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A generalized linear sigma model for low-energy QCD is employed to study the quark structure of eight

low-lying scalar isomultiplets as well as eight low-lying pseudoscalar isomultiplets. The model, building

on earlier work, assumes the possible mixing of quark antiquark states with others made of two quarks and

two antiquarks. No a priori assumption is made about the quark contents of the states, which emerge as

predictions. An amusing and contrasting pattern for the quark structure is found; the lighter conventional

pseudoscalars are, as expected, primarily of two-quark type whereas the lighter scalars have very large

four-quark admixtures. The new feature of the present paper compared to earlier ones in this series

involves the somewhat subtle and complicated effects of SU(3) flavor breaking. They do not alter the

general pattern of two-quark vs four-quark mixing obtained in the SU(3)symmetric case but, of course,

give a more detailed picture.
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I. INTRODUCTION

Although it is an ancient subject, the study of light scalar
mesons has greatly intensified in the last generation. Some
representative earlier works of this period are given in [1–
19].

The ‘‘global’’ aspect of the scalar puzzle is the unusual
spectroscopy of the light scalar nonet. At present, the
scalars below 1 GeV appear to fit into a nonet as

I ¼ 0: m½f0ð600Þ� � 500 MeV

I ¼ 1=2: m½�� � 800 MeV

I ¼ 0: m½f0ð980Þ� � 980 MeV

I ¼ 1: m½a0ð980Þ� � 980 MeV:

(1)

This level ordering is seen to be flipped compared to that of
the standard vector meson nonet:

I ¼ 1: m½�ð776Þ� � 776 MeV n �n

I ¼ 0: m½!ð783Þ� � 783 MeV n �n

I ¼ 1=2: m½K�ð892Þ� � 892 MeV n�s

I ¼ 0: m½�ð1020Þ� � 1020 MeV s�s:

(2)

Here the standard quark content (n stands for a nonstrange
quark while s stands for a strange quark) is displayed at the
end for each case. The vector mass ordering is seen to just
correspond to the number of s-type quarks in each state. It
was pointed out a long time ago in Ref. [20] that the level
order is automatically flipped when mesons are made of
two quarks and two antiquarks instead of a single quark

and antiquark. That argument was given for a diquark-
antidiquark structure but is easily seen to also hold for a
meson-meson ‘‘molecule’’ type structure which was advo-
cated, at least for a partial nonet, in Ref. [21]. Note that, in
the ‘‘ideal’’ four-quark picture, the states in Eq. (1) con-
secutively have the quark contents: nn �n �n , nn �n �s , ns �n �s
and ns �n �s . One also notes that the masses of the putative
scalar nonet are significantly lower than the other (tensor
and two axial vector) p-wave quark-antiquark nonets.
There are enough other scalar candidates [a0ð1450Þ,
K0ð1430Þ and two of f0ð1370Þ, f0ð1500Þ, f0ð1710Þ] to
make another nonet although the masses of its contents
seem somewhat higher than an expected scalar p-wave
nonet. Based on the usual effect that two mixing levels
repel as well as some more detailed features, it was sug-
gested [22] that a global picture of these scalars might
consist of a lighter ‘‘four-quark’’ nonet mixing with a
heavier ‘‘two-quark’’ nonet. Further work in this direction
has been presented by a number of authors [23–26].
A field theoretic toy model to study these features was

introduced in [27]. Although simple in conception it turned
out to be rather complicated to implement; as a result the
present authors examined its features in further detail in
[28–32]. While the general treatment in [28] only used the
tree-level Ward-type identities of the theory, the treatments
in [29,30] employed specific potential terms chosen in a
systematic way to correspond to terms with the minimum
number of underlying quark lines. Furthermore the quark
mass terms were neglected, which not only is a simplifying
feature but is also a check that the peculiar mixing results
found are not an artifice of a particular choice of symmetry
breaking terms. (In QCD it is expected that the main
features of the various particle multiplets should also
hold in the limit of zero light quark masses.) Next, in
[31] it was demonstrated that the results did not change

*fariboa@sunyit.edu
†cjora@physics.syr.edu
‡schechte@physics.syr.edu

PHYSICAL REVIEW D 79, 074014 (2009)

1550-7998=2009=79(7)=074014(12) 074014-1 � 2009 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.79.074014


much when the minimal mass term was included with
equal masses for all three light quarks. It was also shown
that the current algebra theorem [33] for pion-pion scat-
tering holds to a very good approximation in this more
complicated case where the ordinary pion has a small
admixture of a state containing two quarks and two anti-
quarks. The theorem has a very small correction due to a
very small violation of the partially conserved axial vector
current hypothesis in the model, however. Most recently, in
[32] an amusing connection between the model and the
instanton approach to QCD dynamics was discussed. This
connection is not so surprising when one notices that it is
the (broken by instantons)Uð1ÞA symmetry which formally
distinguishes the ‘‘four-quark’’ from the ‘‘two-quark’’ me-
son states.

In the present paper we include the flavor SU(3) sym-
metry breaking in the model. As will be seen, this is not a
very simple matter, even in the tree approximation being
used. Within this framework we will not introduce any
further approximations in our numerical treatment.
Furthermore, the sensitivity of the predictions to the
main uncertainties in the experimental inputs will be ex-
plicitly displayed.

Considering the relatively large number of ‘‘outputs,’’ it
may be desirable to immediately just display our main
‘‘typical’’ results. These are the masses and the ‘‘two-
quark’’ vs ‘‘four-quark’’ percentages of the members of
all four nonets (light and heavy pseudoscalars and light and
heavy scalars). They are listed in Tables I and II. Isospin
but not SU(3) symmetry is being assumed. Note that for the
I ¼ 1=2 and I ¼ 1 states, the prime denotes the heavier
particle. For the I ¼ 0 particles there are four states of each
parity and they are denoted by subscripts 1, 2, 3, 4 in order
of increasing mass. Altogether, considering the isospin
degeneracy, there are 16 different masses. The 8 inputs
comprise the pion decay constant, the four masses: [m�,
m�0 , ma, m

0
a], the strange to nonstrange quark mass ratio

(which is related to assuming a value for mK) and (as to be
explained later) the sum and the product of all the four I ¼
0 pseudoscalar squared masses for each of the possible
scenarios for their identification with experimental states.

Thus there are 9 mass predictions and 16 predictions for
the two-quark and four-quark percentages being displayed
in Tables I and II. To compare with Eq. (1) for the ‘‘ex-
perimental’’ light scalar nonet, we read off the mass pat-
tern:

f1ð742Þ; �ð1067Þ; að980Þ f2ð1085Þ; (3)

in which only the að980Þ mass was an input. Clearly, the
pattern, featuring an approximate degeneracy of one I ¼ 0
state and the I ¼ 1 state together with a flipping compared
to the standard vector meson order, is very similar to the
experimental one in Eq. (1). Actually, these ‘‘tree-level’’
predictions are expected to receive some nontrivial correc-
tions as to be discussed later. We also read from Table II

that the light scalar nonet is predicted to be predominantly
of four-quark type. On the other hand, the heavy scalar
nonet is predicted to be predominantly of two-quark type
and to have the standard (vector meson like) pattern:

a0ð1474Þ; f3ð1493Þ; �0ð1624Þ; f4ð1784Þ:
(4)

The conventional light pseudoscalar nonet is read from
Table I as,

�ð137Þ; Kð515Þ; �1ð553Þ; �2ð982Þ; (5)

where the structure is clearly close to the conventional one.
Notice the well-known fact that this nonet agrees in order-
ing with that of the standard vector nonet in the sense that
the I ¼ 1 state is lightest but disagrees in that the lighter
I ¼ 0 state is not at all close to the I ¼ 1 state. At the
theoretical level, this arises from axial U(1) (instanton
type) terms as are included here. It can also be read off
that the light pseudoscalar nonet members are predicted to
be predominantly of ‘‘two-quark’’, i.e. �qq, type. In con-
trast, the heavy pseudoscalar nonet members are predicted
to be of predominantly ‘‘four-quark’’ type with a similar
mass ordering as the light pseudoscalars; namely,

�0ð1215Þ; K0ð1195Þ; �3ð1225Þ; �4ð1784Þ:
(6)

TABLE II. ma and ma0 are inputs. Typical predicted properties
of scalar states: �qq percentage (2nd column), �q �q qq (3rd col-
umn) and masses (last column).

State �qq% �q �q qq% m (GeV)

a 24 76 0.984

a0 76 24 1.474

� 8 92 1.067

�0 92 8 1.624

f1 40 60 0.742

f2 5 95 1.085

f3 63 37 1.493

f4 93 7 1.783

TABLE I. m� and m�0 are inputs. Typical predicted properties
of pseudoscalar states: �qq percentage (2nd column), �q �q qq (3rd
column) and masses (last column).

State �qq% �q �q qq% m (GeV)

� 85 15 0.137

�0 15 85 1.215

K 86 14 0.515

K0 14 86 1.195

�1 89 11 0.553

�2 78 22 0.982

�3 32 68 1.225

�4 1 99 1.794
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In this multiplet, the distortion of the pattern from that of
the standard vector multiplet seems to reflect the greater
role of ‘‘instanton’’ effects over ‘‘four-quark’’ effects.

A detailed discussion of how these results were obtained
is given in the following sections. Section II briefly sum-
marizes the ‘‘toy Lagrangian’’ and the choice of input
parameters. The needed mass matrices are presented in
Sec. III and Appendix B. The first part of Sec. IV and,
especially, Appendix A explain in a step-by-step way how
the Lagrangian parameters (other than those associated
with the ‘‘instanton’’ terms) are related to the experimental
data. The second part of Sec. IVexplains predictions of the
model and their sensitivity to changes in the input parame-
ters. Section V explains the work associated with the
instanton terms and the complicated I ¼ 0 pseudoscalar
sector. Finally, conclusions and some further discussion are
presented in Sec. VI.

II. MODEL LAGRANGIAN AND PHYSICAL
INPUTS

The model employs the 3� 3 matrix chiral nonet fields:

M ¼ Sþ i�; M0 ¼ S0 þ i�0: (7)

The matrices M and M0 transform in the same way under
chiral SUð3Þ � SUð3Þ transformations but may be distin-
guished by their different Uð1ÞA transformation properties.
M describes the ‘‘bare’’ quark-antiquark scalar and pseu-
doscalar nonet fields whileM0 describes ‘‘bare’’ scalar and
pseudoscalar fields containing two quarks and two anti-
quarks. At the symmetry level with which we are working,
it is unnecessary to further specify the four-quark field
configuration. The four-quark field may, most generally,
be imagined as some linear combination of a diquark-
antidiquark and a ‘‘molecule’’ made of two-quark-
antiquark ‘‘atoms.’’

The general Lagrangian density which defines our
model is

L ¼ � 1

2
Trð@�M@�M

yÞ � 1

2
Trð@�M0@�M0yÞ

� V0ðM;M0Þ � VSB; (8)

where V0ðM;M0Þ stands for a function made from
SUð3ÞL � SUð3ÞR (but not necessarily Uð1ÞA) invariants
formed out of M and M0.

As we previously discussed [29], the leading choice of
terms corresponding to eight or fewer quark plus antiquark
lines at each effective vertex reads:

V0 ¼ �c2 TrðMMyÞ þ ca4 TrðMMyMMyÞ
þ d2 TrðM0M0yÞ þ ea3ð�abc�defMa

dM
b
eM

0c
f þ H:c:Þ

þ c3

�
�1 ln

�
detM

detMy

�
þ ð1� �1Þ ln TrðMM0yÞ

TrðM0MyÞ
�
2
:

(9)

All the terms except the last two have been chosen to also
possess the Uð1ÞA invariance. The symmetry breaking term
which models the QCD mass term takes the form:

VSB ¼ �2TrðASÞ (10)

where A ¼ diagðA1; A2; A3Þ are proportional to the three
light quark masses. The model allows for two-quark con-
densates, 	a ¼ hSaai, as well as four-quark condensates,

a ¼ hS0aa i. Here we assume [34] isotopic spin symmetry
so A1 ¼ A2 and

	1 ¼ 	2 � 	3; 
1 ¼ 
2 � 
3: (11)

We also need the ‘‘minimum’’ conditions,�
@V0

@S

�
þ

�
@VSB

@S

�
¼ 0;

�
@V0

@S0

�
¼ 0: (12)

There are 12 parameters describing the Lagrangian and
the vacuum. These include the six coupling constants given
in Eq. (9), the two-quark mass parameters, (A1 ¼ A2, A3)
and the four vacuum parameters (	1 ¼ 	2, 	3, 
1 ¼ 
2,

3). The four minimum equations reduce the number of
needed input parameters to eight.
Five of these eight are supplied by the following masses

together with the pion decay constant:

m½a0ð980Þ� ¼ 984:7� 1:2 MeV

m½a0ð1450Þ� ¼ 1474� 19 MeV

m½�ð1300Þ� ¼ 1300� 100 MeV

m� ¼ 137 MeV F� ¼ 131 MeV:

(13)

Because m½�ð1300Þ� has such a large uncertainty, we will,
as previously, examine predictions depending on the
choice of this mass within its experimental range. The
sixth input will be taken as the light ‘‘quark mass ratio’’
A3=A1, which will be varied over an appropriate range. The
remaining two inputs will be taken from the masses of the
four (mixing) isoscalar, pseudoscalar mesons. This mixing
is characterized by a 4� 4 matrix M2

�. A practically

convenient choice is to consider TrM2
� and detM2

� as the

inputs.
Given these inputs there are a very large number of

predictions. At the level of the quadratic terms in the
Lagrangian, we predict all the remaining masses and decay
constants as well as the angles describing the mixing
between each of ð�;�0Þ, ðK;K0Þ, ða0; a00Þ, ð�; �0Þmultiplets

and each of the 4� 4 isosinglet mixing matrices (each
formally described by six angles).
Defining the total potential V ¼ V0 þ VSB, the four

minimum conditions explicitly read:�
@V

@S11

�
¼ 4ea3	1
3 þ 4ea3
1	3 � 2c2	1 þ 4ca4	

3
1 � 2A1

¼ 0: (14)
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�
@V

@S33

�
¼ 8ea3
1	1 � 2c2	3 þ 4ca4	

3
3 � 2A3 ¼ 0: (15)

�
@V

@S011

�
¼ 4ea3	1	3 þ 2d2
1 ¼ 0: (16)

�
@V

@S033

�
¼ 4ea3	

2
1 þ 2d2
3 ¼ 0: (17)

III. MASS MATRICES

In order to evaluate the eight independent parameters
from experiment it is necessary to first obtain the formulas

for the squared mass matrices corresponding to each set of
particles with the same parity and isotopic spin quantum
numbers. These are calculated by taking the second de-
rivatives of the potential with respect to the appropriate
fields.
For the two mixing ‘‘pion’’ states (I ¼ 1, P ¼ �) we

find:

ðM2
�Þ ¼ 4ea3
3 � 2c2 þ 4ca4	

2
1 4ea3	3

4ea3	3 2d2

" #
: (18)

The 2� 2 K meson matrix (I ¼ 1=2, P ¼ �) reads:

ðM2
KÞ ¼ 4ea3
1 � 2c2 þ 4ca4	

2
1 � 4ca4	1	3 þ 4ca4	

2
3 4ea3	1

4ea3	1 2d2

" #
: (19)

In the case of the two scalar a-mesons (I ¼ 1, P ¼ þ) the mass squared mixing matrix reads:

ðX2
aÞ ¼ �4ea3
3 � 2c2 þ 12c4	

2
1 �4ea3	3

�4e3	3 2d2

� �
: (20)

The final 2� 2 mass squared matrix describes the kappa-type scalars (I ¼ 1=2, P ¼ þ):

ðX2
�Þ ¼ �4ea3
1 � 2c2 þ 4c4	

2
1 þ 4ca4	1	3 þ 4c4	

2
3 �4ea3	1

�4ea3	1 2d2

" #
: (21)

In the case of the I ¼ 0 scalars there are four particles which mix with each other; the squared mass matrix then takes the
form:

ðX2
0Þ ¼

4ea3
3 � 2c2 þ 12ca4	
2
1 4

ffiffiffi
2

p
ea3
1 4ea3	3 4

ffiffiffi
2

p
ea3	1

4
ffiffiffi
2

p
ea3
1 �2c2 þ 12ca4	

2
3 4

ffiffiffi
2

p
ea3	1 0

4ea3	3 4
ffiffiffi
2

p
ea3	1 2d2 0

4
ffiffiffi
2

p
ea3	1 0 0 2d2

2
6664

3
7775: (22)

For this matrix the basis states are consecutively,

fa ¼ S11 þ S22ffiffiffi
2

p n �n; fb ¼ S33 s�s;

fc ¼ S011 þ S022ffiffiffi
2

p ns �n �s; fd ¼ S033 nn �n �n :

(23)

The nonstrange (n) and strange (s) quark content for each
basis state has been listed at the end of each line above.

In the case of the four I ¼ 0 pseudoscalars, the mixing
matrix formula is a long one which is given in Appendix B.

IV. PARAMETERS AND SOME PREDICTIONS

A simplifying feature in the present model is that, as
previously, the parameters other than c3 and �1 may be
found without considering the four I ¼ 0 pseudoscalars.
This is due to the presence of ‘‘ln’s’’ in the last two terms of
the potential, V0. So we consider the initial (six) parame-
ters first. In Appendix A, a method is presented for their
consecutive determination in a convenient way.

Here we consider the strange to nonstrange quark mass
ratio, A3=A1, to be an input. For many years this has been
known, from various analyses of the chiral treatment [35],
of the light pseudoscalars, to be around 25. In Fig. 1 the
dependence of the predicted decay constant ratio FK=F�

on the quark mass ratio, including the dependence on the

0 10 20 30 40 50
1

1.05

1.1

1.15

1.2 m [Π(1300)] = 1.205  GeV
m [Π(1300)] = 1.250  GeV
m [Π(1300)] = 1.300  GeV
m [Π(1300)] = 1.350  GeV
m [Π(1300)] = 1.400 GeV

FIG. 1. FK

F�
vs A3

A1
.
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parameter m½�ð1300Þ�, is shown. For comparison, the
experimental ratio [36] is FK=F� � 1:19. Thus, the model
predictions are seen to be quite reasonable, although per-
haps a bit too small for typical parameter choices. This
ratio may be fine-tuned by including nonminimal kinetic
terms in the Lagrangian. See e.g. Eq. (4.1) of [37].

It is interesting to compare the values of the Lagrangian
coefficients of the fully chiral invariant terms, c2, c

a
4 , d2, e

a
3

as obtained here and displayed in Fig. 2 with the corre-
sponding ones obtained in the zero quark mass model:
Fig. 2 of [30]. These parameters are clearly substantially
similar to those in the zero quark mass case. This is a
comforting feature since it agrees with the expectation that
the light quark masses make only small changes in the
QCD dynamics.

On the lowest two rows of Fig. 2 we display the varia-
tions with A3=A1 and m½�ð1300Þ� of the two-quark con-
densates, the four-quark condensates and the quark mass
type quantities A1 and A3.

In Fig. 3 we give the predictions for the masses of the
strange mesons and the I ¼ 0 scalars, showing the varia-
tions due to choosing different values of m½�ð1300Þ� and
A3=A1. It is seen that the mass of the ordinary kaon is better
fit for A3=A1 closer to 30 than to 20. The predicted mass of
the ‘‘excited’’ kaon is roughly similar to the (mentioned,
but not established) candidate Kð1460Þ.
The upper, right graph of Fig. 3 displays the two pre-

dicted kappa-type particle masses. These are roughly con-
sistent with the (discussed in [35] but not established)
K�

0ð800Þ and the K�
0ð1430Þ. It should be mentioned that

the masses obtained in this paper are being considered as
‘‘bare’’ ones, subject to nontrivial ‘‘renormalization’’ due
to effects which provide unitarity corrections to the scat-
tering amplitudes in which these particles appear as poles.
This is illustrated for the single-M linear sigma model case
in [19]. A similar remark applies to the particle widths
obtained from the third derivatives of the potential.
The graphs in the bottom row of Fig. 3 display the

predicted masses of the four I ¼ 0 scalars. Clearly the
lighter two can be identified with the f0ð600Þ [sigma]
and the f0ð980Þ. Note that the very light sigma is an
inevitable consequence of the present model and was not
put in by hand. There are three candidates, f0ð1370Þ,
f0ð1500Þ and f0ð1710Þ [one of which may be a glueball],
for the heavier two particles.
In Fig. 4 the predicted decay constants (i.e. the coeffi-

cients of the single particle terms in the appropriate axial
vector or vector Noether currents) for the �0, the K, the K0,
the � and the �0 are shown with their parameter depen-
dences. Note that F�0 is very small but not exactly zero.
This causes, as discussed in [31], a very small violation of
the ‘‘partially conserved’’ axial vector current ansatz in this
kind of mixing model.
One of our chief concerns here is the percentage ‘‘con-

tent’’ of ‘‘two quarks’’ (i.e. the q �q content) vs the percent-
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FIG. 3. Predicted masses (GeV) vs m½�ð1300Þ� ðGeVÞ: kaon
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age content of ‘‘four quarks’’ predicted to be in each
particle state. In Fig. 5 these percentages are shown for
the particles having nonzero isospin quantum number. For
comparison with the SU(3) symmetric cases considered in
[30,31], note that the typical value of m½�ð1300Þ� consid-
ered there was about 1215 MeV. Then we see that the
ordinary pion has, as before, about a 15% four-quark
content (and 85% two-quark content). The ‘‘excited’’
pion, �ð1300Þ is predicted to have an 85% four-quark
content in this picture. Similarly, we see that the ordinary
kaon is predicted to have about a 14% four-quark content
while the ‘‘excited’’ kaon has about an 86% four-quark
content. Notably, as before, the situation is drastically
different for the scalar states. We read off that the lighter
I ¼ 1 scalar, a0ð980Þ has about a 76% four-quark content
and the lighter kappa has about a 92% four-quark content.

The more complicated situation of the four mixing I ¼ 0
scalars is described in Fig. 6. To read this, first note that the
four physical states are labeled f1, f2, f3, f4 in order of
increasing mass. Each is a linear combination of the basis
states fa, fb, fc, fd given in Eq. (23). fa and fb are two-
quark type while fc and fd are four-quark type. Thus the
lowest-lying I ¼ 0 scalar, f1 � �, taking A3=A1 ¼ 30 and

m½�ð1300Þ� ¼ 1215 MeV, has percentages in each basis
state of

0:36; 0:04; 0:36; 0:24: (24)

Altogether the sigma is about 40% two-quark and 60%
four-quark in this case. This is similar to the roughly 50-50
split we found in the SU(3) symmetric case (See Fig. 2 of
[31]). f2, the next heaviest I ¼ 0 state is about 95% four-
quark and 5% two-quark. The two heaviest I ¼ 0 scalars
both have majority two-quark nature: f3 is read to be about
63% two-quark while f4 is read to be about 93% two-
quark.

V. I ¼ 0 PSEUDOSCALARS

The elements of the squared mass matrix for I ¼ 0
pseudoscalars (given in Appendix B) are quite complicated
and as a result it is convenient to treat this sector separately.
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As previously discussed, in this case the squared mass
matrix contains two additional parameters (c3 and �1)
that only contribute to the properties of the I ¼ 0 pseudo-
scalars. It is therefore not possible to trade these two
parameters with four experimental � masses. Instead, we
determine c3 and �1 by fitting the trace and the determinant
of the squared mass matrix to their corresponding experi-
mental values, i.e. we solve for c3 and �1 from the follow-
ing equations:

Tr ðM2
�Þ ¼ TrðM2

�Þexp detðM2
�Þ ¼ detðM2

�Þexp: (25)

We identify the lightest two �’s predicted by our model
(i.e. �1 and �2) with �ð547Þ and �0ð958Þ with experimen-
tal masses [35]:

mexp½�ð547Þ� ¼ 547:853� 0:024 MeV;

mexp½�0ð958Þ� ¼ 957:66� 0:24 MeV:
(26)

However, for the two heavier �’s that our model predicts
(i.e. �3 and �4) there are several experimental candidates
below 2 GeV with masses [35]:

mexp½�ð1295Þ� ¼ 1294� 4 MeV;

mexp½�ð1405Þ� ¼ 1409:8� 2:5 MeV;

mexp½�ð1475Þ� ¼ 1476� 4 MeV;

mexp½�ð1760Þ� ¼ 1756� 9 MeV:

(27)

We consider all six possible choices for identifying �3

and�4 with two of the above four experimental candidates.
This leads to six scenarios given in Table III.
Equations (25) result in a quadratic equation for �1 for
which the discriminant versus m�ð1300Þ is plotted for all
six scenarios in Fig. 7. We see that for A3=A1 ¼ 20 the
scenarios 1, 2 and 4 are completely ruled out, whereas for
A3=A1 ¼ 30 up to m�ð1300Þ � 1:25 GeV all six scenarios
are possible.

Therefore, for a given scenario there are two solutions
for �1 and c3, and consequently two sets of predictions for
the four � masses. We measure the goodness of each
solution by the smallness of the following quantity:

�sl ¼
X4
k¼1

jmtheo
sl ð�kÞ �m

exp
s ð�kÞj

mexp
s ð�kÞ

(28)

in which s corresponds to the scenario (i.e. s ¼ 1 � � � 6) and
l corresponds to the solution number (i.e. l ¼ 1, 2). The
quantity �sl � 100 gives the overall percent discrepancy
between our theoretical prediction and experiment. For the
six scenarios and the two solutions for each scenario, �sl is
plotted versus m�ð1300Þ in Fig. 8. Clearly, scenario 3 is
favored over the range of m�ð1300Þ.
Here, we present our predictions for the best-fitting

scenario 3 with A3=A1 ¼ 30. (Of course, the other scenar-
ios with different values of A3=A1 may also be of some
interest for a more detailed look at additional properties of
the system of the four etas). In the present case, the �
masses are shown in Fig. 9 and we can clearly see a
reasonable range of masses: The first mass is around

TABLE III. The six scenarios for identifying the predictions of
our model for four �s.

Scenario �’s

1 �ð547Þ, �ð958Þ, �ð1295Þ, �ð1405Þ
2 �ð547Þ, �ð958Þ, �ð1295Þ, �ð1475Þ
3 �ð547Þ, �ð958Þ, �ð1295Þ, �ð1760Þ
4 �ð547Þ, �ð958Þ, �ð1405Þ, �ð1475Þ
5 �ð547Þ, �ð958Þ, �ð1405Þ, �ð1760Þ
6 �ð547Þ, �ð958Þ, �ð1475Þ, �ð1760Þ

1.2 1.25 1.3 1.35 1.4

-0.2

-0.1

0

1
2
3
4
5
6

A
3
 / A

1
 = 20

1.2 1.25 1.3 1.35 1.4

-0.2

-0.1

0

0.1

0.2

1
2
3
4
5
6

A
3
 / A

1
 = 30

FIG. 7. Discriminant vs m½�ð1300Þ� ðGeVÞ.

1.2 1.22 1.24

0.1

0.2

0.3

0.4

0.5

62
61
52
51
42
41
32
31
22
21
12
11

A
3
 / A

1
 = 30

FIG. 8. �sl vs m½�ð1300Þ� ðGeVÞ.

1.21 1.22 1.23 1.24 1.25

0.6

0.8

1

1.2

1.4

1.6

1.8

2
I=0 pseudoscalars with A

3
 / A

1
 = 30

FIG. 9. Predicted � masses vs m½�ð1300Þ� ðGeVÞ.

GLOBAL ASPECTS OF THE SCALAR MESON PUZZLE PHYSICAL REVIEW D 79, 074014 (2009)

074014-7



550 MeV (consistent with identifying it with �ð547Þ), the
second mass is in the range of 970–986 MeV (consistent
with identifying it with �ð985Þ), the third mass is in the
range of 1218–1250 MeV (consistent with identifying it
with �ð1295Þ) and the fourth mass is around 1780–
1790 MeV (consistent with identifying it with �ð1760Þ).

The quark contents of the �’s are given in Fig. 10 and
show a clear difference compared to those of the I ¼ 0
scalars. The first two states (�ð547Þ and �ð985Þ) are dom-
inantly of two-quark nature whereas the two heavier states
(�ð1295Þ and �ð1760Þ) are mainly four-quark states.

VI. CONCLUSIONS AND DISCUSSION

The results obtained [38] seem to provide support for the
picture of light scalars having a predominant content of
two quarks and two antiquarks while the heavier scalars
appear to be made mainly from one quark and one anti-
quark, as one would expect from p-wave states in the
nonrelativistic quark model. The predicted scalar and pseu-
doscalar masses were seen to be reasonably consistent with
the experimental candidates listed in [35].

While it appears a little unusual to think of say, the
ordinary pion, as having some four-quark content when
treated in the effective Lagrangian framework, that is in
fact the standard picture in the parton model approach to
QCD. In the case of the two scalar nonets, the mass order-
ing itself naturally suggested such a picture. This picture
was then inherited by the pseudoscalars when we chose to
describe the scalars via a linear sigma model. There does
not seem to be any problem with our treatment of the
lighter pseudoscalar nonet. One might initially worry that
the well-established ‘‘current algebra’’ theorem for low-
energy pion-pion scattering could get altered in the case of
such a more complicated pion. However, we showed in

[30,31] that there is only a small effect for this theorem.
The situation concerning the heavier (mostly four-quark)
pseudoscalar nonet which appears in our model is neither
so clear experimentally nor theoretically. Evidently this
seems a fruitful direction for further investigation. The
two new �s which appear in this model are welcome
from an experimental standpoint and the mixing with an
expected glueball in this energy range is another interest-
ing future topic. There is of course a similar glueball
expected in the scalar isoscalar channel.
In addition to the ‘‘global’’ analysis of the mass spec-

trum and substructure presented here, the ‘‘local’’ topic of
the detailed structure of the pion and kaon scattering is also
of great interest. Recently progress has been made in this
area, strongly supporting the existence of both the sigma
and kappa mesons, by using ([39,40]) the chiral perturba-
tion theory approach combined with some dispersion the-
ory results [41]. Even though the present model is rather
complicated, the fact that it is chiral symmetric means that
we are guaranteed to get essentially the starting results of
the chiral perturbation theory approach near the appropri-
ate thresholds. In fact, since the light scalar fields are
included, the starting results are even closer to the modern
ones just mentioned. Thus we plan to next investigate the
meson-meson scatterings in a number of different channels
and at energies away from threshold. We are encouraged to
go further by the results [19] obtained some time ago by
unitarizing the scattering amplitudes computed using a
single chiral SU(3) nonet model.
Actually, we have already started on this work and

would like to briefly mention a result for the lowest-lying
scalar meson since it gives an idea of the accuracy to be
expected for the masses we have presented in this paper. A
more detailed analysis of the scattering amplitudes will be
presented elsewhere.
The mass spectrum of the light scalars receives consid-

erable unitarity corrections due to low-energy rescattering
effects. The masses obtained above appear as tree-level
quantities in the effective Lagrangian under discussion.
Especially in the case of the scalars the physical states
are rather broad and will appear as poles in the scattering of
two pseudoscalar mesons. A simple way to estimate the
scattering amplitude is to first compute the tree-level scalar
partial wave scattering amplitude and then unitarize it by
using the K-matrix method. This is equivalent to an earlier
approach [4] and amounts to replacing the tree-level am-
plitude, Ttree by

T ¼ Ttree

1� iTtree

: (29)

Following this procedure the sigma pole at 742 MeV dis-
cussed above appears in the unitarized pion scattering
amplitude at z � M2 � iM� with

M ¼ 477 MeV; � ¼ 504 MeV: (30)
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This is of the same order as in [39]. Such scattering
calculations should be performed to find the ‘‘actual’’
mass and width parameters for all the scalars in the present
model. It may also be interesting to estimate the pole
positions of the higher �-type resonances (which have
strong decay modes) using similar scattering amplitude
unitarizations. In this case the �-a0ð980Þ amplitude, which
is not well known experimentally, would be needed instead
of the �-� amplitude.
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APPENDIX A: PARAMETER EVALUATION

By using the following formulas consecutively, it is
possible to determine all the parameters of the model,
one at a time, from the experimental inputs. The procedure
is a more complicated version of the zero quark mass case
given in Appendix B of [30] and the degenerate nonzero
quark mass case given in the Appendix of [31].

We first use the I ¼ 1 scalar and pseudoscalar squared
mass matrices to get the parameters,

2d2 ¼
m2

am
2
a0 �m2

�m
2
�0

m2
a þm2

a0 �m2
� �m2

�0

ð	3e
a
3Þ2 ¼

1

64
ððm2

a �m2
a0 Þ2 � ½4d2 � ðm2

a þm2
a0 Þ�2Þ:

(A1)

The minimum equation then yields the ratio of the four-
quark to the two-quark ‘‘condensate’’:


1

	1

¼ � 2ð	3e
a
3Þ

d2
: (A2)

Next, the �� �0 mixing angle is found from the diag-
onalization of ðM2

�Þ:

cos2
�

¼ 4d2�m2
��m2

�0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64ð	3e

a
3Þ2þ 16d22� 8d2ðm2

�þm2
�0 Þþ ðm2

�þm2
�0 Þ2

q :

(A3)

Then we get, from the formula for the pion decay
constant [28],

	1 ¼ 1

2

F�

cos
� � ð
1

	1
Þ sin
�

; (A4)

which then also gives 
1 using Eq. (A2) above.
To go beyond this point we introduce the strange to

nonstrange quark mass ratio, A3=A1, as an input parameter.
We may then solve for the quantity ea3	1 by using the two

minimum equations:

A1 ¼ 2
3ðea3	1Þ þ 2
1ðea3	3Þ � c2	1 þ 2ca4	
3
1

A3 ¼ 4
1ðea3	1Þ � c2	3 þ 2ca4	
3
3:

(A5)

Now, the rest of the parameters may be obtained by the
consecutive use of the following equations:

ca4 ¼
1

8	2
1

�
m2

a þm2
a0 �m2

� �m2
�0 � 16

ð	1e
a
3Þ2

d2

�
4c2 ¼ 16	2

1c
a
4 þ 4d2 �m2

� �m2
�0 �m2

a �m2
a0

ea3 ¼
ðea3	1Þ
	1

	3 ¼ ðea3	3Þ
ea3


3 ¼ 	1
1

	3

ðM2
KÞ11 ¼ m2

� þm2
�0 � 2d2 þ 1

2
ðm2

a þm2
a0 �m2

� �m2
�0 Þ

�ðea3	3Þ2
ðea3	1Þ2

� ðea3	3Þ
ðea3	1Þ

�
� 8

d2
½ð	3e

a
3Þ2 � ð	1e

a
3Þ2�

ðM2
KÞ12 ¼ �4ðea3	1Þ ðM2

KÞ22 ¼ 2d2 cos2
K ¼ ðM2
KÞ22 � ðM2

KÞ11ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2

KÞ212 þ ½ðM2
KÞ22 � ðM2

KÞ11�2
q

FK

F�

¼
ð1þ ðea

3
	3Þ

ðea
3
	1ÞÞ cos
K � 
1

	1
½1þ ðea

3
	1Þ

ðea
3
	3Þ� sin
K

2 cos
� � 2ð
1

	1
Þ sin
�

:

(A6)

With m½�ð1300Þ� ¼ 1:215 GeV and A3=A1 ¼ 30, these parameters are given in Table IV. In this case, the rotation
matrices that related the flavor bases to the physical states are given in (A7) and (A8).
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ðR�1
� Þ ¼ 0:923 0:385

�0:385 0:923

� �
;

ðR�1
K Þ ¼ 0:925 0:379

�0:379 0:925

� �
;

ðL�1
a Þ ¼ 0:493 �0:870

0:870 0:493

� �
;

ðL�1
� Þ ¼ 0:284 �0:959

0:959 0:284

� �
:

(A7)

ðL�1
o Þ ¼

0:601 0:199 0:600 0:489
�0:107 0:189 0:643 �0:735
0:790 �0:050 �0:391 �0:470
0:062 �0:960 0:272 �0:019

2
6664

3
7775:

(A8)
APPENDIX B: M2

�

The elements of the symmetric matrix M2
� are given by

ðM2
�Þ11 ¼ ð16c4	6

1

2
1 þ 16c4	

5
1	3
1
3 þ 4c4	

4
1	

2
3


2
3 � 16e3	

4
1


2
1
3 � 16e3	

3
1	3
1


2
3 � 4e3	

2
1	

2
3


3
3 � 8c2	

4
1


2
1

� 8c2	
3
1	3
1
3 � 2c2	

2
1	

2
3


2
3 � 16c3�

2
1	

2
1


2
1 � 32c3�

2
1	1	3
1
3 � 16c3�

2
1	

2
3


2
3 � 32c3�1	

2
1


2
1

� 32c3�1	1	3
1
3 � 16c3	
2
1


2
1Þ=ðð2	1
1 þ	3
3Þ2	2

1Þ (B1)

ðM2
�Þ12 ¼ ð�4

ffiffiffi
2

p ð4e3	3
1	3


3
1 þ 4e3	

2
1	

2
3


2
1
3 þ e3	1	

3
3
1


2
3 þ 4c3�2

1	
2
1


2
1 þ 4c3�

2
1	1	3
1
3 þ 4c3�1	

2
1


2
1

þ 2c3�1	1	3
1
3 þ 2c3�1	
2
3


2
3 þ 2c3	1	3
1
3ÞÞ=ðð2	1
1 þ 	3
3Þ2	1	3Þ (B2)

ðM2
�Þ13 ¼ ð�16e3	

2
1	3


2
1 � 16e3	1	

2
3
1
3 � 4e3	

3
3


2
3 � 16c3�

2
1	1
1 � 16c3�

2
1	3
3 þ 16c3�1	3
3

þ 16c3	1
1Þ=ðð2	1
1 þ 	3
3Þ2Þ (B3)

ðM2
�Þ14 ¼ ð�4

ffiffiffi
2

p ð4e3	4
1


2
1 þ 4e3	

3
1	3
1
3 þ e3	

2
1	

2
3


2
3 þ 2c3�

2
1	1	3
1 þ 2c3�

2
1	

2
3
3 � 2c3�1	

2
3
3

� 2c3	1	3
1ÞÞ=ð2	1
1 þ 	3
3Þ2	1 (B4)

ðM2
�Þ22 ¼ ð16c4	2

1	
4
3


2
1 þ 16c4	1	

5
3
1
3 þ 4c4	

6
3


2
3 � 8c2	

2
1	

2
3


2
1 � 8c2	1	

3
3
1
3 � 2c2	

4
3


2
3 � 32c3�

2
1	

2
1


2
1

� 32c3�1	1	3
1
3 � 8c3	
2
3


2
3Þ=ðð2	1
1 þ 	3
3Þ2	2

3Þ
(B5)

ðM2
�Þ23 ¼ ð�4

ffiffiffi
2

p ð4e3	2
1	3


2
1 þ 4e3	1	

2
3
1
3 þ e3	

3
3


2
3 þ 4c3�

2
1	1
1 � 4c3�1	1
1 þ 2c3�1	3
3

� 2c3	3
3Þ	1Þ=ðð2	1
1 þ 	3
3Þ2	3Þ (B6)

ðM2
�Þ24 ¼ ð�8ð�1 � 1Þð2�1	1
1 þ 	3
3Þc3Þ=ð2	1
1 þ 	3
3Þ2 (B7)

ðM2
�Þ33 ¼ ð8d2	2

1

2
1 þ 8d2	1	3
1
3 þ 2d2	

2
3


2
3 � 16c3�

2
1	

2
1 þ 32c3�1	

2
1 � 16c3	

2
1Þ=ð2	1
1 þ 	3
3Þ2 (B8)

ðM2
�Þ34 ¼ ð�8ð�1 � 1Þ2 ffiffiffi

2
p

c3	1	3Þ=ð2	1
1 þ 	3
3Þ2 (B9)

ðM2
�Þ44 ¼ ð8d2	2

1

2
1 þ 8d2	1	3
1
3 þ 2d2	

2
3


2
3 � 8c3�

2
1	

2
3 þ 16c3�1	

2
3 � 8c3	

2
3Þ=ð2	1
1 þ 	3
3Þ2: (B10)

The basis states for the above matrix are

TABLE IV. Calculated Lagrangian parameters:c2, d2, e
a
3 , c

a
4

and vacuum values: 	1, 	3, 
1 and 
3, with m½�ð1300Þ� ¼
1:215 GeV and A3=A1 ¼ 30.

c2 ðGeV2Þ 1:62� 10�1

d2 ðGeV2Þ 6:30� 10�1

ea3 ðGeVÞ �1:68
ca4 47.0

	1 ðGeVÞ 6:06� 10�2

	3 ðGeVÞ 7:68� 10�2


1 ðGeVÞ 2:49� 10�2


3 ðGeVÞ 1:96� 10�2

A1 ðGeV3Þ 6:66� 10�4

A3 ðGeV3Þ 2:00� 10�2
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�a ¼ �1
1 þ�2

2ffiffiffi
2

p ; �b ¼ �3
3;

�c ¼ �01
1 þ�02

2ffiffiffi
2

p ; �d ¼ �03
3 :

(B11)

With m½�ð1300Þ� ¼ 1:215 GeV and A3=A1 ¼ 30, these
parameters are given in Table V.

In this case, the rotation matrix for I ¼ 0 pseudoscalars
becomes

ðR�1
o Þ ¼

�0:675 0:661 �0:205 0:255
0:722 0:512 �0:363 0:291
�0:134 �0:546 �0:519 0:644
0:073 0:051 0:746 0:660

2
6664

3
7775:

(B12)
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