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Covariant Galileon
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We consider the recently introduced “Galileon” field in a dynamical spacetime. When the Galileon is
assumed to be minimally coupled to the metric, we underline that both field equations of the Galileon and
the metric involve up to third-order derivatives. We show that a unique nonminimal coupling of the
Galileon to curvature eliminates all higher derivatives in all field equations, hence yielding second-order
equations, without any extra propagating degree of freedom. The resulting theory breaks the generalized

“Galilean” invariance of the original model.
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L. INTRODUCTION

An interesting scalar-field theory, named Galileon, was
recently introduced in Ref. [1] inspired by the Dvali-
Gabadadze-Porrati (DGP) model [2] and its ability to
produce an accelerated expansion of the Universe without
introducing any dark energy or cosmological constant
[3,4]. More specifically, taking the so-called decoupling
limit of the DGP model, one can extract an effective theory
for a scalar field 7r argued to describe the scalar sector of
the original model [5,6]. In particular, this scalar-field
theory still exhibits interesting properties of the original
model, such as the existence of the self-accelerating branch
of DGP cosmology. Similarly to the decoupling limit of
massive gravity [7], the action of this effective theory
contains second-order derivatives acting on the scalar field.
But in contrast to massive gravity, in which the equations
of motion contain fourth-order derivatives, signaling the
presence of ghostlike modes or at least extra degrees of
freedom [8,9], the field equation for 7 is in fact of second
order. Indeed, it is well known that, according to
Ostrogradski’s theorem [10], higher-derivative theories
contain extra degrees of freedom, and are usually plagued
by negative energies and related instabilities (see e.g. [11]).
In the decoupling limit of the DGP model,' it is thus
striking that such additional degrees of freedom do not
appear. Moreover, in addition to the usual constant-shift
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"Note that this decoupling limit not only exists in massive
gravity and in the DGP model, but also in the generalized
framework of Ref. [12].
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symmetry 7 — 7 + c in field space, due to the absence of
undifferentiated 7’s in the action, this theory also pos-
sesses a symmetry under constant shifts of the gradient
d,m— d,m + b,. This symmetry implies that the 7 field
equation contains only second derivatives (but no first
derivative nor any undifferentiated field).

The recent Ref. [1] classified all possible four-
dimensional actions for a scalar field, 7=, which have the
same properties as the DGP effective theory discussed
above: having Lorentz invariant equations of motion which
contain only second derivatives of 77 on a flat (Minkowski)
background. Besides known Lagrangians which are
(1) linear in 7r, L, = 7, (ii) the standard quadratic kinetic
Lagrangian for 7 in the form £, = 9, w9* 7, and (iii) a
cubic Lagrangian L3 = Owd, 707 which is the one
obtained in the decoupling limit of DGP model, Ref. [1]
argues there only exist two possible other Lagrangians
which share the same property in four spacetime dimen-
sions. The first one, named £, is made of a linear combi-
nation of four terms each made of a product of four 77 and a
total of six derivatives acting on 7. The second one, named
L5, is made of a linear combination of seven terms each
made of a product of five 7 and a total of eight derivatives
acting on 7. The linear combinations in L, and L5 are
uniquely chosen (up to total derivatives) so that the equa-
tions of motions derived from the corresponding action
only contain second-order derivatives acting on 7r. The
analysis carried in [1] was made in flat spacetime and
one can legitimately expect things to change radically
when one considers the same theory on a curved dynamical
spacetime.

Indeed, first, when varied with respect to 7, the
Lagrangians £, and L5 are expected to generate third-
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order derivatives acting on the metric. These derivatives, in
the form of gradients of the Riemann tensor, appear via
commutations of fourth-order covariant derivatives acting
on 7r, which eventually disappear (together with third-
order derivatives). Second, when varied with respect to
the metric, the same Lagrangians are expected to generate
third-order derivatives acting on 7, from the covariant
derivatives present in the 7 action. Should such higher
derivatives be generated, instabilities are expected to be
present, or at least extra degrees of freedom to propagate,
as can simply be understood from the counting of initial
conditions necessary to have a well posed Cauchy problem.
In fact, it is argued in [1] that the Galileon model cannot be
covariantized while keeping all its desired properties, in
particular, its symmetries and the absence of ghosts.

It is our purpose here to examine this question in some
detail. We will first show that the naive expectation sum-
marized above turns out to be true: namely, a naive cova-
riantization of the 7r action leads to third-order derivatives
both in the 7 and the metric field equations. However, we
will show that there is a possible (and unique?) nonminimal
coupling to curvature that has the property of removing at
the same time higher derivatives in both equations of
motions (those of 7 and in the 7 energy-momentum
tensor). The full set of equations concerning the simpler
Lagrangian £, will be discussed in the bulk of the paper,
while the heaviest ones corresponding to the more complex
L will be given in the Appendix.

II. MINIMALLY VS NONMINIMALLY COUPLED
GALILEON

As shown in [1], any linear combination of £, £,, L5,
defined in the Introduction, £, and L5, defined as follows®

L, = 0Om(m,m*) — 207 (7, 7 T,)

— (7, TN, ) + 2, ), (1)

Ls= (DW)S(’FT;#W;”‘) — 3(|:|7T)2(7T;#7T;“V7T;,,) - 3(0mw)

X (77, w7, mP) + 6(0ar)(a, , w77, ,7F)

+ 2(7T;[LV7T;VP7T;pM)(7T;)\7T;/\) + 3(77';#1)77';"”)
X (., mPrar,) — 6(m. , wHrra,, mPh ), )

(where a semicolon denotes the covariant derivative V,
associated with the metric g,, and 7 is a scalar field, the
Galileon) has the property that, considered on flat space-
time where V,, = 9,,, the derived equations of motion for
7r only contain second-order derivatives of 7. Actually, the
various terms written in Egs. (1) and (2) are not indepen-

This nonminimal coupling is unique up to total derivatives,
and provided all 7’s are differentiated.

*We use the sign conventions of Ref. [13], notably the mostly
plus signature.
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dent in flat spacetime. For instance, the combination
Om) (e, m#) + 207) (7, w0 ar,) — (7, ) X
(m,,mP) — 2w, m*"m.,,mF) is a total derivative in
Minkowski spacetime, so that £, may be rewritten more
simply —as Ly =2(7,m°)[(O7)? — (7, 7"")] +
tot. div. However, this expression does differ from Eq. (1)
in curved background, and we will come back to this
below. Similar rewritings also exist for Eq. (2) in
Minkowski spacetime, while giving different expressions
in curved background.

Following Ref. [1] a minimal coupling to the metric and
matter of the Galileon could be defined by the action

S = [d4x'\/_g(R + £7r + -Ernatter)r (3

where L, is a linear combination (with arbitrary constant
coefficients ¢;) of L, L,, L3, L,, and Ls,

i=5
L,=3c¢L, 4)
i=1

R is the Ricci scalar for the metric g,,, and L ater 18 the
Lagrangian of matter fields minimally coupled to a metric
&,» made of the Einstein frame metric g,, and of the
Galileon 7, e.g. in a conformal way like in g, = €¢*"g,,,.
It is clear that neither £, nor L, are able to generate
equations of motion containing derivatives of order higher
than two when varied with respect to 7 or g,,,. The DGP-
motivated Lagrangian L5 is known to generate a second-
order field equation for 7, and it cannot yield either higher
derivatives when varied with respect to the metric. Indeed,
it contains at most first derivatives of g,,,, and those are
multiplied by first derivatives of 7. As we will see now, the
situation is strikingly different for £, and Ls.

Let us first discuss the case of £,. When one varies £,
with respect to 7r, we obtain the equation of motion £, =
0, where?

&y = 2wyt )y, — 1, ) + 2wt (2, ,,P

P =, ) + 100w 7 (7, — T,

— TT. o

SHVp
3 P _

+ 127, w7 (7,

- 77-;,lwp) o 4(577)3 - 8(77-;#”77-;1}/777;;7#)

+ 12(07) (7, 7H7), &)

m,") + 8wt awrP(m.,,,

where the first two terms contain fourth-order derivatives,
the following three terms contain third-order derivatives,
and the last three terms contain second-order derivatives.
One notices in fact that the fourth- and third-order deriva-

4Equation (5) may also be written in a slightly different form
by using the identity  mHw (7" — muph) +
T, (T, — )P ) — (T, — T

wpp wvp) =
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tives disappear on a flat spacetime (as they should accord-
ing to Ref. [1]). Indeed, commuting the derivatives, we find
that one can rewrite £, as

E,=—40Omn) - 8(m., ", P ,) + 12(0m)

X (W;MVW;MV) - (7T;M7T;#)(7T;VR;V)

+ 2(m, 77, ., R*P) + 10(07) (a7, R*"11.,,)

— 8(m,, m*'R, ,mP) — 2., m)(7T,,,R"P)

— 8(m,, 7, ., RHPV). (6)
We are left over with derivatives of the Ricci tensor and
scalar and hence with third-order derivatives of the metric.
One can think of a nonminimal coupling to the metric

which would get rid of those terms, in a form of a linear
combination of the two terms £, and L, defined as’

£4,l = (7T;ﬂ7T;'u“)(7T;V7T;V)R, (73)
£4,2 = (W;AW;A)(W;MRILVW;V)- (7b)
In fact there is a unique combination of those two terms,
namely £,, — 5 L, which added to £, eliminates all the

third derivatives in the 77 equations of motion. Specifically,
if we add to action

S, = f & gLy @®)
the action
sponin = [ dte im0 L,
= [ xR, G ), ©)

G*” denoting the Einstein tensor, we obtain the equations
of motion for 7 in the form &), = 0, where & is given by
|
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&y = —40mn) — 8(m ", ")
+ 12(A7) (7., m#7) + 2(07) (7., 7+)R
+ 4(m,, w7 ,)R + 8(O7) (7., R* 77,,)
— 4(7T;A7T;)‘)(7T;MVRF’V) — 16(m,, wH "R, ,mF)

— 8(m.,, ., 7., RV, (10)

We see that this equation does not contain derivatives of
order higher than 2, and that it obviously reduces to the
original form of Ref. [1] in flat spacetime. On the other
hand, notice that it involves first-order derivatives of 7 in
curved spacetime. This breaks the “Galilean” symmetry
under 4,7 — d,m + b,, m— 7 + ¢ which is a covariant
generalization of the transformation 7 — 7 + b, x* + ¢
(where b, and c are constants) defined in Ref. [1] in
Minkowski spacetime. Note also the complex mixing of
the field degrees of freedom implied by the presence of
second derivatives of both 7 and g,,, in this equation.

It is interesting to note that the full action S, + Sjormin,
Egs. (8) and (9), can be rewritten in a much more compact
form thanks to integrations by parts and commutations of
derivatives:

S, + Sponmin — ‘/d“x«/—g(w;ﬂr"‘)[Z(Dﬂ)z

= 2wy, ™) — %(W;M'YT;'“)R:I. (11)

The nonminimal coupling to the Ricci tensor (7b) is indeed
automatically taken into account by the rewriting of Eq. (1)
discussed below Eq. (2).

Let us now investigate the variation of action S, Eq. (8),
with respect to the metric.’ It results in an energy-
momentum tensor’ 74" = (—g)"1/288,/8g,, of the
form given by

f]”f‘“’ = (77;”77';”)77;’\(277;)”)" — 7T;pp/\) + (W;A#;A)W:M(ﬂ-;ppv _ 77-;V/Jp) + (77;/\77;/\)77-;1/(77;[)/1# — 77-;,upp)

- 77“‘77‘”(77';“77';/\/)” + )+ ()7, m#P) + (77,7 e PO ghY — (g (7., 7., P) g
+ () [3(m,, mr) = 2(0m)?] + ()7 )\ m, + A 0m) + 3(Om)m\(wiiar? + k) (12)

— 477;)‘77;"”(77;,)”77"’ + a7, ) — 2(77;,\77;’\”)(7T;p77;/’”) — %(W;AW;A)[(D’?T)Z + (7, mP7)|g"”

+ mam  [3T A, p = 2Om) e g

Notice that this energy-momentum tensor contains third-
order derivatives of 7, and even if flat spacetime g,, =
M u» Were a solution of Einstein’s equations. This shows

>These terms are the only possible nonvanishing ones made of
contractions of four gradients of 7 and one curvature tensor,
thereby involving a total of 6 derivatives.

SNote that this variation was not computed in Ref. [1], because
it chose the 7 energy-momentum tensor to be negligible, as can
be justified in an effective theory. Our aim is here to exhibit the
higher derivatives it contains and to find a cure, assuming it is a
fundamental classical field theory.

7 . I

This definition of the energy-momentum tensor corresponds
to choosing units such that 87G/c* = 1.
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that once one lets the metric be dynamical, new degrees of
freedom will propagate even on a Minkowski background.
One can show that this energy-momentum tensor is con-
served on shell. Indeed, one finds (after many commuta-
tions of covariant derivatives) that

V. TV =iave, (13)

This means, in particular, that the third derivatives present|
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in the expression of 7" %" are killed by the application of an
extra covariant derivative.

Remarkably, it turns out that the addition to action (8) of
the nonminimal coupling (9) is enough to eliminate all
third derivatives appearing in the 77 energy-momentum
tensor. Indeed varying the sum of actions (8) and (9), one
finds now the energy-momentum tensor

T:(w = 4dm) . [mrmr” + mrmPh] — 202 (mr ) + 2(0a) (w7 ) (H7) + 4(7T;A7T;Ap77;p)(77;“”)
— A M) (., ) + 2, ) ) = 2w mh) (mk ,mh) — dmhar w4 et ]
— (@@ (mpmh)gh” — 4Om)(mpmra,)gh” + A m ., m7) g + (mpm ) (1T, mr ) gH”
+ (m ) (T V)R — ‘—ll(’iT;/\W;A)(’JT;p’lT;p)gMVR - 2(77;/\7T;/\)7T;p[Rp'u7T;V + RPV k] + %(’/T;)"JT;’\)(’iT;pW;p)R'MV

+ 2(7T;A7T;/\)(7T;pRpU7T;(7)g#V - Z(W;AW;A)(W;pW;UR#pVU)’ (14)

which now contains at most second derivatives. As ex-
pected, identity (13) is also verified by T~ ﬁ(‘ "and &), given
in Eq. (10) above.

As we will see now, things proceed along the same line
for the Lagrangian L5. Indeed, varying the action

S — f & =g Ls (15)

with respect to 77, we find, after commutation of covariant
derivatives, that the 7 equations of motion do not contain
derivatives or order higher than 2 acting on 7 but contain
third-order derivatives of the metric in the form of first
derivatives of the curvature. Those first derivatives are
found to be given by the combination

= 3 (i, wH) (7w, R”) + 3(7r,, " w,) (77, RP)
+ 6(0m)(m., 7,7 ,RMP) + 6(7., )
X (., 7., RPTY) — 12(77. 7., TP 77, e R

., \RHTVAP),

— 6(m,, 7,

(16)

One can think of eliminating those terms by adding to the
action a linear combination of the following seven non-
trivial contractions with the curvature tensors®:

L5, = (77;,\7T;/‘)(7T;M7T;V7T;pURMpVU-), (17a)
Ls, = (m,m#) (7" ) (., RP7), (17b)
Lss = (m,,m") (7, PR, ,77), (17¢)
Ls, = (m,m)(Om) (7, R"1.,), (17d)
Lss = (m,, " 7,) (7, ,RPIT.,), (17e)
Lsg = (m,m#) (7)) (OmR, (176)
L5, = (7T;M7T;'U‘)(7T;V7T;VP7T;p)R. (17g)

8These terms are the only possible nonvanishing ones made of
contractions of five 7’s (acted on by at least one derivative) and
one curvature tensor, involving a total of eight derivatives.

INot all those terms are independent, though. In fact using
the contracted Bianchi identity R*”., = %RW, one can
show that the combination L5, +4Ls3 — 3 Lss—2Ls,
is a total derivative, and hence has an invariant action, i.e.,

1) j‘d“x\/—g(ﬁs,z +4Ls; — %£5,6 - 2£5,7) =0.
(18)

It turns out that there is a unique combination (up to the
addition of the above expression), which added to action
S5, Eq. (15), removes all higher derivatives (those of the
metric as well as those of 77) in the 7 equations of motion,
&L = 0. This combination is given by

Sgonmin = j-d4x\/—_g<—3£5,1 - 18£5’3 + 3£5‘4

15
+= LSJ). (19)

The resulting field equation for 7 is given in Eq. (A1) of
the Appendix.

Similarly to Eq. (11), the full action S5 + Sg"“mi“ may
also be rewritten in various simpler forms thanks to inte-
grations by parts and commutations of derivatives. A par-
ticularly elegant one is

L5
S5 + Syonmin — > [ dxy=g(m MO} — 3(Om)
X (77, ™) + 27, ", P T, 1)

— 6(m,, m*'G,,m")] (20)

Varying now action (15) with respect to the metric, we
find as previously an energy-momentum tensor TgL " that
contains third derivatives of 7r. However, it turns out that
the addition of (19) to (15) eliminates all higher derivatives
and generates a new energy-momentum tensor T /5“ Y
whose expression is given in Eq. (A2) of the Appendix,
and which contains at most second derivatives (of 7w and
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the metric). The analogue of Eq. (13) is consistently sat-
isfied by 7*” and &L,

III. CONCLUSIONS

In this paper, we have shown that all higher-order de-
rivatives appearing in the field equations of the minimally
coupled Galileon to a dynamical metric, can be removed
by a suitable nonminimal coupling to curvature. This in-
sures that no extra degree of freedom is generated, and
thereby defines a class of purely scalar-tensor theories,
involving a single scalar degree of freedom, together
with the standard graviton and matter fields. However,
note that the absence of higher derivatives does not prove
the stability of the theory (and conversely, their presence
may occur in some specific stable models). This and other
issues deserve more investigation. For instance, Ref. [1]
considers Lagrangians involving products of more than
five 7r’s, which are total derivatives in flat four-dimensional
spacetime, and it seems interesting to study their behavior
in curved and extradimensional manifolds. Even without
assuming the Galileon symmetry of this reference, it is
worth studying the general form of scalar-field actions,
coupled to gravity, and yielding second-order equations.

|
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Sticking with the original motivation of this kind of mod-
els, it remains to study their precise phenomenological
predictions and their consistency in a cosmological con-
text. We will tackle these questions in a future study.
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APPENDIX: FIELD EQUATIONS DERIVING FROM
THE NONMINIMAL EXTENSION OF L;

We give below the field equation for 7, &L =0, deriving
from the action S5 + S3°"™", i.e., the sum of Eqgs. (15) and
(19):

15
E=—50m)* + 30(|:|7T)2(7T;MV7T;’U‘V) + 7(|:|7T)2(7T;M7T;’U“)R + IS(DW)Z(W;MRMV’YT;V) —40(@7)(7,, " ., .,")

+ 1507 (7., 7+ ., )R — 30(0 ) (w. , k) (71.,,R"?) — 60(07r) (7., mH "R, , 7F)

15
=30(0n) (7., 7., 7., R*PVT) — 15(7. TN mP7) + 30(77, ) TP T TOH) — 7(77;# ) (7., m"P)R

—15(m,, w7, ,mP)R — 15(77.,,,, ") (77, RPO 77, ) — 30(7r, , 1" 77, ) (77, o RP7) + 30( 77, 77+ ) (77,,P R, 7 77,

+60(7r,, wH 7w, RPO7.,,) + 30(7,, 'R, P 7.,,) + 15(77,,, TH) (7., T, A RV7PY) + 30( 7., 77, 77 e 7 \REPVY)
) 15 . ‘ .
— 60(7T;A7T’/\M7T;,,p T, RHVPT) — 7(77';“ ) (., R’ 1.,)R + 15(m,, m#)(7,,R"P R, T7)
15
+15(ar., ) (71,7, Ry ARV 7P) — 7(7T;#W‘“)(W;VW;pR”gKARP”")‘). (A1)

As mentioned in the bulk of the paper, both the Galileon 7 and the metric g, are differentiated at most twice in this field
equation. This is also the case for the variation of the same action S5 + S3°"™" with respect to g,,, i.e., the 7 energy-

momentum tensor, which takes the form

5 5 15 15
Tg’w = — 5(57)3(77'?”77”) — E(Dﬂ')3(77;p77;p)g’“’ + T(Dﬂ')z(ﬂ';pw;p)(wm”) + E(Dﬂ')zﬂ';p[ﬂ';p”ﬂ'”’ + TPVt

15
— T(DW)Z(W;pW;ng;U)g’MV — 15(@7) (7., 7P ) (w7 7,,") + 150 7) (77, , 707 7., ) (7))

1
+ ;(D’IT)(W;IJO.’ITWU)(W;MW;V) — 15(0m) (7., mP#) (7., ") — 15(Am) P ., [ 7  m" + w7 k]

15 15
+ 7(D’n’)(w;p7T;p)(7r;(,,\7r;‘”\)g"” + 15(D7T)(7T;p77'3p"77;“7T“‘)g’“’ + Z(D’]T)(W;pﬂ;p)(ﬂ;’u’ﬂw)R
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(2]

(3]
(4]

(5]

(7]
(8]

15

15
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) . . 15 i 15 )
- 7(|:|7T)(7T;p 7). [R7H Y 4+ ROV k] + T(Dw)(w;pW’p)(W;,,R”’\W;A)g’“’ - 7(|:|7T)(7T;p P ) (7. 7\ RP*TVA)

- 7(77;,, TN\ TN ) + 15(7r,, 7PNt 7, ) = 15(77,, P 770 ) (A T, ) )

) . ) L 15 . . . . .
— 157, WP, g\ ) (7Y ) = 577, T M\ P) (ot ) — 7(77;0.)‘77’(”)’#;[,[77”]”‘ T+ P k]

+ 157, wP7 G\ + N ]+ 15T a7 T+ N ok ] = 5, P ) (M) K, T) g

. . . . 15 . . . S
+ 7(7T;p7T*p”7r;(,)(77;,\,<77”"‘)g“” — 15(7T;p7T'p"7T;M7T’“7T;K)g“V — Z(W;p'ﬂ*p)ﬂ;(r[w“fﬂ 7’ + 77V R

15

15
2

. , 15 , . 15 , .
+ Z(W;pw’p)(w;aﬂ-’a—/\W;A)Rgl“/ - ?(W;p 77-’p)(77-;0'77-’0%77-;/\)R'LW - j(ﬂ;pﬂ-’p)(ﬂ-;(rR(n\W;A)(W’My)

. o 15 L. . .
—— (7, mP) (T s \RTM) () + 7(7T;p TP T g )[R Y + RV ik ]

15 . ) ) 15 . . ) Ay -
+ 7(77;1J wP) T\ [RM 77 + RN 7k ] + 7(77;1J mP)TOR [T TV + M ]

15
—15(7r., P ) (7., T R ) 7T) MY + 7(77;,J TP) TG T [ RPATE TV + RVATH it ]

15

15

- T(W;p W;p)(’”;aﬂ';)\ W;KTRUKAT)gMV'

. 5 L
— 7(77;p7T’p)7T;0.7T;/\[R'MUAK7T;KV + RVO'/\K’TT;K’U‘] + 7(77;/,77’”)77’”77;0)\7T;K[R“"”" + Rk

(A2)

A. Nicolis, R. Rattazzi, and E.
arXiv:0811.2197.

G.R. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B
485, 208 (2000).

C. Deffayet, Phys. Lett. B 502, 199 (2001).

C. Deffayet, G.R. Dvali, and G. Gabadadze, Phys. Rev. D
65, 044023 (2002).

M. A. Luty, M. Porrati, and R. Rattazzi, J. High Energy
Phys. 09 (2003) 029.

A. Nicolis and R. Rattazzi, J. High Energy Phys. 06 (2004)
059.

N. Arkani-Hamed, H. Georgi, and M. D. Schwartz, Ann.
Phys. (N.Y.) 305, 96 (2003).

C. Deffayet and J. W. Rombouts, Phys. Rev. D 72, 044003
(2005).

Trincherini,

(91
[10]
(11]
[12]
[13]

[14]

084003-6

P. Creminelli, A. Nicolis, M. Papucci, and E. Trincherini,
J. High Energy Phys. 09 (2005) 003.

M. Ostrogradski, Mem. Ac. St. Petersbourg VI 4, 385
(1850).

R. Woodard, Lect. Notes Phys. 720, 403 (2007).

N. Arkani-Hamed, S. Dimopoulos, G. Dvali, and G.
Gabadadze, arXiv:hep-th/0209227; G. Dvali, S.
Hofmann, and J. Khoury, Phys. Rev. D 76, 084006 (2007).
C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(Freeman, San Francisco, 1973).

J.-M. Martin-Garcia, Comput. Phys. Commun. 179, 597
(2008), the XTENSOR package is freely available at http://
metric.iem.csic.es/Martin-Garcia/x Act/.



