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We evaluate the Casimir energy and force for a massive scalar field with general curvature coupling
parameter, subject to Robin boundary conditions on two codimension-one parallel plates, located on a
(D + 1)-dimensional background spacetime with an arbitrary internal space. The most general case of
different Robin coefficients on the two separate plates is considered. With independence of the geometry
of the internal space, the Casimir forces are seen to be attractive for special cases of Dirichlet or Neumann
boundary conditions on both plates and repulsive for Dirichlet boundary conditions on one plate and
Neumann boundary conditions on the other. For Robin boundary conditions, the Casimir forces can be
either attractive or repulsive, depending on the Robin coefficients and the separation between the plates,
what is actually remarkable and useful. Indeed, we demonstrate the existence of an equilibrium point for
the interplate distance, which is stabilized due to the Casimir force, and show that stability is enhanced by
the presence of the extra dimensions. Applications of these properties in braneworld models are discussed.
Finally, the corresponding results are generalized to the geometry of a piston of arbitrary cross section.
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L. INTRODUCTION

Many of the high-energy theories of fundamental phys-
ics are formulated in higher-dimensional spacetimes. In
particular, the idea of extra dimensions has been exten-
sively used in supergravity and superstring theories. It is
commonly assumed that the extra dimensions are compac-
tified. From the inflationary point of view, universes with
compact spatial dimensions, under certain conditions,
should be considered a rule rather than an exception [1].
Models involving a compact universe with nontrivial to-
pology play a very important role by providing proper
initial conditions for inflation. And compactification of
spatial dimensions leads to a number of interesting quan-
tum field theoretical effects, which include instabilities in
interacting field theories, topological mass generation, and
symmetry breaking.

In the case of nontrivial topology, the boundary condi-
tions imposed on fields give rise to a modification of the
spectrum for vacuum fluctuations and, as a result, to
Casimir-type contributions in the vacuum expectation val-
ues of physical observables (for the topological Casimir
effect and its role in cosmology see [2] and references
therein). In models of the Kaluza-Klein type, the Casimir
effect has been used as a stabilization mechanism for
moduli fields and as a source for dynamical compactifica-
tion of the extra dimensions, in particular, for quantum
Kaluza-Klein gravity (see Ref. [3]). The Casimir energy
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can also serve as a model for dark energy needed for the
explanation of the present accelerated expansion of the
universe (see [4] and references therein). In addition, re-
cent measurements of the Casimir forces between macro-
scopic bodies provide a sensitive test for constraining the
parameters of long-range interactions, as predicted by
modern unification theories of fundamental interactions
[5]. The influence of extra compactified dimensions on
the Casimir effect in the classical configuration of two
parallel plates has been recently discussed in [6-9], for
the case of a massless scalar field with Dirichlet boundary
conditions, and in [10-13], for the electromagnetic field for
perfectly conducting boundary conditions.

More recently, interest has concentrated on the topic of
the Casimir effect in braneworld models with large extra
dimensions. In this type of models (for a review see [14])
the concept of brane is used as a submanifold embedded in
a higher-dimensional spacetime, on which the standard-
model particles are confined. Braneworlds naturally appear
in the string/M theory context and provide a novel setup for
discussing phenomenological and cosmological issues re-
lated with extra dimensions. In braneworld models the
investigation of quantum effects is of considerable phe-
nomenological interest, both in particle physics and in
cosmology. The braneworld corresponds to a manifold
with boundaries. All fields which propagate in the bulk
will give Casimir-type contributions to the vacuum energy
and, as a result, to the vacuum forces acting on the branes.
Casimir forces provide a natural mechanism for stabilizing
the radion field in the Randall-Sundrum model, as required
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for a complete solution of the hierarchy problem. In addi-
tion, the Casimir energy gives a contribution to both the
brane and the bulk cosmological constants. Hence, it has to
be taken into account in any self-consistent formulation of
the braneworld dynamics. The Casimir energy and corre-
sponding Casimir forces within the framework of the
Randall-Sundrum braneworld [15] have been evaluated in
Refs. [16-22] by using both dimensional and zeta function
regularization methods. Local Casimir densities were con-
sidered in Refs. [23,24]. The Casimir effect in higher-
dimensional generalizations of the Randall-Sundrum
model with compact internal spaces has been investigated
in [25-30].

The purpose of the present paper is to study the Casimir
energy and force for a massive scalar field with an arbitrary
curvature coupling parameter, obeying Robin boundary
conditions on two codimension one parallel plates which
are embedded in the background spacetime R1 =11 X 3,
being 3 an arbitrary compact internal space. The most
general case is considered, where the constants in the
boundary conditions are different for the two separate
plates. It will be shown that Robin boundary conditions
with different coefficients are necessary to obtain repulsive
Casimir forces. Robin type conditions are an extension of
Dirichlet and Neumann boundary conditions and genu-
inely appear in a variety of situations, including vacuum
effects for a confined charged scalar field in external fields
[31], spinor and gauge field theories, quantum gravity and
supergravity [32]. Robin conditions can be made confor-
mally invariant, while purely-Neumann conditions cannot.
Therefore, Robin type conditions are needed when one
deals with conformally invariant theories in the presence
of boundaries and wishes to preserve this invariance. It is
interesting to note that a quantum scalar field satisfying
Robin conditions on the boundary of a cavity violates the
Bekenstein’s entropy-to-energy bound near certain points
in the space of the parameter defining the boundary con-
ditions [33]. Robin boundary conditions are an extension
of those imposed on perfectly conducting boundaries and
may, in some geometries, be useful for modelling the finite
penetration of the field through the boundary, the skin-
depth parameter being related to the Robin coefficient
[34,35]. In other words, those are the boundary conditions
which are more suitable to describe physically realistic
situations. This type of boundary conditions naturally arise
for scalar and fermion bulk fields in the Randall-Sundrum
model [18,24,36] and the corresponding Robin coefficients
are related to the curvature scale and to the boundary mass
terms of the field. Robin boundary conditions also appear
in the study of Casimir forces between the boundary planes
of films (for a recent discussion with references see, for
instance, [37]). The Casimir effect in the geometry of two
parallel plates with Robin boundary condition was inves-
tigated in Refs. [35,38-41]. Note moreover that boundary
problems with nonlocal boundary conditions can also be
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reduced to corresponding ones with Robin conditions, with
the coefficients depending on the wave vector components
along the plates [42].

The outline of the paper is as follows. In the next section
we will consider the geometry of the problem and the
corresponding eigenfunctions. The Casimir energy for
two parallel plates in the general case for the internal
subspace is evaluated in Sec. III. The boundary-free and
single plate parts will be extracted in a cutoff independent
way. Applications to braneworlds are then discussed. In
Sec. IV we consider the Casimir forces and show that
depending on the coefficients in the boundary conditions
these forces can be either attractive or repulsive. The
asymptotic behavior of the forces, for small and large
interplate distances, is given. As an application of the
general results, in Sec. V, a simple example with an internal
space S! is discussed, for general periodicity condition
along the compactified dimension. For this special ex-
ample, we also present the boundary-free part and extract
from the single plate parts the topological contributions.
The corresponding generalizations for the internal spaces
(SYN and SV are also given in detail. In Sec. VI we extend
the results for the Casimir energy and force to the case of
the geometry of a piston with arbitrary cross section.
Section VII contains a summary of the work.

II. GEOMETRY OF THE PROBLEM AND
EIGENFUNCTIONS

We consider a scalar field ¢(x), with arbitrary curvature
coupling parameter £, satisfying the equation of motion

(§"NV Vi + m? + {R)p(x) = 0, (1)

M,N =0,1,..., D, with R being the scalar curvature for a
(D + 1)-dimensional background spacetime (for the met-
ric signature and the curvature tensor we adopt the con-
ventions of Ref. [43]). For the special cases of minimally
and of conformally coupled scalars one has, respectively,
= 0and ¢ = {, = (D — 1)/4D. We will assume that the
background spacetime has a topology RP! X 3, where
RPvY is (D, + 1)-dimensional Minkowski spacetime and
3 a D,-dimensional internal manifold, D = D; + D,. The
corresponding line element has the form

ds®> = gyndxMdxN = N prdxtdx” — yudXidX!, (2)

with ,, = diag(1l, —1,..., —1) being the metric for the
(D, + 1)-dimensional Minkowski spacetime and the coor-
dinates X’ cover the manifold X. Here and below u, v =
0,1,...,D;and i, [ = 1,..., D,. For the scalar curvature
of the metric tensor, from (2) one has R = —R(,), where
R(,) is the scalar curvature for the metric tensor vy;;.

Our main interests in this paper will be to study the
Casimir energy density and the mutual forces occurring for
the geometry of two parallel infinite plates of codimension
one, located at xP1 = a; and xP' = a,, a; < a,. As most
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general set up, we assume that on these boundaries the
scalar field obeys Robin boundary conditions

(14 Bin"Vy)ex) =[1 + B(—1)""ap, Je(x) =0,

xPr=qa; j=12 3)

i
with constant coefficients B;. For 8; = 0 these boundary
conditions are reduced to Dirichlet one and for 8; = oo to
Neumann boundary conditions. The choice of different
boundary conditions on the plates may correspond physi-
cally to use of different materials for plates. The imposition
of boundary conditions on the quantum field changes the
spectrum for the zero-point fluctuations and leads to the
modification of the vacuum expectation values for physical
quantities, as compared with the same situation without
boundaries.

In the region between the plates, a, <P < a,, the
corresponding eigenfunctions satisfying the boundary
condition on the plate at x' = a,, can be expressed in
the decomposed form:

J°

D -1
e, (xM) =C, exn(—i > nwk"X”)
w,v=0

X cos[kP |xPr — a;| + o]l p(X),  (4)

where « denotes a set of quantum numbers specifying the
solution and

K==k + (P +m,
k=l  k=@&\...,

mﬁ = )12 + m?,
kP11, (5)

In Eq. (4), the @;, j = 1, 2, are defined by the relations

. 1 k1 B;
smoe; = ——, cosay; = — .
(DR (DR
(6)

The modes ¢ 5(X) are the eigenfunctions of the operator
Ay + ERy):

[Aq) + (R p(X) = = AZ 4 5(X), (7

with eigenvalues A%, and fulfill the normalization condi-
tion

[ X T 0007,00 = 4. ®)

In Eq. (7), A(,) is the Laplace-Beltrami operator for the
metric y;;. In the consideration below we will assume that
Ag = 0.

From the boundary condition on the second plate one
obtains that the eigenvalues for kP! are solutions of the
equation
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F(z) = (1 — bybyz?)sinz — (b, + by)zcosz = 0,
Z:ale, b]=B]/a

We denote by z = z,, n = 1,2, ..., the zeros of the func-
tion F(z) in the right half-plane of the complex variable z,
arranged in ascending order, z, < z,+1. In the discussion
below we will assume that all these zeros are real. This is
the case for the conditions (see [38)){b, + b, = 1,b,b, =
0}U{b;, = 0}. The coefficient C, in (4) is determined
from the orthonormality condition for the eigenfunctions,
and is equal to

(27T)17D1
o(z,)a

()]

a = day, — ay,

1
c2 = [1 + — sin(z,) cos(z, + Zaj)] , (10)
Zn

being w(z,) = \/k2 + z3/a* + mj the eigenfrequencies.

III. THE CASIMIR ENERGY

The vacuum energy in the region between the plates (per
unit volume along the directions x', ..., x1~!) is given by
the formal expression

,[(277)’31 12;\/k2 + z2/a’> + m%

(In

In the discussion below we will assume that some cutoff
function is present, without writing it explicitly.
Alternatively, one can use zeta function regularization,
that yields the same result. For the sum over n we use
the summation formula [38,44]

Efaya) =

3 7f(24)
g 1 + sin(z,) cos(z, + 2a;)/z,
__m_ [0
=S
fliz) — f(—iz)
i lf dz (b1z=D(byz=1) 2z _ 1" (12)
(b11+1)(bzz+l)

By taking into account the relation

sin(z,,) 2 p,
1+ - +2a)=1->——— (13
cos(z, + 2a;) 20 b2 (13)

n

we see that the sum on the left-hand side of (12) coincides
with the corresponding sum in the vacuum energy, if we
take

2

_ [12 27,2 2(1 _ b;
o= T S ) oo

The application of the summation formula (12) with (14)
allows us to write the vacuum energy from (11) in the
decomposed form
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= CZER(DI,I)XE + z Ej + AE[alﬂz]’ (15)
Jj=12

E[alra2]

where we have introduced the notations

[ 2 B
j= 8_[(277)1)112 k2+m%—ﬁ

K + x* + m7
< [ 2 [ ax £, a6
@QmP ! 0 1+ 32 2
and
1
Maer = =7 (277)01 IZ/W
2 2 2
zZ=—k"—m
v B
X +
(B1z—=1)(Brz—1) paz — ( Z 22_)
BB 1Bz 1
(17)
In Eq. (15),
dkp,
Egounys =3 —(277),;1 > kp, +my  (18)

is the vacuum energy (per unit volume along the directions
x!, ..., xP1) in the spacetime of topology R X 3 for
the case when the plates are absent. In the limit @ — oo the
term AEj, ,) vanishes and the contribution E; can be
interpreted as the vacuum energy (per unit volume along
the directions x', ..., x”1 1) induced by the presence of the
plate located at x”1 = a; in the half-space x”1 = a;. These
single plate components do not depend on the location of
the plate and do not contribute to the vacuum force acting
on the plates. As it will be shown below, the latter is
determined by the term AEj, ,,1. Note that this contribu-
tion is finite and that the cutoff function is strictly neces-
sary for the terms Epp,.ny s and E; only. In the discussion
below we will refer to AEy, ,,jas the interaction term.

For further simplification of the corresponding expres-
sion, we use the relation

(277)”1 1 [\/H— Ay = = s (2)

— (477)1_D1/2 00 N
= 30,001 /D) ), B T e e 19)

In order to derive this formula, we must first integrate the
left-hand side over the angular part of the vector k and then

change to a new integration variable, y = /2% — k* — m3.

After introducing polar coordinates in the (k, y)-plane and
integrating over the polar angle, we get Eq. (19). By using
this relation, for the interaction part of the vacuum energy
we find
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(47r)~D1/2 o0
AEfga) = 72 dx

L(D\/2+ 1) % I,
(o +zﬁzxz_1)

(xz — m2 )D,/z

(Bix=1D(Box— 1) e2ax —
(Bt D)(Boxt1) €

(20)
Using
2
Bj 2
(a i Z 2x? ) x—D(Brx—1
j=lﬁjx -1 %ehm_l
d —1 -1
dx (,le + 1)(Byx + 1)

and integrating by parts, the interaction term in the vacuum
energy can be written as

(47)~D1/2
I'(Dy/2) G Jm,

(Bix+ DBx + 1) s
X 1“[1 Bx—DBr—1°

In the case when the internal space is absent and for a
massless scalar field this result reduces to the one derived
in [38]. Note that the bulk divergences in the vacuum
energy between the plates are contained in the first term
on the right-hand side of (15) and the boundary divergen-
ces are contained in the single plate contributions E;. The
interaction part is unambiguously defined. In particular, it
does not depend on the regularization scheme used (see, for
example, Ref. [38] for the case without the internal space,
where exactly the same result is obtained with zeta func-
tion techniques).

For the special cases of Dirichlet and Neumann bound-
ary conditions on both plates, from (22) one finds

(J,J) _ (477)_1)1/20 [00
[ar.0] I(D,/2+1)4

2)D1/2-1

AE 4] = dxx(x* — my

]. (22)

(x2 _ mzﬁ)Dl/z

X
ean —1

’
mg

(23)

with J = D and J = N for Dirichlet and Neumann bound-
ary conditions, respectively. By expanding the factor
1/(e?** — 1) in the integrand one gets

0 (x2 - m%)D‘/z
[ dx 2ax __ 1
mg e
_ I'D,;/2+1) i(amﬁ)w]ﬂ)/z
JmaP ! <\

K(D] +1)/2(2"(1m5),
(24)

being K, (z) the Mac-Donald (or modified Bessel) function.
This allows us to write the corresponding vacuum energy
for Dirichlet and Neumann scalars as
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a D f (2namg)
(00) I (D, +1)/2 B
AE[al,az] (87T)(D1+1)/2 Z Z ] DIt ’

(25)

with the notation
f,(2) = 27K, (2). (26)

The energy given by Eq. (25) is always negative and the
corresponding Casimir forces are attractive for all inter-
plate distances, as will be shown below. In the case D; = 3
and for a massless scalar field, Eq. (25) reduces to the
expression given in Ref. [8], where the zeta function
method was used.

For Dirichlet boundary conditions on one plate and
Neumann boundary conditions on the other, similarly to
(20) we get

ON _ (4ar)~D1/2¢ f x(x -m
L] = T(Dy/2+ 1) G S, X + 1

a D fo, (2namyg)
- (877)(D +l)/2z Z (D(Hl)gi D, +1 £ - (27)

In this case the energy AEj, . is always positive and the
corresponding vacuum forces are repulsive for all distances
between the plates.

By using the result (22), in a similar way as in [21], we
obtain the corresponding Casimir energy for a conformally
coupled massless scalar field @(x) on the background of a
spacetime with metric tensor g,y = Q?(x1)g,,n. Where
the metric g,y is defined by the line element (2). We
assume that the field obeys the boundary conditions:

(1+ B;nMVy)@lx) =[1+ (=1)77'Q; ' B;0p,16(x) = 0
Q; =0, (28)

on two codimension-one branes with coordinates x?1 =

aj, j= 1, 2. The corresponding results for the interaction
part of the Casimir energy can be derived from those
obtained before simply by using the conformal relation
that relates the two problems. The fields are connected
by the formula @(x) = QP2 (x). Making use of this
relation, from Eqgs. (3) and (28) we obtain the following
relations between the Robin coefficients:

%)D,/z

— _ —1 _
Bj = I:Qj +(=1) DZQ]_I ,31'9;] B, (29)
where )} = Q}(xf‘ ). We conclude that for a conformally
coupled massless scalar field with boundary conditions
(28), the interaction part of the vacuum energy in the region
between the branes is given by (22), where the coefficients
B, are defined by the relations (29). In particular, for the
case of Neumann boundary conditions (1/8; = 0), one has
B; =2Q;(=1)/[(D — 1)Q}]. In the special case of the
AdS bulk used in the Randall-Sundrum braneworld model
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[15] (note that in this model only the inside region between
the branes is considered) we have Q(x”1) = r;,/xP1, being
rp the AdS radius. The corresponding Robin coefficients
for an untwisted scalar are given by the relations
[18,24,27,36]

where ¢; and ¢, are the mass parameters in the surface
action of the scalar field for the left and right branes,
respectively. For a twisted scalar field, Dirichlet boundary
conditions are obtained on both branes.

To summarize, as we see, in the case of the warped
geometry the corresponding vacuum energy is not, in
general, a monotonic function of the interbrane distance
and can display a minimum, corresponding to the stable
equilibrium point. This property can be used in braneworld
models for the stabilization of the radion field. An impor-
tant difference between the warped geometry and the one
discussed before is that now the single brane contributions
to the vacuum energy depend on the location of the brane
and, hence, give additional contributions to the force acting
on the brane. The divergences in the single brane compo-
nents are absorbed by adding the respective counterterms
to the brane action. The coefficients of these counterterms
are not computable within the framework of the low-
energy effective theory and should be considered as pa-
rameters which are fixed by imposing renormalization
conditions on the corresponding effective potential (see
also the discussions in Refs. [16,18,19,25,26,28,45]).

IV. THE CASIMIR FORCE

The vacuum energy corresponding to the region 0 =
xt=c¢,1=1,...,D, — 1,a; = x”' = a, will be denoted
E4, ay¢1° " ¢p,—1- The volume of this region is V =
Vsep -+ cp,—1a, being Vs the volume of the internal
space. The corresponding vacuum stress at x”' = a,+ is
given by

d
Pla,+) = _WE[a],uz]cl “+cp,—1 = Py + AP(a;+),
(31)
where
B ER(DI,I)XE o 1 0
PO = _T, AP(a1+) = _V—E %AE[al’az]'
(32)
Using Eq. (22), we find
_ 2(4m) P2
AP(a,+) = f dxx?
: VsT(D,/2) 4
2 — m2)Pi/2-1
( (_ _B) : (33)
Bix—1D(Brx 1)e2ax -1
(Bix+1D)(Brx+1)
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As can be easily seen, the vacuum stress at x?1 = a,— is
given by the same expression: AP(a,—) = AP(a,+).
For the geometry of two parallel plates, the total vacuum
energy is the sum of the contributions from the regions
xPr = ay, a; = xP' = a, and a, = xP'. When investigat-
ing the resulting force on the plate at x”' = a,, in order to
deal with finite regions from both sides, we will consider a
pistonlike geometry (with large transverse dimensions, for
a piston with finite cross section see below), assuming the
presence of an additional plate located at xP' = a, < a;.

For the corresponding vacuum stress at x?' = a; —, one
has
Pla;—) = Py + AP(a;-),
1 9 (34)
AP(a,—) = _V_z b Erp, a1

with b = a; — ay. The resulting pressure on the plate at
xP1 = q, is given by the difference

P(a,) = AP(a,+) — AP(a,—). (35)

As we see, the contributions to the vacuum force coming
from the term P are the same from the left and from the
right sides of the plate, so that there is no netto contribution
to the effective force. In the limit @y — —o0 one has
AP(a;—) — 0 and the Casimir force acting on the plate
at x?1 = a;, j = 1, 2, in the original two-plate geometry is
given by the expression
2 )D,/z 1

2(4ar)~D1/2 wa " x2(x* — a*m
- D +1 (byx=1)(b 1) 26 1"
Vsl(D1/2)a ™ 4 Jamy o e™ — 1

(36)

This force is attractive when P <0 and repulsive when
P > 0. If one does not take into account the contributions
from the exterior regions x”' < a, and x”' = a,, the
effective pressure is given by (31) where the renormalized
value for P, does not depend on the separation of the
plates. In the case 3 = S! and for periodic boundary
conditions along the compactified dimension, the renor-
malized value P is positive (see next section, Eq. (47))
which would correspond to the repulsive force between the
plates observed in the first paper of [6] (see also the
discussion in Ref. [7]).

As is clearly seen from Eq. (36), the sign of the vacuum
stress on the plate is determined by the sign of the integral
in this formula. In Fig. 1 we have plotted the location of the
zeros for this integral on the (b, b,)-plane in the case
D, = 3 and for different values of amg (figures on the
curves). For a given amg, these zeros are located on two
curves symmetric with respect to the line b; = b,. The
integral is positive in the region containing this line and it
is negative outside. In particular, the Casimir force be-
tween the plates is always attractive for symmetric bound-
ary conditions with 8, = B, < 0. This result is a special
case of the general theorem [46], which dictates an attrac-
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oOOF - -~~~ "~ T T o T 1]
L 0 1 2 p

-0.5 b

-1.5r 1

-2.0 -15 -1.0 -0.5 0.0
b,

FIG. 1 (color online). The location of the zeros for the integral
in (36) in the case D; = 3 and for different values of the
parameter amg (numbers near the curves).

tion between bodies with the same properties. Note that the
curves in Fig. 1 display the locations of the zeros for the
Casimir force in the geometry of two parallel plates on the
background of a four-dimensional Minkowski spacetime.
For the special cases of Dirichlet and Neumann bound-
ary conditions, making use of the recurrence relations for
the function K, (z), the Casimir forces can be written as

24m)~D/2

- 2 — m2)Di/2-1
VEF(Dl/z) B Jmp e |

PU) = —

(87T)(D +1)/2V Z Z D1+1 Lf D, +1)2(2namp)

- f(Dl+3)/2(2namﬁ)], 37)

with J = D, N. Again, in the case D; = 3 and for a mass-
less scalar field this result reduces to the one obtained in
[8]. The forces described by Eq. (37) are attractive for all
distances between the plates, irrespective of the geometry
of the internal subspace. For Dirichlet boundary conditions
on one plate and Neumann boundary conditions on the
other, the expression for the Casimir force is obtained from
Eq. (37) after introducing an additional factor (—1)"*! in
the summation over n. In this case, Casimir forces are
repulsive. In the general case of Robin boundary conditions
the Casimir forces can be either attractive or repulsive,
depending on the coefficients present in the definition of
the boundary conditions, and on the distance between the
plates. For the special case of the topology R~ x §!
this issue will be illustrated in the next section.

Let us now consider the asymptotic behavior of the
Casimir force as a function of the size of the internal space.
Note that if the size of the internal space is of the order L,
then for nonzero modes one has Ag ~ 1 /L. For small
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values of L and for the nonzero modes, Ag is large. The
contribution of these modes is exponentially suppressed
and the main contribution comes form the zero mode. In
this case, from (33) we recover the Casimir force for two
parallel plates in (D; + 1)-dimensional Minkowskian
spacetime, namely

2(477.)—1)1/2 o 22— m2)01/2—1
VEP = F(D /2) x(.le D(Byx—1) e2ax — 1
: " B DBt €

(38)

For the case of a degenerated zero eigenstate the corre-
sponding degeneracy factor must be included on the right-
hand side. In some models of compactification the zero
mode is absent (for example, in models with twisted
boundary conditions along the compactified dimensions,
see below). In such cases, for small values of L the main
contribution to the Casimir force comes from the lowest
mode Ag = Ay and, to leading order, one gets

m(l)) s (Bymox + 1)(Bymox + 1)

(4m)P1/2 (Bymox — 1)(Bamox — 1) (amg)P1/?’
(39)

e*2am0

VsP = —

where my = '\/)L(z) + m?. Hence, here the Casimir forces are

exponentially suppressed for small sizes of the internal
space.

For small values of the interplate distance, a/|B;| < 1,
the main contribution into the integral in Eq. (33) comes
from larger values of x and, to leading order, one has

_ 2(4m) D2 Z)D'/2 1

"= o2 S [ aw T @
except for the case of Dirichlet boundary conditions on one
plate and non-Dirichlet boundary conditions on the other.
We see that in this limit (40) the Casimir force is attractive.
However, in the case of Dirichlet boundary condition on
one plate and non-Dirichlet boundary condition on the
other the Casimir force is repulsive at small distances,
what is indeed a remarkable result.

V. PARTICULAR CASES

As a simple example of a particular application of the
general results obtained above, we will first consider the
special case where X = S!, with the size of the internal
space being 27rL. For the compact dimension we assume a
general periodicity condition of the form

Y (X +27L) = 27y 4(X), (41)

with constant «, 0 = a = 1. The specific cases & = 0 and
a = 1/2 correspond to untwisted and to twisted fields,
respectively. The corresponding part of the scalar eigen-
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functions is

iKX
(X )_ﬁ K=(B+a)L, 42)
B=0,%1,+2 ...

The formulas for the topology RP~1D X S! are obtained
from the results given in the previous sections, by taking
< _|B+al

>= 2 Ap =
’ B~
5w L 43)
mg = \/(,8 + a)?/L? + m?,
In particular, for the Casimir force one has

@m)-0-D2 ke
7D — 1)/2L B_wj o

2)(0—3)/2
B

D,=D- 1.

P = —

X2 —m

X (Bix—1)(Brx—1) eZax _ 1
(Bix+1)(Byx+1)

(44)

For large values of L the main contribution to the series in
(44) comes from large values of 8 and one can replace the
summation over 8 by an integration. After some trans-
formations, to leading order we find the result

2(447)"P/2 20,2 _ ,,2\D/2—1
P=- (I“ZTD)/Z) x(ﬁ)i—(f)(ﬂzx—nli))mx » (43)
1 —
0 (51X+1)(ﬁ2x‘q)e 1

which is, in fact, the Casimir force for two parallel plates in
(D + 1)-dimensional Minkowskian spacetime.

As we already noted before, depending on the values of
the coefficients B; and of the distance between the plates,
the Casimir force (44) can be either attractive or repulsive.
In Fig. 2, and corresponding to the model with D = 4 and
for a massless scalar field with Dirichlet boundary con-
ditions, we have plotted the ratio 277LP/P as a function
of a/L, where P = —m*/(480a") is the standard Casimir
force. The values on each of the curves correspond to those
of the parameter a. As we have explained before, for o #
0 the zero mode is absent and for large values of a/L the
Casimir force is exponentially suppressed.

In Fig. 3 the Casimir force is plotted for the topology
RGD % S! and an untwisted (a = 0) massless scalar field
with Robin coefficients 8,/ay, = —0.1, B,/ay = —0.5 (a,
a fixed length scale) as a function of a/a, for L/ay = 1
(full curve) and L/ag = 0.5 (dashed curve). The thick
curve corresponds to the Casimir force for two parallel
plates in Minkowski spacetime R®" with the same Robin
coefficients. As is seen, the corresponding Casimir forces
are attractive for small and large distances between the
plates while they are repulsive for intermediate distances.
There are two equilibrium points corresponding to the
zeros of the function P. The leftmost point is unstable
whereas the rightmost one is stable. Hence, in this case
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3.0 L e B |

25F
20F

L5}

27LP/P,

1O}

00 . .

al/L

FIG. 2 (color online). Ratio of the Casimir force for two
parallel plates in the spacetime with topology RV X §! to the
standard Casimir force in R®', for a massless Dirichlet scalar,
as a function of a/L. The values on each of the curves corre-
spond to those of the parameter a.

the Casimir force stabilizes the distance between the plates.
This feature can be used in braneworld models for the
stabilization of the radion field. We see from Fig. 3 that
the height of the barrier between the stable and the unstable
equilibrium points is increased by the presence of the
internal space. As a consequence, an enhancement of the
repulsive Casimir effect, coming from the extra dimension,
occurs.

].0 T T T T
0.8 1
0.6 1

Q_‘ L

+ o ]

N [ \V_—

& [ n . .

<04y L5 20 257
02t 1
0.0t

RN S S S NS SR S Y

PR PR PR T S Nt
0.2 0.4 0.6 0.8 1.0 1.2 1.4

alay

FIG. 3 (color online). Casimir force for two parallel plates in
the spacetime with topology R®!" X S!, for an untwisted mass-
less scalar field with Robin coefficients B;/ay = —0.1,
B>/ao = —0.5, as a function of the distance between the plates.
The full (dashed) curve corresponds to a size of the internal
space with L/ay = 1 (L/a, = 0.5). The thick curve corresponds
to the Casimir force for two parallel plates in Minkowski space-
time R31 with the same Robin coefficients.
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As already explained before, in the case of Dirichlet
boundary conditions on one plate and non-Dirichlet bound-
ary conditions on the other, the Casimir force is repulsive at
small separations. In Fig. 4 we illustrate this feature for the
topology R®1 X S! in the case of an untwisted massless
scalar field with 8, = 0, B,/ay, = —0.5. As in Fig. 3, the
full (dashed) curve stands for L/ag = 1 (L/ag = 0.5) and
the thick curve corresponds to the Casimir force for two
parallel plates in Minkowski spacetime R>!) with the same
Robin coefficients.

For the topology under consideration, the Casimir en-
ergy for the bulk without boundaries,

dkp-
ER(D—I.])Xsl = 5 W
+ 00
X Z \/kzD_1 + (B + a)?/L* + m?
B=—o

can be further simplified through the Abel-Plana summa-
tion formula, in the form [44,47]

B:wa(lﬁ +al)=2 ﬁ) dxf(x)

- ix)

fix) —
+ lf Z 27r(x+z)\a) _ 1

(46)
what leads to the result
P _ 2wl [ dPk ra— 2(Lm)\P*+1/2
ROIxSt T ) @mP (2m)PLP
cos(2mna)
X Z Kp+n2mnLm).  (47)

< 042

The second term on the right-hand side of this expression is

0.020 —————p1

0.015 r

0.010 r

2nLa}P

0.005

0.000

0005 L4——m— L
0.5 1.0 1.5 2.0 2.5

alay

FIG. 4 (color online). Same as in Fig. 3 for a scalar field with
Robin coefficients 8; = 0, B,/ay, = —0.5.
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finite and introduction of a cutoff function is necessary for
the first term only. Note that the latter is the vacuum energy
density for the spatial topology R” and, hence, the second
term on the right-hand side of Eq. (47) is the contribution to
the vacuum energy induced by the compactness of the x?
dimension. In particular, the topological part of the vacuum
energy is always negative (positive) for untwisted (twisted)
scalars.

In a similar way, we can also extract the topological
contributions in the single plate terms of the vacuum
energy. After applying the summation formula (46) and
after integration, these contributions yield

(Lm)P?2 & cos2mna)

2Q7L)PTN & WP

(477.)*(D*1)/2L'8j 00 (y2 _ mZ)D/Z
r((D + 1)/2) A +1f 6277'Ly+277i)\0z -1

E;=2mLE" +

Kpp(2mnLm)

1 (1 _ x2)(D—1)/2
X d , 48
/0 T+ Bg(yz ) (48)
where

1 dk_

) _ D—1
dkp_, k%l-i-xz-i-mz 4
277' (27TD ! [ 1+ B%xz “49)

is the vacuum energy (per unit volume along the coordi-
nates x!, ..., xP~1) for a single plate in Minkowski space-
time with trivial topology R”>""). Hence, the last two terms
on the right-hand side of (48) are the terms in the vacuum
energy corresponding to a single plate and due to the
compactness of the dimension x”. These terms are finite
and renormalization is needed for the Minowskian part
E;M) only. Note that for Dirichlet and Neumann boundary
conditions the last term on the right of Eq. (48) vanishes.

The case of a D,-dimensional torus as internal space,
3 = (SY)P2, can be considered in a similar way. For a
scalar field with the periodicity condition (X I+
27L;) = €*™ i 4(X') along the coordinate X, 0 = X' =
2mL,, the formulas for the Casimir energy and force are
obtained from the general expressions in Secs. III and IV
with the substitutions

+o00 +o00
2- 2 2
B J1=—0 Jpy=— (50)
D,
=D (i + a)?/L} +m?
=1

Concerning the issues of embedding the model in string
theory and of the discussions of the holographic principle
there, the case of the internal space X = SP2 is of very
special interest. The corresponding eigenfunctions  5(X)
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are expressed in terms of spherical harmonics of degree /,
[=0,1,2,.... For the internal space with radius L the
expressions for the Casimir energy and Casimir force are
quite easily obtained from the general formulas given in
the above sections, just by replacing

= I(+D, 1)
— Y@+ D, - 2
% zgo( 2=V irw,) 51)

1
Py Z‘/l(l + Dy — 1)+ {Dy(Dy — 1).

Here the factor under the summation sign is the degeneracy
of the angular mode with a given /.

VI. GENERALIZED PISTON GEOMETRY

In a way very much similar to the procedure described in
the preceding sections, we are able to treat the more
general case when a part of the dimensions x!, ..., xP1~!
are still constrained by boundary conditions. This corre-
sponds to considering a generalized piston geometry, a
quite fashionable situation nowadays, in particular, in the
quest for negative Casimir forces (for the investigation of
the Casimir effect in a piston geometry see [48] and
references therein). Here we have obtained those in the
configurations above, but would like to see now the differ-
ences introduced in our results by the consideration of
piston geometries.

We will denote by d; the number of unconstrained
dimensions (coordinates x',...,x%) and by y?, with a
collective index i, the eigenvalues of the Laplacian along
the constrained directions:

ADI—I—d, €0a(xM) = _Y,ZQ%(XM)- (52)

The eigenfrequencies in the region between the plates are
here given by

0@,) = k2, + B/ + Y+ my, (53
with the vacuum energy being
dk,, —
= _ k2 + 2/,.2 + 2 + 2 .
w0l =3 | Gy %Z_l\/ 5t/ oyl +my
(54)

After applying the summation formula (12) to the sum over
n, we can write the energy in the decomposed form

a dKg 4
fuor =3 [ it BT 3 8
J=L
+ AE, 4] (55)

Here the expressions for the terms E; and AEp, ,,) are
obtained from Egs. (16) and (17) by the replacements
dk dk,,
@m)P~! Qm)™’

=K, (56
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Z—’Z, Dl_’dl‘I'l, m%;—>y12+m?3
B LB

(57)

These formulas are further simplified after integrating over
the angular part of the vector k, . The corresponding
|

(477.)—(d 1 +1)/2 f
1_‘((dl 1)/2) i3 ,/71 +m
The expression for the Casimir pressure takes the form

2(47r)~(d+D/2
VCSVEF((dl 1)/2) iB

AE[ﬂlﬂz] -

P(a’ Bl’ 32) ==

where V is the volume of the piston cross section along
the coordinates x? ! ... xP171. In particular, for
Dirichlet and Neumann boundary conditions on the plates,
we find

P(J,J>(a) (8 )d /2+1V Vs ZB Zl nd1+2
X [fa,/241(2) = fd1/2+2(Z)]Z:2Mm, (60)

J = D, N, the function f,(z) being defined in Eq. (26). The
corresponding force remains attractive independently of
the form of the cross section. In the case of Dirichlet
boundary condition on one plate and Neumann boundary
condition on the other the expression for the Casimir force
is obtained from (60) after introducing an additional factor
(—1)"*!, and the resulting force is always repulsive. In the
special case d; = 0 and for a massless scalar field, Eq. (60)
reduces to the formula for the Casimir force in Ref. [8], as
it should.

On the base of Egs. (58) and (59) we can analyze the
geometry of a generalized piston with two chambers,
assuming that the plates are located at x”' = ay, a,, a,,
with the Robin coefficient B, for the left plate (for the
Casimir effect in a piston geometry see, for example,
Refs. [48]). For an arbitrary cross section, the effective
pressure on the plate at x”' = g, is given by

Pal = P(Cl, Bly BZ) - P(b’ BO’ Bl);

with b = a; — ay. For P, <0 (P, >0) the resulting
force on the plate is directed towards the right (left) plate.
For Dirichlet and Neumann boundary conditions the
Casimir stress given by Eq. (60) is a monotonic function
of the plate separation and, hence, in the piston geometry
with two chambers the resulting force (61) is directed
toward the closer plate.

In the special case of the geometry of a piston with
circular cross section in the plane (x”172, xP171), the cor-
responding part in the eigenfunctions has the form

(61)

dxx(x? — y? — m%;)(”llfl)/2 ln[
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expressions are obtained from the results of Secs. III and
1V, with the replacements (57). In particular, for the inter-
action part of the Casimir energy (per unit volume along
the direction x, ..., x¥1) one has

B+ DB+ ] g
(B1x — D(Bax — 1) ] (58)
2062 — 2 — m2)d-D/2
(x Yi mﬁ) (59)

(B]X*I)(ﬁzx*I)EZax -1 ’
(Bix+1)(Brx+1)

fm

|

Jig(mr)ed?, g =0, =1, =2, where r and ¢ are polar
coordinates on this plane and Jq(z) is the Bessel function.
The eigenvalues for the quantum number 7 are quantized
by the boundary conditions on the cylindrical surface r =
ro, with rg being the piston radius. For example, in the case
of a Dirichlet boundary condition one has n = jj | , /ro,
where j, , is the p-th positive zero of the function J,(z).
The corresponding formulas for the Casimir energy and
forces are obtained from the general results (36) and (58)
with the substitutions

ZZZ

i q=—00 p=

dy=D; -3 Yi = j|q|,p/”0-

(62)

Other types of boundary conditions on the cylindrical
boundary can be considered in a similar way. Moreover,
the generalization of our procedure to more than three
plates is also easy to carry out.

VII. CONCLUSION

We have investigated in this paper the influence of extra
dimensions on the Casimir energy and on the Casimir force
for a massive scalar field with an arbitrary curvature cou-
pling parameter, in the usual geometry of two parallel
plates. We have assumed that on the plates the field obeys
Robin boundary conditions with, in general, different co-
efficients for the two different plates. The corresponding
eigenfrequencies are expressed in terms of solutions of a
transcendental Eq. (9), thus they are known implicitly only.
By applying the summation formula (12) to the corre-
sponding series in the mode-sum for the vacuum energy
in the region between the plates, we have explicitly ex-
tracted, in a cutoff independent way, the boundary-free
(topological) part and the contributions induced by the
single plates (when the other plate is absent). The remain-
ing interaction part is finite for all nonzero interplate
distances and is cutoff independent. The surface divergen-
ces in the Casimir energy are contained in the single plate
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components only. But the latter do not depend on the
location of the plate and do not contribute to the Casimir
force. For an arbitrary internal space, the interaction part of
the Casimir energy is given by Eq. (22). In the special cases
of Dirichlet and Neumann boundary conditions on both
plates this formula leads to the result (25) and the corre-
sponding energy is always negative. For Dirichlet bound-
ary conditions on one plate and Neumann boundary
conditions on the other, the interaction component of the
vacuum energy is given by Eq. (27), and it is positive for all
values of the interplate distance. In the case of a confor-
mally coupled massless field on the background of a space-
time conformally related to the one described by the line
element (2) with the conformal factor Q2(xP1), the inter-
action part of the Casimir energy is given by Eq. (22), with
the coefficients B being related to the specific coefficients
of the Robin boundary conditions (28) and to the confor-
mal factor by Eqgs. (29). In the Randall-Sundrum two brane
model with a compact internal space, the corresponding
Robin coefficients are given by Eq. (30) and the corre-
sponding vacuum energy can have a minimum, corre-
sponding to the stable equilibrium point. This feature is
useful in braneworld models for the stabilization of the
radion field.

The interaction forces between the plates for the most
general case of internal space have been considered in
Sec. IV. In order to obtain the resulting force, the contri-
butions from both sides of the plates must be taken into
account. Then, the forces coming from the topological
parts of the vacuum energy cancel out and only the inter-
action terms contribute to the Casimir force. In order to
show this important fact explicitly, we have considered a
pistonlike geometry, by introducing a third plate. At the
end of the calculation this plate is sent to infinity. The
resulting Casimir force is given by Eq. (36). With inde-
pendence of the geometry of the internal space, the force is
attractive for Dirichlet or Neumann boundary conditions
on both plates (formula (37)) and it is repulsive for
Dirichlet boundary conditions on one plate and Neumann
boundary conditions on the other. In both cases the force is
a monotonic function of the distance. For general Robin
boundary conditions the Casimir force can be either attrac-
tive (corresponding to negative values of P) or repulsive
(positive values of P), depending on the particular Robin
coefficients and on the distance between the plates. For
small values of the size of the internal space and in models
where the zero modes along the internal space are present,
the main contribution to the Casimir force comes from the
zero modes and the contributions of the nonzero modes are
exponentially suppressed. In this limit, to leading order we
recover the standard result for the Casimir force between
two plates in (D; + 1)-dimensional Minkowski spacetime.
When the zero mode is absent (for example, in the case of
twisted boundary conditions along the compactified di-
mensions), the Casimir forces are exponentially sup-
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pressed in the limit of small size of the internal space.
For small values of the interplate distance the Casimir
forces are attractive, independently of the values of the
Robin coefficients, except for the case of Dirichlet bound-
ary conditions on one plate and non-Dirichlet boundary
conditions on the other. In this latter case, the Casimir force
is repulsive at small distances. It is interesting to remark
that this property could be used in the proposal of a Casimir
experiment with the purpose to carry out an explicit de-
tailed observation of ““large” extra dimensions as allowed
by some models of particle physics.

As an illustration of the general results, in Sec. V we
have considered a special model for the internal space 2 =
S', with the periodicity condition (41) along the compacti-
fied dimension. For the specific values o = 0, 1/2 this
condition corresponds to untwisted and twisted scalar
fields, respectively. In Fig. 2, for Dirichlet boundary con-
ditions we depicted the dependence of the Casimir force on
the distance between the plates for different values of the
parameter «. In Fig. 3 a plot of the Casimir force in the
case of Robin boundary conditions on both plates as a
function of the interplate distance has been provided. In
the example considered, the Casimir force is attractive both
for large and for small distances, while it is repulsive at
intermediate distances. The Casimir force vanishes at two
values of the interplate distance, which correspond to
equilibrium points. The leftmost point is unstable and the
rightmost one is locally stable. As shown in the plot, the
stability of the rightmost equilibrium point is enhanced by
the presence of the internal space. Formulas for the
Casimir energy and force for the more general internal
spaces (S')P2 (D,-torus) and SP2 have been obtained
from the general results of Secs. IIT and IV.

In the last Sec. VI, we have extended the results from the
previous ones to the case of a piston geometry with finite
cross section of arbitrary form along some subset of the
dimensions. The corresponding expressions for the
Casimir energy and Casimir force between the plates are
given by Egs. (58) and (59). We have checked that the
qualitative features described above remain basically un-
altered. In particular, the possibility of a repulsive Casimir
effect is again observed. In the special case of a piston
geometry of circular cross section on the plane
(xP172, xP1=1) the corresponding formulas have been
specified in (62).

The search for specific applications of this study to
practical situations in braneworld models, nanophysics
and particle physics will keep us busy for some time.
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