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We study in detail deep inelastic scattering in the 't Hooft model. We are able to analytically check
current conservation and to obtain analytic expressions for the matrix elements with relative precision
0O(1/Q?) for 1 — x > B2/Q>. This allows us to compute the electron-meson differential cross section and
its moments with 1/Q? precision. For the former we find maximal violations of quark-hadron duality, as it
is expected for a large N, analysis. For the latter we find violations of the operator product expansion at

next-to-leading order in the 1/Q? expansion.
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L. INTRODUCTION

At its birth quantum chromodynamics (QCD) looked
like a rather peculiar theory. It is constructed in terms of
quarks and gluons, whereas all that one observes experi-
mentally are hadrons, very specific combinations of those
“elementary” degrees of freedom. Indeed, when the idea
of quarks and gluons was first proposed [1], they were
considered a mere fictitious tool to try to describe the
hadron phenomenology. Nowadays, no one doubts their
actual existence, as they leave their footprint in deep
inelastic scattering (DIS) experiments with hadrons, or in
the ratio R = 0+, _hadrons/ Te* e~ —p+ u—» fOr example.
Nor does anyone doubt that QCD is the correct theory to
explain their dynamics. However, 36 years after QCD was
vindicated as the theory of strong interactions [2], we still
lack a satisfactory analytic description of the hadrons in
terms of the degrees of freedom and parameters that appear
in its Lagrangian.

The difficulty resides in the fact that, leaving aside
symmetry considerations (or how symmetries are real-
ized), the only quantitative and analytic computational
scheme to check the dynamics of QCD from first principles
consists in weak-coupling computations. In principle,
those are limited to the computation of Green functions
in the deep Euclidean limit. The connection with experi-
ment, however, requires the treatment of nonperturbative
effects as well, and to relate those computations done in the
Euclidean domain to the physical cut.

Nonperturbative effects are taken into account through
perturbative factorization techniques. The idea behind
this approach is to try to separate the nonperturbative
effects from the perturbative ones, dividing our calcula-
tions into two pieces: one which we can calculate pertur-
batively, and another which we leave unevaluated
and determine through comparison with experiment or
lattice calculations, for example. Essentially, all these
factorization techniques are inspired on Wilson’s oper-
ator product expansion (OPE) [3]. The basis of the OPE
is the application of the following relation in the deep
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where A, B are some local operators, O,, are local operators
with increasing dimensionality in » and the right quantum
numbers to reproduce the left-hand side, C418 are distribu-
tions, and w is the renormalization scale. The coefficients
C48 encode the physics beyond the scale u, and the local
operators encode the physics below this scale. In QCD the
coefficients are calculated using perturbation theory, and
the operators are assumed to hold all the nonperturbative
physics. This is not completely accurate, however, as per-
turbative effects can enter the matrix elements of the
operators between the initial and final states, and nonper-
turbative effects make their way as well into the coeffi-
cients (for example, in the form of small-size instantons)
[4]. However, this is generally disregarded, and the OPE is
used as a series of perturbative coefficients times some
matrix elements to be determined experimentally or other-
wise. The series is understood to be asymptotic: at some
point in the expansion, nonperturbative effects are ex-
pected to cause it to break down [5]. Actually, the validity
of the OPE is only established in perturbation theory [6].
There is no mathematical proof that Eq. (1) can indeed
reproduce well the (unknown) exact solution of QCD for
processes which involve nonperturbative effects, even ac-

'Tt should be mentioned that the primary definition of the OPE
is without the time ordering. The time ordering introduces some
ambiguities in the definition of the left-hand side of the equation
(and consequently on the right-hand side). This is due to the fact
that local terms in time are not fully determined (and we should
also specify, in principle, in which frame we consider the time
evolution). As a matter of principle, one may try to fix them by
asking the correlator to have the desired transformation proper-
ties under the symmetries of the system. In practice, we will
consider the imaginary part of the correlator and obtain the
complete result through dispersion relations. This guarantees
the desired analytic properties for the correlator.
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cepting its asymptotic nature. The validity of the OPE in
these cases is just an assumption.

The connection of the OPE with the physical cut can be
performed through dispersion relations. This is a well-
defined procedure, and the sum rules obtained with it are
as good as the OPE is. But the OPE, as stated above, is also
used to directly compute quantities on the physical cut. If
we knew the exact solution to QCD in the deep Euclidean
region (in a finite region) we could safely perform the
analytic continuation from there to the physical cut, but
as all we have at best are truncated expansions, this pro-
cedure can be a source of uncertainties, usually called
quark-hadron duality violations (see [7] for a general dis-
cussion). We stress that quark-hadron duality violations are
usually disregarded without a good theoretical basis.
Typically they are only discussed, sometimes, in analysis
of the vacuum polarization, and even more scarcely in
other processes like DIS or B decays like B — X,v; see,
for instance, [7-12]. Note that in these processes, pertur-
bative factorization techniques, or the associated effective
field theories like soft-collinear effective theory, simply
neglect duality-violation effects completely. These effects
can be easily seen in the large N, limit and quantified in the
"t Hooft model (two-dimensional QCD in the large N,. limit
[13]). We do so here for the case of DIS (see [14] for the
case of B decays).

The practical version of the OPE (perturbative coeffi-
cients times nonperturbative operators [5]) is at the basis of
computations at large Euclidean momentum of (the mo-
ments in) DIS and the vacuum polarization tensor, which
so far have been thought to be among the more solid
predictions of QCD, since they are not affected by quark-
hadron duality problems. Therefore, the importance of
setting the OPE and the factorization methods used in
quantum field theories, especially in QCD, on solid theo-
retical ground can hardly be overemphasized. The OPE has
been only partially checked in models, for instance in the
't Hooft model. This theory is superrenormalizable and
asymptotically free, so it is a nice ground on which to test
the OPE.? This was done at the lowest order in the OPE in
Refs. [15,16] for the vacuum polarization and for DIS off a
meson with nice agreement between the results of the
model and the OPE expectations. In Ref. [17] the OPE
was numerically checked in this model at next-to-leading
order (NLO) in the 1/Q? expansion, with logarithmic
accuracy, for the vacuum polarization. In Ref. [18] the
main results for DIS at NLO were presented. In particular,
a violation of the OPE was found at NLO in the 1/Q?
expansion. In this paper the details of that computation are
presented. The paper is organized as follows.

In Sec. II we review the 't Hooft model. We will present
the model, the semiclassical approximation to its solution

’In the 't Hooft model there are no marginal operators.
Therefore, the coupling constant has dimensions and does not
run; no renormalons should then arise.
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[16,19], and the transition matrix elements for a vector
current (in two dimensions one can also obtain from them
the matrix elements for the axial-vector current).

In Sec. III we study DIS in the ’t Hooft model. We
calculate the full, nonperturbative expression of the for-
ward Compton scattering amplitude in terms of the ’t Hooft
wave functions and energies. As we mentioned, we observe
maximal duality violations in the physical cut when com-
pared with the expression obtained from perturbative fac-
torization. Analytic expressions for the matrix elements
with 1/Q? precision for 1 — x> B2/Q? are also given.
We then compute the forward Compton tensor and expand
it in the deep Euclidean domain with 1/Q? precision. This
result is compared to what we would obtain with the OPE.
One would expect a perfect agreement at this order.
However, surprisingly, we find that our expansion contains,
besides the expected local matrix elements, some nonlocal
ones at O(1/Q?), which cannot be part of the OPE. These
nonlocal matrix elements arise from the constructive inter-
ference between two (nonanalytic) oscillating terms.

In Sec. IV we present our conclusions. In the Appendix
we present corrections to some formulas of Ref. [14],
where we studied duality violations in the context of semi-
leptonic B decays in the *t Hooft model with 1/ m2Q preci-

sion. Nevertheless, the main conclusion of that paper
remains unchanged. Namely, one observes no duality vio-
lations in the moments with 1/ m2Q precision.

II. QCDy{ IN THE LARGE N, LIMIT

The framework formed by QCD in two dimensions in
the large N, limit is usually called the "t Hooft model [13].
This model exhibits confinement: there are no free quarks,
and the only states with finite mass are mesons (the mass of
baryons grows with N_.), which are composed of exactly
one quark and one antiquark, with an infinite ladder of
gluons exchanged between them and an infinite series of
“rainbow’’ radiative corrections to their propagators (in the
large N, limit only planar diagrams with no internal quark
loops contribute, and in an appropriate gauge gluons do not
interact with each other). In two space-time dimensions,
the Dirac structure of the Lagrangian becomes trivial and
gluons can be integrated out, leaving us just with quark
fields with no spinor structure. This allows us to solve the
meson spectrum, which consists of an infinite tower of
infinitely narrow resonances, due to the large N, limit,
and features Regge behavior for large excitations. All of
this makes the 't Hooft model an attractive framework
where one can exactly “solve” QCD, and test computa-
tional techniques employed in the real world against exact
results.

In Sec. II A we will first present the appropriate coor-
dinates and quantization frame to treat QCD in 1 + 1
dimensions; in Sec. II B we will consider its large N, limit,
the "t Hooft model; in Sec. II C we will present the *t Hooft
equation and its approximate solutions; in Sec. II D we will

085011-2



DEEP INELASTIC SCATTERING AND FACTORIZATION ...

present the transition matrix elements for a vector current
at leading order in 1/N, (from which, in two dimensions,
one can obtain the matrix elements for an axial-vector
current).

A. QCDy, in the light front
The QCD Lagrangian is given by

1
= _—_G«

£l+l 4 nv

GUv” 4 D iiy Dy = mi + i)y,
i

2

where D,, = 9,, + igA, and the index i labels the flavor.

One usually works with Minkowskian coordinates, and
quantizes the fields in the equal-time frame, where fields
are defined at x° = const. However, in some cases a differ-
ent set of coordinates and a different quantization frame
prove to be more useful. In the so-called light-cone coor-
dinates, the Dirac structure of the Lagrangian becomes
trivial in two dimensions, and once everything is expressed
in these coordinates, it is natural to choose a quantization
frame in which fields are defined at a constant value of one
of the light-cone coordinates, and not x°. This is the light-
cone quantization frame [20]. This quantization frame may
be convenient when dealing with nearly massless particles.
In four dimensions this line of research has been pursued
by many groups; see [21] for a review. In two dimensions it
can be seen that it is a natural framework on which to solve
QCD; 4 in the large N,. limit.

1. Light-cone coordinates

Let us define a basis in 1 + 1 dimensions with the two

following lightlike vectors (with the metric g7~ = g~ + =
2 and zero elsewhere),
n* =(1,1), ny = (1, —1). 3)

Light-cone coordinates are defined like

xt=n,-x=x"+x), x“=n_-x=(x—xb,
€]
which implies that
= %(x+ +x7), xl = %(x+ —x7), (5)
and
=20 =0 v ~p
axt  9x®  gx! 0 1P
d Jd d ©
ot =22 =2 % — 5 —a ~p*
ax- 0x0 ox1 0 TP
P+ P7 +
px=—"* 40 (7
2
dPx = Ldxtdx~dP ?x,. (8)
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For the Dirac algebra it is useful to define the correspond-
ing light-cone matrices

hi=vy", ho=v". 9)

To have explicit expressions, it is useful to work with an
explicit representation of the Dirac algebra. We will use the
following Weyl-like representation for the Dirac algebra:

0 —i 0 i
0 — 1 —
Y (i 0) Y (i 0)’

so that the corresponding light-cone matrices are given by

0 1
- _ 0 _ 1 — _»~»:
Y Y =y 21(0 o)

(10)

an

We can define as well the following projection operators

(ys = ¥’v"):
_ltys 0y 1 . (10
A==y s =gy _(0 0)’
1—ys 'y _ 1 1., (00
A= syl =gy _<0 1)'
(12)

If we write
v=(1") (13)

then the projection operators separate the two components

of the field,
0
Ay = ( )
v "

v = (%)
2. The QCD Lagrangian in the light-cone frame

Once the light-cone coordinates have been defined, the
next step is choosing a certain gauge, the light-cone gauge.
In light-cone coordinates, the gluonic field is represented
by the components

= . Aa
AT =n, - A4

(14)

At =n_ - AL (15)

The light-cone gauge consists in fixing A%*(x) = 0; the
reason for this choice will become evident in the next lines.
In this gauge the QCD Lagrangian in two dimensions can
be written like

1 e .
Ly = §(3+Aa’7)2 + Z¢I+1D biv t ¢Z—la+‘//i,—
i

—mi(pl (=i )+ (=i )T L),

where i is the flavor index. Now, quantizing in the light-
cone frame consists in defining the fields in this Lagrangian
at x* = const. The coordinate x™ plays therefore the role

(16)
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of time, the role of the energy being played by the con-
jugated variable P~ . The other variables, P* (and P, in
four dimensions) are kinematical. For instance, the P}
component of a hadron H behaves in a ““free”-particle
way,

Py = ni" (17)

where the sum extends over all the partonic components of
the bound state. This allows one to define the variable x;,
which measures the fraction of P7; momentum carried by a
given parton,

_pi

_P,T,' (18)

Xi

In this quantization frame the field ¢ _ is not dynamical

(it does not evolve with “time,” and is therefore a con-
straint) and can be integrated out,

Vio =ik (19)

In our gauge, gluons, represented by the component A™,
are nondynamical and can be integrated out as well.? After
removing the constraints, the resulting Lagrangian can be
written like

2
mj

L= ulio v + i fay ploox)

2
X el =y ), xh) + 3 E dy gl
s5

X (o, x ) =yl (7 xh), (20)

where we have defined

-1,
elx) = { 0,
1,

Once we have the Lagrangian we can construct the
Hamiltonian,

x <0,
x=0, 21
x> 0.

2 _ .
Pr= i [ardy ul el —y)

2
X l//,-,+(y7,x+) - Zgz /dxidyi ‘//I+ta
i

X ax Dl =yl ey (6 x ). (22)

The representation of the quarks in terms of free fields in
the light-cone quantization frame is (note that this assumes

*One should not forget that there is another constraint, the
Gauss law, that restricts the Hilbert space of physical states to
those which are singlet under gauge transformations. See, for
instance, [22], where one can also find a quantization in the path
integral formulation.
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that P2 = 0)

w dpt . .
b = [ alp)e v B, 23)

and the anticommuting relations are
{a(p), a® (@)} = {b(p), b1 (@)} = 22m)&(p* — ¢™),
{a(p), b1(@)} = {b(p), a'(g)} = 0. (24)

The free propagator in the light-cone quantization frame
looks like

P/ = (vac|T(y] (x) ] (0))lvac)

- m? 4t
= [ d2k e—ik‘xl' k+ ’YT + k_i yT + mi (25)
( ktk™ —m? +ie’

where the f stands for free. The renormalized propagator is
given by the infinite sum of one-particle-irreducible dia-
grams. In the light-cone frame, and in the large N, limit,
these diagrams are limited to the rainbowlike diagrams
shown in Fig. 1, since no gluon lines can cross each other
and there is no gluon self-interaction (the gluon lines in
that diagram are not truly propagating in our gauge; strictly
speaking, all gluon lines should begin and end at the same
point in time).

However, only the first diagram of this kind contributes

k=p

1

p

where we have defined 8% = g?N,/(27). Adding a gluon
line on top of this diagram produces a vanishing integral,
which kills all the other rainbow diagrams. The infinite

sum

FIG. 1. The infinite series of “‘rainbow’ radiative corrections
to the quark propagator.
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Recall that this expression is gauge dependent. Should we
have chosen to quantize in the equal-time frame, the ex-
pression of the renormalized propagator would be (again in
the large N, limit)

(v)eq. time — d’k ikx k+ 7 + k* k +B + m,
P et o
(28)

The difference between the two propagators is (in momen-
tum space)

+
_ Pi(p)light cone — 17_ L (29)

Py(p)eatime >

which illustrates the fact that the imaginary part of the
propagator is independent of the quantization frame
chosen. Note as well that this term is local in time, pro-
portional to 8(x*). Such terms would jeopardize the ex-
pected covariance of the Green function. Let us note that if,
for instance, we consider the OPE of such Green functions
at leading order in 1/Q?, we get something proportional to
¥*q,/q* in the equal-time quantization frame but y~ /¢~
in the light-cone quantization frame. This is not a problem
by itself, since the propagator is not a physical quantity.

B. The ’t Hooft model

By solving the eigenstate equation (taking into account
the constraints, and using n to schematically label the
quantum numbers of the bound state)

P~ |n) = P, |n), (30)

one obtains the basis of states over which the Hilbert space
of physical states can be spanned. Here we will focus on
the meson sector of the Hilbert space and we will generi-
cally label the state as |ij; n), where i labels the flavor of
the valence quark, j labels the flavor of the valence anti-
quark, and n labels the excitation of the bound state.

The solution to Eq. (30) in the large N, limit gives us the
spectrum in the 't Hooft model. In this limit the sectors
with fixed number of quarks and antiquarks are conserved
and consequently the number of mesons; in particular, the
sector with only one meson is stable in the large N, limit.
Therefore, the bound state can be represented in the fol-
lowing way:

lij:n)© = f ”(i)cﬁ
’ VNe 2(277 Py) e

X (p)b} (P, = p)lvac), 31

where « is the color index, qbi,j is a wave function repre-
senting the bound state, and the state is normalized as
Oijsmlit j'; )y© = Q2P 8,88

X 8P — PP, (32)
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The superscript (0) stands for the large N, limit, and pY
the eigenvalue of |ij; n)® (we do not explicitly display the
flavor content of P\
confusion).

@ can also be understood in terms of the gauge-

invariant “‘null-plane” matrix element

except in cases where it can cause

__ - (i/2)y~ P} x
d)() \/N2(27T[dye ’

X <VaC| ¢’j,+(0: 0)¢(0r y )¢i,+(y7’ 0)|lr ]s n>(0);
(33)

where ®(x~, y~) is a Wilson line,
(I)(Xi, y—) _ P[e(ig ji_ dzfAJr(Zi))]' (34)

P is a path-ordering operator. We have inserted the Wilson
line between the quark fields to make gauge invariance
explicit, although in the light-cone gauge (A* = 0) its
expression is trivial.

The fact that the number of particles is quasiconserved
could make it possible to formulate the theory along simi-
lar lines to those of potential nonrelativistic QCD
(pPNRQCD) (for a review see [23]), where the wave func-
tion (the ’t Hooft wave function in our case) is promoted to
the status of being the field representing the bound state.
We will not pursue this line of research here, however.

From the large N, limit solution we can obtain the
general solution to Eq. (30) within a systematic expansion
in 1/N, using standard time-independent quantum pertur-
bation theory (we use x* as time). It has the following
structure (the momentum of the bound state will not be
displayed explicitly unless necessary):

lijny = 1ij; )@ + 3" " Jiks n)Okcj; m)O©

mn' k

X (ik; n'| Ok j; m| P~ |ij; n)©

1 1
“ PO P po O(VC)’ G

where the second term in the expression is 1/,/N, sup-
pressed. Here we have used the fact that, at order 1//N,
P~ only connects neighboring sectors (n-mesons — n =
I-mesons), becoming an almost diagonal infinite dimen-
sional matrix (see also [24]).

C. The ’t Hooft equation

By applying the operator P~ to its eigenstate |n) at
leading order in 1/N, one obtains the 't Hooft equation
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Ml (x) = P> il (x)
2
= (i 0 Vg
PRl
1
(=7

where M,, is the bound state mass, x = p*/P;, p™ being
the momentum of the quark i, and P stands for Cauchy’s
principal part.* The renormalized mass is given by m,2 R=
m? — B2. The principal value prescription serves to regu-
late the singularity of the integrand, which originates in the
infrared divergence of the gluon propagator.

This equation cannot be solved analytically in general,
but much can be said about the wave function ¢, (x) and
the spectrum. The "t Hooft wave functions are chosen to be
real and normalized to unity

- B [ dy ()P (36)

[ | dxpil” () in(x) = S, (37)
0

and they vanish at the boundaries with the asymptotic
behavior

¢i (x) = cixPi(1 + o(x)), x—0, (38)

and similarly for x — 1 (changing i — j and x — 1 — x),
where 3; is the solution of

m? — B + B2mB;cotmB; = 0, (39)
which in the massless limit approximates to

V3 m;
,31-———+ o(m;). (40)
B
The only case in which the analytic solution of the ’t Hooft
equation is known is the ground state with massless quarks.
The solution in that case is ¢(x) = 1, which means that
lim ¢) = 1. 41

m; ;=0

In principle, there are several ways to obtain this result.
One can work along the lines of Ref. [25] to obtain an
approximate Schrodinger-like equation, which can be ap-
proximately solved for the ground state. Another possibil-
ity to fix the value ¢/, is by matching the solution ¢, = 1
and the solution ¢, = c{x# in the region of overlap (the
latter is valid for x << 1, whereas it can be approximated to
a constant, cf), for values larger than e B/mi whichisa very
small quantity for small masses. Therefore, there is a

*One can use the following representation of this distribution:

R 1[ 1 . 1 ]
(x—y? 2lx—y+ie (x—y—ie?
1 [ .
_5 f_oo dZ|Z|el(x_y)Z.
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region on which the constant solutions ¢}y and 1, overlap
and should be equal by continuity). One can also use the
value of lim,, _ [} do(x) = 1, to fix c).

The wave functions also obey the following very useful
symmetry relations [15]:

B (x) = (1) i (1 — x), (42)

m, [ dx ¢ (X) 1y [d i (X) 43)

1. Semiclassical solution of the ’t Hooft equation

For large n (high excitations) one can obtain approxi-
mate analytic expressions both for the meson wave func-
tions and the spectrum through a semiclassical
computation. In the interval 1/n<x=<1—1/n the
WKB method gives the following solution for the wave
function [valid up to O(1/n)]:

¢ (x) =~ 2sin[(n + Dax + 8Y(x)], (44)

and the spectrum reads [13]

M; = 7 B*n + (m3, +m

)lnn+3T7T2+C(,82)

+ C(%) + 0(%). (45)

The phase shift 8, and the constant C(m? ) in the spectrum
were obtained in Ref. [19], and they are [the expression for
C (m r) was incorrectly written in Ref. [19]]

I = x)Ink + Inx] — (1 — x)

8i(x) = ;{_ ";f
()]
{437

m2
+ IBL‘ZR[xlnn + In(1 — x)]

C(m’%R> _ [ [ 1 —2y/sinh2y 1 ]
B2 ycothy + m?,/B* y+ a*
+ ﬁ'zR. (46)

In the limit of small bare masses, this coefficient reads
[C(—1) = —6.07242]

m?p s
C<B2> C(— 1)+\/_7T—+(9(m) (47)

Equation (46) is obtained by studying the behavior of the
wave function near the classical turning points, which is
delicate for the 't Hooft model, and requires a precise
quantum treatment of the boundary regions (0 = x =
1/n, 0=1—x=1/n). This treatment is provided by
the boundary-layer approximation.
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2. The boundary-layer approximation

The boundary-layer approximation was first presented in
Ref. [16] and later studied in Ref. [19]. As its name
indicates, it is concerned with the behavior of the wave
function on the boundaries, and it is valid only for large
excitations.

For x < 1/n the boundary-layer function is defined as

$,(£) = lim ¢£J(§ s ) (48)

n—oo M’%

for finite £. For 1 — x < 1/n one may use the symmetry
property shown in Eq. (42) to write

B 2
#,(6) = lim (-1 (1 - 5%). (49)

¢i(&) approaches ¢ =0 following the behavior of
Eq. (38), and matches the WKB solution (44) as & — oo,

bi(&) = V2sin[(&/m + 8(£)], if E— o0,  (50)

with
1 m? m?
o6 = |- Zme/m - () + T e
© = -2 mie/m) - () + 2} on
The boundary-layer function fulfills the following equa-
tion:

1

(¢ -9
(52)

It is possible to analytically solve the Mellin transform of
this equation [19]. Define

m%,R/BZ
&

bi(&) = bi(E) — j e (ENVP—

i) = [) T AEE T (£). (53)

In terms of ;(A) the boundary-layer equation transforms
into the following difference equation:

(A + 1) = (mAcot(mA) — By cot(mB)) i, (A). (54)

Any solution to this equation can have an arbitrary multi-
plicative periodic function P(A) = P(A + 1). A unique
solution is determined by the following three conditions:
(1) analyticity of ¥(Ag + iA;) in the strip =8 < Ap <1,
which can be seen by the definition of #(A) and the
behavior of ¢;(£) for small and large £; (ii) real analyticity,
Y (A*) = & ()); and (iii) the asymptotic behavior for A; —
oo, which can be obtained from the WKB solution. With
these conditions, the solution to Eq. (54) is

1+ (m?p/7B?) tanmwA/(B, + n)
1+ (m?p/mB?) tanwA/(A + n)
(55)

where ((A) is the solution to Eq. (54) in the massless
case,

Pi(A) = %(A) l'[
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A1 + Llgin2
Yo(A) = 7T (A) exp[—zw / dziﬂ]
0

sin(27ru)

(56)

and B, are the roots (0 = B, = 1) of
wB%(B, + n)cotwfB, + m? = 0. (57)

In particular, one obtains for A = 0, 1

[aeO -
0 3 m

i

ﬁ) dédi() = 7. (59

These two expressions are the leading-order contributions
to the integrals [} dxy(x)/x and M2 [} dx¢i! (x), respec-
tively, for large n. Let us see that this is indeed the case. We
consider the first integral; if we split it into two parts,
cutting at some point w such that 1/n<u <1-—1/n,
we can write

1 . o (m . 1 .
/()dxqﬁ,{(x)/x—[o dx¢,{(x)/x+[lu dxa; (x)/x
=f" dx¢£{(x)/x+[' dx il (x)
0 M
- f " dxdl(x)/x + (— 1) f " dxdii(x)
[ oy

= f dgMJr o(1/n), (59)
0 &

[ déd,(€)

where in the third line we have used the symmqtry property
given in Eq. (42). The integral M} [{dx;l(x) can be
obtained from [} dx¢;/(x)/x through the 't Hooft
equation.

In Ref. [17], by matching OPE and hadronic results for
two-point correlators, the 1/n corrections to the results of
Eq. (58) were found to be

L pil(x) B mig + mz'R
d A F I B 1y
,/;) . X 77-m,-I: 2n? B2 2,82( )
1
+o(5)] (60)
n
and
! ij mig + mip m;m;
M%/O dx¢y(x) = Wﬁmi[l + 2n7r2,82] py2
x (—1)"] + (—1)"mBm,
m?p + m?
X [1 pbR IR L (—1) ]
2n? B2 n772,82
1
+ 0(—2). (61)
In Eq. (60), the term ”i'g’z (—1)" is the contribution from
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the boundary 1 — x < 1/n, the term we discarded in the
last line of Eq. (59). The other correction is therefore
purely the 1/n correction to the boundary-layer function.
One should obtain and solve the boundary-layer equation
at next-to-leading order in the 1/n expansion to obtain this
correction analytically. Such a computation would require
a dedicated study and goes beyond the aim of this work.

D. Transition matrix elements

In this paper we will need the transition matrix elements
between mesons generated by the electromagnetic interac-
tion,

LPP ==Y ey At (62)
i

This interaction does not change flavor. Therefore, we will

only consider neutral currents. We will consider the case of

a charged meson made of a quark and antiquark with

PHYSICAL REVIEW D 79, 085011 (2009)

different flavor and the case of a neutral meson made of
a quark and antiquark with the same flavor. The case of the
charged meson is more interesting since it is stable under
electromagnetic interactions. We obtain the matrix ele-
ments by using light-front Hamiltonian perturbation theory
inthe 1/N, expansion, as we did in Ref. [14] for the case of
the flavor-changing currents. For ease of reference we
review the procedure here.

We only aim to obtain the matrix elements at leading
orderin 1/N,. Nevertheless, this does not mean that we can
just work with the leading-order solution to the bound
states. As we will see, we will also need the 1/./N,
corrections to the bound state shown in Eq. (35).

The contribution to a matrix element can be split into
two parts. We distinguish the contributions to the current
according to whether they come from ‘“‘diagonal” or ““off-
diagonal” terms, which we show in Fig. 2. The diagonal
term directly connects the current to the leading O(1/N?)

Q C
m
Q
Q
q:Pn_Pm
I~ e .
C
n C
c o« /N
m
s
« 1/v/N
Q
Q
q:Pn_Pm
- n’ T
C
n C
C <><\/N
m
s
« 1/v/N

FIG. 2. Contributions to the hadronic matrix elements of the current (here shown for a general flavor-changing current). The first
figure corresponds to the “diagonal’ contribution to the matrix element, Eq. (63). The second and third figures correspond to the ‘‘off-
diagonal” term, Eq. (64). The ® represents the current, and the gluon exchange the effective four-fermion interaction in Eq. (22).
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term of the bound state. Considering a flavor-changing
current for some generality, the diagonal term is

(@ jyml oD lifs Ml giag = O js mldp oLl n)©).
(63)

This term is of O(1/N?) and is produced from terms of the
type L, ~ a?,a,- + ---, which in a way change the
flavor of the quark from i to i’. Nevertheless, there is
another possibility: ¢ "¢y, ~ a;r,b;r (bya;), which can be
understood as the creation (annihilation) of a new bound
state. This possibility does not overlap with the leading-
order term in the 1/N, expansion of the bound state, but it
does overlap with the 1/,/N, term. Whereas the matrix
element connecting the one-meson sector with the two-
meson sector is 1/4/N, suppressed, the overlap of the two-
meson state with the current is /N, enhanced. This is why
this contribution has to be considered as well at leading
order in 1/N,. We define the off-diagonal term as

(@ jml oDl ) ott-ding
Zz/ dP;“, 1
2- ) 2@mPy PO — P - p0-
X (vac| i T, lid's n )OO 0! | O j; m| P~ i j; n)O).
(64)

This matrix element is the contribution of the term b;a;.
It connects the 1/+/N, correction to the initial state [see
Eq. (35)] with the leading final state. It is nonzero when
P, = P;. A bonus of working this way is that, once
OGi’, n'| O j; m|P~|ij; n)© has been computed, it can
be used for any current. The other possible matrix element
(involving the term a;r,b;r , therefore connecting the leading
initial state with the 1/,/N_ correction to the final state)
contributes for P;’ = P,;. We will present here the matrix
elements at leading order in 1/N, just for the case P,} =
P, which then read

<i/j§m|l,_bi’rl//i|ij;n> = <i/j;m|'7zi’r¢i|ij§n>|diag

+ s ml Ui m) ogr-diag-
(65)

We can obtain the matrix elements for the case P, = P},
simply by exchanging the labels n < m in the expressions
at the right-hand side of this equation. Nevertheless, we
will not need them in the next sections.

We present the matrix elements for a vector current, I' =
y*. From them one can also find the matrix elements for
the axial-vector current, as this current can be expressed in
two dimensions as a combination of the vector current and
the tensor e*”:

iy yr =€y, (66)

where €™~ = 1, or ! = 1.

PHYSICAL REVIEW D 79, 085011 (2009)
We define
q="F,—-P,

x=—q"/P,. (67)

The expressions below are therefore valid for x = 0.

1. Neutral currents

We will consider the case of a charged meson made of a
quark and antiquark with different flavor and the case of a
neutral meson made of a quark and antiquark with the same
flavor.

a. Charged meson: Nonequal mass case

With our conventions, the full transition matrix elements
for the + component of the current read

(i)
<ij;m|'72/i’y+¢i|ij§n>
= 2ijsmlyl, ¢, lij;n)

—2pi(l - x)[ fo ' dedi@ i + (1= x)2)

111
- X232 [ [ / dudvdz
o Jo Jo

(G v g y
(x(lm_(zi)c’_;(”("l _‘i))z)z (¢ + (1 = x)2)

- ol | (68)
(i)
Cijsmlgp yy ™ o lijs n)
= —2p} (- )] [ a8 (1~ )
e [ fl i
. Z’fl(ziif)f(f’;l"i’ (@ = )
gl = (1 =) (69)
where
Gulw v = 3 L) g

q° — M,

n'=0

For the — component we obtain
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(iii)

Gijsml iy~ ilijsn)
= 2ijsmlyl_y; _lijsn)

~ 2t ¢)*(’;’_ i i)

2l [ ()il (x + (1 — x)2)
_P;[ i,[odz z2(x + (1 — x)z)

—l—ﬁz(l—x)/;)l];)]dudz

n (@) [LdvG(u, vig?) — 1)
(x(1 —u) + (1 — x)2)?

X (¢i(x + (1 - x)2) — ¢£{<xu>>]. (71)
(i&)].;m|¢j77 ¥ ilijin)

X

__2 ! (2 (z(1 — x))
P [miﬁ === )

~|—,82(1—x)[01f01dudz

M(2)(g? [ dvGii(u, vig?) = 1)
(1—2z(1=x)—x(1 —u))?

X (i1 — x)) — i1 — (1 - u)x»], (72)

where in Egs. (71) and (72) we have used that

f dvyi(v) = f dvp(v) =0, if n=o0dd, (73)

and

[d Z M2, ¢“( ) () _

T q* / dyGi(x, y:¢*) — 1.

(74)

In order to obtain some of the above expressions we have
also used the equations of motion in order to rewrite i; _
in terms of the physical component in the light-cone quan-
tization frame, ;. This is licit as far as the current is
sandwiched between physical states.

We note that the matrix elements are related by current
conservation:

—qijsml,y ™ lijsn),
(75)

g ijsml Py~ glijsn) =

which holds for arbitrary values of x and Q (and for any
flavor). It is also useful sometimes to use —¢q~ /gq© =

PHYSICAL REVIEW D 79, 085011 (2009)

0?%/(x*(P;})?). Equation (75) looks quite nontrivial if we
take a look to the explicit expressions in Egs. (68) and (71).
Nevertheless it can be shown to be an exact identity by a
combined use of the identity Eq. (74) (this equality allows
one to rewrite the off-diagonal term in such a way that
terms with a sum over infinity intermediate states drop out
in the difference) and the 't Hooft equation, Eq. (36).
Current conservation also implies that the vector current
matrix element can be written in the following way:

G ml oyt lijany = (P,’f + pl

+(M;%_M2) ,u) ljl 2)

q2
(76)
G ml oy lijin) = (P# L pr
2 -_— 2 PR
+ (Mn sz) C]’U“) ;{l,r{ q2)
q
(77)

Obviously Pii(q?) and Ali(q?) are related by charge
conjugation symmetry:

A = — (= 1) Pl (78)

This property can be easily visualized using the symmetry
property of the 't Hooft function given in Eq. (42). It allows
us to easily write the antiparticle currents, Eqgs. (69) and
(72), in terms of the particle currents, getting the correct
—(=1)**" factor.

b. Chargeless meson: Equal mass case

In the case where the particle and antiparticle compo-
nents of the meson correspond to the same field, the
expressions for the matrix elements can be simplified. By
using

(iis ml iy iiliis n) = (Pﬁf + Pi + ("T’")qu)

X (1= (=1)""™Pui(g®), (79

we obtain

)
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(Gismlgiyt yilityny = 2 mlyl, g, i n)

PHYSICAL REVIEW D 79, 085011 (2009)

—[1 = (— 1)y RPE( - x)[fol Azt (D (x + (1 — x)2) — X232 /01 [01 fol dudvdz

(@G, v; g?)
(x(1 — u) + (1 — x)z)?

(ii)

T T . m; t(m; .
Cisml iy~ lityn) = 2<n;m|(l.a—ﬁr l//,-,+) (la—i ¢i,+>|n;n>

= [] — (_1)n+m]P27+|:m12 fol dz
1) [§dvG(u, vig?) — 1)

(x(1 = u) + (1 = x)2)?

The terms associated with 1 correspond to the particle
current, and the ones associated with —(—1)""" to the
antiparticle one. Note that our results fulfill charge con-
jugation symmetry.

The + component of the vector current was already
computed in Ref. [16]. The computation of the rest of the
matrix elements had to wait to Ref. [26], but we disagree
with their results for the — component of the vector
current.

III. DIS IN THE T HOOFT MODEL

We consider here the differential cross section of the
electron-meson scattering going to electron + anything:
eM — eX. The interaction we consider is therefore the
one given in Eq. (62). One should also have to include
the leptons and photons, which we will not do explicitly.
We will only consider the electromagnetic interaction per-
turbatively in e at the lowest nontrivial order.

We are particularly interested in the situation when the
momentum ¢ transferred by the virtual photon is very large
(DIS). Considering DIS with mesons rather than with
baryons will allow us to use the results of the 't Hooft
model. The meson has flavor content M ~ g;g;. Unless
explicitly stated, the formulas will hold true either if i = j
or not.

DIS in QCD; . could be considered somewhat delicate,
since quantum electrodynamics (QED) is confining in two
dimensions. However, we will consider the electromag-
netic interactions as pure current insertions. Working in
the ’t Hooft model we will be able to write down the full,
nonperturbative expression of the scattering amplitude. As
we mentioned, we observe maximal duality violations in
the physical cut when compared with the expressions
obtained from perturbative factorization. Analytical ex-
pressions for the matrix elements with 1/Q? precision for
1 — x> B%2/Q? are also given. We then compute the

(i(x + (1 — x)2) — ;‘:’(xu»]. (80)
()i (x + (1 — x)2) o
td=ny TR x)fo fo duds
(i(x + (1 — x)2) — f,f(xu))]. 81)

[

forward Compton tensor in the deep Euclidean domain
with 1/Q? precision and compare the results to what we
would obtain with the OPE. Surprisingly, we find that our
expansion contains, besides the expected local matrix ele-
ments, some nonlocal ones at O(1/0Q?), which cannot be
reproduced by the OPE.

In Secs. III A 1 and IIT A 2 we will present the kinematics
and definitions that we will use, and the expression of the
scattering cross section; in Sec. III A3 we will give the
approximate form of the matrix elements with 1/Q? pre-
cision; we will use these approximate matrix elements to
give our result for the expansion of the forward Compton
scattering amplitude in Sec. III A 6. Next, in Sec. [II B 1 we
will perform the perturbative calculation of the imaginary
part of the amplitude; in Sec. III B 2 we will obtain the OPE
expansion from the previous result, and compare it with the
exact expression.

A. Hadronic computation
1. Kinematics

The kinematics of DIS can be found in Fig. 3. They share
some similarities with those of semileptonic B decays [14].
However, in B decays one has that ¢g> = 0, which is an
added constraint. Therefore, the expressions we have to
deal with here are more complicated than those used in
B decays, since now more kinematical freedom is allowed.

The kinematical variables that we use are Q> = —g> >
0 (this comes from the kinematics of the scattering process)
and(qunz_Pn)

0 q"

s = -, 82
2w, TP (52

XB

xp 1s explicitly Lorentz invariant, whereas x is the natural
variable that appears in the solution of the 't Hooft equa-
tion. Momentum conservation in terms of x reads
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FIG. 3. Deep-inelastic scattering off a light meson. The mo-
mentum of the photon ¢ is incoming.

P = Q2 L2 - ), (83)
and in terms of xp reads
pr=g T g (84)
XB

By combining both equations one obtains the following

relation between x and xp:

X
_.
1—2ex?

’I
X
0’

(85)

Xp =

This equality is quite remarkable. It means that in two
dimensions x is also Lorentz invariant. On the other
hand, xp can be unambiguously obtained from Eq. (84):

1

Xp=———. (86)

P%L—P}
1+ =25

With this expression we see that if the target is in the
ground state (n = 0), xp is positive and runs from 0 to 1.
Having x; > 0 means that we always have ¢° > 0, that is,
the photon always transfers energy to the target. If the
initial state is a resonance (stable under strong interactions
in the *t Hooft model), we can have P2, < P2, and the value
of xg is not restricted anymore. If P2 < Q?, x5 will run
from 0 to some number greater than 1, but if P2 > Q?, xp
can reach negative values (and therefore so does ¢°). We
will not be concerned about this last situation since we will
only consider the deep-inelastic region, with Q2 > P2,

The fact that x5 can be larger than 1 may look surprising,
compared with standard DIS in four dimensions. The
reason has nothing to do with dimensions but with the
fact that in four dimensions one usually considers the
ground state as the initial state. In this situation the final
state can only be the initial state or an excitation, which
sets x5 = 1, whereas xy™ > 1 happens for a final state
with lower invariant mass than the initial state.

If we now consider x, we see that Eq. (85) is quadratic in
x, which means that for a given xz we have two possible
solutions, x > 0 and x < 0 (that is, either g* <0 or ¢* >
0). This has a physical origin, the parity symmetry. The
first solution corresponds to the frame where the initial

PHYSICAL REVIEW D 79, 085011 (2009)

lepton moves from right to left, and the second one to the
frame where the lepton goes from left to right. We can give
bounds to the values of g™ and ¢~ in both cases through
momentum conservation, and the requirement that P%1 =
0. The conditions are symmetric, of course,

7t 2 -
0<—1 <, @ 1

P, P: P,

left-moving incoming electron,
(87)

QZ + —
- < —+ <oo, O0<—<1
P, P, P,

right-moving incoming electron.

However, as we break parity symmetry in the light-cone
quantization frame, the two cases will not be equivalent for
us. With the transition matrix elements given in Sec. II D, it
is easier to find approximate expressions for the cross
section in the case of a left-moving incoming electron,
and therefore this is the frame we choose. In our frame,
then, 0 < xp < x§™, where

xgax — 1_’_113713% = 1, (88)

0*

and 0 < x < 1, where the limit x = 1 is only reached in the
massless case when the initial and final states are in the
ground state.

Note that in Eq. (83), as far as Q% > P2, the factor
P2(1 — x) can always be neglected (in a first approxima-
tion) compared with Q2 I=x independently of the value of
x. This is not true in Eq. (84), where in the xz — 1 limit P2
cannot be neglected. More generally, we can actually dis-
tinguish three different kinematical regimes:

@ P2 =M%= 0Q%m= QB 1 — x5~ 1,

(b) P;, =M;, ~ QAQCD; ~Q/B, 1 —x3~ B/0,

(c) P2 = M2 AQCD, ~1,1— x5 = B%/0%
where m is the principal quantum number of the hadronic
excitation.

In this paper we choose to work in the target rest frame.
The DIS limit corresponds to the limit where Q* — oo
keeping xj fixed. In our frame this implies ¢* <0, g~ —
oo and the Bjorken xp goes like

_q2 ~_q+

2P,-q Py

Xp = x. (89)

The Bjorken variable x5 and x are in general different but
they approach each other for large Q2. In general the
momenta in this frame scale like

Py =P, ~Agcp ~ B, gt = —xP,,
g~ = Q*/(xPy), P, =P, (1 —-x) (90)
P,=P,+q ~q .
We have two possible expansion parameters, A =

‘/AQCD/Q, which is always small, and A = /1 — x, which
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is small in the limit x — 1. We can see that in this limit the
outgoing hadron behaves as a collinear particle, with a big
momentum component P, and a small invariant mass,
although the scaling is not standard:

P~ A2 Agep, P,, ~ 0%/ Aqcp. on

There is another frame in which DIS is usually studied,
the Breit frame, in which the photon carries no energy. The
momentum components in this frame are

+=_Q7 _=Q}
P, =1, Pl =17,

Py =0+1",
P,=0+1",
QI and P2, =~ QI*, and

92)

where [ are fixed by setting P2 =~

X’zﬁ. (93)

In this frame the scaling is simpler: [T ~ QA% and [~ ~
0QA2, so that

Py, ~ QX Py~ 0. (94)

This is the natural frame to study DIS near x = 1 (there is
no dependence on Aqcp neither in P, norin P,,, unlike in
the target rest frame). The price is that here both the initial
and final hadrons are collinear traveling in opposite
directions.

2. Scattering cross section

The differential cross section is given by (I/I’ represent

the momentum of the incoming/outcoming lepton)
1 dp;,
AP, - py = Mym})'/2 2Q2m)P,,
dr+ ) 5

X ———— P, U'IS|P,, DI*(2

3y P V18I, DP@T)
X 8X(P, + 1 —

d*o =

P, =), (95)

where S is the transition matrix operator, and |[) =
VIt a,(l)|vac). Expressing I'* as I'* = [* — g*, we can
rewrite this as

5 1 dp;,
doo=
4P, - py — Mzm})\/2 2Q2m)P,
dg*
X—t [P, — q|S|P,, D|?
X 2m)?8*(P, + g — P,,). (96)

Being an observable quantity, o is gauge independent, and
we can choose the gauge for the electromagnetic field that
we please. The usual choice is the gauge Afy, = 0, but
there is also the option Ay, = 0. We can give compact
expressions for o at LO in « in each of these gauges:

PHYSICAL REVIEW D 79, 085011 (2009)

1 d2q - +
7T [(277)20(61 )0(—q™)

- 4P, p—
(( +)2) Im{7** P (97)
for the first gauge, and
_ 1 d’q a4
T A, = Mo /(277)2 blg)0(=q")
<( 7)2) Im[/~ " J47W ™~ (98)

for the second one, where W', [** etc. are the compo-
nents of the leptonic and hadronic tensors, defined as

o = i [ ey P (6) i (0)y” 0D,
(99)
and
wwr =—Zeheh//d2xei‘”
hh'

X AP 3,0 y* 1, (x) 1 (0)y” 4 (0)| P,
dpP;,
=S X[m0y 1 0IP,)

h n
X AP 1(0)y" 1, (0)|P,)(27)? 8*(P, + g — P,,).

(100)

In the above sum over & and /’, there is only a contribution
when both indices are equal to i, j. Since in the large N,
limit the spectrum is comprised of zero-width resonances,
this tensor is a sum of deltas at the position of each
resonance, a structure that cannot be reproduced by per-
turbation theory.

The leptonic tensor can be easily calculated, and at
0(a) we find

Im[/#”] = Im[ie? [dze_iq'x
XU () y# () §,(0)y” 4, (0)] )]

4
— 477.62[+<(l+ _ q+)5,u+51/+ +

m;
(I —¢*)
X 5#*3V*)5((z+ g =g ) —md).
(101)

We can see that the imaginary part of the leptonic tensor
obeys the identity
1 1
Im[[T*]=—
(") (¢7)

which implies

Im[l="], (102)
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L T S

@2 Tt

as required by charge conjugation symmetry. Current con-

servation in 1 + 1 dimensions also implies that the had-

ronic Green function can be written in terms of one single

scalar function (unlike in four dimensions, where we have
two functions for a spin-zero particle)

_ g P P,
www>=(m:—%)(mf ”q )W<Q2 x5).

(104)

(103)

Therefore,

W= (2x) 1+ 1 2)2W++

B (ZX) 1 W
a7/ 1+ Ig—gxz)z '

If one writes the hadronic form factor in terms of the
current matrix elements one obtains

(105)

W02 ) = 5 z le:Pi(?) + e, ()

X 8((P, + q)* — Py,), (106)

where P and A%/ were defined in Egs. (76) and (77).

The delta of momentum conservation implies that
W(Q? xg) # 0 only for xz >0 (because we set P2 <
0?). We could define different hadronic tensors that would
give the same result for the cross section, but would also
have support for negative values of xp. Instead of defining
WY with J*(x)J"(0) we could also define W” using
[J#(x), J*(0)], or WA¥ with {J*(x), J*(0)}. The scalar
part of these alternative tensors would be

W(Qz’ xB) = W(QZ’ xB) - W(er _xB) (107)

W(Q% xp) = W(Q% xp) + W(Q% —xp). (108)

Note that W(Q? x3) = —W(Q? —x5) and W(Q? xp) =
W(Q? —xp). Actually, the tensor W~ is often used to
study DIS.

PHYSICAL REVIEW D 79, 085011 (2009)
3. Matrix elements in the DIS limit

In Sec. IID 1 we showed the matrix elements for flavor-
neutral currents. Our aim here is to obtain analytic expres-
sions for these matrix elements with relative precision
O(1/Q?) in the situation when P2, > 3% (this means 1 —
x = B/0, and large m). In this situation we can use the
boundary-layer function and its properties for the final
state m.

We first consider the y~ current, for the more general
case of a charged meson (i # j). We will show only the
particle matrix elements, as the antiparticle elements can
be obtained from them using Eq. (78). The diagonal term is

2m? (1

PT f dz
(@i + (1= x)2)
2ix+(1—-x72

Cijsmld iy~ dilij; l’l>|diag =

(109)

We are only interested in computing these matrix elements
for values of x = x,, satisfying
P2, = Q2 "+ P2(1—

X,) > %, (110)

m

since this is the requirement imposed by the delta of

momentum conservation of W#”. In this situation we can
1—x, =

assume that P2 ~ Q? —oand (z = EB%/M2)

2 1— 2
~§B—2 x’"_g—<< 1.
'x”’l Mm xm

1—x,

z (111)

Note however that this would not be true if we had kept m
fixed but independent of x and we had performed the limit
x— 0.

We can then expand Eq. (109) by considering that the
wave function ¢;;(z) oscillates heavily except in a small
region around the origin. In a boundary-layer-like fashion,
we could say that the integrand is concentrated between 0
and some finite & << M2,/ 8% and we can expand in z(1 —
X)/x <1,

T A ( ) ; 1 y Y(x) 1 .
iy wiinla = (530 [ o+ o2 [l ot = 2300 = [l acolio)
; 2+ m? 1
—WH(] +m£fmz’;l§'”mmfﬁz<—l>” M C T g

N (m? + (—1)mmimj)x¢;ij(x)i| + 0<Q12)'

Q2

In the last two terms we have used that M2,

~ ()2 1=x
= Q2=

(112)
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The off-diagonal term is
2

<l.]an|¢ YRS |lJ’n>|off -diag = P+ Bz (1—x) z M2

< [ [ [ audva:

()bl (u) 7 (v)
(x(1 — u) + (1 — x)z)?

X (¢ (x + (1 = x)2)
— ¢l (xu)).

The main contributions to the integral over z must come
from the end points of the function ¢3(z), as m is large and
the wave function oscillates heavily anywhere else. We
then focus on the regions
2
z=§ %
with finite . The region z = 1 — £B8%/M32, is actually
subleading. Then, considering that, in the sum over n’/,
states with large n' are weighted more than those with a
small n/, we use the boundary layer for ¢, (1) and ¢,,(v)
as well. We use Eq. (74) to express the sum in terms of the
Green function. Defining

(113)

2

m

(114)

2 2
u=n%, UZV%, (115)
it can be shown that [16]
lim Y f il (nB2/ 02 (v)
Q" —o0 n'= 06]
_ i . m [ oi(v)
=h(ng—-1= py /;) dv—v ot (116)
where
nn) = lim g2 [ avGung?/Q% v ). 1)
200 0

Combining all this information we can approximate the
off-diagonal term by
2

1ij o
*QQ Xl (x) = p

X[()df[()dnj;)dv

(OB
(r+ 6n £

~~2mp §2x¢”f<x),
(118)

Gjsnlg iy~ gilif; Moff-diag = —2—

up to o(1/Q?) terms. The last equality is found assuming
that the integral is dominated by the region &, v — oo,
where we can approximate the behavior of the boundary-
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layer functions by ¢,(£&)—¢~® /2 sin(&/ m):

foo it /oo i j‘oo o 2sin(¢/m) sin(v/m) _ 2
0 0 0 (n+ & +v)

We have tried to confirm this result by numerically com-
puting the integral

. (119)

M2 d)" PN

(z+x)(z+y)

(120)

which, for large n/, tends to the integral in Eq. (118).
Unfortunately, the numerical computation of this integral
is delicate (we use the method developed in [19] for our
numerical calculations), as it requires a fine-tuning be-
tween a small value of the integral and the large value of
M3 (for instance for n = 40 one has M2/3? = 402.2).
Moreover, for large values of n the integral becomes less
precise. Nevertheless, the results we obtain appear to ap-
proximately converge (in an oscillating way) to the ex-
pected value, 77, as can be seen in Fig. 4.

Adding up the diagonal and the off-diagonal” approx-
imations, the total result for the — current reads (for x =

X)

2 2
m; mig T Mjg
g 1+ 232
- 2mr- 3

<ij;m|‘_Pi7_ lﬂi|ij;"> =2mp

m77'2,82( D"
+ (-1
_m gl
+ (ml%R + (—1)"m;m;)
et 43
(121)
“,’fz’

FIG. 4 (color online). Numerical evaluation of Eq. (120) rang-
ing from n = 8 up to n = 40. It oscillates around the expected
value with increasing accuracy for increasing » until the nu-
merical accuracy of the computation deteriorates. Calculations

are done with m; = m; = B.
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For the + current, Eq. (68), we cannot proceed in a
similar way since both the diagonal and off-diagonal terms
are logarithmically divergent at O(1/Q*). The diagonal
term in this case is O(1/Q?), whereas the off-diagonal
term is O(1/Q%). It is possible to give an approximate
expression for the diagonal term at the lowest nontrivial
order

1
2P (1~ x,) [ Azl Bl + (1 = x,)2)

1

= 2x,,P;f 7T,8 ¢ /(x,,) + 0<Q2) (122)
In order to reach the desired O(1/Q*) accuracy, we rewrite
the + matrix element such that the logarithmic behavior
cancels (or in other words we rewrite it in terms of the —
current using current conservation):

(P +)2
P (ijsmldy” @ilijsn),

(123)

(jsmlgy*pilijsn) = x

which holds both for particle and antiparticle.

Summarizing, we have obtained simplified analytic ex-
pressions for the — and + particle currents with relative
accuracy O(1/Q?) in the situation 1 — x > 82/Q?. For
both currents we can see that the off-diagonal term is a
correction compared with the diagonal term. The antipar-
ticle matrix element can be obtained from symmetry
arguments.

In order to have complete control over the matrix ele-
ment, we need an estimate for the region 1 — x ~ 8%/Q?
as well. When x— 1 we can approximate x =1 —
M?2,/Q?, and express the matrix element for the + current

|
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as [16]

Cijsml gy ™ Pilijs ml ey - —M;/Q% Q=

m

— 2Pt ( ) [qub(z)(l—z)
—Mirzn jo dzii(2) [) dv

(+ )= (-2
x e h_(Mgnu)]

1
~of s

where ¢,/ (x) = c¢i(1 — x)# + o((1 — x)#/). The matrix
element in this limit is suppressed by a relative factor
1/Q% with respect to the leading term in Eq. (123)
(though it is enhanced with respect to the subleading
term). Nevertheless, Egs. (123) and (124) cannot truly be
compared since they refer to different regions in x. In any
case, we will see that the associated contribution to the
moments is subleading (as far as N is not very large). This
is due to the fact that it only contributes in a narrow portion
of the total integral of the moment.

In principle, Eqgs. (123) and (124) (at least the leading-
order expression) should merge in the intermediate region
when 1 — x is small and yet M2, > B2. We can see that
they do if we let M2, increase in Eq. (124).

(124)

4. The hadronic tensor

_ The expression for the component of the hadronic tensor
W~ reads

dpP,, y - ~ 2
4772 [ sampr | m ey i Olijin) | @m?8%g + P, = Py)
h
. 5 - . 2 l—x
I eu 3Oy 0y Olijem) | 0(03 — M1 — ) - 2 ), (125)
T
Using Eq. (121) we can give an approximate expression for W=, valid for large Q% and 1 — x > 82/0?,
. L Wt ey
w z2(q—+) Zﬁ(M%, -~ Mi(1-x)—Q? . ){e,-m,[(l + 2m77'2B£ +mw2é2(—1)
m+( D"mmy\ . m? p + m?
)0 + g+ (1) S5 610 | = 1 (14 T LU e
m? 4+ (—1)"m;my\ .. 2
i+ QZ) ! >¢Z’(1 —x) = (mip + (—l)mmjml-)é dr(1 — x)]} , (126)

at O(1/Q?), and consequently W reads
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< 27 Bx\2 1 L N
W_2< QZ)(H%%Z%(S(M"’ M;(1—x) = Q

m+( 1)™"m;m;

i) + g + (1)) s b )]—(—nmejmj[(u
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2

— m?, + m?
Neml (1 g™ g 1"
X 2mm- B ,8

2 2
mjg + mjp " m;m;

Q2 2m7T2B2 Wl77232
24 (—1m
x (=1yn = (QZ) mm )¢ (1) = (g + (1)) * i1 —x)]}2. (127)
The expression in the equal mass case simpliﬁes to
- 4e,-m,~77',8x 2 2 2 X n+m
~ o) — — —(—
W= (%) 2)22 (422~ w31 )[1 (1]
1 y 2
(1 ‘W””(‘” i er ) ZOR iR 41 f (128)

From W the component W' * can be obtained immediately
using Eq. (105).

At leading order in 1/Q?, approximating the mass of the
bound state by M2, ~ m? 3%, Eq. (127) simplifies to (note
that there is a discrepancy in the relative sign of the
antiparticle contribution if we compare with the would-be
analogous expression in Ref. [16])

Wiaw =25 So(m ~ 2 et

- (—l)mejmjcﬁi{(l -x)
(129)

At this stage one could try to approximate the sum over m
by an integral by using the Euler-MacLaurin formula at the
leading order, i.e., replacing ¥, — [ dm. This is neither
mathematically justified nor can one quantify the error
associated with this approximation, since we are dealing
with Dirac deltas. For instance, it is not clear how to handle
the interference term, which would go like
~ I (x) Pl (x)(— 1)@ U=D)/(TB%)  (though one could
argue that it oscillates very quickly for Q> — oo and
away from the end points, the rate to which it vanishes
can only be quantified when working with moments in the
next section). Nevertheless, if we keep going and perform
this naive averaging we obtain

Lo — ( )([emqs WP + [em;dii(1 — ),
(130)

which agrees with the expression given by Einhorn [16].
Note however that its analytic structure is completely
different from the one of W),q. On the other hand this
expression will be useful for us in the next sections.

5. The forward Compton scattering amplitude

In this section we will consider the amplitude for for-
ward Compton scattering, which we will need for a com-

I

parison between our hadronic results and those from a
calculation in perturbation theory. Let us define the tensor
T*? in momentum space as

T (q) = i[dzxei""‘<ij;nIT{j“(X)j”(O)}lij;n>

Kg - P P
= (pr - L) (Pt - L1002 ),

q
(131)

where in the second line we have used current conserva-
tion. Note that due to translational invariance

TH(q) = T"*(—q).

As the tensor structure is symmetric, this implies
T(Q? xp) = T(Q? —xp). By using the spectral decompo-
sition of 7#” we obtain

(132)

ImT(Q? xp) = 27W (0?2, xp)
= 2m(W(Q? xp) + W(Q? —x3)).

By using analyticity and the Cauchy theorem (and assum-
ing that the contributions at infinity vanish fast enough), we
can obtain the full functionality of 7(Q? xz) from its
imaginary part: let us define

(133)

_ 01
2M,, x5’
0%/ (2M ,x3™)]

d VI2

T(Qz, xp) = 2[ ﬁW(Q% V')
Ve — e — e
nax 1 W 2’
=4[B dyB— ()Q zyB)' i
0 yp 1= () —ie
where we have used that, since W(Q?, x3) # 0 only when
xp >0, we only need the imaginary part on the positive

branch of xp. This means that we could obtain the expres-
sion for T using only experimental data.

v="~P, q/ (134)

then we can write [v,,;, =

Vmin

(135)
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6. Moments at next-to-leading order

Neither W(Q? x5) nor T(Q? xg) can be reproduced
through a calculation done in perturbation theory for physi-
cal values of x5 (0 < x5 < x7%). W is a sum of deltas, and
its structure determines that of 7', but perturbation theory
yields a smooth function for W, as we will see shortly. A
comparison between hadronic and perturbative results is
only possible in the deep Euclidean region, where both Q>
and xp are large and a perturbative calculation in QCD
could be justified.

T(Q?, xp) admits an analytic expansion in 1/x for x5 >

max
X,

1
T(Q%xp) =4 > My(Q) . (136)
B

N=024,..
where M, are the moments of W (we take this equality also
as a definition for an arbitrary N),

max

My(Q?) = ﬁ) gl W, xp)

o 1 4 Y2
= [ dX4QZ
0 (1 _ ?xz)z
N1 ~
X ——————— W(Q? x). (137)

(1— Aél_zﬁxz)zvfl

Note that only even powers of N appear in 7, due to the
symmetry property shown in Eq. (132). The above expres-
sions can also be rewritten as an expansion around v = 0,

Tv, Q) =4 > »NTWV(QY), (138)
N=0,2,4,...
where
dv 2M,,
(N) = 2y — 2
T = [* w00 = (S2) My
(139)
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Because of the structure of deltas in W, that of the moments
will be a sum over m. We can find an approximate result for
this sum through the Euler-Maclaurin expansion (taking
Bz = 1/6,B4 = _1/30,),

m" - 1 )
S g [ amson + 3510+ o)

Z(BQk (FO () = fOD(0),  (140)

24)!

where £ means the nth derivative of the function. The
limit m = 0 corresponds to x = x,,,, and the limit m",
when m* — oo, corresponds to x = 0. At the limit x = 0
(m* — o0) we can use our expression for W given in
Eq. (127). As ¢§(x)=*0¢ixBi both f(c0) and f(co)
go to zero. At the limit x = x,,,, (m = 0) we take Eq.
(124) to express the matrix element. With it we can see that
both £(0) and f"(0) are suppressed by a relative factor
O((B%/Q%)'*2Pi) with respect to the leading term, and so
we discard them. The integral runs over all possible values
of m, so in principle we should divide it into two regions,
one in which the matrix element can be approximated by
its boundary-layer expression [Eq. (121)], another in which
the matrix element is given by Eq. (124). However, no
matter whether we use one expression or another, the
contribution from the end-point region is suppressed again
by a factor O((8%/Q?)'"?)), due to the behavior of the
wave function in that limit and the smallness of the region.
So, at O(1/Q?) we just change ¥, — [ dm in Eq. (127),
and insert it inside the integral over x. At this order we can
also use the asymptotic form of the spectrum for M2, given
in Eq. (45). With these approximations the expression for
the moments is

o = [* dx(ﬁ) et @00y + il - 0P — 26im¢l)

Q4

n x
dgii (x) irdei(l — x)]
tR 2 m2
2e 1 - 1 -
[ ) — < ) amigiin — o B gt - — < 4L
mimi[ 1 —2x ij ij d i ij
+ 200, [z W =) — xS (@l - x))]}, (141)
|

where the superscript NLO stands for next-to-leading order ©
and means that this expression is correct with relative 1/Q? Z D" f(m) = Z f(m) — z f(m), (142)

precision at finite N. We have neglected the oscillating
(—=1)™ terms, as they give a contribution suppressed by a
relative factor of (82/Q?)' TPt This is easy to see if one
divides

m=0 m,even m,odd

and then applies the Euler-Maclaurin expansion to each
separate sum. The leading contribution to the sums (the
integrals) will cancel out, leaving only the subleading ones.
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However, the product of two oscillating terms goes like
(—1)>" =1, which gives rise to the interference term in
the last line of Eq. (141). Being subleading in 1/Q?, this
term was not considered in previous analyses [16,27]. We
will see the importance of this interference term in the next
section.

It must be noted that Eq. (141) is not valid for all values
of N. The factor x¥ ! in the definition of M), effectively
selects the region of x that contributes the most to the
integral. This is easily seen if we express xV as

N — eNln(l—(l—x)) — e—N(l—x)+0((1—x)2)'

X (143)

As N — oo, only the region 1 —x < 1/N will give a
sizable contribution. As Eq. (141) assumes that the region
1 —x = B/Q dominates the integral, it is only valid for
N =< Q/B. To be more precise, for N finite (though other-
wise it could be large) the precision of our calculation is
1/Q?;if N scales with Q, the precision of our computation
deteriorates, in particular, for N ~ Q/ 8, the precision of
our computation would be 1/Q, since there are (in princi-
ple) terms of O(NB3/Q3) ~ B?/Q?, which we have not
considered.

7. Determination of TN"©

Since we have approximate expressions for the moments
from Eq. (141), one may think that (at least an approximate
expression for) T(Q? xp) could be recovered from them
using Eq. (136):

TNWO(Q?, xp) = 4 Z MNLO(QZ) (144)

N=0,2,4,..

Nevertheless, this is not correct, or it rather should be
quantified in which sense TN'© provides with a good
approximation of T. Since MYC is only valid for N finite
(but otherwise large), as compared with Q/ B, Eq. (144) is
only a good approximation of T for Q% and xj large. This
means far away from the physical cut (7N© is real in the
real axis in this region). On the other hand 7N'© can be
considered to be the generating functional for the moments
with not very large N. Moreover, it is useful to consider
TNLO as a function in the xz complex plane by analytic
continuation for the subsequent comparison with the com-
putations using perturbative factorization. In this way 7N-©
can be written in the following way:

TNLO(Q2 X )_ 4[ X

1
>< ,7’
1-— (fc—l‘-‘;)2 —ie

WNLO(QZ Vg )
(145)

where WNLO is given by Eq. (127), performing the sub-
stitution Y, — [ dm [WO is given in Eq. (130)]. In this
equality we have also fixed the behavior of the function in
the physical cut (the imaginary part for real xp or the ie
prescription) by demanding that it have the causality prop-
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erties expected for a time-ordered propagator. Note that by
approximating the sum over m by an integral we have lost
the analytic structure of the imaginary part, since 7V-° will
have a continuous imaginary part, unlike that of the origi-
nal 7, which was a sum of deltas. However, as we have
already mentioned, it is still interesting to consider the
function TNMO, for in principle it should coincide with
the result obtained from an OPE calculation, which we
will perform in the next section. The function TN© shares
with the original 7 the trait that it is analytic everywhere on
the complex plane except on the positive axis; therefore the
resummation of the moments MY-C amounts to the com-
putation of the dispersion relation.

We can actually push the integration limits in Eq. (145)
to —oo and oo, respectively, in terms of the x variable. Since
the ’t Hooft functions cancel out of the interval (0,1), all we
are doing is extending the interval of integration over
(Xmax» 1). By doing so, we are introducing an error of
O(1/Q*)'*2Pi, which lies anyway beyond the accuracy
of the moments we are resumming. This way the compari-
son between TNMO and TOPE will be clearer.

In order to give a compact, factorized expression for
TNLO we define’ the following functions (sums over the
color indices of the fields are implicit):

2
gi(y) = % i(y)

X e

2(2)
X (<n|¢z,<x-><1><x-, ), (O)ln)

= (P,)?

+ B v 0w Om®) 40
2
g,() = %qé,%(l ~y)
x (<n|¢},,)d><o, X))y
’8_2(0) 1 (0)
=200l ;-0 ©), 47
m;

- 2

SNote that gi/j(y) = %fi/j(y), where fi/j(y) was defined in
Ref. [18]. Note as well that the definitions of J; are, accordingly,
also slightly different here and in Ref. [18]. The difference
between both definitions has to do with whether one chooses
the + or — component for the distribution amplitudes. In
particular, f;/; could be obtained from g;/; applying twice the
equations of motion to their Fourier transform with the proper
normalization. On the other hand the definition of g;,, = fi, and
Jine are equal.
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gin(y) = i (i (1 —y)
y( )

_(P)? [ dx
N, j ©202m ¢

e~ VP (x7/2)

x [ lg ] )00 )
X 1 (0)D(0,27) ¢4 (2)lijin),

where as before the Wilson lines, trivial in the light-cone
gauge, have been inserted to make gauge invariance ex-
plicit. The expressions for g; can be compared with those
shown in Ref. [28]. We find agreement with them.

The B2/m? terms in Eqgs. (147) and (148) have been
inserted to cancel the off-diagonal contribution to the
matrix elements (n| ¢I_(x_)(l>(x_, 0)¢;-(0)ln) and
(n| 1//}),(0)@(0, x7); —(x7)|n). Note however that this
off-diagonal contribution does not correspond to the matrix

element in Eq. (64). The term bya; in the current, from
|

(148)

2 M?
Jilx, y) = [x2(1 — 2ﬂ y )

¢ T

m? M?
Jix,y) = I:xz(l —2—4—2—2y?

Q 0

1nt = 2
(x, y) Q

This is the factorized form we expect from an OPE.
However, as we will see shortly, the interference contribu-
tion (the term involving g;,.) lies beyond the domain of the
OPE.

The functions f are real, so the expression for Im
also has a factorized form,

ImTNO(Q2, 1) = —z( ) j dyle? Im[J,(x, y)]g:(y)

+ €3 Im[J-(x, Y)]gj()’)
+ e; e; Im[Jmt(-x y)]gmt(y)}

Recall that we obtained the moments MY, and there-
fore TN©, through the use of the dispersion relation given
in Eq. (135), relating the discontinuity of 7(Q? v) on the
positive axis to its structure anywhere else on the complex
plane. Therefore, the functions J are actually defined as
[changing variables from J(x, y) to J(x, v)]

J(x, v)—[ dv /27TIL(ZXV)'

— V" — 1€

TNLO

(151)

(152)

There is nontrivial information in this equation: the result
from a direct calculation of J(x, v) in the Euclidean and the
result from the dispersion relation might differ in a poly-
nomial (see, e.g., [29]). The reason we use this prescription
is that we are interested in the comparison between the
hadronic and OPE results, and we will use the same

)+x3

200 - 2n 00 - y)—] v
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which the matrix element in Eq. (64) comes, gives a null
contribution in this case. This is due to the insertion of an
external momentum P, y. The off-diagonal contribution

originates in this case from the term a}b}. The matrix

element in Eq. (148) does not have off-diagonal contribu-
tions: the off-diagonal contribution involves a two-meson
intermediate state, as in Fig. 2, which is incompatible with
the color structure of the matrix element.

The functions g(y) encode nonperturbative information.
We can write 7NO in terms of these functions times some
other functions J which will hold the perturbative contri-
bution,

TNLO(02, x ) = _2< ) [ dy{eJi(x, y)gi(y)

+ e3J;(x, y)g; () + eie i (x, y)gim ()}

(149)
where the functions J are defined as
3 MR i] y
Q% dx]y* — x> + i€
m?,R d] y?
0% dxly*> — x>+ i€’
2
—_— 150
y —x2+ie (150)

|

prescription in the perturbative computation. In this way
we aim to eliminate spurious differences between both
computations due to dispersion-relation issues.

MNLO

8. Expression of in terms of matrix elements

The expression for the moments given in Eq. (141) can
be rewritten in terms of matrix elements, expectation val-
ues of some operators. We expect in this way to rewrite the
moments in terms of an OPE expansion. However, not all
the matrix elements that will appear can correspond to an
OPE expansion: the interference term can only be repre-
sented through nonlocal matrix elements.

For simplicity’s sake we will keep the factors of M2/Q?
explicit. They are actually not relevant for our purpose,
which is spotting differences between full and OPE results.
Although there is some dynamical, nonperturbative infor-
mation encoded in M2, the presence of these factors in
Eq. (141) has a kinematical origin: they come from our
definition of W [Eq. (104)] and the change of variables
from xp to x [Eq. (85)]. Therefore, they will also be present
in our later OPE calculation in exactly the same way.

Starting either from Eq. (141) or from Eq. (149), using
the definitions given in Eqs. (146)—(148), and integrating
by parts we can write MN"© in terms of matrix elements
with derivatives inserted between the fields. The expres-
sion at O(1/Q?) is
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(iD")N+3 ,2 M3 (iD")? N N
MYLO(0?) __{ 2<lj,n|¢Jr 0)——s PV ( - Q2 — (N +2)—=R +NQ2 ((ZP+)2)¢5,(0)|ZJ§H>_ 6124<lj§n|¢;{7(0)
(—iD*)N*3 m; m g M2(—D>2 L 2ee
W(l—zgz (V+2) 5+ NG T ) - Olijim) + =0 2 [az gm0
_:pT\N+2 _ _
x((l’fnf%[wm(l— ;,D )—z IZD 120,290, 0] OPO. )0 Olizm). (153)

where #T(x)(D") = (D* ¢ (x)t, and D = 1(D — D).

The interference term is represented by the matrix ele-
ment in the last two lines. The origin of the interference
term is the constructive interference between two oscillat-
ing terms, (—1)"-(—1)" =(—1)>"=1. These oscillating
terms give, after summing over m, an O(B%/Q?)!*Pith;
contribution to the moments, but their interference is en-
hanced. A nonanalytic dependence on 1/Q? like that of the
oscillating terms seems out of the reach of an OPE. Note
that for large m, one may think of

(—1)" — el /mBH(1=x)/x (154)

which has a nonanalytic expansion in 1/. So, although
the interference term is formally a simple NLO term in a
1/ 0? expansion, it is built out of terms which seem to be
beyond an OPE expansion, whose non-OPE nature would
survive in the form of a nonlocal matrix element. Either
way, a complete understanding of this nonlocal 4-field
correlator is still lacking, but what is certain is that because
of its nonlocal nature it is beyond an OPE expansion.

The problem we are encountering might be enhanced by
the large N, limit: the (—1)™ terms arise from the null
width of the resonances. Incorporating finite widths to the
resonances (going to higher orders in the 1/N, expansion),
oscillations would be milder, perhaps moving this interfer-
ence down to some higher order of 1/Q?. In any case, our
result seems to indicate a breakdown of the OPE for DIS in
the "t Hooft model.

B. Perturbative factorization

In this section we will compute the amplitude for the
forward Compton scattering following the recipe of per-
turbative factorization. We will first compute the imaginary
part of T~ ~, from which we will find the imaginary part of
TOPE_ and then the full 7°PF through a dispersion relation.
Perturbation theory only makes sense in the deep
Euclidean domain, but if 7°PF is an analytic function, we
can obtain its behavior in that region from its discontinuity
in the positive axis, irrespective of whether this function
properly describes 7 in the physical cut or not.

We will compare our result for 7°°F with Eq. (149).
From TOPE we will derive the coefficients MQPE, which we
will check against Eq. (153).

1. Calculation of TP
T~ is defined as

T—~ = iZeheh/'/’dzxeiq'x

h,h'

X i, nlT{gr (1) y~ () P (0)y ™ ¢y (0D} ifs m).

In perturbation theory, at leading order in 3%, T~ reads

Tom = 4 [ dxelt P} (9
X (ijinlgpl_()@(x, 0)iF; —(0)lijsn) + P (—x)
X (ijsnlyr ] (00, x) i, — (x)]ij: n)]
+ [P (=x)ijsnl] ()P0, x) i~ (0)lij; n)
+ PF ()i nl gl _(0)D(x, 0)yr; —(0)ij; n)]}
(156)

where P (x) is the + component of the free quark propa-
gator,
Tty = ] -pf
P (x) =3 Tily” P; (%]
d’k m? i

— *lkx i
2
mP¢ B ke

(157)

We have written the Wilson lines to restore gauge invari-
ance. These Wilson lines include both components of the
gluon field, A* and A~, in an obvious generalization of
their definition in Eq. (34).

The picture for the process represented by Eq. (156) is
shown in Fig. 5, for the particle case (the antiparticle case
just involves switching around all the arrows in the quark
lines).

In order to deal with the matrix elements we take ad-
vantage of the kinematics we have chosen: in our frame,
q~ — 0. Whether we consider the direct or the crossed
diagram, this implies that the quark propagating between
the two vertices has a very large p~ component, that is to
say, its propagation takes place in a very short time (x*
takes the role of time in our quantization frame). We can
therefore expand the matrix elements in powers of x*,
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N\ /

P p

FIG. 5. The direct and crossed diagrams representing, in momentum space, the two first terms in Eq. (156). The momentum p is the

momentum of the quark inside the meson n.

(ijinlgl_ ()D(x, 0)¢; —(0)]ij; n)
= (ijinly] (x~, 00D, 0)¢; _(0)lij: n)

+ Xijsnlgl (=, 00D” DG, 0) ¢, —(0)]ij; n)x*.
(158)

Effectively, by letting the coordinate x~ untouched and
expanding in x*, what we are doing is resuming all powers
of p* in an OPE expansion of the amplitude (recall that
-4~ p*). Since we stay at O(1/Q?) we do not have to
worry about the term in the second line in Eq. (158): due to
the x* multiplying at the right its contribution will be
suppressed by a relative factor 1/Q*.

Using the definitions of Egs. (146) and (147) we can
reexpress the leading matrix elements as

(ijsnlyl_ (=, 0@, )¢, —(0)lij; n)

iy P xT/2)
— / dye" gi(y)
n

2
- Ez(o)@l¢If(0)¢i,f(0)ln>(°), (159)
mj

ImTqp =

(ijinl wT_(0)<I><o, X0, x7)lijsn)

f dye™ g,()

- m_;(°)<”' Y0 ;- (0)n)©. (160)

In writing Im7 g, one could neglect the B%/m? terms.
The reason is that their Fourier transform is proportional to
8(y) and, after we sum the direct and crossed contributions,
it will get multiplied by powers of y, giving a vanishing
contribution to Im7p;. Thus, effectively, we are repre-
senting the matrix elements through some parton distribu-
tion functions g; ;(y). We write the imaginary part of Tqpp
as

1
dyg:(y)1 > +
(P+)2 —/ a0 m(y —x(1 + % — i€)

1

o)
y—l—x(l—i—m—g—ie)

Q

1 P+)2 ] dyg;(y) Im( = +

y — x(1 + =5 — ie)

1
y + x(l ZE))

8e? [ Y
= - PR f_oo dyg;(y) Im(

2
V=22 (14230 +ie

Next we consider corrections in 8%. Actually, we will
write these corrections together with the leading-order
result we have just obtained in a combined single expres-
sion. We want to compute the following matrix element at

0(82/0?):
[ Pxe(pIT{H ()Y~ (@) F Oy pOHp),  (162)

where |p) = at(p)|0) (for the moment we do not specify

dyg;(y) Im( Y . el
) (P+)2 '/ ! v — x2(1 + 2%) + ie>

f
the value of p?). We have to consider the diagrams in

Fig. 6, where the “blobs” represent the renormalized
propagators to all orders in 2. We only show the direct
contribution, the crossed-diagram contributions can be
obtained from it with the change x — —x. A similar com-
putation should also be carried out for the antiparticle
contribution. Other possible corrections are given by the
diagrams in Fig. 7 (plus the symmetric ones), but these are
suppressed by a relative order of 1/0Q*.
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FIG. 6. Diagrams contributing to the perturbative computation at O(8%/Q?).

The first diagram gives

S 2 2 1

2 m2 m;
[ o A = 4 v L G
//—\—\ "+ )P+ ) PP pr o gr - e e
' ) 2 2
2 1
— 4 (1 + ﬁ2> T:_LL 2 m2 )
;) (") Pt gt — T e

(163)

where in the last line we have applied the momentum conservation delta to the factor m?/((p* + ¢*)(p~ + ¢7)) (to order

B?), since we are only interested in the imaginary part of this diagram.
The vertex correction reads

At m; 3 —q*
T e <p>

where we have defined

I d 1
o=z [ &
Y (1= -z y) -G

FIG. 7. Additional 8% corrections.
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2
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m Q2
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(2—2)n(1 - z>)]

2 I -
1+ 4?
1
X . (166)
2
1+4 ’R(l -z ”f (2)%)?
We then find
_‘5 — 4 m; m; pt+qt 5_2
T ) ) 0 @
N
_ot 1
< ( P(i > 4ot — ]
pT+q Tq + 1€
4L ( B 62> m; 1 67
- S\ o T 459 ’
2 m? Q? (p+)2p+—|—q+— 7+7+26 (167
[

where in the last line we have applied the momentum - B>
conservation delta coming from the intermediate propaga- Im Topg = ( P+)2 f dygi(y) Im[( <1 - 2@)
tor and expanded at order B (this is the relevant result if 5
we only want the imaginary part). Within this approxima- —9 B_ $2 i ) 1 ]
tion we have m?/((p* + ¢ )(p~ + ¢7)) =1 and 0% dx? - 21+ g_z)z t e

2
5 mig

(1 +q*/p")B*/0%f(=q"/p")

. B R, LD B’ m;

= zm,R(1+§Q2+§@) z—m,z(l”@)
(168)

where in the last equality we have only kept terms of order
B? and approximated p> = m?. It is interesting to discuss
where this contribution comes from in the original integral
in Eq. (165). Because of the delta of conservation z ~ 1,
one can rewrite z ~ 1 — §. Then the integral has contribu-
tions from y ~ 1 and y ~ 6 < 1. With the precision of our
computation only the region y ~ & contributes to the in-
tegral (both regions would start to mix at order 1/Q%).
We can finally write the perturbative result for Im7~ . It

reads
o [t (1-28)

wyﬂj
[

ImTqpp =

X
y —x2(1

(-2

y2 - x2(1 /R)z + te]

P+)2 / dyg,(y) Im

X

(169)

or [strictly at O(8%/Q?)]

e [ amom] (125

B, d) 1
—2)6
Q dx y _ X2(1

o7 )-I—ze:l

(170)
From Im7 op;(Q?, x) we can obtain Wopg(Q?, x),
m7opg

Wope(Q?, x) = (2x> (1; 1

n x2)2 27T

x>0

8

4 1 1 — 182
o (1 + M—§x2)2< Q2)

e

2

()]

Now, using dispersion relations [the analogous to Eq. (135)
but with oo integration limits, since we do not need to
know for which values of x the integrand gives a nonzero
contribution, this is built in in the result], expanding and
integrating by parts, our result for 7OPF at O(1/Q?) is

(171)
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1@ ) = =2 ) [ dvtedain i)

+ e3J;(x, y)g; ()} (172)

Equation (172) can be compared with our factorized
expression for TNMO given in Eq. (149). We recognize the
particle and antiparticle contributions, but the interference
term is missing.

The corrections involving the exchange of a gluon be-
tween particle and antiparticle represented in Fig. 7 (plus
the symmetric ones) are suppressed by a factor of 1/Q%.
Perturbation theory does indeed contemplate interference
terms, but they cannot account for g;;.

Besides these perturbative corrections there are also the
diagrams shown in Fig. 8, which are suppressed by a
relative factor of (82/Q?)!"Pi and (B%/Q%)'*B, respec-
tively. Strictly speaking they do not belong to the dominion
of perturbation theory, but they illustrate the fact that the
interference term cannot be produced by any diagrammatic
calculation at finite order in ,82, reinforcing the idea that
our interference term, although formally a 1/Q? term, is
non-OPE in nature.

From our OPE calculation we see that we can under-
stand the perturbative functions J; and J; as coming from
the propagator of a collinear quark times kinematical and
loop corrections (after an expansion). The connection be-
tween the functions J and the quark propagator that ap-
pears in Eq. (172) is however not direct in general. Note, in
particular, that the quark propagator may depend on the
quantization frame and the gauge fixing used, which makes
the explicit expression of the quark propagator different.
We have tried to avoid as much as possible these ambigu-
ities by using dispersion relations and demanding the 7"
to have the expected tensor structure.

2. Moments

From Eq. (172) we can find the expression for the OPE
coefficients MOPE. Actually, for this purpose it is more
convenient to keep the factors of m? p/Q? inside the func-

% e
g9
s

FIG. 8. Additional (nonperturbative) diagrams involving both
the particle and the antiparticle.

PHYSICAL REVIEW D 79, 085011 (2009)

tions f; ; as in Eq. (171). The expression for the moments
obtained from a partonic approach is then

Sl 8
2

[ea(s( -G (0]

(173)

MOPE(Q2)

which, using the definitions of g; ; given in Egs. (146) and
(147) and integrating by parts, can be reexpressed as

MS"E<Q2)——{ 2ty D )NM(I o

(P+)N+2 Q2
i Mz (D7)
NQ2 (P,J[)2>¢"’(O)|l]’n>
B+\N+3 2
— gyt (0)%( _2%
M2 (—iD™)?
— (v +2) Lk +N@ Ty )%’_
X (0)]ijs n)} (174)

If we compare MY© with MOPE we confirm that the OPE
does indeed get the terms involving local matrix elements
right, but cannot grasp the nonlocal one.

4. CONCLUSIONS

We have thoroughly studied the ’t Hooft model. We have
obtained exact expressions for the current matrix elements
in terms of the 't Hooft wave function. We have then
studied the deep inelastic scattering of a lepton off a meson
in the 't Hooft model. We have calculated the full, non-
perturbative expression of W#”, and observed maximal
duality violations when compared with the expression
obtained from perturbative factorization. Analytic expres-
sions for the matrix elements with 1/Q? precision for 1 —
x = B/Q have also been given (1 — x = 8/Q means m >
1, where m is the principal quantum number of the final
hadronic state, so that we can use the boundary-layer
function to find the approximate expressions for the matrix
elements). This has allowed us to obtain expressions for the
moments My at O(1/Q?) for finite N (where we have also
used the Euler-MacLaurin expansion). Here we have
stumbled upon an unexpected result: the hadronic expres-
sion for the moments includes, besides the expected con-
tributions from local matrix elements, a term at O(1/Q?)
that can only be expressed through a nonlocal 4-field
correlator. This nonlocal matrix element represents the
constructive interference of two oscillating terms, one
from the particle and the other from the antiparticle. The
oscillating terms go like (—1)™, and their contribution to
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the expansion is o(é), but their product does not oscillate

and is of order 1/Q?. Upon resummation of the moments
M,y we have found an approximate expression for 7, TN-O,
where T is the scalar part of the tensor 7#”. This result can
also be obtained using dispersion relations, from WNLO,
which is obtained applying the Euler-MacLaurin expan-
sion directly to W, the scalar part of W#”. TNLO is a good
approximation to 7 for large Q% and x, and can be taken as
a generating functional of the moments M.

We have performed the same computation of W and T
using perturbative factorization at one loop with 1/Q?
precision. The perturbative calculation cannot see the
structure of the bound states, and therefore Wopg is a
smooth function of x, unlike the hadronic result. A direct
comparison between hadronic and perturbative results
can only be performed in the deep Euclidean region
through the moments M. From Wpg we have obtained,
through a dispersion relation, the coefficients of the OPE
of T, the moments MOPE, with 1/Q* precision. We
have checked that the OPE does get the contribution to
the exact expansion from local matrix elements right,
but misses the nonlocal one. This can also be seen at
the level of dispersion relations, since WOPE # WNLO,
Therefore, we conclude that this expansion breaks down
at NLO for DIS in the 't Hooft model. The reason for
this seems to be the nonanalytic nature of the oscillating
terms: their (—1)™ behavior produces a contribution to
the moments of O(B%/Q?)!*Ai*Pi  which seems out of
the reach of an OPE. This non-OPE structure would sur-
vive in the (enhanced) interference term in the form of
a nonlocal matrix element. We have considered dia-
grams representing interference between quark and
antiquark, including some that are strictly out of perturba-
tion theory’s reach, and we have seen that neither of
them could account for the 1/Q? interference term of
the exact expansion, reinforcing the idea of its non-OPE
nature. The acuteness of the problem might be due to
the large N, limit (therefore, one may suspect that one
might run into the same difficulties in four-dimensional
large N. QCD). Key to the appearance of the interference
term is the fact that resonances have zero width. With finite
widths the behavior of the oscillations would be milder
than (—1)™, which perhaps would move their interference
down by some extra powers of 1/Q?. Irrespective of
this last comment, and in view of the findings of this paper,
it is evident that more work should be devoted to a
more rigorous study of quark-hadron duality and OPE-
violation effects in perturbative factorization schemes.
Otherwise the errors associated with those analyses will
always have a certain degree of uncertainty, which, at
present, cannot be quantified.

The possible existence of OPE-breaking effects in QCD
has already been discussed in the past. As early as in
Ref. [30] numerical evidence for the existence of OPE-
breaking effects in the gluon condensate was claimed.

PHYSICAL REVIEW D 79, 085011 (2009)

Nevertheless, it is still unclear whether those effects can
be associated with ultraviolet renormalons and/or higher
orders in perturbation theory (for a recent discussion see
[31]). Over the years there has also been some discussion
on the possible existence of a {(A%),;, condensate. This
object should actually correspond to a nonlocal gauge-
invariant condensate, though its explicit form is unknown
for QCD [32]. Finally, there are some models that may
produce effects that break the OPE, see, for instance, [33].
Nevertheless, those OPE-breaking effects would affect the
static potential and the vacuum polarization. Regarding
this we would like to emphasize that we do not find any
OPE-breaking effect in the static potential or the vacuum
polarization in the ’t Hooft model. The static potential can
be computed exactly in the 't Hooft model within pertur-
bation theory. Therefore, there is no room there for effects
associated with a sort of (A?).;, condensate. With the
present precision of our computation, we also do not see
OPE-breaking effects in the vacuum polarization [17].
Note that both in the case of the vacuum polarization and
DIS we are talking about the same operator: the time-
ordered product of two currents. The difference comes
from the physical states between which we sandwiched
the operator: the vacuum in the first case and one particle
state in the second. This may point to the fact that the OPE
cannot be understood as an operator equality, as its validity
may depend on the states between which the operators are
sandwiched.
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APPENDIX: SEMILEPTONIC B DECAYS IN THE
’T HOOFT MODEL

In this Appendix we present corrections to some of
the formulas of Ref. [14]. There we studied duality
violations in the context of semileptonic B decays in the
't Hooft model with 1/ mZQ precision. The expression of
the semileptonic differential decay rate was missing some
terms, in particular, the 1/n terms presented in Egs. (60)
and (61). These corrections affect the computation of
the moments but the main result remains unaltered,
namely, one observes no duality violations in the moments
with 1/ m2Q precision. The reader is referred to Ref. [14]
for definitions and a complete derivation; here we will
only present the formulas and derivations that needed
mending.
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In Ref. [14] we computed the decay rate

dare GZMH
dx 32 M<ZM PHQ(I X)

2
G*My,

32 =P

M2
s (PHQ)2 Kes: mlib . (0)y~ Q(0)|Os; HQ>|26(x — 1+ M—)

PHYSICAL REVIEW D 79, 085011 (2009)

[{es3m| . (0)y~ Q(0)|Qs; Ho)I6(Py, — P,

(AD)
Hy

1. Approximate matrix elements

We can expand the ““diagonal” term of the matrix element of dI"") /dx for large m just as we did for DIS. If we define

2= EB%/M,

z(1 — x) < x, we can approximate

QOC

the integrand will be concentrated on a small region of finite & near the origin. For the values of x such that

$5(PZ (x + (1 - x)2)

<CS m|¢c)’ Qle HQ>|d1ag =

2
PHQ MHQ 0

X

Qs
~ maom, (¢HQ(X) jl dz ¢cs( ) + ¢/QS(X_) 1

M%{
()

zZ(x + (1 = x)z)

a(2)

(1 - x) / dzd)”(z))

mm‘

( l)m

:77-3

+ (1 —x)

m?, + m 1— 24 (=1)"m,
[( + R Lz 2) m‘mS)¢%s(x)
H X 2M;, X M;, 0
0

(A2)

M2

where we make the counting M7, ~ mg,. Note that in the
last equality we could use M2 = My (1 — x), since the
physical matrix element is only defined for the values of x
given by the delta of momentum conservation,

M;, = My, (1 = x,), (A3)
and/or use M2, ~ m* 32, since the above computation is
meant for large values of m. Unlike in DIS, however, the
condition z(1 — x) < x does not always hold for physical
values of x: in this case we have

B 1—xm:§ B

1 —x, ¢

L A4
PR VR &9

b4
HQ m

Thus, for x,, ~ B>/M?% _, which corresponds to the largest
excitations available for the decay, our approximation in
Eq. (A2) does not hold. In this region we should approxi-
mate the diagonal matrix element by

1 _
P—;;Q (esymlip .y 0lOs; HQ>|diag,xm~ﬁ2/M2Q

NQOc 1 d’fns(z) (0]
~ dz - €, (Xm

Bo—1 ~
M%, 0 T~
0

Q

[
The contr1but1on from this region is suppressed by the
factor of cH , which goes to zero as my — oo faster than
1/my, as Fig. 9 shows. Therefore, it can be neglected.
The ‘‘off-diagonal” matrix element remains as it is
shown in Ref. [14]. Overall, we write the total =
diagonal + off-diagonal matrix element in the following
way for large m and my (up to a global sign, and setting

X = X,):

0.008
0.006
0.004

0.002

20 30 40 50 60 B

FIG. 9 (color online). Plot of the evolution of 4 b, with mg,
0

compared with the curve given by 1/m,, normalized to match

the value of cH for my = 10B8. The mass of the spectator

antiquark is m; = B.
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memg mg,R + (_l)mmcm“,

! s m m% + m?
/0 dZQS,CnS(Z)d)gQ(Z) ~ W’BMZQ’R I:(l + R 'R n

2m* 32

HyXm

2
my

+0ﬁR+04W“”9¢%@w+O§Lﬂ'

_lm_
(-1) TS

)% o)

mWZBZ

(A6)
mg

We will need as well an approximate expression for the matrix element in the limit 1 — x,, < 82/ mé (corresponding to
the lowest resonances of the meson c¢5). Following the same procedure that led to Eq. (124) in the case of DIS, we find

m

1
cs Os —
[0 dzoy, (Z)¢HQ(Z)|x,n=lfM2/M%Q,M%,Q—»oo M%]Q CH,

mom, ( M,zn
2
MHQ

m(2)

Bs (1 M2 \1+8,
) fdz—(l—z)ﬁs+QOC ) ( m)
0 Z

oS (=
2 “H 2
MHQ 0 MHQ

cs 2 2 00 —x
x/ldz(bm(z)(l—z)”ﬂx— B2 (Mzm )Bsc;[ Z(_l)n,fl/a )dufldv
0 Z My, \Mp, i 0 0

Xfuém&w%u—ua—mw%w)
0

This contribution is suppressed by a factor 1 /M%, * with
respect to the leading term in Eq. (A6), but it is enhanced
with respect to the 1/ sz corrections, just like in DIS.

For “intermediate” values of x (away from the bounda-
ries x ~ B°/mg and 1 — x ~ B2/my) the differential de-
cay rate reads then, at O(1/ mZQ),

ar)’ 1 CMuy mor B 1 o )
=5 ~®Ph
dx 2MmSMHQ Am My, My, x "0
2 2
mgp + mgp m.m ”
X [(1 + 5+ 255 (1)
m- 3 m-3
m2 , + (—1)"m.m;
—p ok ( > Sme ')¢182(x)
myx
2 + (=1
4o Uer (2)m””¢%uﬂ
Mo
MZ
X 8(x -1+ —{”) (AB)
My
Qo
2. Moments

The differential decay rate is not a very well-defined
object in the large N, since it becomes either infinity or
zero. Its comparison with the expressions obtained from
effective theories that use perturbative factorization is not
possible, as they yield a smooth function of x, so we turn to
moments, which we define as

max dr
MNEfx dxxN—1——,

dx (89

Xmin

where x,;, and x,,, are given by

T (1=2f =(+wf). @D
M, M}

Xmin = 1= M_;n’ Xmax = 1 - M—O’ (A10)
Hy Hy

where M,,- is the mass of the maximum resonance of the
meson c§ allowed by momentum conservation, and M, is
the mass of its ground state.

The calculation of the moments using Eq. (A8) goes
along similar lines than our previous calculation of mo-
ments in DIS. As the differential decay rate is a series of
deltas, the moments will be a sum over an index m that, as
in DIS, we will rewrite using the Euler-Maclaurin expan-
sion shown in Eq. (140), where now the limits m = m™ and
m = 0 correspond to x = x,;, and x = X, respectively.
At the limit x = x,;, (m = m*) we can use the matrix
element given in Eq. (AS5). The contributions from both
f(m*) and % (m*) will be suppressed by a relative factor
of 1/ mé(c%,g)2 < 1/mg, with respect to the leading term;
therefore, we neglect them. At x = x,,,, (m = 0) we use
Eq. (A7) to represent the matrix element, and so we see that
both £(0) and £ (0) are suppressed by a relative factor of
O((B*/my2)'*?s). The integral goes from m = 0 to m =
m* (from x = Xpi, t0 X = Xnax), SO in principle we should
divide it into three pieces: one for low values of x, in which
we use Eq. (AS) for the matrix element; another for inter-
mediate values of x, in which we use Eq. (A6); and another
for high values of x, in which we use Eq. (A7). However, if
we just insert Eq. (A6) in the lower boundary, we will be
making an error of o(1/ sz), and the contribution from the
higher boundary is O((8%/ mé)HZ'BS) whether we use
Eq. (A6) or Eq. (A7).

Summing up, we take Eq. (A8), make the change Y, —
f dm, and insert it into Eq. (A9), and what we obtain is
[using Eq. (45) for the spectrum]

085011-28



DEEP INELASTIC SCATTERING AND FACTORIZATION ...
Xmax
[
Xmin

Xmax

2 2
G MHQ mQ,R

My =
N dar M%,Q

2 2

- G MHQ mQ,R
2

4ar My,

Kmin

(x +

2 2
G MHQ mQYR '/'xmax+(mik/m2QvR) dx
HQ xmin+(miR/m2Q_R)

47 M?

m: g

) )
myr) Jo

There has been a number of approximations here. In the
first line we neglected the oscillating (—1)" terms, since
their contribution is suppressed by a relative factor of
o(B*/m3). In the second line we have reshuffled the
NLO correction in a way that is correct at the accuracy

1R~

of the calculation. And in the last line we have used P
2 O.R
c,R

m
s, which is correct again with the accuracy of our
O.R

calculation [this approximation is wrong as x — 0, but

there the asymptotic behavior of qb 7. (x) ensures that the
0

error is o(1/ mQ)] and we have also zextended the lower

limit of integration from x = + —f to x = 0, and the

GZMHQ sz,R(
dm  Mjy,

xmm
2
R

+ 2
O.R

limit the error will be o(1/m2), and in the upper limit it

will be of O((B%/mg)'*2F).

The right-hand side of Eq. (A11) contains some implicit
dependence on the heavy quark mass, since so far we have
used the exact Hy meson. If we perform an explicit ex-
pansion in 1/ m, one obtains for the first moments, up to

o(1/m3).

in the lower

QR
upper limit from x = x, tox=1;

P og e (1 -

[¢ S+ %]z

(1-

N[d’HQ (x)]z
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mi,R Os cR 105
2o+ 2T

LR)Z
Mok (A11)
cR

2
Ho.R

) MCH (x)]2

szQ
dar

W

mo

(0? = (%) + ,6’2

MO =
2mQ

[1+

szQ [

0<m—3Q)]’

(A12)

o))

(A13)

L2 =) + B2 2ms
2mQ

Ml =
4

_o

mo

3ty — () +3B% —
ZmQ

(A14)

where the static limit expectation values are defined in
Ref. [14].

Equation (A1l) is exactly the result we showed in
Ref. [14]. Therefore, the conclusion we reached there for
the moments still holds: they show no duality violations
with 1/mg, precision.
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