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Gravitational radiation from collapsing magnetized dust. II. Polar parity perturbation
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Using gauge-invariant perturbation theory, we study the effects of stellar magnetic fields on polar
gravitational waves emitted during the collapse of homogeneous dust. We found that the emitted energy in
gravitational waves depends strongly on the initial stellar radius as well as on the ratio between the
poloidal and toroidal magnetic components. The polar gravitational-wave output of such a collapse can
easily be up to a few orders of magnitude larger than what we get from the nonmagnetized collapse. The
changes due to the existence of a magnetic field could be helpful in extracting some information about
inner magnetic profiles of progenitors from the detection of the gravitational waves radiated during black
hole formation, which results from the stellar collapse.
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I. INTRODUCTION

Direct observation of gravitational waves is a significant
goal in theoretical and experimental physics. In order to
accomplish this task, several ground-based laser interfero-
metric detectors with kilometer-size arms, such as LIGO,
TAMA300, GEO600, and VIRGO, are currently operating,
and the next-generation detectors are also on the menu [1].
In addition to the ground-based detectors, projects de-
signed to launch a detector in space, such as LISA [2]
and DECIGO [3], are in progress. It is important to detect
gravitational waves directly so that one can obtain a new
method to see the Universe from gravitational waves,
which is called ‘““gravitational-wave astronomy.” In fact,
by using the gravitational waves associated with the oscil-
lations of compact objects, it is possible to determine the
stellar radius, mass, equation of state, and so on [4—11].
Additionally, by collecting the observational data of gravi-
tational waves, we may be able to verify the gravitational
theory, as well as new physics in a high density or high
energy region.

For both ground-based and space detectors, the non-
spherical stellar collapse is one of the most promising
sources of gravitational waves. Because of their sensitivity,
ground-based detectors could detect black hole formation
with stellar mass, while space detectors might detect sig-
nals radiated from the creation of supermassive black holes
[12—-14]. The most hopeful approach for calculating these
gravitational waves emitted during black hole formation is
numerical relativity, i.e., direct numerical integration of the
exact Einstein and hydrodynamic equations, which are
full-nonlinearly coupled with each other. In the last decade,
numerical relativity has made dramatic developments, and
it has become possible to treat complicated matter and
spacetimes [15-18]. Still, the computation of gravitational
waves with high accuracy is not technically easy, because
the gravitational waves emitted from the stellar collapse
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are very weak and sometimes contain unphysical noises
due to gauge modes and/or numerical error. So in this
paper, as an alternative approach, we consider linear per-
turbation theory. This theory makes it possible to extract
weak gravitational waves with precision and also becomes
a cross-check for the numerical results with numerical
relativity.

With respect to the calculation of gravitational waves
radiated from the stellar collapse to a black hole, initially,
Cunningham, Price, and Moncrief derived perturbation
equations from the Oppenheimer-Snyder (OS) solution,
which describes a homogeneous dust collapse [19], and
they calculated radiated gravitational waves [20].
Subsequently, Seidel and coworkers studied gravitational
waves emitted from the stellar collapse that occurs when a
neutron star is born [21]; they used the gauge-invariant
perturbation formalism on the spherically symmetric
spacetime formulated by Gerlach and Sengupta [22].
Iguchi, Nakao, and Harada investigated nonspherical per-
turbations of a collapsing inhomogeneous dust ball [23],
which is described by the Lemaitre-Tolman-Bondi solution
[24]. Further, Harada, Iguchi, and Shibata calculated the
axial gravitational waves emitted from the collapse of a
supermassive star to a black hole by employing the cova-
riant gauge-invariant formalism on a spherically symmet-
ric spacetime and the coordinate-independent matching
conditions at the stellar surface, which was devised by
Gundlach and Martin-Garcia [25]. Recently, with the
same formalism, Sotani, Yoshida, and Kokkotas consid-
ered the magnetic effect on the axial gravitational waves
emitted from the collapse of homogeneous dust sphere [26]
(hereafter, we refer to this article as Paper I).

In spite of many investigations of gravitational radiation
from stellar collapse with a linear perturbation analysis as
mentioned above, these papers have not included the effect
of the magnetic fields on the emitted gravitational waves,
except for Paper I. Note that Cunningham, Price, and
Moncrief also dealt with the electromagnetic perturbations
in the Oppenheimer-Snyder solution, but they did not
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consider the direct coupling between a fluid and the mag-
netic field [20]. However, the importance of magnetic
effects on the evolution of compact objects has recently
been realized due to the appearance of new instruments
with high performance. One of the most remarkable ex-
amples is the discovery of magnetars, which are neutron
stars with a strong magnetic field such as B > 10'°> G. With
magnetar models, one can successfully explain the specific
frequencies of quasiperiodic oscillations observed in the
decaying tail of giant flares [27-29]. Since a very strong
magnetic field exists in some neutron stars, which would be
produced after the stellar collapse, it is natural to take into
account its effect on stellar collapse. And it could also be
probable that the magnetic fields of the collapsing object
are amplified during the collapse due to the magnetic flux
conservation, and they would affect the emitted gravita-
tional waves, even if the initial magnetic field is weak.
Actually, Paper I shows that it is possible for magnetic
fields to affect the axial gravitational waves emitted during
the dust collapse. Additionally, there exists another ex-
ample that shows the importance of magnetic effects in
the evolution of compact objects, which is related to
gamma ray bursts; i.e., the short-duration gamma ray
bursts could arise from hypergiant flares of magnetars
associated with the soft gamma repeaters [30] or collapse
of a magnetized hypermassive neutron star [31].

Indeed, all examples mentioned above suggest that mag-
netic fields play an important role in the stellar collapse,
and their effects should not be negligible. So in this paper,
in order to explore the effects of magnetic fields on the
emitted gravitational waves for black hole formation, we
consider the polar gravitational waves radiated during the
collapse of a homogeneous dust ball with a weak magnetic
field. In particular, along with Paper I, we focus on only
quadrupole gravitational waves, which could be more im-
portant from the astrophysical point of view. The weak
magnetic fields are treated as small perturbations in the
Oppenheimer-Snyder solution, and we investigate, using
the covariant gauge-invariant formalism, the spherically
symmetric spacetime and the coordinate-independent
matching conditions at the stellar surface proposed by
Gundlach and Martin-Garcia [25]. It should be emphasized
that, so far, there has been no calculation of polar gravita-
tional waves on the dynamical background spacetime us-
ing the same method; i.e., this paper provides the first such
calculation. One reason why the polar gravitational waves
could not be solved might be the difficulty in dealing with
the boundary conditions at the stellar surface due to the
existence of many perturbative variables, in contrast to the
axial gravitational waves. Furthermore, as shown in the
main text for the ordering of perturbations, we consider the
first-order perturbations for the metric and fluid motion and
the second-order perturbations for magnetic fields, to see
the magnetic effects on the emitted gravitational waves.

This paper is organized as follows. In Sec. II we briefly
describe the gauge-invariant perturbation theory on the
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spherically symmetric background, we give the back-
ground solution that we adopt in this paper, and we explain
how to introduce magnetic fields as perturbations. Next, in
Sec. III we derive the perturbation equations for polar
gravitational waves emitted during the collapse of a mag-
netized dust sphere. Then, the details of the numerical
procedure are given in Sec. IV, and Sec. V is devoted to a
description of the code tests. In Sec. VI we show the
numerical results related to the influence of the existence
of magnetic fields on the gravitational waves radiated
during the formation of a black hole. Finally, we give our
conclusion in Sec. VILI. In this paper, we adopt units of ¢ =
G =1, where ¢ and G denote the speed of light and the
gravitational constant, respectively, and the metric signa-
ture is (—, +, +, +).

II. BASIC PROPERTIES

As in Paper I, we study electromagnetic fields as small
perturbations on a dust sphere since the magnetic energy is
much smaller than the gravitational binding energy, even if
the source of the gravitational waves involves a strong
magnetic field like a magnetar. Thus the background met-
ric g, and the four-velocity of a fluid u# are determined
as solutions of a collapsing spherical dust sphere without
electromagnetic fields. Now it is convenient to introduce
two small dimensionless parameters related to the strength
of the magnetic field and to the amplitude of the gravita-
tional waves, i.e., 7 ~ |B/(GM*R;*)'/?| and € ~ |5g,,.
where R, is the stellar radius and we assume that the fluid
perturbations are also small, i.e., |du#| ~ € and |8p| ~ €.

Then the leading terms for the perturbations of t%) and

tf,l,w) are (SILE,Z ~ O(e) and BI(,LE,I,\A) ~ O(n?), where t%) and
tELE,l,\A ) express the energy-momentum tensors for the fluid
and for the electromagnetic fields, respectively. In this
paper, since we focus on the effect of the magnetic field
on the emitted gravitational waves during the stellar col-
lapse, we omit terms of higher order such as O(e?) and
O(€e'n?). Further, with the assumption that € ~ 52, the
perturbed Einstein equations of order e are reduced to
the following form:

8G,,, = 8m{81ly) + 815"} + O(e?)

= 8mwét,, + 0(e?). (2.1)
Notice in this approximation that the gravitational pertur-
bations are driven by both the magnetic field and the fluid
motions of the collapsing dust sphere.

A. Gauge-invariant perturbation theory

For a spherically symmetric background spacetime, the
first-order gauge-invariant perturbation theory has been
formulated by Gerlach and Sengupta [22] and further
developed by Gundlach and Martin-Garcia [25]. In this
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subsection we briefly describe this formalism for the polar
parity perturbations.

1. Background spacetime

The background spacetime, which is a spherically sym-
metric four-dimensional spacetime /M, can be described as
a product of the form M = M? X S?, where M? is a two-
dimensional (1 + 1) reduced spacetime and S? is a two-
dimensional sphere. In other words, the metric g, and the
stress-energy tensor ,,, on M can be written in the form

gp,l/ = diag(gAB’ r27ab): (22)

t,u.v = diag(tAB) Qr27/ab)J (23)

where g,p is an arbitrary (1 + 1) Lorentzian metric on
M2, ris a scalar on M2, Q is some function on M2,
and 7, is the unit curvature metric on S%. Note that if the
background spacetime is spherically symmetric, then Q =
19,/2. Here and henceforth the Greek indices denote the
spacetime components, the capital Latin indices denote the
M2 components, and the small Latin indices are used to
denote the S? components. Furthermore, the covariant
derivatives on M, M?, and S? are represented by ., |4,
and -, respectively. Finally, the totally antisymmetric co-
variant unit tensor on M? is denoted as €45, and on S? it is
denoted as g,.

2. Nonradial perturbations

As mentioned before, in this paper we consider axisym-
metric polar parity perturbations for both the metric dg,,,
and the matter perturbations &¢,,, which are given by

h Ylm h(P)ylm_
8g,, = "B At . (24
gMV ( * rZ(Kylm,yab + GYlmIab) ( )

At Ylm A t(P) Ylm .
Ot,, = AB A ‘a , (25
< * rPARY™y,, + ArZm (2.5)
where Zm = y™m. 4+ I(I+ 1)Y"™y,,/2 and Y™ stands
for the spherical harmonics. With /3, hff) , K, G, Atyp,

Atff), A7, and A7, the gauge-invariant variables for the
nonradial perturbations are defined as

kap = hap — (pajp + Ppia)s (2.6)

k=K —2vip, 2.7)

Tpp = Atap = tagicPS = tacPy — tocp€y  (2.8)
® r

TA = AtAp - tACpC - 5QG|A’ (29)

T? = A — r*QG, (2.10)
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1+ 1)
2

T3 = AP — (Q)c + 2Qve)pC + 0G, (2.11)
where vy = r4/r and py = hff) — r*G)4/2 [25]. Note
that 7, is defined for / = 1 and T2 for [ = 2. In terms of
the gauge-invariant variables, the linearized Einstein equa-
tions for the polar parity perturbations are given by [22]

(1+1)
20 (kapic — kcaip — kepla) — [ 3

+GE

+G,+ 2R]kAB — 2843V (kgpic — kceip
— keplp)8FP + gap(2vP + 40P — GP)k¢p
I(l+1 1
+ gABI:(42) + E(GCC +G,)+ R]kDD
r

+ 2(UAk|B + ka|A + k|A|B)

I—1)(+2
- gAB[2k|C|C + 6v ke — #k] = —167 T,
T
(2.12)
kia = kyp® + kP — vaky® = —167T,,  (2.13)
(k' + 20814 + G k) = [y 18 + 202k 1°
+ 2(v418 + vAuB)k,p] + [kAAlBlB + vAkBBlA
I(1+1
+ Rk, — (2 5 )kAA:I = 167717, (2.14)
r

kA = —167T? (2.15)

where R is the Gaussian curvature on /M2, and G, and
G,“ are defined as

Gap = —2vap T vavp) + 845V0, (2.16)

G, = 2w, M + vyt — R), (2.17)

where V,, is defined as V, = 2(—U + W' — uU + vW) +
3(W? — U?) - r72and u = uAlA, v = nAlA, U= ulv,,
W = ntv,, F = u*F,, and F' = n*F), [32]. Now, if the
symmetric tensor k,pz is decomposed in a coordinate-
independent way into three scalars,

kag = q(—uqup + nang) + dplusug + nyng)
+ ¢ (ugnp + nyup),

and if to eliminate ¢ we introduce the new variable

defined as { = ¢ — k + ¢, then from Egs. (2.12), (2.13),

(2.14), and (2.15) we can get the perturbation equations for
the variables of the metric perturbations as

— {2 - U =S,

(2.18)

(2.19)

084037-3



HAJIME SOTANI

—k+ K" =2cUy' =S, (2.20)
-y =S5, (2.21)
g = —8nwT?, (2.22)

where the source terms S;, S;, and §, are given in
Appendix A without the variables for matter perturbations.
Namely, we can calculate the evolutions for metric pertur-
bations independent of the matter perturbations. On the
other hand, the variables associated with the matter pertur-
bations are given by

— 8mntubT, = (k) + C,, (2.23)
8mutuBT,y = —k'" +2Uy' + C,, (2.24)
—16muT, = ' + C,. (2.25)

Notice that the right-hand sides of Egs. (2.23), (2.24), and
(2.25) are produced with only variables for metric pertur-
bations; i.e., the matter perturbations can be determined
after calculating the metric perturbations. The concrete
forms of C,, C,, and C, are described in Appendix A.

B. Oppenheimer-Snyder solution

We briefly describe the adopted background spacetime
which will later be endowed with a magnetic field. We
consider perturbations around a homogeneous spherically
symmetric dust collapse described by the OS solution,
whose line element inside the dust sphere is given by

ds®> = —dr* + R*(7)[dx?* + sin® x(d6? + sin’0d¢p?)],
(2.26)

= R*(g)[—dn?* + dx? + sin® x(d6* + sin*0d $?)],
(2.27)

where y is a radial coordinate defined in the range 0 =
X = xo <m/2 and x, corresponds to the stellar surface.
Additionally, R(n) and 7(n) are the scale factor and the
proper time of a comoving observer with a fluid, respec-
tively, which are defined in terms of the conformal time 7
as follows:

R(n) =

(1 + cosm), (2.28)

sin® x,

7(n) = (m + sinm), (2.29)

sin® y,
where M is the total gravitational mass of the dust sphere.
The energy-momentum tensor for the dust fluid is written
as

(M) _

luvy = PUyUL,, (2.30)
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where p is the rest mass density given by

38in6)(0

W (1 + COS?])73,

p(n) = 231)
and u* denotes the four-velocity of the dust, described in

terms of comoving coordinates as

ut = §8*_ or u* =R(n)'é*, (2.32)

where 6#, means the Kronecker delta. Also, with the four-
velocity u*, the spacelike unit vector defined as n? =

—g,pub is given by

n* = R(n)~'8%,, (2.33)

where n# is a normal vector on the sphere whose radius is

constant. Thus we have u = U = a,,R/R2, v =20, and
W = cosy/(Rsiny). Furthermore, the frame derivatives
are F = 9,F/R and F' = ,F/R. The spacetime outside
the dust sphere is described by the Schwarzschild metric,
ie.,

ds* = —f(r)d* + f(r)"'dr* + r2(d6* + sin’0d $?),
(2.34)

where f(r) = 1 — 2M/r. Note that with the Schwarzschild
metric #* = (1//F,0), i = (0,Jf), U= =0 W=
Jf/r,and # = M/(r*\/f), where we use the tilde to avoid
mixing of the variables inside the star. From the junction
conditions at the surface of the dust sphere, we obtain the
relationships between the (7, y) coordinates and the (7, r)
coordinates, which are given by

r. = R(n) siny,, (2.35)

[(r/2M) — 1]"/2 + tan(n/2)
[(r/2M) = 11"/% — tan(n/2)

N (rso B 1)1/2[77 N (rso)(77 n sinn)], (2.36)

t

M

2M 4M

where ry, = r(t = 0) = 2M/sin’x, is the initial stellar
radius in Schwarzschild coordinates.

C. Magnetic fields

As mentioned above, we consider weakly magnetized
dust spheres in which the magnetic effects are treated as
small perturbations in the OS solution, where we can
consider that the electromagnetic fields are axisymmetric
due to the nature of a spherically symmetric background.
Thus, perturbations of the electromagnetic fields, 6F,,,
can be described in terms of the spherical harmonics Y
by the following relations:

BFOI = _8F10 = €2Ylm, (237)

5Foa = _8Fa0 = €1Slma + €3Ylm:a, (238)
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5F1a = _5Fa1 = blslma + b3Ylm:a, (239)

6F23 = _6F32 = b2823ylm, (240)

where S, = gb,Y"™., These variables of 8F,, are gov-
erned by the Maxwell equations, i.e.,

OF 16+ 6F,5, + 0Fq,, =0, (2.41)

SFrY., = A4S, (2.42)

where 86J* is the perturbation of the current four-vector.
Equations (2.41) and (2.42) are correct up to order €’n'.

In the interior of the dust sphere, we consider infinitely
conductive fluids; i.e., the ideal magnetohydrodynamic
approximation has been adopted, according to which
OF,,u” = 0. With this approximation and the Maxwell
equation (2.41), we obtain the basic equations for electro-
magnetic fields inside the star,

e =e, =e3 =0, (2.43)
8nb1 = anbz = 8nb3 = O, (244)
I(1+ 1)by + d,by =0. (2.45)

Equation (2.44) tells us that the magnetic field does not
change for a comoving observer. Additionally, with the
Faraday tensor F#”, since the magnetic field B, can be
described as B, = eumﬁu”F“B/Z one can see that the
quantities b; and b, are related to the poloidal magnetic
component, while b5 is associated with the toroidal mag-
netic component. Furthermore, similar to Paper I, in this
paper we consider the case where the magnetic fields are
confined in the stellar interior, i.e., by = by, = b3 = 0 at
the stellar surface. (In fact, the necessary condition for the
magnetic fields to be confined inside the star is only b, = 0
at the stellar surface, which is derived from the junction
conditions for the magnetic fields as in Paper I, but for
simplicity, in this paper we adopt the above conditions.) Of
course the electromagnetic fields outside the star are also
important for viewing the emission of electromagnetic
waves, but they can be seen in the near future elsewhere.
Additionally, in this paper we focus only on dipole elec-
tromagnetic fields, i.e., electromagnetic fields associated
with [ = 1. In the next section we will see how the dipole
electromagnetic fields can drive the quadrupole gravita-
tional radiation, which is more important in the
observation.

III. PERTURBATION EQUATIONS FOR POLAR
PARITY

A. Interior region of the star

The perturbation of the energy-momentum tensor 617,,,
is described as

PHYSICAL REVIEW D 79, 084037 (2009)

81, = 610 + 645", 3.1)
where 61‘%) and St%\/{) correspond to the energy-
momentum tensors for the dust and the electromagnetic
field, respectively. Since the polar perturbation of the fluid
four-velocity, 6u,,, and the perturbation of the density, 6p,
are defined as

Su,, = [(Fna + Shapu®)Y™, ay™. ], (3.2)

Sp = apY'™, (3.3)
the expansion coefficients of St%) in Eq. (2.5) are

At‘(Al\g) = p[’)?(uAnB + nAuB) + %(hBCuA + hAcuB)uC]

+ (D'DMAMB, (34)
ALP™M = Gpu,, (3.5)
APM) = ApBM) = (3.6)

On the other hand, as mentioned before, we consider the
effect of the dipole magnetic fields on quadrupole gravita-
tional radiation. In this case the nonzero expansion coef-
ficients for 61‘%\4 ) associated with [ =2 gravitational

waves are given in Appendix A of Paper I as

b,y b+ b5’
EM
Atgm ) = KI:RZSiZIl4 - ;‘2 - 23 ], (3.7)
X sin® y
ALY = —K[ bl Y b32] (3.8)
o R*sin*y  RZ%sin’y [ '
P@EM) _ Kbiby
2_p2
AREM) — K(b3—2bl)’ (3.10)
R
2
AREM) — Rfl,’24 : (3.11)
sin* y

where k = (87+/57)~!. Thus we can derive the gauge-
invariant quantities for the total matter perturbations,

b, b+ by’
Tyy = —pkyy + wpR> + K[stin“)( - RZsin y :I’

(3.12)
b,? b2+ b,

Ty = —K[ = —+ L3 ] (3.13)
R-sin"y  R<sin“y

T, = —ypR? — %pkw, 3.14)

T, = —apR, (3.15)
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Kblbz
b.2— b2
g2 = b5 — b1 ! 3 (3.17)
Kkb,?
X

where «, 7y, and w are a gauge-invariant set of fluid
perturbation defined as

a=a— pluy, (3.19)
y =9 — n[pPuyp + 5uB(ppia — pap)l (3.20)
w =@ — p*inp)s. (3.21)

Then, with Egs. (2.19), (2.20), and (2.21), the evolu-
tionary equations for the metric perturbations on the inte-
rior region are described as

20,R 2cosy
_ 22 + 27 Yl _
e+ 0L R In¢ siny Ixé
(-1 +2)
sin2y
=S¢, (3.22)
30,R a,R cos Y
2k +—"T—0,k+—-9,{— a,¢ — 2k
K R 7 R né siny xé
=1 +2 _
- [u + 2]{ = Sk, (3.23)
2sin2y
20,R _
Oyt + 0,0+ R =Sy, (3.24)

where we set ¢, = 0 since the matter is considered to be
dust. Notice that the source terms S;, S;, and S, are
produced only by the perturbed magnetic fields, and the
concrete forms are given in Appendix A. In other words, as
mentioned in Sec. I A2, we can calculate the metric
evolutions apart from the matter perturbations. At last,
with Egs. (2.23), (2.24), and (2.25), the evolutions of matter
perturbations are determined by using the variables for the
metric and magnetic perturbations, which are described in
Appendix B. From the above system of equations for
metric perturbations, we can see that the variable { is
independent of k and ¢, while the equations for the vari-
ables k and ¢ do not have such terms as 9 k and 9, .
Thus for the interior region it is enough to calculate the
evolution for only . After that, in order to adopt the
junction conditions (see Sec. IIIC), we have to calculate
k and ¢ in the vicinity of the stellar surface with the given

g
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Considering the behavior of the metric perturbations
near the stellar center, we introduce a new variable, (,
which is regular at the stellar center and defined as { =
(R siny)/™2{ [25]. With a new variable, the above pertur-
bation equation for {, Eq. (3.22), can be rewritten as

- - 0,R cosy
— 02+ 92 —20+3) 219, 7 +2(1+1)—29
28 T vl — 2 )R 24+ 2( )Sin)( e

—(+ 2)[337713 + 1+ 3)(%)2 + I]Z = (Rsiiﬁ.

(3.25)

Furthermore, in the actual numerical calculations we adopt
the double null coordinates (u, v), defined as u = 9 — y
and v = n + y. In these coordinates, the perturbation
equation is rewritten as

d.R 9l
[(1+3)L+(z+ 1)09”‘]—5
R siny 1 du

cosx]a_f+ (I+2)
siny J v 4
92 R 9, R\2 . S
X|Z—+(1+3 L) +l] =—__ 2
[ R ( )( R ¢ 4(R siny)'*?
(3.26)

9%
Z 1
Judv 2

9,R
R

+%[(z+3) — U+ 1)

B. Exterior region of the star

In the exterior region, the master equation for the per-
turbations can be reduced to the well-known Zerilli equa-
tion for the Zerilli function, Z(z, ), which has the form

— P22+ 9 Z—-V,(rNZ=0, (3.27)

(I+1) 6M rPAA+2)+3M>ir— M)
Vz(”)=f[ 2 3 (rA + 3M) ]

(3.28)

where A = (I + 2)(I — 1)/2 and the tortoise coordinate 7,
is defined as r, = r + 2M In(r/2M — 1), which leads to
d, = fd,. The variable Z(z, r) is constructed with the

variables ¢ and k as

Z(t,r) = AWt r) + Bk, r) + C(r)ar*lg(t, r),

(3.29)
where
_2r A =27
le(")—A—3y fB(r)—A—3, C(")— ng’
(3.30)

where A; = —1+ (> +1+1)/f and A; = =3+ (1> +
[+ 1)/f [25]. On the other hand, the variables for the
metric perturbations, /2, Z , and z]f are produced with Z as
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. Z 2 6MZ
k==4+—"_|-—="=498.2Z 31
ro 10+ 1)[ rA; " ] (3.3
Fe— 4r +3M 6M  4r* —TrM — 9OM?
r2r + 3M) (I+1) PQ2r+3M)?
B 2M 5r—3M 5 74 2r 27
(+1) (r—2M)Q2r+3M) ™ i+ nf =
(3.32)
§ 2 (I-1D)1+2) M
= — -9 z+ra,0. 7|
v 1+ l)fH As r} 18 T 10O ]

(3.33)

Finally, the Zerilli equation (3.27) can be rewritten in terms
of the double null coordinates it =t — r, and v =t + r.,
as

927

Jidv

(3.34)

1

C. Junction conditions at the stellar surface

In order to connect the metric perturbations of the
interior region with those of the exterior regions, we have
to impose the junction conditions at the stellar surface; they
are derived from the continuity of the induced metric and
the extrinsic curvature [25]. As mentioned above, in this
paper we focus on the case where the magnetic field is
confined inside of the star, i.e., ¢ = 0 at the stellar surface
[see Eq. (A7)]. In this case the junction conditions to
impose are the continuity of N, k, ¢, ¢, k' + 87pN, and
(" + 2u i, where the variable N is determined by using y
and ¢, suchas N — uN = —(y + ¢ /2). These conditions
are equivalent to

{(={( k=k =, (3.35)
d,k + 8TpRN = % sinyo(d,k) + ; cosxo(d,. k),
(3.36)
a.R I y
3 & = sinyo(9,) + — cosx,(9,, ). (3.37)

f f

With these junction conditions, the exterior variable Z can
be described by using the interior variables ¢, k, and
[25],

- 2r4 L[(COSZXO N (anR)2)
(I+2)(I—1)r+6M R*|\sin’y, R

2 a,R
X (£ + k) + X0 EnR SN0 (5 k + 8mpRN)
siny, R sin
d,R
+ Tank]. (3.38)
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IV. NUMERICAL PROCEDURE

The numerical procedure adopted in this paper is basi-
cally similar to that in Paper I. In order to calculate the
nonspherical perturbations, we divide the background
spacetime into three regions named I, II, and III (see
Fig. 1). Region I denotes the stellar interior while
regions II and III correspond to the exterior. Region II
corresponds to the intermediate exterior region, which is
introduced to help the matching procedure at the stellar
surface in the numerical computation. Region III is sepa-
rated from region II by the null hypersurface defined by
U = ¥y, which is the ingoing null ray emitted from the
point where the stellar surface reaches the event horizon,
i.e., the point H in Fig. 1.

In order to solve the wave equations numerically, we
adopt the finite difference scheme proposed by Hamadé
and Stewart [33], in which we use the double null coor-
dinates (u, v) in region I and (&, ©) in regions Il and III. In
region I, to avoid numerical instabilities we integrate the
wave equations by using a first-order finite difference
scheme, while in regions II and III the numerical integra-
tion is a second-order finite difference scheme. In region I
we adopt the equally spaced grids for (u, v); i.e., Au and
Av are constant, and we set Au = Av. With this assump-
tion, the intervals for 7 and y, An and Ay, are also
constant, i.e., An = Ay. The grid points in region II are
determined so that at the stellar surface they agree with the
grid points produced with the coordinates in region I. That
is, Az and A¥ are not constant and A # Av in region II.
We note that with the initial data sets on n = 0 in region [

H
o5t
s
S
v
N
I
= =
I I
< =
initial hypersurface
n=20 ﬂ\ t=20
stellar surface
FIG. 1. A schematic description of the Oppenheimer-Snyder

spacetime for the collapsing model in characteristic coordinates.
Region I denotes the stellar interior while regions II and III
correspond to the exterior. The stellar surface, where r = r; or
X = Xo, 1s the boundary between regions I and II, and the shaded
region corresponds to the stationary region outside the star.
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and on @i = iy in region II, the evolutions in regions I and
II can be calculated, independently of the information in
region III. After the calculation of the evolutions in
regions I and II, with the data set on the null hypersurface,
U = ¥, and the initial data set on # = ii,, the evolution in
region III can be calculated, where we adopt the equally
spaced grids for (i1, 7). As mentioned before, hereafter we
focus only on the quadrupole gravitational waves (I = 2),
which are coupled with the dipole magnetic fields (/ = 1).

Finally, it should be noted that in region III we calculate
the time evolution only for the variable Z, which is subject
to the Zerilli equation (3.34), while in region II, to make it
easy to deal with the junction conditions on the stellar
surface, we also calculate the time evolutions for the
variable ¢ as well as Z. The perturbation equation for ¢
is derived from Eq. (2.19), which is described with null
coordinates as

K-y

Jdin Jv r r

ol

. 4.1)
s

In the rest of this section, we describe the initial data, the
boundary conditions at the stellar center and at spatial
infinity, and the special treatment of the junction condition
as the stellar surface approaches the event horizon.

A. Initial data

To start the numerical simulations, we need to provide a
data set on the initial hypersurface for the quantities Z, 9,,,
and 9, as well as the magnetic perturbations of b, and b,
for the interior region, and Z, d;Z, and d;Z for the exterior
region. Outside the star, we assume that the initial pertur-
bations are ‘“momentarily static,” which is similar to the
initial condition in [20,26]. With this assumption the initial
distribution of Z(r; ¢ = 0) is determined by using the fol-
lowing equation:

— 2 Z+Vy(nNZ=0, 4.2)
with the boundary condition at infinity as
2M\2
231 =0 = (2’ (43)
r

where ¢, is a constant denoted the quadrupole moment of
the star. Similar to [20,26], we assume that g, = 2M. Since
this solution is static, the initial perturbation outside the
star, Z(r), does not evolve until a light signal from the
stellar interior arrives there; i.e., on the gray region in Fig. 1
the solution Z(r) will not be changed. Thus we can use the
initial data Z(r) as the data set on the null hypersurface i =
ily. Furthermore, with the assumption that 9,Z = 0 at r =
0, the data for 9;Z and 9;Z are given as 9;Z = —(9,.Z)/2
and 9;Z = (9,,Z)/2, respectively.

PHYSICAL REVIEW D 79, 084037 (2009)

With respect to the initial condition inside the star, we
can choose appropriate functions of magnetic distributions,
b>(x) and bs(x), where the conditions to determine the
electromagnetic perturbations are Eqs. (2.43), (2.44), and
(2.45). As mentioned before, since in this paper we focus
only on the case where the magnetic fields are confined
inside the star, we should put the boundary conditions at
X = Xo, such as by = by, = by = 0. Then, similar to the
exterior region, if the momentarily static condition for { is
assumed, with the given initial distributions for the mag-
netic fields, the initial data for / can be determined by
integrating the equation

(4.4)

Notice that for the case of the nonmagnetized sphere the
value of 0 XZ /{ at the stellar surface is independent of the
central value of [ because Eq. (4.4) does not have the
source term. Thus in this case we produce the initial data
of £ so that at the stellar surface the metric perturbation is
not smooth but just continuous. However, the effect of this
nonsmoothness on the emitted gravitational waves looks
very small (see Figs. 2 and 3). Actually, Cunningham,
Price, and Moncrief also adopted the nonsmoothness initial
condition in their calculations [20]. Additionally, the initial
data for k, d,k, and ¢ at y = y, are derived from the
junction conditions. Then, as mentioned in the previous
section, the variables for the matter perturbations, y(y),
a(y), and w(y), can be determined by using the initial
distributions for the metric perturbations. Finally, we also
add an assumption that N = 0 at n = 0.

B. Boundary conditions

For the numerical integration we have to impose the
boundary conditions. One is the regularity condition at the
stellar center (y = 0), and the other is the no-incoming-
waves condition at infinity. The regularity condition at the
stellar center demands that 0 XZ = (), which is reduced to
0, = d,{. With respect to the no-incoming-radiation
condition at infinity, we adopt the condition dZ/dii = 0
(see, e.g., [33]).

C. Special treatment of the junction conditions near the
event horizon

When the stellar surface reaches the event horizon, the
junction conditions discussed earlier in Sec. III C cannot be
used anymore because the terms related to f~! diverge.
Instead of these junction conditions, following [34], we
adopt an extrapolation for the value of Z on the junction
null surface, ¥ = ¥y, in the vicinity of the point H in
Fig. 1, as

N ZEH _ ZNmax
Z = Z max -+ I‘EH4

— o =),

4.5)
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FIG. 2 (color online).
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—0.004 L — N = 1000 ]
El -— Ny =2000

3000 150 210 270
LM

Waveforms of gravitational waves for / = 2 emitted from homogeneous dust collapse with the initial radii

rso = 8M (left panel) and ry = 20M (right panel). The solid and dashed lines correspond to the results for N, = 1000 and 2000,
respectively, where N, is the number of spatial grid points inside the dust ball.

ZNmax — ZNmax_

1
(P pNa) (4,6)

ZEH = ZNmax 4+ -
erax — erax7

where Z" and " are the values of Z and r on ¥ = ¥ at nth
time steps, while N,, denotes the total number of time
steps in region II, and r¥H = 2M.

V. CODE TESTS

In order to verify our numerical code, we have calcu-
lated quadrupole gravitational radiations emitted during
the collapse of a nonmagnetized homogeneous dust sphere,
i.e., the gravitational waves emitted from the
Oppenheimer-Snyder solution. The number of spatial
grid points inside the star, N,, which corresponds to
region I, is chosen to be N, = 1000 because we cannot
see a dramatic improvement with a larger number of grid
points. Actually, as shown in Fig. 2, the waveforms of
gravitational waves emitted from a collapsing dust ball
with N, = 1000 are very similar to those with N, =
2000, and the total energies of the emitted gravitational
waves defined later also agree with each other within
0.626% for ryy =8M and 1.37% for ry =20M. In
region III, the step size for the integration is given as Aii =
(Umax — o)/ Ny, where uy,, is determined with the ex-
pected maximum time for the observer, f,,,, and the

1071 N exp(—0.178t/2) 4
£ N 1
1073 F 1
<3 3 1
ﬁ 10—5 E i
F 1
1077 1
F
1079 s
0 100 200 300

FIG. 3 (color online).

position of the observer described in tortoise coordinates,
Tiobs @S Umax = Imax — Tsop- 1IN this paper we adopt f,,, =
2000M and ry, = ryy + 40M, respectively, where the po-
sition of the observer is the same as in the previous study
by Cunningham, Price, and Moncrief [20]. Since the nu-
merical code in this region is essentially the same as that in
Paper I, the number of grid points for the outgoing null
coordinate i in region III is assumed to be N; = 10000 in
this paper (see Table I in Paper I for the convergence test).
Then we have only one parameter to determine the emitted
gravitational waves, i.e., the initial radius .

As noticed in [20], the emitted gravitational waves are
characterized by the quasinormal ringing oscillation and
the subsequent power-law tail. In Fig. 3, we show the
waveform of the gravitational waves for [ = 2 emitted
during the collapse of a homogeneous dust ball, where
the left and right panels are focused on the quasinormal
ringing and on the power-law tail, respectively. The fun-
damental frequency of the quasinormal ringing has been
calculated by Chandrasekhar and Detweiler [35], such as
2Mw = 0.747 34 + 0.177 92i. On the other hand, our nu-
merical results show that the oscillation frequency is
2M o = 0.737, which agrees well with the previous value
with only 1.3% error, while the damping rate also consorts
with the theoretical value (see the left panel of Fig. 3). As
for the late-time tail, in the right panel of Fig. 3, we find

1072 F 1
r 1
1071 1
1076 E 3
N 1
107° ¢ N » 1
r > X (t - t(]) 1
~10
10 r T~ 1
r e~
10—12 L L
0 400 800 1200

Waveforms of quadrupole gravitational radiation emitted during the collapse of nonmagnetized homogeneous

dust, as a function of time. The initial radius of the dust sphere is set to r, = 8M, while the fiducial observer is set at ry, = ry + 40M.
In the right panel the late time is compared with its theoretical value (r — )~/ where t, is the time when the observer receives the

first signal emitted from the stellar surface.
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that the amplitude of the gravitational wave decays as (¢ —
t,)~®, where ¢, is the time when the observer receives the
first signal emitted from the stellar surface, i.e., 75 =
Tiob — Faso- This result is in good agreement with the
analytical estimate by Price [36], that is, (r — #,)~@®/*2.
Through these estimations for the frequency of quasi-
ringing and the late-time tail, we believe that it is possible
for our numerical code to derive the gravitational waves
with high accuracy.

At the end of this section, we compare the total energy
emitted during the collapse with the previous results by
Cunningham, Price, and Moncrief [20] (CPM1979). It is
worth noticing that the variables inside the star adopted in
CPM1979 are different from those in the equation system
for the gauge-invariant formalism proposed by Gerlach and
Sengupta [22] and Gundlach and Martin-Garcia [25]. The
total emitted energy Egyw is estimated by integrating the
luminosity of gravitational waves, Lgyw, with respect to
time, where the luminosity is defined as

1
384

Low = 7o~ (Z,)?, (5.1)
for the [ = 2 gravitational waves (e.g., [20]). In Fig. 4 we
show the total emitted energy of gravitational waves as a
function of the initial stellar radius r,, where for compari-
son we also plot the result of CPM1979. Note that in this
figure we adopt the normalization for the quadrupole mo-
ment, ¢,, so that g, = 2M, as mentioned before. This
figure shows that there are small differences between our
results and those obtained in CPM1979. The main reason
for these differences could be the difference in how one
chooses the variables inside the star. Additionally, as we
noticed in Paper I, the difference of the accuracy in the
numerical code might also be a reason. Anyway, we can
observe that the total emitted energy systematically de-

107 :
e CPM1979
E . = ourresults
10°6F -
<L N
5 7 \\'\
- L o 4
SR -
'\\.
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1078 —
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7“50/2M

FIG. 4 (color online). Total energies emitted in gravitational
waves from homogeneous dust collapse without a magnetic field
as a function of the initial stellar radius, where r,, = 6M, 8M,
12M, 16M, 20M, and 24M. The filled circles correspond to the
results by Cunningham, Price, and Moncrief [20], while the
squares correspond to our numerical results. The dashed line
denotes the empirical formula derived from our results.
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creases as the initial stellar radius increases, and that the
emitted energy is very similar to that of CPM1979.
Furthermore, with our variables inside the star and with
our initial data, we derive the empirical formula for the
total emitted energy as

-3
Eow _ 337 % 1075 x (ﬂ) ,
oM M

which is also plotted in Fig. 4.

(5.2)

VI. GRAVITATIONAL RADIATIONS FROM THE OS
SOLUTION

In order to calculate the gravitational waves emitted
from the collapsing phase of a magnetized dust sphere,
we have to provide the initial distribution of the magnetic
field. In other words, one needs to set up the functional
forms of b, and b5 on the hypersurface 7 = 0. The initial
distributions can be determined when the following two
conditions are satisfied: (a) the regularity condition at the
stellar center and (b) the junction condition at the stellar
surface. Since we made assumptions in this paper that the
magnetic field is confined inside the star and that the value
of g becomes zero at the stellar surface, the conditions at
the stellar surface can be described as b,(x,) = br(xo) =
b5(xo) = 0. Now we introduce two new variables, b, and
b3,

by(x) = Bysin® xby(x), (6.1)

by(x) = B3sin3/\/53(/\/),

where B, Bj are arbitrary constants related to the strength
of the magnetic field. With the analytic functions b, and
bs, the regularity condition at the stellar center for the
magnetic field is automatically satisfied. Since the geome-
try of the magnetic field is practically unknown when the
collapse sets in, here we adopt the following two types of
initial distributions for the magnetic field:

(I): Bylx) = bs(y) = 1 — 2(%)2 + (%)4 6.3)

s =500 o[22 + (]
(6.4)

where the maximum values of b, and b5 are chosen to be in
the range of 0 = y = yx,. For profile (I) the magnetic field
is stronger in the center of the sphere, while for profile (II)
the field becomes stronger in the outer region.
Additionally, note that for both profiles the value of
by(x), defined as by(x) = —d,b,(x)/2, becomes zero at
the stellar surface; i.e., as mentioned before, the value of ¢
is zero at y = x,. With these magnetic profiles, we found
that the allowed values for B, and B; have to be in the
range of B, < Bs, in order to produce the initial data set so

(6.2)
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that the inner metric perturbation is smoothly connected to
the stationary solution in the outer region at the stellar
surface. So, in what follows, we consider the two cases
for the magnetic field: the first is that only toroidal mag-
netic components exist, i.e., B, = 0, and the second is that
both the poloidal and the toroidal magnetic components
exist, where B, < B;.

A. Toroidal magnetic field

First we consider the case where only toroidal magnetic
components exist, i.e., B, = 0. In this case, the source
term in Eq. (4.4) to determine the initial distribution, Z, is
proportional to B,2. The value of Bj is determined so that
the initial inner metric perturbation should be smoothly
connected at the stellar surface to the stationary solution
for the exterior region. Then we can get the distributions
for the initial inner metric perturbation, £(x), and for the
initial density perturbation, w(y), which are shown in
Fig. 5 with the two different magnetic profiles, (I) and
(II). In this figure the initial stellar radius is set to be 7,y =
8M, but the functional forms of J(y) and w(y), with
different initial stellar radii, are very similar to those with
reo = 8M. From this figure, we can see that the initial
distributions of / and w depend strongly on the magnetic
profiles even if the initial metric perturbations for the
exterior region are the same as the stationary solution

X

FIG. 5 (color online).

0 01 02 03 04 05 06
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with g, = 2M. On the other hand, Fig. 6 shows the wave-
forms of the emitted gravitational waves with these initial
perturbations, where the left and right panels correspond to
the results with the initial radii r,, = 8M and 20M, re-
spectively. For comparison, the waveforms for the non-
magnetized dust collapse are also plotted. The first
observation of Fig. 6 is that the waveforms of the emitted
gravitational waves are almost independent of the mag-
netic profiles, in spite of the difference of the initial per-
turbations inside the star. That is, if the initial dust sphere
consists only of the toroidal magnetic component, it might
be difficult to distinguish the interior magnetic profile by
using direct detection of the waveform of the emitted
gravitational waves. Additionally, we can observe the dif-
ference between the waveforms of gravitational waves
with a toroidal magnetic field and without a magnetic field.
With a smaller initial radius, the shape of the waveform is
similar to that for the nonmagnetized case. Still, we can see
the effect of the existence of a magnetic field; i.e., the
quasinormal ringing can be seen earlier and the amplitude
is also enhanced a little due to the magnetic effect.
However, with a large initial radius, it is possible to watch
the obvious influence of the magnetic field on the wave-
form of emitted gravitational waves, where the amplitude
of the waveform grows large and the maximum value of the
gravitational wave becomes negative. In other words, with

80

40

— 80 . . . . .
0 01 02 03 04 05
X

0.6

The initial distribution of the inner metric perturbation Z(y) is shown on the left panel, and the initial density

perturbation w(y) is shown on the right panel, where the initial radius is ry = 8M.

0.05 " "
0 = 8M i nonmagnetized
[ dust
N 0Ff
—0.05 : .
20 60 100 140
t [M]

FIG. 6 (color online).
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Waveforms of gravitational waves for / = 2 emitted from the homogeneous magnetized dust collapse, with the

initial radius r,y = 8M on the left panel and r,, = 20M on the right panel. The solid and dotted lines correspond to the results with

magnetic profiles (I) and (II), respectively, while, for comparison,

the dot-dashed line shows the result for the nonmagnetized case.
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a large initial radius, the waveform before the quasinormal
ringing would be observed can be changed remarkably.
The reason for this could be that, with a large initial radius,
it takes longer for the stellar surface to reach the event
horizon; then the inner magnetic field can affect the metric
perturbations for a longer time. In particular, the depen-
dence of the magnetic effect on the initial radius can be
seen clearly in the total energy of the emitted gravitational
waves. Figure 7 shows the total energy as a function of the
initial stellar radius, with circles for magnetic profile (I)
and triangles for magnetic profile (II), where for compari-
son the total energies for the nonmagnetized dust case are
also shown as squares. It is found from this figure that with
a large initial radius, due to the magnetic effect, the total
energy of the emitted gravitational wave becomes much
larger than that for the nonmagnetized dust collapse. Then
the dependence of the total energy for the dust collapse
with a toroidal magnetic field on the initial stellar radius is
quite different from the empirical formula (5.2) for the
nonmagnetized dust collapse.

B. Poloidal and toroidal magnetic fields

Next we consider the magnetic field, which consists of
the poloidal and toroidal components. In this case we can
introduce the new parameter 3, defined as 8 = B,/B;,
and if we choose this value of S, the initial inner metric
perturbations are determined, as they should be smoothly
connected to the outer stationary solution. Note that the
case for B = 0 corresponds to the dust model, in which
only toroidal magnetic components exist, as shown in the
previous subsection. Table I shows the allowed maximum
values of B with different combinations of magnetic pro-
files for the poloidal and toroidal components and with
different initial stellar radii. From this table, it can be seen

10-° -
= nonmagnetized
o (I)
X = v (II)
2 105 v E
Q n $ R
% 7L " i
& 10
10 :
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T 50 / 2M

FIG. 7 (color online). Total energies emitted in gravitational
waves from the homogeneous magnetized dust collapse as a
function of the initial stellar radius, where r,, = 6M, 8M, 12M,
16M, 20M, and 24M. The filled circles and triangles correspond
to the calculated results with magnetic profiles (I) and (II),
respectively, while the squares correspond to the total energy
emitted from the nonmagnetized dust collapse.
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that with a large initial radius it becomes more difficult to
produce a magnetized dust model with large values of 3,
and that the maximum values of 8 depend strongly on the
inner magnetic profiles.

Similar to the collapse of magnetized dust with only
toroidal components, the magnetic effects can be seen a
little in the waveforms of gravitational waves. Figure 8
shows waveforms for the collapse of magnetized dust with
rqo = 8M and with several values of 3, where magnetic
profile (I) is adopted for the poloidal and toroidal compo-
nents. From this figure it is found that the emitted gravita-
tional waves are basically characterized by the
quasinormal ringing, as well as by the case of nonmagne-
tized dust collapse. We can also see the specific magnetic
effects in the waveforms, where as the value of 8 becomes
larger, the amplitude of the gravitational waves is enhanced
and its maximum value changes from a positive to a
negative one. These are similar features to the case of
dust collapse with only toroidal components with a large
initial radius. In other words, with large values of the
magnetic ratio, even with a small initial radius, we can
see the magnetic effect in the waveform before the quasi-
normal ringing would be observed. This tendency holds for
the magnetized dust collapse with different magnetic pro-
files. As a result, with a large value for the magnetic ratio,
the total energy of the gravitational waves grows. The total
energies for ry = 8M and 20M are plotted in Fig. 9 as a
function of the magnetic ratio, where the different lines
correspond to the different combinations of magnetic pro-
files for the poloidal and toroidal components. For ex-
ample, in this figure “(I)-(II)”’ means that the magnetic
profiles (I) and (I) are adopted for the magnetic variables
b, and b5, respectively. This figure tells us that the total
energies emitted in the gravitational waves from the mag-
netized dust collapse depend strongly on the magnetic ratio
and the inner magnetic profiles. This sensitivity, as well as
the change of waveforms due to the existence of magnetic
fields, could be important for extracting some information
about the inner magnetic profiles of the progenitor from the
direct observation of gravitational waves during black hole
formation after stellar collapse.

TABLE I. Allowed maximum values of 8 with the different
combinations of magnetic profiles for the poloidal and toroidal
components and with different initial stellar radii. As mentioned
before, b, and b5 are associated with the poloidal and toroidal
magnetic components, respectively.

Profile 50

b, by 6M  8M 12M 16M  20M  24M
O @O 0073 0054 0035 0026 0021 0.017
O d 026 020 0.13 0.10 0.080  0.067
a @ |0.020 0014 00094 0.0070 0.0055 0.0046
I dn | 0072 0053 0035 0026 0021 0.017
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FIG. 8 (color online).
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Waveforms of gravitational waves emitted from the homogeneous magnetized dust collapse with the initial

radius r,y = 8M (left panel), where the three different lines correspond to the dust models with different magnetic ratios, 3, and
magnetic profile (I) is adopted for both poloidal and toroidal components. Note that the line for 8 = 0 is the result of collapse without
a poloidal magnetic component. The right panel is the magnification of the region encompassed by the square in the left panel.
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FIG. 9 (color online).

Eqw/2M

102

10—3

1074

10-°

10-6

107

The total energies emitted in gravitational waves from the homogeneous dust collapse with a magnetic field as

a function of the magnetic ratio, 3, where the left and right panels correspond to the results for the initial radii r,y = 8M and ry) =
20M. In the figure, the different lines correspond to the different combinations of magnetic profiles for the poloidal and toroidal
components. In the legend, for example, “(I)-(II)”” shows that magnetic profiles (I) and (II) are adopted for the magnetic variables b,

and b5, respectively.

VII. CONCLUSION

In this article, with gauge-invariant perturbation theory
we have studied the dependence of stellar magnetic fields
on polar gravitational waves during the collapse of a
homogeneous dust sphere. It should be emphasized that
this is the first calculation of emitted polar gravitational
waves on the dynamical background spacetime, with the
covariant gauge-invariant formalism on the spherically
symmetric spacetime and the coordinate-independent
matching conditions at the stellar surface, as devised by
Gundlach and Martin-Garcia [25]. So far, such calculations
could not be done due to the difficulty of treating the
boundary conditions at the stellar surface. In order to solve
this difficulty, we evolve not only the Zerilli function Z, but
also the metric perturbation £ in the intermediate exterior
region (region II), and the calculation of the emitted gravi-
tational waves is successful.

With this numerical code, we consider the magnetic
effects on the polar gravitational waves from the
Oppenheimer-Snyder solution describing collapsing dust,
where the magnetic fields are introduced as a second-order
perturbation term. Even if the initial magnetic perturba-

tions are small, as the collapse proceeds they could get
amplified and become significant because of the conserva-
tion of the magnetic flux. In particular, similar to Paper I,
we have assumed that the magnetic field is axisymmetric,
where the dipole magnetic field perturbations are the ones
that couple to the quadrupole polar perturbations of the
gravitational field. Additionally, we assumed momentarily
static initial data and we have not taken into account the
influence of the exterior magnetic field in the propagating
gravitational waves.

Through this investigation, we found that there is evi-
dence for the strong influence of the magnetic field on the
gravitational-wave luminosity during the collapse.
Depending on the initial profile of the magnetic field and
its ratio between the poloidal and toroidal components, the
energy outcome can be easily up to a few orders higher
than what we get from the nonmagnetized collapse. In
addition, it is possible to observe an important change
before the quasinormal ringing is detected, which is in-
duced by the presence of the magnetic field. These mag-
netic effects can be seen in the collapsing model with a
large initial radius and with a large magnetic ratio between
the poloidal and toroidal components, since for a large
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initial radius the time needed for black hole formation is
longer and the magnetic field acts on the collapsing fluid
for a longer time. Note that the magnetic effects on the
polar gravitational waves are different from those on the
axial ones; i.e., the axial gravitational waves are indepen-
dent of the magnetic ratio, and they depend only on the
magnetic strength such as the value of B, X B;. Such
magnetic effects could be helpful in extracting some infor-
mation about the inner magnetic profiles of the progenitor
from the detection of gravitational waves radiated from
black hole formation after stellar collapse.

In conclusion, we believe that although this study might
be considered as a ‘“‘toy problem,” it has most of the
ingredients needed to emphasize the importance of the
magnetic fields in the study of the gravitational-wave out-
put during collapse. The final answers to the questions
raised here would be provided by the 3D numerical
MHD codes (see [18,37] for recent developments), but
this work provides hints and raises issues that need to be
studied. Furthermore, for future work, we consider study-

ing magnetic effects on the gravitational waves emitted
|

PHYSICAL REVIEW D 79, 084037 (2009)

from the more complicated background collapsing models
such as inhomogeneous dust collapse and stellar collapse
with a perfect fluid, while it is also important to take into
account the background magnetic field such as in [38].
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APPENDIX A: CONCRETE EXPRESSIONS FOR
THE SOURCE TERMS

In this appendix, we show the concrete expressions for
the source terms in the perturbation equations, which are
not written in the main text. Those for Egs. (2.19), (2.20),
(2.21), (2.22), (2.23), (2.24), and (2.25) are

S; = 167[T? + 2(n"Ty) — n*nPTap +2Qv — W)nAT,] + 4(u — Uk +3ul + QW = 5v)¢' — 2(n — U)g

2
+ 8y — 6W)q' +2¢" + 2[2(u — U)W —2uv — u! + v + 87t Buyngliyp + Z[ZW’ — 212 + 5 — 167Q
r

+ 8ar(rh, + tABpAB)](g + k) + 16707 + 2

+1)+
+l(l 1)+4

52 —167Q + 87(t*, + tABpAB):Iq,

(=D +2)

- 2[4W’ +4uW — 2W2 — 22

(A

S, = 8a[(—2uruP + nAnB)T,p + AWnAT, ] + (2 + DU + [4U + A + 20)Jk + (2 — DW= (v + 2EW)K/

—-2Ug +2Wq' + [c%{SW(tAA —t"Bp,p) +2UQRu + U) +

(+1 1
rz } - 87T(IAA + tABpAB) + 2(W2 - p)]

)¢+ 0= DD @ g = [@sm, — 2pas) + 200w+ U} - 8, + Ppy)
Lepr D2 +r12) - 2]q + 202+ DU + W) + (2 = DuW — 8m(c? + DitBuynglyp, (A2)
Sy =20l +k) +2up + ' —2¢ +2(W — v)g — 167n"T,, (A3)
and
C,=-W{+ U+ QU - pk' —2Uq + [W +UQu+U)—WRr+ W)+ 87TtAA]¢, (Ad)
. . I(1+1) (I—1)(1+2)
C,=Ul+ (n+20)k+W{ —2Wk' + [Sw(tAA —*Bpap) +2UQu + U) + 2 ](; + k) — ¢
—[87 (", — " Bpap) +2UQu + U)lg + 2[vU + uW + UW — 87t'Bu,nglip, (A5)
[
Co =2l + k) + 204 + ¢ + 2k — 2q(u + U), (A6) _ b2 by (A7)
1T AR

where ¢ is given by Eq. (2.22),
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Additionally, the source terms in the perturbation equa-
tions for the metric perturbations (3.22), (3.23), and (3.24)
are

S—2aq—6COSX g+ 4cosX—l([+1)+4
‘ ' sy “x sin?y
2 2b,?
" \/5#R2sin2)(|:sin22)( + b2+ by 20,(bby)
6 cos
- szX”l”z]’ (A8)
§ _28,,Ra —2COSX8 6COS)(—l(l+1)—2
k R n4 SinX p% Sin? p
! ’ 4cosy
" e 5ot b? by - bb],
57 R?sin? X[sin2 X ! 3 siny 172
(A9)
G 2cosy 2b,b,
S =204t . (A0
v X iny 5rR2sin y (A10)

APPENDIX B: MATTER PERTURBATIONS FOR
THE INTERIOR REGION

The matter perturbations are given by using the variables
for the metric and magnetic perturbations, which are de-
termined after the calculation for the evolution of the
metric perturbations. For Egs. (2.23), (2.24), and (2.25),

PHYSICAL REVIEW D 79, 084037 (2009)

they are
1 cosy d,R d,R
=———|0,0k——"0,{ +—2-0,0+—2-9 .k
Y 87TpR2[ X siny n R xé R
29,R + 9, R\2
R 2sin? ,\/ R
11— 4mprey | B1)
1 0,R R
= —2k +—1—9 4 + -9
87TpR2|: X R 5 R né
30,R
+ k c9sxa {—2C_OSX6 k
R 7 siny siny X
a,R\2 I(l+1
+{6<’7 ) + (,2 )—87TpR2}({+k)
R sin” y
(- 1.)(2 +2) - 6(6 R) N 49,R C?SX
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8 b,?
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R-sin” y sin”y
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16mpRL * R
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+ 0,0 + 20,k — ] (B3)
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