN —

6.1)

W(X) = w,
Vu(X) = (%, 0, 0),

This choice of W gives VM9,, = 2wa,, — %8,4, and the
kinematic conditions for the scalars ), S; in (4.13) become
2wa,, =19, + 5HQ(w, u, x*) = 0, and similarly for S;.
Their general solution for any w is

Q(X) = e Dugp(x, we*),

Si(X) = 475, (x, we't),

G (X) = 4w,

(6.2)
VM(X) = 2w, — OM.

(6.3)

where, except for the overall factors of e 4= the fields
& (x, we*™), s;(x, we*) are general functions of the varia-
bles x* and the combination we*".

Now we impose the kinematic equation Gy = V, Vy
in the form of the homothety condition L,GYN =

—2GMN as explained in (3.9)

VK GMN — 9 VMGEN — g VNGMK = —2GMN,
(6.4)
This is already satisfied for the fixed metric components
G" =4w, G"™ = —1, and G"* = G"* =0, while it
gives the following conditions on the remaining metric
components:

2wa,, —10,)GH = —2GH,

(6.5)
(2wa,, — %au)G’“’ = —2GM".
Their general solutions are
GHH(X) = eMyH(x, we*),
(6.6)

G/LV(X) — e4ug,u1/(x, We4u)’

where y* and §#” are general functions of x* and we*".

We see that the solutions to the kinematic conditions are
given in terms of functions of fewer than d + 2 variables.
We find that there are remaining coordinate transformation
symmetries in d + 1 variables that can remove the
y*(x, we*"), thus reducing further the degrees of freedom.
To explain this we first examine the coordinate transfor-
mations that maintain the restricted form of GMV that
emerged above. The infinitesimal general coordinate trans-
formation of the scalars W, €0, and S; and the metric GMV
are
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5. XM = eM(X),
6SQ = SK('?KQ,

6£W = SK(?KW,

P (6.7)
BSSi = & aKS,»,

8,GMN = K GMN — (9 sM)GKN — (98M)GKM.

(6.8)

The remaining symmetry should not change the form of
W = w and the fixed metric components G"", G"*, G"*,
and G"* given above. This requirement is satisfied by the

following form of infinitesimal coordinate transformations
M(y.
eM(X):

e”"(X) =0, e“(X) = A(x, wet),

(6.9)
e*(X) = e*(x, we™),

which give 6, W=6.G" =6G" =6,G" =
6,G" =0. In what follows we will show that
e”(x, we) at w = 0 will be related to coordinate trans-
formations in the d dimensional shadow, while A (x, we**)
at w = 0, which comes from coordinate transformations of
u, will be related to local scale transformations in the d
dimensional shadow.

The coordinate transformations of (u, x*) with parame-
ters A(x, we*), e#(x, we*") give nonzero §,G**, §,G*”,
6.0, and 6,.S;. We focus on 6, and 6,G*" which follow
from (6.7) and (6.8)

5.0 = A, Q + £49,Q, (6.10)

68G'uu = {AauG,u,u + SA‘:)AGMU + (aws'u) - (a)‘SM)G/\u
— (9, A)GH — (9, A) G}, 6.11)

Evidently there is enough gauge freedom in A(x, we**) to
gauge fix Q = e 2u¢p(x, we*) completely to any de-
sired form as a function of (x, we**). We will take advan-
tage of this freedom later.®

Similarly, there is enough gauge freedom in #(x, we
to gauge fix G#** = e*y*(x, we*") = 0. Then the gauge
fixed form of GMV for any w becomes

4u)

8Convenient gauges will be mentioned in discussing Eqs. (8.8)—
(8.10). We mention here other possibilities that may serve differ-
ent purposes. One possible partial gauge choice is to make )
independent of w, as ) = ¢?~2" ¢ (x), while S, remains as given
in (6.3). With this there still remains the gauge freedom of
making ¢(x) a constant. Another gauge of interest is to fix ()
such that Q% — aS? = €2@~24[2(x) — s?(x)] is independent of
w, where ¢(x), s;(x) are the shadows defined by the expansions
in Eqgs. (6.20) and (6.21), and again the x dependence can be
further gauge fixed to a constant. This is similar to Eq. (2.12), but
includes the u, w dependence, thus providing the prolongation of
the shadow for Eq. (2.12). The expansion in powers of w in the
second gauge gives the details of how the prolongations are
gauge fixed, namely, ¢ ¢ — as;s;; =0 and P, — as;sr; +
¢ — as?, = 0, etc. (rather than ¢, = ¢, = 0, etc., in the first
gauge) where ¢, ¢,, sq;, and s,; are defined in Egs. (6.20) and
(6.21).
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M\N w o u v

w 4w —1 0
y (_1 0 0 ) (6.12)
w 0 0 e4ug,,ul/(x, We4u)

The metric with lower indices is then

GMN —

MA\N w o u v
w 0 -1 0
Gun =, 1 —4w 0
m 0 0 e *g,,(x we™)

(6.13)

We may now ask if there is any more remaining symmetry
that does not change the gauge fixed forms of G,;5? For
keeping the form of G, we need 6,G*" = 0 for the
expressions in Eq. (6.11) after setting G** = 0. This is
satisfied by parameters that obey the condition d,e* =
G*"9, A, with an arbitrary A(x, we*"). To analyze further
the meaning of the remaining symmetry we expand in
powers of w

Sxt = gh(x, wet) = gff (x) + wetef (x) + - - -,

(6.14)

Su = A(x, we*) = Ay(x) + we* A (x) +---. (6.15)

The remaining symmetry has as independent parameters
only the lowest component &} (x), and all A(x, we*)

independent: &f (x), and Ay(x), Aj(x), Ax(x), ...,
dependent: &{'(x) = g#”d,A,,
eh(x) = gr"a,A; — g1 9,A etc., (6.16)

where g#”, g1"" are defined by the expansion of the metric
in powers of we* given in Eq. (6.24). Among these, &} (x)
corresponds to general coordinate transformations of x*
while Ay(x) is the gauge parameter of local scale trans-
formations on the remaining local fields, known as the
Weyl transformations in 1T field theory, as explained
below.

The remaining gauge parameters A,-;(x) are general-
izations of the Weyl symmetry Ay(x). They can be used to
make convenient gauge choices.

The transformation of the scalars in (6.3) and metric
components in (6.13) under the remaining symmetry (6.14)
and (6.15) can be extracted from the general coordinate
transformation rules (6.7) and (6.8) in the form

S (x, we*) = [A(x, wer)(dwd,, + d — 2)

+ eH(x, we4”)6ﬂ]¢(x, we*),  (6.17)
8s;(x, we*) = [A(x, we*)(4wa,, +d — 2)
+ e (x, wet)d , Is;(x, we*),  (6.18)
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88, (x, wer) = A(x, we™)(4wd,, — 4)g,,,(x, we)
+ L8, wet), (6.19)

where £,g*”(x, we*") is the Lie derivative using the vector
e (x, we*). After inserting in these expressions the field
configurations (6.3)—(6.13) and the form of the remaining
parameters (6.14) and (6.15), the result can be expanded in
powers of w to extract term by term the transformation
properties of the shadows in x* and their prolongations
into the # and w dimensions. To do this we expand every
field in powers of w to define the shadow fields in d
dimensions ¢(x), s;(x), and g,,(x) as the zeroth order
terms, while their prolongations ¢,(x), s,;(x), and
gnpuv(x) are defined as the coefficients of the higher powers
of we* as follows:

P(x, we™) = ¢(x) + wet d(x) + Hwer) 2 hy(x) + -+,
(6.20)

5;(x, wet) = 5,(x) + we*s;(x) + %(wed'”)zszi(x) + -

(6.21)
Similarly we have for the metric
g o, wet) = g, (x) + wetgy,, (x)
+ %(we““)zgzﬂ,,(x) + - (6.22)

For the determinant we get
\/6 = ¢ 2du
w e4u (W e4u)2

= e =gl 1 Mty + (e + (e

+]

The inverse metric is also computed in terms of
g/u» gl,u,w gZ/,Lw ... as

8 we™) = g () = weigh ()
— Hwer )2 (gh” — 287,87 )(x) + - - .
(6.24)

_g(x’ We4u)

(6.23)

Here the upper indices on g{"”, g4”, etc. are raised or

lowered by using the lowest component of the metric
. by v :

8uv> S0 g1, & do not mean the inverses of gy,,, g2,,-

Inserting these expressions allows us to extract the follow-

ing transformation rules for the shadow fields ¢(x), s;(x),

and g, (x) by setting w = 0 in Eqgs. (6.17)—(6.19):

Sp(x) = (d — 2)Ag(x)p(x) + & (x)d, P(x),  (6.25)
8s;(x) = (d — 2)Ag(x)s;(x) + &ff (x)a,,5;(x),  (6.26)
6g,u,v(x) = _4A0(x)g,u,v(x) + Laog,u,v(x)' (627)
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In these expressions it is clear that Ay (x) is the infinitesimal
parameter of the Weyl transformations, which is seen by
comparing to Eq. (2.11) and setting Ay(x) = —A(x)/2.
This shows that the local scale symmetry in 1T field theory
comes from the coordinate reparametrization symmetry
du = [A(x, we**)],—o of the 2T field theory. This was
one of the points we wanted to prove in this section.

The higher powers in w of Eqgs. (6.17)—(6.19) give the
nontrivial transformation rules for the prolongations under
coordinate, Weyl, and generalized Weyl transformations
g (x), Ag(x), and A,=;(x), as follows:

8 (x) ={(d+2)Agp,(x) + (d —2)A ¢ + €0, b,
+ &1 (x), ¢}, (6.28)

8¢r(x) ={(d + 6)Agpy + 2(d + 2)A by + (d — 2) Ay ¢
+85d,dy +2e10,0, + 50,0} (6.29)
and similarly for &s,;. Evidently the terms containing

Ay(x) and 86‘ are the local scale transformations and local

coordinate transformations on these fields. Recall that £,
|
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are functions of the A, as given in (6.16). Similarly, for the
metric prolongations we get the following transformation
laws under the coordinate, Weyl, and generalized Weyl
transformations:

8g1,u,v(x) = {O X AO(x)gl,u.V(x) + 4Al(x)g,u.1/

+ '[:sogl/.l,ll(x) + leg,u,y(x)}: (630)

5g2,u.1/(x) = {4A0(x)g2,uv(x) + 8A1(x)g1,u.1/ + 4A2g/1,1/

+ ‘ESng,uV(x) + 2£s]gl,uv(x) + ‘£82g/1.1/(x)}‘
6.31)

VII. RIEMANN AND LORENTZ CURVATURES

A. Christoffel connection and curvature

We are now ready to use the gauge fixed metric in
Egs. (6.12), (6.13), (6.22), and (6.24) to compute the cur-
vatures at any w. For the Christoffel connection '}, =
%GPQ((')MGNQ + ()NGMQ - (?QGMN) we obtain

M\N wou v M\N w ou v
B 0 2 0 . W 0 0 0
U= |2 sw 0 U=y o =2 0 ’ 7.1
w 0 0 —2e%g,, u 0 0 <"0,8u
M\N w o u v
I s00q &
A = w 0 0 78 awga'lf
Dav =y 0 0 ~26% + 2w a0, 3., (7.2
%g)‘gawga',u, _262 + ZWnganO';L F;;U'(g)

Expanding I'5,(g) in the last line in powers of w gives
I50(8) = Tho(g) + we* T}, + - -+, where the zeroth or-
der term is the usual I';,(g) in d dimensions and the first
order term is

Flleg- = {_%g{“,(apg(rv + a(rng - augp(r)

+ %gﬂy(apglfrv + a(J'glpl/ - avglpo-)}~ (7.3)

Even though w is set to zero eventually, one must first take
derivatives of I'},\; with respect to w in computing various
components of the curvature Ry;ypo(G). Therefore w de-
pendent terms in I'};,, (i.e. prolongations of its shadow)
will contribute to the curvature in zeroth order in powers of
w because of derivatives with respect to w.

To calculate the Riemann tensor RgMN =9 MF,%P -
NG, + T9 TS, — TOIs, 5, we recall that the zero tor-
sion condition imposes the following kinematical con-
straint (3.23) on the curvature:

VQRgMN = V2Rppun = VeRynpo = VQRﬂNpo = 0.
(7.4)

|
With the gauge choice of Eq. (6.2) these conditions become
Rpyn =0, R,pun = 4WR, pyn, (7.5)

P _ P
Rynu = 4WRyn,,-

From the form of the gauge fixed metric in Eq. (6.12) we
also obtain

Rpyn = —Rypun- (7.6)

From these it is easy to see consequences such as
Ry = Ruyy = Ruwnn = Rynuw =0, (7.7)
Ry = Riivs RYny = 4WRA \., etc. (7.8)

Using the antisymmetry and cyclic properties in (3.23),
these kinematic relations explain many of the results in the
following lists for the Riemann tensor computed by using
the Christoffel connection in (7.1) and (7.2) at any w
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w
RMPN

u p— u J—
R _ {RWMN - RuMN =0,
PMN — u — pu — u
R = Ripu = 4WR

where the covariant derivative V "

— 1
Rppur = EY[MgIV]p T
R;u),u,w = T(gtlrlugl(rp - 2g2pp,) +oe,
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=0, (7.9)

(7.10)

is with respect to the metric g,,(x). The curvatures on the first column are either
identically zero or vanish when w = 0, while those in the second column R

puws> Ry, do not vanish even at w = 0. The

+ - - - means there are terms proportional to higher powers of w but are of no interest in our analysis. Similarly we obtain
R}y, With analogous properties for the first and second columns

R}, = 4wR}p,., R}, =0,
Su
Rc\v,u,u = Rg,u,w = 4WRC\v,u,w, R/\ = T(gfwgl,u,v - Zgé\,u) + - )
64"
R3yn: R,ﬁw = 16W2Rf‘mw, R = TV[Mng] + -, (7.11)
A — _pA — A A — _pr — A
Rﬁwu = RPK/L = 4WR RA = /\RPW/L = %}\g Uv[rrglp;\ﬂ T
Ru,uV = 4WRW/.LI/’ R = Rp,ur/(g) - g][,ugv]p - 8[ﬂglu]p +oe
At w = 0 the nonvanishing components of R,pyy with all lower indices are R, ., Rypaw» a0d R0
Au
Rw,uwu(G) = KT(gl,u,u-gtlry - 2g2,u1/) +o,
w— 0 R,MV/\W(G) = %(v,u.glv)t - vvgl,u,)t) e, (7]2)

R/LV/\O’(G) = ei4u[R,uV/\0'(g) + 81o(u8vir — gl)\[,ugv]a'] +

In the last expression it should be noted that RQW(G)
differs from R},,(g), the latter being the standard
Riemann tensor constructed from the metric g,,. The
difference is accounted by the contributions of the prolon-
gations of the metric which contribute to R,’) uv(G) even
when w = 0.

We can now compute the Ricci tensor Ryy = RY =
RYn + RYy.y + Riy- The Kkinematic  constraints

VMR, = 0, imply
R,y = 4wR,,. (7.13)

Hence R,,,,, R, are related to R,,,,, R,,,, respectively, by a
factor of 4w while R,,, = (4w)’R,,,,, hence we have

M\N w ou v
w RWW 4WRWW RH/V
Run(G) = 4wR,,, (4WPR,, 4wR,, |’
“ Ry, 4wR,,,  R,,(G)
(7.14)
where
e8u
R, (G) = T Tr(g1g1 —282) + -,
e4u
Ruu(G) = —=-(Vagh, = VuTrg) + o0, (7.15)

R,uV(G) = R,uv(g) - (d - z)gl/.w - (Trgl)g,uv +

The trace notation Tr means that indices are contracted by
using the lowest mode g,,,. The + - - - indicates that there
are additional higher order terms in powers of w that are
not of interest in our analysis. For w = 0 only R,,,, R,,,,
and R, have nonvanishing contributions while the other

|
components of R,y vanish. In the last expression we see

that R,,,(G) differs from R,,,(g) which is the standard
Ricci tensor constructed from the metric g,

Finally the Ricci scalar, R(G) = G¥NR,,y = 4wR,,,, —
2R,, + e"g'R,,,(G), is

R(G) = e™[R(g) — 2(d — 1)e* Trg,]+ ---. (7.16)

Again in the last expression R(G) differs from R(g) which
is the standard curvature scalar.

As seen explicitly in all the expressions above, the
prolongations of the shadow of the metric, namely, g; v
g2u» contribute nontrivially to the prolongations of the
curvatures. Even when w = 0, there are nonvanishing
curvature components, such as Ry, R},,. R}, and

RQ w» that point not only in the x* directions but also in

the w, u directions. The notation R},,(G), R,,(G), and
R(G) is used to distinguish them from R}, (g), R, (),
and R(g) where the latter depend only on the lowest mode
guv(x) while the former depend on G,, including the
higher modes g;,,, g2,,- We will see however, that after
taking into account the dynamical equations of motion, all
extra curvature pieces get determined only in terms of the
shadow fields g,,,(x), ¢(x), and s;(x), while the dynamics
of these lowest modes interacting with R} ,,(2), R, (g),
and R(g) will be given by standard general relativity (with
the Weyl symmetry) as determined self-consistently only
by the shadow action in Eq. (2.7).
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B. Gauge fixed vielbein, spin connection, and SO(d, 2)
curvature

For completeness we record here also the gauge fixed
forms of the vielbein, spin connection, and SO(d, 2) cur-
vature ES;(w, u, x), @5 (w, u, x), and R4, (w, u, x) that are
compatible with the gauge fixed metric and its curvatures
above.

We take the following form of the gauge fixed vielbein
that satisfies Gyy = E4E}m,, up to a local SO(d, 2)
transformation in tangent space:

M\a =4+
L ow (10 0
Ev'= o faw 1 0 (7.17)
o 0 0 e & (x, wet)

Its inverse that satisfies EM E%, = 8% or EXES, = 8 is

a\]}/l (;v u ,LLO
- 1
M —
Ed = 4 (_2W | 0 ) (7.18)
i 0 0 e el (x, we)

where &, and &;* are inverses of each other. These may be
expanded in powers of we*"

éﬂi(x, wett) = eMi + We“”e’ilu + %(we‘“’)zeé# + -,

(7.19)
4u\2
el (x, wet) = e,” — wetel, + (we2 ) (Zel”pelpi —é5)
+ e (7.20)
|
a\b -+
W~ (00 0
AR VI o |
i 0 0 leotig, el
and
a\b
_ 0
of = 4 0
i e 2128 — wé'?d,8),)

where ' (€) is the standard spin connection in d dimen-
sions as constructed from &, (x, we**) including the pro-
longations of the shadow &} (x).

With these explicit forms, it can be verified that the spin
connection w;{f, the vielbein Ef,, and the vector V¢ satisfy
the kinematic relation
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Here ¢,;” is the inverse of e,’ as usual, but ef; is not the
inverse of e}, rather it is e}, with indices raised or
lowered by using the appropriate tangent space or base
space metrics, e} = 7, je'{ ,&"#, and similarly for e3;. From
&uv = €,€,m;; we can obtain relations between the ex-

pansion of the vielbein and the expansion of the metric
given in (6.22)

— (i j i,
gl,u.v - (el,u,eVJ + e,U« 31,,)”’71']"

(7.21)

— i, J
g,u.v - e,u. evjnij’

— (i j i, i B
g2p,1/ (e2lu,ell + e,u €y + 2el,ludelv)nlj'

Recall the gauge fixed versions of the vectors V,, =
TouW = (3,0,0)y and VM =2ayWGMN =
(2w, —3,0) in Eq. (6.2). Their tangent space counterparts
become V,=VyEM =1EY and V9=VME =
2wE¢ — L E%. Explicitly these are

Vo= (%’ -w, O)a’

(7.22)
Ve = (w, =1 0)9 in the basis a = (=, +/,1),

and have the dot product V*V, = w.

The spin connection is constructed by using the standard
relation w$? = ENYEP*(Cpynp — Cynpar — Cpyy) given in
Egs. (3.17), with Cpyy = = 3Ep, (0 Ey — dyE§). With
the above gauge fixed form of E{, we obtain

a\b =+
! 0 -2 0
Wi’ = (2 0 0 ) (7.23)
i 0 0 2welig,sl
_ ! +I ,] -
0 e 2(=2e + wél’d,8,,)
0 ey o ) (7.24)
2 e w8 Ao
—2u ; ~ ]/~
B €'79,,8 o wl,\j(e)
ES, = Dy Ve = 0,V + 0V, (7.25)

that is required by 2T gravity as expected from Eq. (3.24).
The kinematic equations have completely fixed all compo-
nents of w4?(X) in terms of ¢} (x, we**) and explicit func-
tions of the extra coordinates w, u. When w =0 we
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recognize that the vielbein in d dimensions eﬁ (x) is basi-
cally the shadow component w;/i of the spin connection
that remains unrestricted as a function of x* as far as the

kinematic equations are concerned.
The SO(d, 2) curvature is

b _ k b

ab ab __ ab ak a
Rify = dn@y — Iyl + ojjoy” — oyToy,

= —RyyELE". (7.26)
With the help of the antisymmetry R{2, = —R$5,, Rj‘v}’N =
—R%,, and the kinematic relations in Eq (3.27), Ré%, =
4wR,, R4 = 2wR4, all the nonzero components of
the curvature are determined as follows:

+i e (1 A X
Ryu = 7(581081#0 - gzu)ela + -,
R,  =2wR}i
Ri, = &"&,R0,.(G),
R =4wR} 4,
R = 2wR ‘

o o (7.27)
Rin = 4wRy .,

+i e iA
R,u,l/l = _(v,uglw\ - vvgl,u,)\)el +oy
R =2wR}!

nv ns
y
R,l{l/ =¢vig lR(pr,uv(G)

where RY,,,(G) and R%,,,(G) are given in Eq. (7.12). These
are the curvatures at any w which include all the prolon-
gations of the shadow into the higher dimensions. When
w = 0, the nonzero terms are just RM, R;[',,’, R’V{M, and R},
while all others vanish.

It should be noted that even at w = 0O there are nontrivial
components of curvature pointing in the w direction in base
space and in the +' direction in tangent space. This is part
of the information about the prolongation of the shadow. In
the next section it will be shown that, after taking the
dynamical equations into account, only the shadow fields
e}, (x), together with matter fields such as ¢(x), s;(x),
determine all curvature components including the prolon-
gations, while the shadow fields satisfy among themselves
the familiar general relativity equations (with a Weyl sym-
metry) which follows self-consistently from the 1T-physics
shadow action in Eq. (2.7).

VIII. DYNAMICS OF SHADOWS AND
PROLONGATIONS

Having chosen gauges and solved the kinematic equa-
tions in the previous sections, we are now ready to discuss
the matching of geometry to matter through the dynamical

PHYSICAL REVIEW D 79, 085021 (2009)

equations derived in Sec. IV from the 2T-gravity action
(2.1) and Table I’

[Ryn(G) = Syn(€2, Si)lw=o = 0
[L 80/ (NGGMN 9,0) — 2aQR(G) + adgV(Q, s,-)]
VG W=0
=0
1
—— 9,,(NGGMN 3\ S.) — 2aS,R(G) — 95 V(Q, S, ]
[ 7u /GG 1yS,) ~ 20S,R(G) 05 V(0. 5) ]
=0, (8.1)
where S,y was obtained in Eq. (4.11)

1

1
Sun(, S;) = m I: "2

9, Q95 Q)

1
+ §8MSi6NSi + Vyon(Q2 — aS?)].

(8.2)

Note that these 2T-gravity equations are imposed only at
w = 0, unlike the kinematic equations that were solved at
all w (see the explanation in Secs. IV and V). We want to
compare these equations in (d + 2) dimensions to the
equations of motion of general relativity i 1n d dimensions

1
RW(g)ZMI: 24 =0 ¢a ¢+28/leavsl
+V,09,($* — as?) + g“” (V(¢ s;)

6 - ad) | 53)

\/_aﬂ(\/_g“”a v @) =2apR(g) — adyV(g, ),

\/?g_aﬂ(\/__ggwausi)
that follow directly from varying the conformal shadow
action (2.7) and using (2.8) and (2.9).

In comparing the original and the shadow equations, we
note that we lose two dimensions not only in the spacetime
XM — x* but also in the components of the metric
Gyn(X) — g,,(x), and similarly for curvature, gauge
fields, spinors, etc. Recall also that R,,(G), R(G) are
different than the R,,(g), R(g) that appear in (8.3), as
seen in Egs. (4.8) and (7.12). The differences depend on
the prolongations of the metric and the scalars given in
Egs. (6.20)—(6.24). Moreover, additional components
of the tensor Ryn(G) are restricted by the original
Egs. (8.1). So, going from (8.1) to (8.3) is not a naive
dimensional reduction. The questions we need to investi-
gate include the following.

= 2as;R(g) + 9, V(¢, 5)),

“We have neglected gauge fields and spinor fields to keep our
analysis simple. The same general conclusions about the shad-
ows are obtained if all of the fields described in Table I, that
would be required for the standard model coupled to gravity, are
included in the present analysis.
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(1) We recall that the conformal shadow action (2.7) was
derived in [1] from the 2T-gravity action (2.1) by
inserting directly the solution of the kinematic equa-
tions and the gauge fixing discussed above. Can the
shadow equations (8.3) be derived from the original
equations of motion (8.1) rather than from varying
the shadow action? Sometimes these two procedures
do not agree, so it is important to verify that they give
the same result.

(i1) More importantly, are the prolongations additional
Kaluza-Klein type degrees of freedom? What is the
dynamics of the prolongations of the metric Gy,
curvature Rpgyy(G), and scalars (), S; that survived
the gauge fixing and kinematic constraints of the
previous sections, and do their dynamics restrict the
dynamics of the shadow fields (¢, s;, and g,,)
beyond the equations of motion in (8.3)? If addi-
tional restrictions on (¢, s;, and g,,,) arise it would
imply that the shadow action (2.7) misses informa-
tion that influences the shadow fields.

As explained below, the answers are that there are non-
trivial prolongations of the metric, curvature, and the sca-
lars, which are however determined only by the shadows
(¢, s;, and g,,,). Meanwhile, the shadows themselves are
determined self-consistently precisely as dictated by the
shadow action (2.7) which yielded the general relativity
equations (8.3).

To investigate these questions we insert the expansions
in powers of w for the fields (6.20)-(6.23) and for the
curvatures (4.8) and (7.15) into the original Eqgs. (8.1).
The derivatives d,,, d, in the scalar equations give no
new information at w = 0 because such terms combine
to expressions that are proportional to the kinematic con-
ditions, which are already satisfied for the scalars. This is a
nontrivial result that is true in curved space only for the
special value of a = (d —2)/8(d — 1). Hence, for the
scalar equations, even though the prolongations ¢, ¢,
s1;> and s,;, etc. are nonzero, we obtain directly the naive
reduction of the d + 2 dimensional equations to d dimen-
sions, in agreement with the shadow equations (8.3). The
prolongations of the scalars ¢, ¢,, s1;, and s,;, etc. are not
fixed by the scalar equations in (8.1).

Turning to the curvature equation, Ryy = Syy at w =
0, we begin by computing [S,,,(€, S;)],—¢ from (8.2) as
follows:

1 1
(S (Q, $)]—0 = m[_ Eaufﬁayd’
1
+ Eaﬂsiaysi +V,09,(¢* — as?)

wru

— {9, + T ,0,)(Q2 — aS%)}w:o].

(8.4)

After inserting the explicit Christoffel symbols '},

pvs Iy in
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Egs. (7.1-(7.3) and setting w = 0, we obtain
{(F/M;Vaw +1Y,0 )(QZ - aS%)}w=0

ur9u
= 4Py — asis1)8uy + (d = 2)(d* — as?)g -
(8.5)
Now matching geometry with matter [R,,(G)—
S ,.» (8, S))],,—0 = 0, where the curvature
R,,(G)=R,,(g) —(d—2)g1u — (Trg)gu, + -
(8.6)
was given in (7.15), we find

Ryn(g) = S,(h9) + [ 425080 4 )
(8.7)

This agrees with the shadow equations (8.3) only if the
term in brackets satisfies

V(. 5;) + VX(¢* — as)

by — as;sy;
! o d—2)($" - as))

— a?

(g1) =
(8.8)

In fact, this relation is exactly correct and can be derived
directly from Eq. (4.7), which was obtained as a conse-
quence of the original equations of 2T gravity (4.1)—(4.3).

We have thus shown that all the shadow equations (8.3)
derived directly from the shadow action (2.7) are in exact
agreement with solving directly the original equations of
motion (8.1) in d + 2 dimensions. This answers the con-
cerns raised above in (i).

There remains to examine the rest of the original equa-
tions of motion (8.1) Ryy = Syy at w = 0, to determine
whether any additional constraints emerge on the shadow
fields or their prolongations. On the geometry side we see
from (7.14) that [R,,, = R, = R, ],—o = 0, and also on
the matter side we find [S,,, = S,, = Sy, Jw—o = 0 for the
special value of a = (d — 1)/8(d — 2). Therefore the cor-
responding equations are identically satisfied without any
conditions on the shadows or the prolongations.
Proceeding further, from the remaining two cases
[wa(G) - SWW(Q’ Si)]w=0 =0 and [RWM(G) -
Sy (€2, S;)],,—o = 0, we get nontrivial equations that re-
strict the prolongations

d
-2

8
Tr(g1g1 — 282) = pE— [— 7 (7 — as;

+ (ddy — asiSZi):ly (8.9)

2 1
M[_Zcz(¢la“¢ — asy;0,S;

+20,(pd; —as;sy;)

~ elun(@? —as))|

vAgi\M — 0,81\ =

(8.10)
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From the first of these we may solve algebraically for
Tr(g,), and consider the second equation, along with
(8.8), as equations of motion that restrict g e

To show that there are solutions to the three prolongation
equations (8.8)—(8.10), we provide an example with the
following special form, which of course is not the general
case:

glljlu, = A](X)SZ, g;,u, = AZ(X)afu ¢1 = Bl(x)¢’
s1; = B1(x)s;, ¢y = By(x) 9, 82 = By(x)s;.
8.11)

Furthermore, we use the Weyl gauge (¢? — as?) =
(22)~ " in Eq. (2.12) to simplify these equations. The three
Egs. (8.8)—(8.10) are then solved by

2 .
Ar(x) = % ¢ (8.12)
o K?l(d - 1) B 1
B](x) = m‘/(d), Si) 4Cd, (813)
2
8B, + 2dA, = d(A% + dgf ‘2), (8.14)

where c is an arbitrary constant. Hence the prolongations
are determined by the shadow fields; however one combi-
nation of B,, A, remains arbitrary.

Thus, we find that there are not sufficient equations to
determine all of the degrees of freedom 81u> 82> b1, bo,

s1;> and s,; that participated in the dynamics at w = 0. This
is a sign that there are gauge symmetries, so what cannot be
determined by the equations of motion must be a gauge
degree of freedom, at least on shell. We did identify an off-
shell gauge symmetry, namely, the A,(x) in Egs. (6.28)—
(6.31) which is sufficient to explain why one function is
gauge freedom in the example above, but the evidence is
that there is more gauge freedom. In fact more gauge
symmetry should be expected as in flat 2T-field theory
[2], where in the expansion in powers of w of matter fields
each coefficient except the zeroth order (i.e. each prolon-
gation) is a gauge degree of freedom. In flat 2T field theory
the prolongations decoupled completely from the shadow
fields in flat space [2] consistent with being gauge freedom.
However, what we have learned in this paper is that there
are also some that, rather than being gauge freedom, are
actually determined by the shadow fields via the geometry
in curved space 87, 83, as seen in Egs. (8.8)—(8.10).

In any case, an outcome of our analysis is that there are
nontrivial prolongations which are determined by the
shadow fields ¢, s;, and g,, up to gauge freedom.
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However, the shadow fields themselves ¢, s;, and g,
are determined self-consistently by the action (2.7) only
within the shadow, as in Egs. (8.3), independently of the
prolongations.

IX. CONCLUSIONS

The decoupling of the dynamics of the shadow proven in
the previous section is significant because it shows that
general relativity in d dimensions, augmented with the
Weyl symmetry, as expressed by the action (2.7), is the
prediction of 2T gravity for observers asking questions
only in d dimensions. Establishing this effective action
principle, by analyzing the equations of motion in detail
as we did above, was one of the aims of our analysis.

This shows that the full physical (gauge invariant) in-
formation in (d + 2) dimensions is captured by the con-
formal shadow, so this is a “‘holographic” shadow. Turning
this around, we can also claim that usual general relativity
in d dimensions, augmented with the Weyl symmetry, is
described directly in d + 2 dimensions in the form of
2T gravity.

We have shown quite generally that the Weyl symmetry
in 1T field theory is directly related to higher spacetime
general coordinate transformations that include an extra
time dimension. Therefore local Weyl symmetry is a strong
footprint of 2T physics. Just like other gauge symmetries,
there are observable effects of the structure that this sym-
metry imposes on interactions.

As we have shown, as a consequence of 2T gravity, the
graviton and the scalars must satisfy certain structures in
IT field theory. Dirac and Yang-Mills fields can be in-
cluded in a straightforward way except for inserting the
dilaton factors of ¢p2@=%/(4=2) jn Yang-Mills kinetic terms
and ¢~@=9/(d=2) iy Yukawa terms (as in Table I). With
these dilaton factors the crucial Weyl symmetry is intact in
every dimension d. These are some of the footprints of
2T gravity.

Some of the consequences of the emergent structures
imposed by 2T gravity were outlined in the Introduction
and Sec. II. Investigations of physical effects in the context
of cosmology and LHC physics are currently in progress
and will appear in future publications [21].
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