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Hadronic quarkonium decays at order v’
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We compute the complete imaginary part of the nonrelativistic QCD (NRQCD) Lagrangian at order
1/M?* in the heavy-quark mass expansion, which includes center of mass operators, and at order a2 in the
matching coefficients. We also compute the imaginary part of the NRQCD Lagrangian at order 1/M® and
at order ? that contributes to the S-wave and P-wave inclusive decay widths of heavy quarkonium into
light hadrons at order v in the heavy-quark velocity expansion. If we count a;(M) ~ v?, the calculation
provides the complete next-to-leading order corrections to the P-wave hadronic widths, and in the original
NRQCD power counting, the complete next-to-leading order corrections to the vector S-wave widths, and
part of the next-to-next-to leading order corrections to the pseudoscalar S-wave widths. In the S-wave
case, we confirm previous findings and add new terms in a more conservative power counting. In the P-
wave case, our results are in disagreement with previous ones. Constraints induced by Poincaré invariance
on the NRQCD four-fermion sector are studied for the first time and provide an additional check of the

calculation. Perspectives for phenomenological applications are discussed.
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I. INTRODUCTION

Nonrelativistic effective field theories (NR EFT) of
QCD [1,2] like nonrelativistic QCD (NRQCD) [3,4] offer
a systematic framework to access heavy-quarkonium prop-
erties and, in particular, inclusive decay widths. Decay
width formulas may be organized in a double expansion
in the strong coupling constant «;, calculated at a large
scale of the order of the heavy-quark mass M, and in the
heavy-quark velocity v. Both expansion parameters are
relatively small. In the bottomonium system, typical refer-
ence values are a (M,) = 0.2, v; = 0.1 and in the char-
monium one, a,(M,) = 0.35, v2 = 0.3.

The increasing accuracy of the experimental measure-
ments [1,5-7] calls for a corresponding accuracy in the
theoretical predictions. The inclusive decay widths of J/ i,
(2S) and Y(1S) into light hadrons are presently known
within a few percent uncertainty, while the uncertainties in
the inclusive decay widths of Y(2S) and Y(3S) are less
than 10% [5]. Theoretical accuracies of about 5% both in
the charmonium and in the bottomonium case require at
least the calculation of O(v*, a,v?, a?2) corrections. The S-
wave decay of 7. into light hadrons is presently known
within a 15% uncertainty, while the P-wave decays of x.;,
with J = 0, 1, 2, are known within a 10% uncertainty [5].
In the P-wave case, the improvement of the experimental
accuracy has been noticeable over the last few years and
the data are now clearly sensitive to next-to-leading order
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(NLO) corrections [1,8]. Hence, for the decay of the char-
monium P-wave states, theoretical accuracies matching the
experimental ones require the calculation of O(v? a,)
corrections.

In this work, we consider relativistic corrections of order
v? and v* to inclusive decays of P- and S-wave quark-
onium into light hadrons, respectively. The leading order
S-wave decay width is proportional to the square of the
wave function in the origin and is therefore of order v°.
The leading order P-wave decay width is proportional to
the square of the derivative of the wave function in the
origin, and is therefore of order v°. Then, corrections of
order v* to S-wave decays and of order v’ to P-wave
decays provide in both cases decay widths at order v’ in
the relativistic expansion. We consider only processes
where the quark and antiquark annihilate into two gluons.
Hence, more precisely, the paper provides the a?v’ terms
of the S-wave and P-wave inclusive decay widths.

In the S-wave case, corrections of order v? and v* were
first considered in [4,9], respectively. We agree with their
results if we use their power counting, but find additional
contributions in the more conservative counting that we
adopt. In the P-wave case, corrections of order v were first
calculated in [10]. Our results disagree with those results.
In particular, we find different matching coefficients for the
dimension 10 operators. Moreover, also adopting the
power counting of [10], our decay widths appear to contain
two matrix elements more.

The paper is organized in the following way. In Sec. II,
we set up the formalism, discuss the power counting,
introduce our basis of operators and give the general
form of the decay widths at order v’. In Sec. III, we
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calculate the short-distance imaginary parts of the NRQCD
four-fermion operators by matching annihilation diagrams
of order a2. Octet operators are calculated by matching
diagrams with an external gluon. In Sec. IV, we show how
Poincaré invariance is realized in the EFT in the form of
exact relations among matching coefficients. Such rela-
tions provide an additional and independent check of
some of the results. In Sec. V, we conclude by summarizing
the present knowledge about inclusive decays and discus-
sing phenomenological applications and future develop-
ments of this work. In Appendixes A and B, we list all the
operators and the matching coefficients that have been
employed through the paper.

II. HADRONIC DECAY WIDTHS IN NRQCD
A. NRQCD

The main mechanism for quarkonium to decay into light
hadrons is quark-antiquark annihilation. It takes place at a
scale which is twice the heavy-quark mass M. Since this
scale is perturbative, quark-antiquark annihilation may be
described within an expansion in the strong coupling con-
stant a;. Experimentally, this is shown by the narrow
widths of quarkonia below the open flavor threshold. The
bound state dynamics, instead, is characterized by physical
scales smaller than M, such that a perturbative expansion in
a, may not be allowed. It is however possible to take
advantage of the nonrelativistic nature of the bound state
and expand in the relative heavy-quark velocity v. In an
EFT language, once the scale M has been integrated out,
the information on the decays is carried by contact terms
(four-fermion operators) whose matching coefficients de-
velop an imaginary part [4]. In NRQCD, the decay widths
factorize in a high-energy contribution, encoded in the
imaginary part of the four-fermion matching coefficients,
and a low-energy contribution, encoded in the matrix
elements of the four-fermion operators evaluated on the
heavy-quarkonium states. The NRQCD factorization for-
mula for the inclusive decay width of a quarkonium state H
into light hadrons (L.h.) is [4]

Ime™ ;
P(H —1h) =23 S (HIOUH). ()

|H) is a mass dimension —3/2 normalized eigenstate of the
NRQCD Hamiltonian with the quantum numbers of the
quarkonium state H. The coefficients ¢ can be calculated
in perturbation theory by matching Green functions or

physical amplitudes in QCD and NRQCD. @fl'f)f stands
for a generic four-fermion operator of dimension d,,, whose
general form is ¢ T(--)xx"(-- )¢, ¢ being the Pauli
spinor that annihilates a quark and y the one that creates
an antiquark. The operators (- - -) may transform as singlets
or octets under color SU(3) gauge transformations. In the
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first case, we denote the operator with the subscript 1, in
the second with the subscript 8. A list of relevant four-
fermion operators is provided in Appendix A.

It is the purpose of this work to calculate the order a2
contributions to the ¢ coefficients that multiply matrix
elements up to order v’. These involve operators up to
dimension 10.

B. Power counting

In the factorization formula (1), the matching coeffi-
cients ¢ are series in @, while the matrix elements
(H I@E(f)fIH ) are series in v and are, in general, nonpertur-
bative objects. In NRQCD, several power countings are
possible because of the several contributing energy scales.
These are the relative momentum Mv, the binding energy
Mwv? and the typical hadronic scale Agcp; additional scales
may enter at higher orders in the calculation [11].
Whatever power counting one assumes, as long as v <
1, matrix elements of operators of higher dimensionality
are suppressed by powers of v.

The NRQCD Lagrangian is constructed as an expansion
in 1/M and hence it is independent of the power counting.
We shall adopt a power counting, however, when assessing
the size of the different matrix elements contributing to the
decay widths. We will assume Mv of the same order as
Aqcp and adopt the following rules. Matrix elements of the
type (H'|O|H), where O|H) and |H’) have the same quan-
tum numbers and color transformation properties in the
dominant Fock state, scale (at leading order) like (Mv)?~3,
d being the dimension of the operator @. If O|H) and |H')
do not have the dominant Fock state with the same quan-
tum numbers, then the matrix element singles out a com-
ponent of the quarkonium Fock state that is suppressed.
The amount of suppression depends on the power counting
and on the quantum numbers. As detailed in [12], the
power counting we adopt implies that the octet components
with quantum numbers Sand L = 1, Sand L, S = 1 and L
of a quarkonium state are suppressed by v with respect to
the singlet component with quantum numbers S and L,
while the components with S, L =2 or S =1, L = 1 are
suppressed by v?.

A different counting, which seems suitable for the situ-
ation Mv? ~ Aqcp has been defined in [4] and used in
[9,10]. Our power counting is more conservative than the
one in [4], because we assume that all operators scale with
the largest available scale, i.e. Mv ~ Aqcp, while in [4]
this is not always the case and some operators have extra
suppressions. As a consequence, one may recover the
expressions in the power counting of [4] from our expres-
sions simply by eliminating matrix elements that, in that
counting, would be smaller than v’: no new matrix element
or matching coefficient needs to be added.

For a critical review and a discussion on the different
power countings we refer to [2] and references therein.
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C. Four-fermion operators

The four-fermion sector of the NRQCD Lagrangian
contains all four-fermion operators invariant under gauge
transformations, rotations, translations, charge conjuga-
tion, parity and time inversion. They may be classified
according to their dimensionality and color content. The
analysis of the four-fermion operators involved in the
hadronic decay widths at order v’ closely parallels the
one performed for electromagnetic decays in [12]. In the
following, we focus on the main differences, that are
mostly related to the contributions of color octet operators
to the hadronic decay widths. The presence of color octet
operators, acting on subleading components of the heavy-
quarkonium Fock state, is one important and well-known
characteristics of NRQCD [4].

We organize the four-fermion sector of the NRQCD
Lagrangian according to the mass dimension and the color
structures of the operators. In Sec. II C 2, we show how the
number of (redundant) color singlet and octet operators
may be reduced by using suitable field redefinitions. In
Sec. I C 3, we introduce operators proportional to the total
momentum of the heavy-quark—antiquark pair: at variance
with the electromagnetic case, such operators contribute to
the decay widths at order v”. In Appendix A, we give some
details on the construction of octet operators of higher
dimension and the explicit list of all four-fermion operators
that need to be considered at the order of accuracy we are
working. Finally, in Sec. IIC4, we use the NRQCD power
counting of Sec. II B to assess the importance of the differ-
ent matrix elements, and in Sec. II D, we write the general
form of the hadronic decay widths accurately up to order

v’

1. Operators from dimension 6 to dimension 10

For dimensional reasons, four-fermion operators of mass
dimension 6 can only contain four-fermion fields, without
any covariant derivative or gluon field. The only allowed
color structures are 1, ® 1, and #* ® t“. The color octet
operator

Py x ety 2)

has non vanishing matrix element between the states
((Q0)sgl...1(QQ)sg), which are subleading components
of the heavy-quarkonium Fock state. Color octet matrix
elements are particularly relevant for P-wave decays,
where they contribute at leading order in the power
counting.

Parity conservation forbids four-fermion operators of
mass dimension 7. Four-fermion operators of dimension
8 can be built with two covariant derivatives or with a
chromomagnetic field. For operators built with two deriva-
tives, the possible color structures are 1. ® 1. and * ® #“.
The construction of color singlet operators is straightfor-
ward, while some care has to be taken in the color octet
case, because of the non-Abelian nature of the gauge
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group; see Appendix A. The covariant derivatives involved
can be proportional either to the relative momentum of the
quark and antiquark pair, for example, in an operator like

YDy x'Dy, 3)
or to the total momentum of the pair, like in

Vgt - Vixty).

Also, operators containing both kind of derivatives can be
built, like

1//*(- éB) X ay- 6(,\/r ) + He..

Operators containing the chromomagnetic field can ap-
pear with the different color structures r* ® 1., 1, ® t¢,
fete ® P and d*1* ® tP:

(,begB) . &X,\/Tl// + H.c.,

¢tgB® - GxxTt*y + He, @
fabeytgBY - G yx iy + He.,
dweytgB® - gt vyt + He..

Operators of dimension 9 can involve a covariant deriva-
tive and a chromoelectric field,

Yt yxT(D - gE + gE- D)y + Hec,, (5)

and again we have to consider all the possible color struc-
tures, as in Eq. (4). Finally, dimension 10 operators may
involve four covariant derivatives or two covariant deriva-
tives and a chromomagnetic field or two gluon fields. To
clarify our terminology, we call “‘singlet operators” the
ones in which both the ingoing and the outgoing QQ pairs
are singlets, as in (3). Although, any covariant derivative
also contains an octet part, “‘octet operators’ the ones in
which both the ingoing and the outgoing QQ pairs are
octets, as in (2) or in the third and fourth lines of Eq. (4),
and “‘singlet-octet transition operators’ the ones in which
one of the two pairs is an octet and the other is a singlet, as
the first two operators of Eq. (4) or the one in Eq. (5). For
details on the four-fermion operator definition and con-
struction see Appendix A.

2. Field redefinitions

The four-fermion basis built with all possible operators
allowed by rotational and translational invariance, gauge
invariance and invariance under the discrete symmetries of
QCD is redundant since the number of four-fermion op-
erators may be reduced by suitable field redefinitions. The
analysis performed in [12] can be extended to hadronic
singlet operators. Through the field redefinitions
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v [ o

“3l(-20) o]
X=X 735 IR Yyt |x
it is possible, for a suitable choice of the free parameter a,
to trade the operator 7 ('S, ! P,), defined in Eq. (A25),

for the linear combination of Q/('S,) — Q7(1S,), defined
in Eq. (A26), while, through

a [ <i i<j
oo oY)

(6)

2 2

ox o[ (2515w ] ?
where

T = %yk’ (8)

ngl)k = eifﬂ;kzn, o

po _ "8k + als% sl (10)

ijlk 2 3 ’

the operators T~ (li)_8(3S L 3P), with i =0, 1, 2, can be
eliminated by a suitable choice of a and by redefining
the matching coefficients of Q/(S)), Q/(GS)),
Q/(S,,°D,) and Q/(S,,°D,) (see Egs. (A25) and
(A26) for the definition of these operators). As it was noted
in [12], these field redefinitions do not change the sums of
the coefficients i} ('S,) + h{(1Sy), B (CS,) + h!(S,) and
h (S, 3D,) + n|(S,, D).

It is also possible to exploit field redefinitions to reduce
the number of octet operators. Consider the field redefini-
tions

a i <\2
Y=+ —[(-—D> ,t“)()(*]t“w,
M> 2
. (11)
— v — i[(_iB)z talpw’rjlta
X=X IYE ) ) X
=2
where the definition of 1D t?y is given in Eq. (A13).
Equation (11) induces the following transformation (8-8)
YtiDop + xTiDoxy — ¢TiDoyp + xTiDox
a 1
- W FTl—S(IPp lso)
c
a
EYYa Ds5('Sy, 'Py)
4@
2M?

where N. = 3 is the number of colors and the operators
Dy5('Sy, 'P;) and Fg('S,) are defined in Eq. (A25). The
same field redefinitions induce the following transforma-

:FS(IS())r (12)
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tion on the kinetic term

BB BB
ViV X X TV oV X o X T

X (Q4(18p) — QF(1Sp)),  (13)

where in the right-hand side we have neglected operators
proportional to the center of mass momentum of the quark-
antiquark pair. Eqs. (12) and (13) show that the operators
T15('P,1S,) and Q4('S,) — Q¥('S,) are not indepen-
dent and that it is possible, for a suitable choice of the
parameter a, to trade the one for a redefinition of the
matching coefficient of the other and of Dy ('S, 'P,)
and Fg('S,).

With a closely related argument, introducing the field
redefinitions

1 <ioj
b+ 2T (30D ) et [t
J M 4 (14)

XX = iTﬁﬁka’[(— iDJD'), t“ W*]t“o"x,

with TE;I)k given in Egs. (8)—(10) and D' D’ defined ac-
cording to Eq. (A13), it is possible to set the parameter a in
such a way that the minimal basis of operators either
contains the three operators T _3(*P,,3S,) or, with a
different choice of a, the three operators 1/2(Q4(S,) —
Q¢Cs)),  1/2(24CS,,°D)) — Q{(S,,°Dy))  and
Tg,)ll (3S,, 3P) defined in Eqs. (A25) and (A26). The first
set of operators is more useful in dealing with P-wave
decay widths and we will use it in the rest of the paper.

Note that the operator T~ (81)'1 (*S,,3P), as well as the

operators T'?.(3S,3P) previously introduced and

T\D4(3S,, 3P), which is required by the matching, annihi-
late (create) a singlet QQ pair with orbital angular mo-
mentum L = 1 but with no definite value of J. So, in our
notation, we denote the annihilated pair just with its spin
and orbital angular momentum quantum numbers, omitting
the subscript J.

3. Operators proportional to the total momentum of the
quark-antiquark pair

The description of the hadronic decay widths up to order
v’ requires the inclusion of operators proportional to the
total momentum of the quark-antiquark pair into the me-
son. By parity conservation these operators must contain at
least two derivatives, so they have at least mass dimension
8. The two derivatives can act on the QQ pair, like in

Praem = V' (T al )V (xT ol ). (15)

Since the QQ pair is a color singlet, V is an ordinary
derivative. If the QQ pair is a color octet, we can build
an operator analogous to (15)
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Psyeom = D@10 ) Dy (X 107 yp), (16)
where ﬁab is a covariant derivative in the adjoint
representation.

Also operators containing a total derivative V and a
derivative D, proportional to the relative momentum of
the pair, can be built. In this case, since under charge
conjugation 6(1//*,\/) — 6(¢1T/\/) and ytDy — —yTDy,
the operators must contain a Pauli matrix in order to be
charge conjugation invariant. An example is the operator

O\ n = a//f(—%B) X ax-Vixty) + He. (17

As explained in Sec. IV, the matching coefficients of the
operators of mass dimension 8 proportional to the total
momentum of the QQ pair are completely determined by
the coefficients of the dimension 6 operators. These rela-
tions are a manifestation of the Poincaré invariance of the
effective field theory.

4. Power counting of the four-fermion operators

From the rules given in Sec. II B, it follows that

<H(2S+1LJ)| @1(2S+1LJ)|H(25+1LJ)> — Mvd*3,

(18)

Md—4

where |[H(***1L,)) stands for a quarkonium state whose
dominant Fock-space component is a QQ pair with quan-
tum numbers S, L and J; O;(**'L,) is a singlet four-
fermion operator that acts on the QQ pair with spin S,
orbital angular momentum L and total angular momentum
J; and d is the dimension of the operator.

The scaling of color octet matrix elements is affected by
the suppression of the Fock state component they act on.
For example, the power counting given in Sec. II B implies

(HOP| 5 0,08 IHCPy) ~ Mo,
(19)
HOS)) -5 OsCS IH(S,) ~ Mo

In the power counting that we adopt, the gluon field and
the derivative that belong to a covariant derivative have the
same scaling. If the gluon field selects a component of the
quarkonium Fock state, which is suppressed, like in
(HCP)|O,CPyIHCP,)), then its contribution to the ma-
trix element is subleading. If, however, the gluon field
selects a component whose projection on the operator is
not suppressed or the gluon is reabsorbed by other gluons
in the operator, then it may happen that the gluon part in the
covariant derivative gives to the matrix element a contri-
bution that is larger than the one provided by the derivative
part. For example, due to the gluons in the covariant
derivatives, dimension 10 octet operators like Pg('P,),
9L('S,) and Q4('D,), as well as the singlet operator
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Q,('D,), contribute to the decay width of the quarkonium
state H (lSO) at order v’. Similar operators contribute at
order v’ also to the decay width of the quarkonium states
H(S,) and H(P)).

Concerning the scaling of the singlet-octet matrix ele-
ments, in the power counting of Sec. II B both the chromo-
electric and chromomagnetic fields scale as their mass
dimension, (Mv)?, so the scaling of a matrix element is
Muv¢3v*, where v* takes into account the suppression of
the Fock state the operator acts on. For example, consider
the matrix elements of the dimension 8 operators defined in
Eq. (A24):

1
HOS S5 Sims(So SSOIHCS), 20)
and
1
(HCS)I W51—3(3Sl, LSOIHES))). (21)

The operator S;_g('S,,3S,) destroys a singlet QQ pair
with quantum numbers 'S, and creates an octet QQ pair
with quantum numbers 3S1 and a gluon (and vice versa),
the operator §;_3(*S,, 'S;)) destroys a singlet QQ pair with
quantum numbers S, and creates an octet QQ pair with
quantum numbers 'S, and a gluon (and vice versa). Hence,
both matrix elements scale like MvS.

Equations (A25) define octet operators of dimension 9,
and since the octet Fock-space component is suppressed by
v, we have

HOS )| s TLCS, PIHES ) ~ My, (22)

and
1
(HOP )l T\sCPy, S DIHCP ) ~ MUT. - (23)

For the reasons discussed above, in our power counting,
matrix elements of octet operators of dimension 9, like
Di5('Sy, 'P,), are not necessarily negligible at order v’
because of the gluons in the covariant derivatives, which
may couple to other gluons in the operator and in the
quarkonium Fock state. For instance, we have

1
(H('S,)l Wﬂs-s('so, 'POIH('S)y ~ MY". (24)

Matrix elements of the operator [FS(ISO) are smaller than
v’ because of the suppression induced by the Gauss law.
Note that also the matrix element of the following dimen-
sion 10 operator is negligible at order v”:

1 L e o
(HCPy)l 15 YtB - Dyx'D - Gy |HCP,)) ~ MvS. (25)

Finally, we discuss the scaling of matrix elements of
operators proportional to the total momentum of the QQ
pair. We work in a frame in which the heavy quarkonium is
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at rest. In this frame, operators proportional to the total
momentum of the pair have nonvanishing matrix elements
only between subleading components of the heavy-
quarkonium Fock state, containing at least one gluon.
Lattice data indicate that higher gluonic excitations be-
tween the QQ pair are separated from the lowest quark-
onium state by a mass gap of order Agcp (for a detailed
discussion, see [2] and references therein). Therefore, glu-
ons in subleading components of the Fock space must be
counted as soft (¢°, §) ~ (Mv, Mv), where Mv ~ Agcp.
The emission of a soft gluon leaves the QQ pair with a total
momentum of order Mwv, hence, the scaling of the opera-
tors V and 5ab acting on the QQ pair is ~Mwv. Consider,
for example, the matrix element of the operator Og .,
between 3S, states

(HES)IOsnlHCS,)) = 5 1yt~ 1 D) x v

Day(xT1P ) + H.c.|('Sy)s8)
+ ... (26)

The leading order contribution to the left-hand side of
Eq. (26) comes from the matrix element between the
components |*S,) and |(1S,)sg) of [H(S,)), the gluon in
the incoming state being annihilated by the gluon field in

D. The matrix element in Eq. (26) gets a v suppression
from each derivative, and a further v suppression from the
[(1S,)s) state. Therefore it scales like v® and is suppressed
by v? with respect to the leading contribution to the decay
width. The operator Pg,., has a nonvanishing matrix
element if both the incoming and outgoing states contain
a gluon. For example, it contributes to the decay width of

T(1S, — Lh) = %1(30)

(H('S)10,('SyIH('Sy)) +

ZImfs( S))
M2

%zgimw(lsoﬂ@g(lpl)m(lso» +

" zlnjj} L (H(' )| O o |H('Sy)) +

+ ZII;/I#W(ISO)'(QI e [H (S0
%ﬁﬁ(%)m('so)lQ’{(‘So”H('So» *
M%fwm(lso)l?g(lso)lml%» *
%%S(’)moson Q' SIH( ) +
M

ZImgl( SO)
M*

(H('S)IO5CSIH('Sy)) + %S(SO)

ZImS1_8( SO’ Sl)
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HCP,):

(HCP)| Py e HCPY)) = (CS,)sg| DLy (¢t 12 o x) DL,
“(xteod ) + Hel(CS))sg)
+ ..., (27)

The matrix element in Eq. (27) gets two powers of v from
the derivatives and two from the states, so it scales like v,
and contributes to the P-wave decay width at the order we
are interested in.

We note that for electromagnetic decays, operators pro-
portional to the total momentum of the QQ pair do not
contribute to decay widths calculated in the quarkonium
center of mass rest frame. The reason is the following:
Electromagnetic operators are obtained by inserting the
vacuum projector |0)(0| in hadronic operators. As a con-
sequence, any matrix element involving derivatives acting
on both the quark-antiquark fields may be reduced by
integration by parts either to a matrix element that does
not involve an operator with derivatives acting on the
quark-antiquark fields or to a global derivative of a matrix
element of the type (0|(...)|H). The first one is a standard
matrix element that does not involve the center of mass
momentum, the last one vanishes in the quarkonium center
of mass rest frame.

D. Hadronic decay widths

Having assumed a power counting and having chosen a
basis of operators, we are in the position to provide explicit
factorization formulas for S-wave and P-wave inclusive
decays. The S-wave decay widths at order v’ are

(H('S)IP('SyIH('Sy))

(H('S)IOg(' S)IH(' S))

21mg8acm

2 Imh! (1S,)
MO

2Imgs(*S )
M*

2Imgs(' P))

2Im/’l8( D2)
Mo

(H($,)|Q (' Dy)IH(S,)) + W

V(SIS 15 S0 *S)IHCS)
(H S| Py enl HO'S,)
HOS)IQ{(S,IHCS,)
(HOSIPSCSIHCS)

88 L H S Py PIHCS,)
(HS)I Qs Do)IH('Sy)

(H('S)I Dy (' Sy, "PYIH('S)),  (28)
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21mf,C5,) Mm+m<H( S)IP,CS)IHES,)
2Im f5(S,)
T
2Im S1_8(3S1, 1S())

I'és, —Lh) = (HCSDIOCSDIHES,)) +

2Imf8( So)
M2

<H(SS1)|@8(IS())IH(351)> + (HCSDIOCS)IHECS,))

(HCS)IOgCP)IHES,)) + (HCS IS =5 (S, 'S)IHES)))

s o m*
+ 2SN (05, )| Oy [HOS ) + 550 (HES, ) Py | HES, )
/(3
+ 20 e (135,107 G, + ) s, ) 0105, HES )

L ZIES) (55,1405 s ) + 28105 D)

7 U HES )P CS, D )IHES,)

2B (105, ) By 15,105, )) + 2 (15 )12y s, )
Mr3g 3
mrl;i}—(sp)m@s IT 0S8, 3PIHES)) + Z ZlmgTsém<H(3sl)l?s(3PﬂlH@Sﬂ>

L 2Im h’ (*S ) 2Imh8( D,)

(HCS)IQLCSIHES, >>+z[ (HCS)IQ5CDIHES,)

K)3¢ 3
%ﬁ’”m@smQ1<3D,>|H<3s1>>]+ A D 05| DE s, PIHCS)
k=0,2
# 28O L) s PO P S FIHES ) @)

In Egs. (28) and (29), the first matrix element scales like v>, the following four in the second and third line like v°, the
following two like v® and the others like v”. S-wave decay widths at order v7 were computed in [9]. For (1S, — Lh.), the
decay width in [9] does not include the matrix elements of the operators proportional to the total momentum of the QQ
pair, the matrix element of Q (!D,) and any other matrix element of octet operators with the exception of Ogx(3S,),
(QS(ISO) and Og('P,). In the power counting adopted in [9], which is described in [4], all these matrix elements are
suppressed by further powers of v and they can be neglected at this order of the expansion. For the same reason, the
expression for I'(CS; — Lh.) in [9] does not include all the matrix elements of operators proportional to the total
momentum of the QQ pair, the matrix elements of Q ;(*D;) and P,(>S,,*D,), and any other matrix element of octet
operators with the exception of Og(S,), Og('S,) and Og(*P,).
The P-wave decay widths at order v7 are
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ICP,—1h) = 2Imf,( PJ)<H(3PJ)|(9 CPIHCP,) + 21mf8( S))

+ 28C) 1p 1, P lCP, ) + 2SS

+ 2808 D) s 2,05, D IHEP, ) +

+ 2 CP ) i p 1T O, S5 MHE P, ) +
+ 2CS) 50,05, G ) + 250
+ 2D b pioycr e ) + A
« 2R 0P )1QI0S, DIHER) + 3
+ 2O r6p 0, IHCP ) + . 5

where J =0, 1, 2.

In Eq. (30), the first two matrix elements scale like v°,
the remaining ones like v’. P-wave decay widths at order
v’ were computed in [10], where the power counting of [4]
was used: they appear to contain only the first four terms of
Eq. (30). It seems, however, that also by adopting the
power counting of [4] at least the matrix elements of the
operators Pg(*S;,3D,) and Py, ., should be added.

III. MATCHING

In this section, we calculate the order a2 contributions to
the imaginary parts of the matching coefficients that appear
in Egs. (28)—(30). The method consists in equating (match-
ing) the imaginary parts of scattering amplitudes in QCD
and NRQCD along the lines of [4].

In the QCD part of the matching, the ingoing quark and
the outgoing antiquark are represented by the Dirac spinors
u(p) and v(p), respectively, whose explicit expressions are

E,+M( §
po »
2E, \E,*M

E,+M ( P+M 7 )

2E, n
where E, = 4/p* + M?, and & and 7 are Pauli spinors. In
the NRQCD part of the matching, the ingoing quark and
the outgoing antiquark are represented by the Pauli spinors
¢ and 7, respectively.

We will match singlet octet and singlet-octet transition
operators at order a?; to this purpose we will consider both

the scattering amphtudes 00 — Q0 and QQg—» 00,
with no more than two gluons in the intermediate states.

u(p) =

3D

v(p) =

i=1,8

PHYSICAL REVIEW D 79, 074002 (2009)
(HCP)IOsCS)IHCP,)

(HCP I PCS)IHCP,))

Zlmg&zcm

oMt

2Imfg('P))
M4

<H(3PJ)| 7)Sa cmlH(3PJ)>
(HCP)IO('P)IHCP)))
(HCP)IO('S)IHCP)))

(HCPPIQiCS)IHCP)))

3 2D 40 )10, D IHCP,)

2Img;( P, Fz)

VG (HCP)IP,CP,, *Fy)IHCP,)), (30)

In the center of mass rest frame, the energy and momen-
tum conservation imposes the following kinematical con-
straints on the scattering QQ — Q0,

>

pl=1k,  p+p =0 k+tk=0 (32
and on the scattering Qg — Q0,
E, + Ey, +|q| = 2E, p+p +qg=0,
(33)

k+k =0,

where p, p’ are the ingoing and 12, k' the outgoing quark
and antiquark momenta, while ¢ is the momentum of the
ingoing gluon, which is on mass shell.

The matching does not rely on any specific power count-
ing and can be performed order by order in 1/M [13]. We
will perform the matching up to order 1/M?®, which is the
highest power in 1/M appearing in Egs. (28)—(30). In
practice, we expand the QCD amplitude with respect to
all external three-momenta. Note that, in the relativistic
expansion, the gluon momentum |G| is proportional to
(three-momenta)?/M. In the matching calculation, there-
fore, the gluon three-momentum appears with an extra
1/M suppression with respect to the quark and antiquark
three-momenta. In the case of the Qg — QQ scattering,
the expansion in the gluon momentum may develop infra-
red singularities, i.e. terms proportional to 1/|g|. These
terms cancel in the matching, as expected, having QCD
and NRQCD the same infrared structure. For a detailed
discussion see [12]. In the hadronic calculation, individual
diagrams that contribute to the imaginary part of the
00g — QQ scattering amplitude containing interactions
between the gluon in the initial state and gluon propagators
develop also collinear singularities, i.e. terms proportional
to 1/(1 = cos#), 0 being the angle between the incoming
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gluon momentum and the momentum flowing in one of the
gluon propagators put on shell to get the imaginary con-
tribution. These singular terms cancel in the sum of all
diagrams. Finally, we expect that, since the matching does
not rely on a power counting and scattering amplitudes do
not have a definite angular momentum, the matching will
determine more coefficients than needed in Egs. (28)—(30).

A. Q0 to light hadrons: singlet matching

The matching of the 00 — gg(gg) — QQ amplitude is
performed by equating the sum of the imaginary parts of
the QCD diagrams shown in Fig. 1 [taken by cutting the
gluon propagators or the light quark propagators according
to 1/k> — —27i8(k*)6(k°)] to the sum of all the NRQCD
diagrams of the type shown in Fig. 2. The first two dia-
grams in Fig. 1 contain both a color singlet and a color
octet part, coming from the decompositions

2

Cr

N
1th @ tP1* = 1.1, + ; @1
¢ ¢ (34)
bgap — CF 1
1t @ 19" = 1,01, ——1“® 19,
2N, N,

while the other five Feynman diagrams contribute only to
the octet part.

The calculation of the box diagrams in Fig. 1 gives the
matching coefficients of the dimension 6, 8 and 10 singlet
operators proportional to the relative momentum of the QQ
pair, listed in Egs. (A16)-(A19) and (A26)—(A28). We

[
——{000000000 —+— _._@_._

<
%%{ >w
-

FIG. 1. QCD Feynman diagrams describing the amplitude
00 — QQ at order a?.

1000000000 —=—
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quote the coefficients of the dimension 6 and dimension
8 operators in Appendix B. They agree with those calcu-
lated in [4]. We refer to [14] and references therein for an
updated list of imaginary parts of matching coefficients of
dimension 6 and 8 four-fermion operators; some of them
are known at next-to-leading order. For dimension 10
operators we find

2 almC

Imh1(1D2)=B N £ (35)
68 a2mC

Imh! ('S,) + Imh/(1S,) = — =L 36
m1( o) m1(o 45 2N, (36)

3 almCp
Img,(CPy) = —7 N (37)

3 8 aZmwCp
Im g ( P2)=—§ N (38)

20 a?7C
Img, (P, F,) = - = =L 3
mgl( 2 2) 21 2N, (39)

The four-fermion operators to which the matching coeffi-
cients refer are listed in Appendix A.

The coefficients relevant for P-wave decay widths at
order v’ are (37) and (38). They were first computed in
[10], but our results disagree with the ones reported there.
Note that while Eqs. (37) and (38) agree in the QED limit
with the results of [12], the QED limit of the results in [10]
is in disagreement both with [12,15].

Equation (36) agrees with the one found in [9]. By
matching the diagrams of Fig. 1 we cannot resolve
Imh|('S,) and Imh{('S,) separately. These coefficients
multiply operators that contribute to the v* corrections of
the S-wave decay widths. Equation (35) contributes to the
leading order decay width of the singlet state of the D
multiplet, which for charmonium and bottomonium has not
yet been observed; it agrees with the result of [16].

B. QO to light hadrons: octet matching

The calculation of the diagrams in Fig. 1 provides also
the coefficients of dimension 6, 8 and 10 color octet
operators. Again, since we work in the center of mass

FIG. 2. Generic NRQCD four-fermion Feynman diagram. The
empty box stands for one of the four-fermion vertices induced by
the operators listed in Appendix A, Eqgs. (A16)—(A21) and (A26)
—(A31).
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rest frame, we cannot obtain the matching coefficients of
the dimension 8 and 10 operators proportional to the center
of mass momentum.

The coefficients of the dimension 6 and 8 operators are
quoted in Appendix B and agree with those obtained in
[4,17]. The coefficients of the dimension 10 operators are
new results of this work. We find

29 1
(40)
Im Ay (3S,,3D,) + Imh] (S, D))
23 1
= ﬁagwnf + Ea%n’Nc, 41)
Im A (3D)=Lazwn +La2,7TN. (42)
U T g TR T e e
3 _ 1
Imhg(°D,) = —a;wN,, (43)
30
3 _ 1,
Im hg(* D3) = ﬁaSWNC, (44)
Im hg('D,) = = N — 4 45)
= __ a7 ,
872 15T 4N,
68 N2 —4
Im Ag('Sy) + Imf(1Sy) = Zatm———,  (6)
Imgs('P)) = —iaQWN , 47
! 20 7€
N2 —4
Im gs(CPy) = —Talm N (48)
Im gsCPy) = — S a2 e 4 (49)
= ——ar—=—,
§80 55T TN,
20 , N2—4
Img8(3P2,3F2)=—ﬁa§ﬂ' N (50)

The four-fermion operators to which the matching coeffi-
cients refer are listed in Appendix A.

C. Q0g to light hadrons

We show in Figs. 3-8 the diagrams that contribute to the
00g — QQ scattering amplitude with terms with color
content “ ® 1 or 1® t°. The imaginary part of QQg —
QQ is computed considering all possible cuts of the gluon
propagators. Diagrams in Fig. 4 and 7 develop collinear
singularities that cancel when all possible cuts are taken

PHYSICAL REVIEW D 79, 074002 (2009)

Q000000 ——  —=—10000000——
A A
NoJolo]e) Y A Q0
A A
——QQQQQQ0)——  —>—QQQQQQ0}|——

FIG. 3. Box diagrams: the gluon in the initial state interacts
with a fermion leg. The other six diagrams, in which the two
gluon propagators cross, have not been displayed.

into account. In these figures, the cuts are explicitly
indicated.

In the matching procedure, the QCD amplitude is equa-
ted to the sum of all NRQCD diagrams of the type shown in
Fig. 9. These are all diagrams of NRQCD with an ingoing
QQ pair and a gluon and an outgoing QQ pair. They can
involve four-fermion operators and a gluon coupled to the

FIG. 4. Box diagrams: the gluon in the initial state interacts
with a gluon propagator. The other four diagrams, in which the
two gluon propagators cross, have not been displayed.
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Y XX
XXX

FIG. 5. Vertex corrections: the gluon in the initial state couples
to a fermion leg or to a three-gluon vertex.

quark or the antiquark line, but also four-fermion operators
that couple to gluons. Four-fermion operators that induce
octet to singlet transitions on the QQ pair may be one of ) ] o )
the operators listed in Eqs. (A24) and (A25), but also one of FIG. 7_. Vertex corrections: the gluon in the initial state inter-
the four-fermion operators involving only covariant deriva- acts with a gluon propagator.

tives, which, despite being usually denoted as singlet (or

octet) operators, couple to the gluon field through the term  — g A% in the covariant derivative and therefore have a
singlet-octet component.

The calculation of the imaginary part of the 0Qg — QQ
scattering amplitude allows us to find the matching coef-
ficients of dimension 8 and dimension 9 singlet-octet tran-
sition operators and dimension 8 operators proportional to

o
o

-@--O-

FIG. 6. Vertex corrections: the gluon in the initial state couples FIG. 8. Vacuum polarization: the gluon in the initial state
to a fermion leg or to a three-gluon vertex. interacts with a fermion leg.

A AA
AAA
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SR XX

FIG. 9. Generic NRQCD four-fermion Feynman diagrams involving an ingoing QQ pair and a gluon and an outgoing QQ pair. The
black box with a gluon attached to it and the empty box stand, respectively, for one of the four-fermion—one-gluon vertices and for one
of the four-fermion vertices induced by the operators listed in Appendix A, Eqs. (A16)—(A31). The black dot with a gluon attached to it
stands for one of the quark-gluon vertices induced by the bilinear part of the NRQCD Lagrangian given in Eq. (Al).

the total momentum of the QQ pair. It also allows us to fix
the individual coefficients appearing in Egs. (36) and (46).
As discussed in Sec. I1 C 2, the basis of operators that we
chose contains as independent operators T _g(*P 1 38)),
with J = 0, 1, 2. In Appendix B, we give for completeness
also the matching coefficients computed with the other
possible choice of independent operators, 1/2(Q4%(S,) —
2¢Cs)),  1/2(24Cs,,°D)) — 2¢(S,,°Dy))  and

(l)' (S, 3P). This second set allows us to establish the
1nd1v1dual coefficients of the operators appearing in Egs.
(40) and (41), but it is less useful for the discussion of the
P-wave decay widths.

The matching coefficients are

1 asmn,
Ims; ('S, 38,) = —~a?m+ — =1 1
msl 8( SO? S]) 4CYA7T 12 Nc ’ (5 )
Ims,_s(S,,1S,) = 0, (52)
10 C 1

1 (1 2 F )

Im#A) ('S, = 7T2Nc e (53)
2 _Cr 1

ImAa!('S,) = + —a? 54
m h{('So) = Ton, Tagt ™ S
Imi4('S,) = Qasz‘z‘ —4 (55)

9 4N,

111 2 2 NZ 4
Imhg(S0)=§ T (56)
Im /(s 3P) = L4 (57)
b 8 °" 4Nz

Im i (3S,) = L o Ne—4 (58)

25T 4N

(3 1 2 N3_4
Imhl(‘Sl)=—ﬁas7T 4N2 B (59)

13c 3 _] 2 N§—4
Im A} (S, Dl)—Zasw AN (60)

1, N2—4
Imh!(3S,,%D,) = —Zc@ﬂ' AN (61)
3 C 61 7 n
Imt, (P, 3S,) = — = a7 F+(— f>2,
miisCPo 51 = —g ot 550 Tioa v )
(62)

1 107 n,
Imt, (P, 3S)) = (— + ﬁ)a%m (63)

72 " 576 N,
1 25 n
Im t1_8(3P2, 3S]) = (E + — 576 Nf>a‘77 (64)

The four-fermion operators to which the matching coeffi-
cients refer are listed in Appendix A. The total momentum
of the ingoing QQ being different from 0, the matching
calculation for QQg — QQ also provides the coefficients
for the operators defined in (A22) and (A23):

1 Cr
I )
mfl cm 4as7TZNC) (65)
Imf|, = (66)
1 N2 —4
I =_—alm , 7
mecm 4 T 4Nc (6 )
1 2
Im f§ .. 4a ST, (68)
Imgla em Or (69)
Imgypem =0, (70)
1 C
IMgeem = — Q37— 1
mgiccm 4as772NC: (7 )
1 2
Img8acm = _ﬂas’n—nf’ (72)
Im ggem = 0, (73)
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1 , N2—4

Imggeem = _Zasﬂ- 4Nc
We have checked the matching coefficients (65)—(74) by
repeating the calculation of the diagrams in Fig. 1 up to

order 1/M* in the general frame

(74)

- k==g+k,

=
e
=

1‘5:

r

b

p

s

[\)|'—‘ N | —
= =

é l—))r’ _)_kr'

Equations (51)—(74) are original results of this work.

IV. POINCARE INVARIANCE CONSTRAINTS

We can use Poincaré symmetry to obtain independent
checks on some of the matching coefficients derived in the
previous sections. Here we outline the procedure, follow-
ing the method of Ref. [18].

NRQCD is constructed by expanding (and matching)
QCD in the nonrelativistic limit. As a consequence, while
translations and rotations are still explicit symmetries of
the NRQCD action, the explicit invariance of the QCD
action under boost is lost in the nonrelativistic regime.
However, the boost invariance of QCD manifests itself in
a nonlinear realization, constraining the form of the
NRQCD Hamiltonian.

The constraints posed by Poincaré invariance on the
bilinear sector of the NRQCD Lagrangian have been
studied extensively in [13,18]. The computation of the
matching coefficients (65)—(74) completes our knowledge
of the imaginary part of the NRQCD Lagrangian at order
1/M*, including four-fermion operators proportional to the
total momentum of the QQ pair, which, due to their
suppression in v have not been considered before.
Therefore, we can now study the constraints induced by
Poincaré¢ invariance in the four-fermion sector of the
NRQCD Lagrangian. We adopt the method described in
[18] by constructlng the generators of time translatlon H,
space translations P, rotations J and boosts K inside the
effective theory and by imposing that the commutation
relations of the Poincaré algebra are respected. Since ro-
tation and translation invariance are manifestly maintained
in NRQCD, the commutation relations involving only H, P
and J are trivially satisfied while the commutation relations
involving the boost generators K impose restrictions
among the matching coefficients:

[P, K/l = —i8VH, (75)

[H, K'l= —iP| (76)
[Ji, Ki] = iglkKK, 77
[Ki KI] = —iglikJk, (78)

PHYSICAL REVIEW D 79, 074002 (2009)

The construction of the generators proceeds in the fol-
lowing way: P and J can be obtained from the symmetric
energy-momentum tensor [18,19]:

=jﬁ%wwﬁmw+xwﬁﬁu+%ﬁvxé%

(79)
R =T
= [d%uﬂ*(x X (—=iD) + E)zﬁ
> =g o 1 > Ta na

+XT<x><(—lD)+§)X+§x><[H X, B, (80)
where (¢, ip?), (x,ix") and, in the A = 0 gauge, [A,,
IT, = 0 Lxroep/9(9pA%)], are the pairs of canonical var-
1ables The NRQCD Hamiltonian density Anrqep can be

obtained from a Legendre transformation of the
Lagrangian density:

HNRQCD = f dSXhNRQCD

—/d%xl,b ( —cl CF&Z.—Iflé)w

+ (—M—i— D2+ &'gé)
X oM oM
e o e I
+§(H M+ BB — W(fi@Sl)@i

i=1,8

X08) + £05)0,05,) — 3 i (&05)

i=1,8
X P(S)) + gi('S)Pi(1Sy) +..) +.... (81)

The coefficient ¢; is equal to 1 at all orders in «y; see
[13,18].

A way to construct K is to write down the most general
expression consistent with the NRQCD symmetrles and to
match it to the QCD boost generator, K= —1tP+
J &#x3{X hocp}. This procedure is analogous to the one
followed in the construction of the NRQCD Lagrangian:
new matching coefficients, typical of K, appear. The form
of K in NRQCD is

= _tP + fd3x {X hNRQCD} - Z/.d3 K(I)
(82)

This form is chosen in analogy to the QCD boost generator

and satisfies (75). K" contains all the possible operators
with mass dimension M! that are vectors under rotation, are
odd under parity and are invariant under C and T
transformations.

We now compute the imaginary, four-fermion part of the
commutator (76) at order 1/M?3. To this aim, we need the
bilinear NRQCD Hamiltonian at order 1/M, the four-
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fermion part of the NRQCD Hamiltonian at order 1/M?*,
the operator K" and four-fermion operators in the boost
generator, which first appear in K. The form of KV

B 1 s > 1 .0 .
D) =yt Zx (=i — vt D x (=g
K A (—iD) ¢ XS (—iD)x, (83)

and its coefficient k; were obtained in [18], where it was

shown that k; = 1 to all orders in «;. In K™, four-fermion

operators like
|

PHYSICAL REVIEW D 79, 074002 (2009)

N 1 .6 -
KW = 5 Al % X (=iD)xxty

appear. We do not give the detailed form of K™ since an
explicit calculation shows that 1/M* [ d*x[K“W(x), H] =
o1 /Mm).

Using the canonical commutation relations we find for
singlet operators at order 1/M?>:

. 1 . . 1 . . ,
K1 = o5 [ @0t s = wtxalt )5 Imfi(1,) + 2Imgieen) + @ o0x o'

- w*aixaf(x*aiw))(% Imf;(3S,) + ZImglacm) + @' (o xxtoly — yTaixa'(xtoy))

L “m “om 1
X @mguy ) — e (o3 oot = ot (1)~ )

- isflm(¢T01XXT3’n1// - ¢T3’nXXTUZ¢)<% Imf,(*S,) — Imf} cm)] =0, (84)

and for octet operators:

(1K) = s [ @] @@tenxten - gtexa e )5 mfy(s) + 2mgsen) + @0 roxteoy

- WI“U"XBJ(X*I“UW))G Imfs(3S)) + 2Im88acm) + @ (pro't)xToly — dlalxo (Xt a'y))

L ““m “m 1
X (2Imggy o) — ie/" (P 1al o yx ety — gl yxtieolo 1//)(1 Im s ('So) —Imfgcm)

. “m “m 1
— i (gt 8 g = gt oo o) (G sy Cs) - mfl, ) | = o (85)

Equations (84) and (85) imply that

1
Imglccm == Z Imfl(ls())’
1
Imggeem = — 1 Imfg(lSO),
1
Imgla em Z Imf1(351)’ (86)
1
Imgg,em = — 1 Imfs(S)),
Imglb cm Imng cm 0’
1 1
Imfl cm :Zlmfl(lso)) Imficm :Zlmfl(3S1);
1 1
Imfgem = 1 Imf5('S,), Imfg ., = 1 Imf3(3S)).
(87)

Relations of the same form as Eqs. (86) and (87) hold also
for the matching coefficients of the electromagnetic opera-
tors. Equations (86) and (87) imply that the knowledge of
the imaginary part of matching coefficients of the dimen-
sion 6 operators completely determines the imaginary part

of the coefficients of the operators defined in Eqs. (A22)
and (A23), proportional to the total momentum of the QQ
pair. The coefficients (65)—(74), obtained in the previous
section, satisfy Egs. (86) and (87).

V. SUMMARY AND OUTLOOK

In the paper, we have calculated the hadronic inclusive
quarkonium decay widths in NRQCD at order v’ in the
relativistic expansion and at order 2. The electromagnetic
S- and P-wave decay widths have been previously calcu-
lated at order v’ in [9,12,15]. If we count a (M)~ v?,
terms of order a,(M)?v’ are part of the next-to-next-to
leading order (NNLO) corrections to the pseudoscalar S-
wave decays and part of the NLO corrections to the vector
S-wave and the P-wave hadronic decays.

The results for the S-wave hadronic decay widths are
given in Egs. (28) and (29) with the coefficients at order a2
listed in Appendix B. Let us first consider S-wave vector
decays. In the power counting of [4], those coefficients
together with previous results, including contributions to
the decay width coming from three-gluon decays and loop
corrections [4,17,20-23], provide us with the full NLO
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expression of the hadronic inclusive decay widths, i.e. with
the full expression up to order afv?, a’v® and a?v’. In the

more conservative power counting adopted here, the octet

terms ¥_op 28 U5 P s y(35,) | DY, S, 3 P)HES, )
need to be included. The matching coefficients
dgk)(3S ,» >P) are however unknown. In the case of S-wave
pseudoscalar decays, the largest uncertainties in the decay
width come from the NNLO correction in «; to the match-
ing coefficient Imf('S,), from the NLO correction in a;
to the coefficient Img, (1S,), and from the a? expression of
Imdg('S,, 'P;), which are all unknown. If we count
a,(M) ~ v?, these are the only missing ingredients to
complete the NNLO corrections to the pseudoscalar decay
widths. Note that to complete the NNLO corrections to the
pseudoscalar width, the NNLO expression of Imf,('S,)
and the NLO expression of Imgl(lSO) would be necessary

PHYSICAL REVIEW D 79, 074002 (2009)

also in the power counting of [4]. We recall that matching
amplitudes with loops, like those required for calculating
Imf,('S,) and Img, (*S,)) at NNLO and NLO, respectively,
and with two external gluons, like those required for
calculating the Imdg coefficients, have been beyond the
scope of this work.

The result for the P-wave hadronic decay width, calcu-
lated up to order a;(M)*v’, is given in Eq. (30) with the
coefficients at order a? given in Appendix B. In the case of
P-wave vector decays, the present calculation together with
previous results, including contributions to the decay width
coming from three-gluon decays and loop corrections
[17,24], provides us with the full expression of the had-
ronic inclusive decay widths up to order a3v> and a?v’.
Explicitly we have

2 w
rep,—1h) =3 ST O (0SS Ve lo,crolHCR)

W[I+W(1?+2l 22 —gnf+( By 2) ):I(H(3PO)|(98(3S JIHCPY)

a2 (83 n
BT PP CPIHE Py ~ S ST P PO HEP)

a27Tn a27Tn
— L HO PP, DIHCP) = S (HO P P HOP)

a27T a o

(o g S HCPIT Py S)IHC R 1 ST E R0y P)IHCP)

ST PO SOUHCP) + 3 ST HCPYIOLCSHEP) +3 ST O P OCPIHCP)
alm( 2 23 , 1 5

(2 B e pl Qi e R + ST (2 2 )<H(3P0>|Q(3s,,3D NHCP)

2

O (3 o JHCPIIQUCDHCP) )

r(3P1~1.h.)=%[(58817 % 2) 23423 ](H(*P IOCP)IHCP)))

W[lm(?wmgﬁ S+ () ) Jcrolowesoimery)

0127Tn
= 5 T HOP)IPCS ) IHOP ) — ST HOP IS, D) IHCP,))

almn 277' 1 107
S HCP )| Pyynl HOP) + 55 (36 + et JHCPOIT yCP IS IHEP )
FETgep, 2T HCP IO SYHEP ) + S ST HEP 10,0 IHEP,)
a? 2 23 ; a? 1 5

(- 3+54nf)<br(31° NQ4CSIHEP) + MZ( % 9nf)<H<3P Q4GS DIHCP,)
alm(l 1 la T

MP® (TLE”f) JIHGP))), (89)
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rep, lh)—£%[l+ (15(2“ ﬁ; 2+510g2—§—9nf):|<H(3 )I0,GP)IHCP,))

+a§;'§f[1 (72TM)<%+21 2—?—1772—gnf+<—§+%72) )](H(*Pz)wg(*s )HCP))
T O CPYIHCP) 2 T P ) P S IHCP,)

T Py Py, S DIHE P, ~ ST CP) Py HEP)

+%G+%nf><m POIT _sCP,. %S, )|H(3P2)>+;C]¥VIZT
ST P )IOCSHEP) + 2 ST HC PO, (S)IHCP) + 2 ST HEP)IOCP)HCP)

F T2 B el Qies, >|H(3P2>>+‘ZZ( 5+ 9nf)<H<3P2>|Q8<* L DYIHEP,)
8T (5+53m )HCPNRsCDIHCP,) + 5 ST HCPIQD,IHCP,)
2T HEP)IQuCDAHE Py) — S T (0, Py Py A F)IHEP)

—%‘Z? (P, 3F,)HOP,)) (90)

A general source of concern is the proliferation of matrix
elements with the increasing order of the expansion in v.
Spin symmetry and vacuum saturation [4] may help to
reduce the number of matrix elements by relating different
spin states and hadronic with electromagnetic matrix ele-
ments. The actual number of independent matrix elements
depends on the power counting.

In the power counting of [4], only the first six matrix
elements of Egs. (88) and (90) and the first five of (89)
contribute. In [10], it was assumed that only the first four
matrix elements of Egs. (88) and (90) and the first three of
(89) contribute.

The conservative power counting adopted here has been
suggested in [25] to be appropriate when Agcp > muv?.
Under this condition, matrix elements are nonperturbative
quantities and should be evaluated on the lattice. One can
also take advantage of the factorization provided by po-
tential NRQCD [11,25,26]. According to it, the matrix
elements can be factorized into the product of the quark-
onium wave function in the origin squared (or derivatives
of it) and few universal nonperturbative correlation func-
tions, eventually achieving a reduction in the number and a
simplification of the nonperturbative operators needed.

We also note that the convergence of the perturbative
series of the matching coefficient is typically poor. For a
discussion and references we refer for instance to [27].

Phenomenological applications of the expressions of the
decay widths will therefore entail work in two complimen-
tary directions: (1) improving the knowledge of the

NRQCD matrix elements either by direct evaluation, for
example, by fitting the experimental data, by lattice calcu-
lations, and by models, or by exploiting the hierarchy of
scales still entangled in NRQCD using EFTs of lower
energy, like potential NRQCD; (2) improving the conver-
gence of the perturbative series of the matching coeffi-
cients by resumming large contributions either related to
large logarithms, or of the type discussed, for instance, in
[28].
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APPENDIX A: SUMMARY AND DEFINITION OF
THE NRQCD OPERATORS

The two-fermion sector of the NRQCD Lagrangian
relevant for the matching discussed in Sec. III is
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D* &-gB (D-gE)
Loy = T('D +—+
A YRy 8M?2
G-[-iDX,gE] (B {D & - gh}
SM? sM? SM?

3
32m*

3o
D2 (D - eE) +
STV L Ve

{D*, & -[—iDX, gE]}

+

)¢ +cc, (Al

where o are the Pauli matrices, iDy = id, — 1“gAg, iD=
iV + t1gA®, [DX,E]=DXE —EXD, E' = F° and
B! = —€;1F/*/2(€}3 = 1). We have not displayed terms
of order 1/M® or smaller and matching coefficients of
O(a,) or smaller. The general structure of the four-fermion
sector of the NRQCD Lagrangian is

o
.£ 4-f = Z W @g_)f (A2)

n

Here, we list the operators relevant for the matching per-

formed in Sec. III ordered by dimension. We use B =D-

—

D.
For the octet operators defined in Eqs. (A20)-(A22) and

(A29)—(A31), since the covariant derivative D does not
commute with the color matrix * we need to specify the
ordering between the two and verify that the resulting
operator is gauge invariant. Let us consider, for example,
the operator Og('P,),

0s('P,) = y'Drxxt D1y, (A3)
and the three different orderings:
[t Dix]V = —(Dy)ty + yt Dy, (A4
[W1Dix]® = (D)t y + yteeDy, (A5
[ Dx]® = ~By)tiay + yteby.  (A6)
Under the gauge transformation
Y — 1+ i)y, x— (1 +iw% )y,
(A7)

Adk — AGK — lauwa + fabcAbp,wc’
8

(A4)—(AO6) transform, respectively, as

PHYSICAL REVIEW D 79, 074002 (2009)

Sl Do X)) = fobewr [yt Dit IO + oo ytity,
(A8)

SLYt D] = [ w [ytDI 1P = fredwt ytiy,
(A9)

S[ytD1x]®) = fabe e[yt Deb y . (A10)

Only the last ordering leads to a gauge invariant definition
of Og(*P,):

504('P,) = fw ([t D 1O [xt De ]

+ [t Dyt D] = 0. (Al
Therefore, we define
WDy = —(Dy) ey + ¢ Dy. (A12)

Generalizing to operators containing more than one cova-
riant derivative, we define

i

ytD" D"ty = (~1)(D" ... D)ty
+ (=) Y DD y)teD x + ...
L yteBh By, (A13)

The singlet-octet transition operators are denoted by
(91_8(25+1LJ’ 2S/+1L/J/) or (9871(2S+1L1) 2S/+]L/J,). In the
first case the first set of quantum numbers refers to the
QQ pair in a color singlet state, the second to the QQ pair
in the octet state, while in the second case the first set of
quantum numbers refers to the QQ pair in a color octet
state and the second one to the QQ pair in the singlet state.
In some cases, it has been found convenient to introduce
singlet-octet transition operators that annihilate (create)
states containing a QQ pair and a gluon in which the total
angular momentum J of the quark-antiquark pair does not
have a definite value (a definite value could be attributed by
further decomposing these operators in irreducible spheri-

cal tensors). This is the case of the operators T\ (35, 3 P)

and T (3S,,3P). In these cases, we cannot use the
quantum number J and we have to denote the state just
by the orbital angular momentum and spin quantum
numbers.

The symbols A“B/) and S“/)AP  used in the definitions
of some four-fermion operators denote symmetric and
traceless two and three indices tensors, according to
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Aiph —AB TATBY 8T 4 g

Al4
2 3 ) ( )

D4R — %( SUAK 4+ AT 1 SURAY)

2 . .
- B(aualk + &k sl + kgl smh Am — (A15)

For some details on the decomposition of Cartesian tensors
in terms of irreducible spherical tensors see [12].
(i) Operators of dimension 6

0,('Sy) = ytxxty,

i i (A16)
0,68) = ytaox - xtoy.

05('Sy) = ¢t xxtey,

(A17)
05(S)) = ylatx - xTo1 o

(i) Operators of dimension 8

1 Lo i

3 Lotar-vta(—LipY
P,(CS,) =§¢p ox " x 0'<—§D) ¢ + Hec,

i\2<62)

1 . .
Pi(5,°Dy) =y wtoxit ol DD

+ Hec. (A18)

0,('P)) = lﬁ*(—%B)X'){*(—%B)w
0,07y = 30(= 35+ d)unt (- 55w,

0,CpP) = % W(— %B X 5’))( : X*(— %B X &)w,

1

0i0Py) = (= 30" ax (3" o
(A19)
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1 i<)\2
Pg(]SO) = 5 ¢/T<_§D> taXXTl’alp' + H.c,
39y =Lyts to(— DY
?8(5‘1):5%{}' O'taX'X g _ED ta’,b' +H.C.,
1 , . \2 <))
Py(05,° D) =50ttt xt o5 ) DD ey

+Hec.. (A20)

Oy('P)) =yt —%B)t“)(')(*<—%5)t“da

0yCP)=~yt(—LD- &)zaXXT(——D : &)z“ v,

@8(31)1)=_¢Jr

3 — HX&)t“X-)(T(——DX&)t“w,

2

S
(2]
8

I

= W(—%B) X Gy - 6()(* ) + Hec,

(9/lcm _lp*(_%B)X'%X(X*&lﬂ)'FH.C.,

@8cm LZIT(_%B) X &laX'ﬁah(Xlew) + H.c.,

i< > -
@écm - _¢T<—§D)ta/\/ ' Dab X ()(Ttbo-‘ﬂ)

+ H.c.. (A22)
Proem = V(W Ta/ x)VixT ol y),

Piyen = V- (W1ax)V - (xTa9),

Preem = Vtx) - Vixty),

Psgem = Dl (Y110 )DL (xT1€aT ),

Pspem = Dap - (W16 X)Dye - (xT1¢G),

Pseem = Doy (T2 x) - DocxHic ). (A23)

[

81518, 38) = = t¢B-Gyxty + He,

il N

S1—5CS, 1Sy == ylgBy - xtGy + He.
(A24)

o
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(iii) Operators of dimension 9

T 5('Sy, 'P) = % ytxxt(D - gE + gE- D)y + He,

Fss('So, 'Py) = %f“bcllf*t“xx*tb(g +gE° + gE*- D)y + He,

Dy('Sy, 'P)) = %d"hclﬁff”X)(fth(B - gE + gE - B)lp + H.c.,

DS, P) = éd“b“wt“&,\/ X'3(D- gE" + gE” - D)y + He,
Dg228(3S1, 3p) = %d“h"w*t“ai/\/,\/‘ta'j(g(igfbj) + gE(biBj))tc¢ + H.c.,
Fs('Sy) = %f“bc¢f(5 CEYrexyxtty + He,

T5('P, 1Sy = % YyigEx - xtDy + He.,
T'9.(5,,3P) = éw&x “X'3(D-gE + gE- D)y + He,
T\V.(S,,3P) = %lﬂf&x x1é X (=D X gE — gE X D) + Hee,,
T\ (3s,,3P) = % Wiay - yté X (D x gE — ¢E X D) + He,
TV (35s,,3P) = % Yty - xTo x (D gE" — gE* X D)¢ + H.c.,
(2) (S, 3P) = ;gbfaixxfaj(g(igﬁj) + gE(iBj))zjf + H.c,,

T1—8(3P0’ 3S1) = é 'J’T(B : &)XXT& : gEl/’ + Hec,

T,5(P,38)) = % lﬁT(B X &)x - xTe X gEy + He,

1 <G . S
T13CPy,%S)) = 2 lVr(D( o xxTagEN ¢ + He. (A25)

(iv) Operators of dimension 10

Q',(15,) = w*(—;D) ot (=3D) v,
Q1059 =30 (=3D) it + He,
Qits) = v!(=5B) ax-xi(-3D) aw.
QUes) =3 ut(~3D) ax-xlaw + He,
Q1(3Sl,3D1)=% ( ) thXX*U’( 3 )2¢+H~C-,
1
2

Q'll(3SI,3D1) = ) ( ) D D O'X)(TO'/(,// + H.c.. (A26)
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1

P(p)=_— ’r<__

0P =30 -3D

1 j o i —\2 i

o -Lo (3o 5o

CPo) =35 27N T X 2

1 ’r(
2

1 T(
2

P\CP,) =

P\CPy, °F,) =

2,00, = v!(-5)D'D
2,0y = u!(-3) DD

(14—» l 2“’([“’/')
-\ D D
(=3 DD,
”XX*( )25((i5j 'y
2 b
2
Q1(3D2):§¢/ ( )( llmD D

2,00 = ot(=3) D' otxxt (-3 BB 'w.

(— iB)zza f(— iB)zzatﬁ
D) xxt( =5 :

(_ED) t“xxtt*y + He,

Q%s('S,) =

Q"s('S)

L,
Y
QCs) = ¢

NI»—NI»— NI»—‘

oues) =5 0t(-3
94(s,,°D,) = +( )QB(D sty af(

Q”(3S1, 3D )

| o

1 <i
—-D
2

Py('Py)

[ g i
Py (*P,) 2D) t“X)(T(—

Ps(P))

= = K= Q= N~

T8(3P2)

PP, 3F,) =
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1 iNoG . Q=\2 i =
R R § 5 P ) ——D) T(_
s‘p( 2) ”( 27 ) XX\ T2

ED'(_))'

1 .. ==l i\2
28”1D(mD)0‘”’)XXT(_%> (

( iH) &ta . T(_£B>2&ta¢
3 XX 5 )
)2

20 (i
)( )DDa't“X)( o/t* + H.c..
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(A27)

ljl‘lB(pB O.p) l//

BB g + Lo

(A28)

4y + He.,

(A29)

)t‘hp + H.c.,

D )za¢+H.c.,

( ;B) oy X*(—%B X Fr)t“¢ + H.c,
i j Rt

ED o'f))( ;D) t“XXJf<—%Dla'f)>t“lp + H.c,

1\2<(i<)) i< =6 .

XD D'N=—<D -Fleevytl—=—D o\

2) (2 ")””‘(2 ")“ﬁ

oG i =\2 R
(A7) (5o e

(A30)
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2
Qu(0y) = (=3 DD et (- 5) BB,
1\2 < (i) \2 (<))
Q8(3D3) — wf(_%) D lD/ a_l)taXXJr<_%) D IDJ UI))taw,
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2 ) “<(m<l \2 jn) 1 “<(p<n)
Q8(3D2)=§{/IT<_%) ( zlmD D z]lD D o-m)taX/\/f(_%) ( mpD D 0_p+2 siinp pD ) l,b,
i\2=Gi=)) 2es(le
Q0 = (= 3) DD st 2) D' gty (A31)
f
APPENDIX B: SUMMARY OF MATCHING Operator of dim. 8 Matching coefficient Im (Value)
COEFFICIENTS 3¢ 3 3¢ 3
P,(°S,,°D,) Img,(°S,,°D,) 0
In the following, we list all the imaginary parts of the (91(;}) W) Imf (iP ) 0
matching coefficients of the four-fermion operators up to @1(3P o) Imf, (‘3P o) 3a; 7T2N [4]
dimension 10, calculated at O(a?) in the strong coupling (91(~3P ) Imf, (3P ) 9 , ¢
constant in Sec. III. 0,CpP,) Imf,CP,) s 7721\5 [4]
In the presentation of the results we give for complete- S 1—8(;S0; ’S)) ImS1—s(;SO, zS 1) inf—N.)
ness also the matching coefficients obtained by using a 51—81( S1,1So) Imsl—zlg( Sy, 78p) 0" .
basis of operators that includes 1/2(Q25(S,) — Q4(S))), 2823?3 imgsgggoi %“577 4N[4 [147]17]
1 . mgg(° asmTn
1/2(Q4(8),°Dy) = Q{(S), D)) and Ty,(S,, °P) in- ?:(351 3D,) Im§:(351 D)) ?a%mf [4,17]
stead of TI—S( PO’ S ), Tl—S( Pl’ S ), T1_8(3P2, 3Sl). 0 lPI’ ! I IPI’ ! o? 6N'A f 417
It is understood that when this basis is used, the coefficients 8(3 ) mfy (g ) —12 [4,17]
Imt1_8(3PJ, 351), with J = 0, 1, 2 are set to 0. Vice versa if (98(%1)0) Imfs(%Po) 3adm? v, *[4,17]
our basis contains the operators T |_3(*P,,3S,), with J = gg(ép ) Imf, 8($P ) 9 [‘2‘ 171 L
0, 1, 2 the coefficients Imhi(S,)—Imhi(S)), sCPy) Imfy(CPy) ? : éW [4.17]
)
Imh}(S,, D) — Imh{(S,,*D;) and Imr(”’ (S}, 3P) are g} im§ Lem LTI,
set to 0. tem M Lem 2_
. ) ) (98cm Imf gem %la%n-[\if[vf‘
Operator of dim. 6 Matching coefficient Im (Value) O Im fé om M as TNy
(91(150) Imfl(ISO) a? T Cr [4] Piiem Imgiyem
01(3S1) Imfl(3S1) 0 Pibem Imgpem 0 o
@8(1S0) Imfg(lSO) 2 1\;N4 [4] Pieem Imgycem 410‘ 27721\/
05S)) Imf(s,) LaZmn, (4] Phaen Img g m Ty
0 f dim. 8 Matching coefficient Im (Val e s em O
perator of dim. atching coefficient Im (Value) Peoom Tmgg. o _ % a% i
TI(IS()) Imgl(lS()) 3 (,Y 7TZN [4]
?1(3S1) Img1(3S1) 0
J
Operator of dim. 9 Matching coefficient Im (Value)
T}'_ig@S], 3P) Imt(li_)é(3Sl, 3P) -1 azwﬁﬁ
Té_)/l(3Sl, 3P) Imté_)’l(3Sl, 3P) 3 3T R + 48a T — éazﬂ'%
T15CPy,3S)) Imt,_3(3Py, 3S,) —3a2m e+ (g + L ;\1/)“A
T,5CP,3S) Imty 4P, 3S)) (55 + 4% ,’\7) i
T 5GP, 3S)) Imty_g(*P,,3S,) 5+ & N’)a T
Operator of dim. 10 Matching coefficient Im (Value)
Q1('5,) Im/} (1S,) Wl &t _418 e
QIII(ISO) Imh’l’(lSO) §a2ﬂ. Cr + a P
Ns_
Q'l(3Sl) Imh’1(3S1) ll—zafﬂl\i"]vé
QU(Gs)) Imh}(S,) -+ aiz ijW*“
Q1(S,,3D,) Imh}(S,,°D,) %a?ﬂ'ﬁgz
9"(s,,3D,) Imh!(3S,,%D,) — el ]
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