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We investigate the large N reduced model of gauge theory on a curved spacetime through the plane

wave matrix model. We formally derive the action of the N ¼ 4 supersymmetric Yang-Mills theory on

R� S3 from the plane wave matrix model in the large N limit. Furthermore, we evaluate the effective

action of the plane wave matrix model up to the two-loop level at finite temperature. We find that the

effective action is consistent with the free energy of the N ¼ 4 supersymmetric Yang-Mills theory on S3

at the high temperature limit where the planar contributions dominate. We conclude that the plane wave

matrix model can be used as a large N reduced model to investigate nonperturbative aspects of theN ¼ 4

supersymmetric Yang-Mills theory on R� S3.
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I. INTRODUCTION

Matrix models are strong candidates for the nonpertur-
bative formulation of the superstring theory. For example,
the BFSS matrix model, which was proposed by Banks,
Fischler, Shenker, and Susskind, is the nonperturbative
formulation of the M-theory which is the strongly coupled
limit of the type-IIA superstring theory [1], and the IKKT
matrix model, which was proposed by Ishibashi, Kawai,
Kitazawa, and Tsuchiya, is also the nonperturbative for-
mulation of the type-IIB superstring theory [2,3].
Originally, these models were constructed on flat space-
time backgrounds. So, we have problems whether these
models can describe curved spacetime, and include sym-
metries of the general relativity: the diffeomorphism and
the local Lorentz invariance.

In 2002, fuzzy homogeneous spaces were constructed
using the IKKT matrix model [4]. The homogeneous
spaces were constructed as G=H where G is a Lie group
and H is a closed subgroup of G. The effective actions of
the gauge theory on homogeneous spaces have been inves-
tigated for a fuzzy S2 [5], a fuzzy S2 � S2 [6,7], a fuzzy
S2 � S2 � S2 [8], and a fuzzyCP2 [9]. When a background
field is assigned to bosonic matrices in the IKKT matrix
model, the stability of this matrix configuration can be
examine by investigating the behavior of the effective
action under the change of some parameters of the back-
ground. Through these investigations, we have found that
the IKKT matrix model favors the configurations of four
dimensionality. The same conclusion has been obtained by
various other approaches [10–16].

Recently, there were interesting developments on the
construction of curved spacetime by matrix models.
Hanada, Kawai, and Kimura introduced a new interpreta-

tion on the IKKT matrix model in which covariant deriva-
tives on any d-dimensional spacetime can be described in
terms of d bosonic matrices in the IKKT matrix model
[17]. In this interpretation, the Einstein equation follows
from the equation of the IKKT matrix model, and symme-
tries of the diffeomorphism and the local Lorentz trans-
formation are included in the unitary symmetry of the
IKKT matrix model.
On the other hand, the formal equivalences between

supersymmetric Yang-Mills theories on curved spacetime
and a matrix model is shown by Ishiki, Shimasaki,
Takayama, and Tsuchiya [18], confirming Lin-
Maldacena’s gauge/gravity correspondence [19]. They
showed the following formal equivalences: the theory
around each vacuum of the supersymmetric Yang-Mills
on R� S2 is equivalent to the theory around a certain
vacuum of the plane wave matrix model; the theory around
each vacuum of the supersymmetric Yang-Mills onR� S3

is equivalent to the theory around a certain vacuum of the
supersymmetric Yang-Mills on R� S2 with the orbifold-
ing condition imposed [20]. They thus made the connec-
tion between the theory around each vacuum of the
supersymmetric Yang-Mills on R� S3 and the theory
around a certain vacuum of the plane wave matrix model
with the orbifolding condition imposed. In this identifica-
tion, S3 emerges out of a group of the concentric fuzzy
spheres. Note that the equivalences shown in [18] are
classical, since the equivalences are shown at tree level
and the size of matrices are infinite with the orbifolding
condition imposed. Recently, they extend the equivalence
between the supersymmetric Yang-Mills on R� S3 and
the plane wave matrix model at quantum level [21]. The
equivalence is shown up to the one-loop level and the size
of the matrices is finite without the orbifolding conditions.
Moreover, they derive the deconfinement phase transition
of the supersymmetric Yang-Mills on S1 � S3 at weak
coupling region from the plane wave matrix model [22].
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In order to elucidate these proposals to construct curved
spacetime in matrix models, we investigated the effective
action of the deformed IKKT matrix model with a Myers
term. Since the classical solution satisfies the commutation
relation of the angular momentum, it can be interpreted as
the covariant derivatives on S3 or concentric fuzzy spheres
[23]. In both cases, we found that the highly divergent
contributions at the tree and one-loop level are sensitive
to the UV cutoff. However the two-loop level contributions
are universal since they are only logarithmically divergent.
We expect that the higher loop contributions are insensitive
to the UV cutoff since three-dimensional gauge theory is
super renormalizable.

In the large N limit, there is a well-known equivalence
between a gauge theory and a matrix model due to Eguchi
and Kawai [24]. They proved that a largeN gauge theory is
equivalent to a matrix model which is dimensionally re-
duced to zero dimension unless the Uð1Þd symmetry is
broken, where d represents the dimension of the original
gauge theory. However, the Uð1Þd symmetry is spontane-
ously broken in d > 2. So, two improved versions of this
large N reduced model which preserve the Uð1Þd symme-
try were proposed. One is the quenched reduced models
[25–28] and the other is the twisted reduced models [29–
31]. However, in these models the connection is made
between matrix models and gauge theories on flat space-
time. In this paper, we investigate the effective action of the
plane wave matrix model on a group of concentric fuzzy
spheres at finite temperature. We find that the effective
action is consistent with the free energy of the N ¼ 4
supersymmetric Yang-Mills on S3 in the high temperature
limit. It is because planar contributions dominate in the
high temperature limit. We conclude that the plane wave
matrix model can be used as a large N reduced model to

investigate nonperturbative aspects of the N ¼ 4 super-
symmetric Yang-Mills theory on R� S3.
The organization of this paper is as follows. In Sec. II,

we formally derive the action of the N ¼ 4 supersym-
metric Yang-Mills on S3 from the plane wave matrix
model. In Sec. III, we calculate the effective action of the
plane wave matrix model around a group of concentric
fuzzy spheres at finite temperature. Section IV is devoted to
conclusions and discussions. Some detailed calculations
are gathered in the appendix.

II. N ¼ 4 SUPERSYMMETRIC YANG-MILLS ON
R� S3 AS PLANE WAVE MATRIX MODEL

In this section, we formally derive the action of the
supersymmetric Yang-Mills theory on R� S3 from the
plane wave matrix model in the large N limit.
The authors of [18] observed the following two equiv-

alences between the vacua of different gauge theories and
the plane wave matrix model1:
(i) The supersymmetric Yang-Mills theory on R� S2 is

equivalent to the theory around a certain vacuum of
the plane wave matrix model.

(ii) The supersymmetric Yang-Mills theory on R� S3

is equivalent to the theory around a certain vacuum
of the supersymmetric Yang-Mills theory onR� S2

with a generalized compactification procedure in
the S1 direction.

From the above equivalences of (i) and (ii), they concluded
that S3 is realized by three matrices. The matrices are as
follows:

Yi ¼ ��Li; (2.1)

where

1The recent developments are explained in the introduction.
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The representation matrix Li, where i ¼ 1, 2, 3, is a
reducible representation of SUð2Þ, and obeys the following
commutation relation:

½Li; Lj� ¼ i�ijkL
k: (2.3)

L½js�
i , where s ¼ �1; � � � ;1, is the ð2js þ 1Þ � ð2js þ 1Þ

representation matrix for the spin js irreducible represen-
tation of SUð2Þ, and obeys the following commutation
relation:

½L½js�
i ; L½js�

j � ¼ i�ijkL
½js�k: (2.4)

Then, the Casimir operator of L½js�
i is that

L½js�
i L½js�i ¼ jsðjs þ 1Þ12jsþ1: (2.5)

The matrices (2.2) can be interpreted as n sets of 1 fuzzy
spheres with the radius �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jsðjs þ 1Þp

, where all the fuzzy
spheres are concentric. In order to make the connection
between the supersymmetric Yang-Mills theory on R� S3

and the plane wave matrix model, it is necessary to impose
the following conditions:

js � jt ¼ 1

2
ðs� tÞ; js; jt ! 1;

s; t ¼ �1; � � � ;1:

(2.6)

Let us start with the plane wave matrix model which is
defined by the following action:

SPW ¼ 1

g2PW

Z dt

�2
Tr

�
1

2
ðD0XiÞ2 � 1

2

�
�Xi � i

2
�ijk½Xj;Xk�

�
2

þ 1

2
ðD0XmÞ2 ��2

8
X2
m þ 1

2
½Xi;Xm�2

þ 1

4
½Xm;Xn�2 þ i

2
���0D0�þ 3i�

8
���123�

� 1

2
���i½Xi;��� 1

2
���m½Xm;��

�
; (2.7)

where X and � are vector and Majorana-Weyle spinor
fields, and both fields are N � N Hermitian matrices.
The vector indices i, j, k, and m, n run over as follows:
i; j; k ¼ 1; 2; 3 and m; n ¼ 4; � � � ; 9. The covariant deriva-
tive is given by D0O ¼ @0O� i½A0;O�. The radius of S3:
r is fixed to 2=�.

Let us consider such a large N limit as follows:

XiðtÞ ! ��ri þ Biðt; xÞ; XmðtÞ ! Xmðt; xÞ;
�ðtÞ ! �ðt; xÞ; (2.8)

where ri and Bi are derivatives and space components of
gauge fields on S3 that are defined by Killing vectors (see
Ref. [23] for a review on this subject):

ri ¼ Ka
i @a; Biðt; xÞ ¼ Ka

i Aaðt; xÞ; (2.9)

where a ¼ �, �, c . The nonvanishing components of
Killing vectors are given by

K�
1 ¼ �; K�

2 ¼ �

sin�
;

Kc
2 ¼ �� cos�

sin�
; Kc

3 ¼ 1:

(2.10)

From these Killing vectors, we obtain the metric tensor on
S3 as follows:

gab ¼ Ka
i K

b
i : (2.11)

For example, we consider the following term in the action
of the plane wave matrix model:

1

g2PW

Z dt

�2
Tr

�
� 1

2

�
�Xi � i

2
�ijk½Xj; Xk�

�
2
�
: (2.12)

By using (2.8), the part of (2.12) can be rewritten as
follows:

� 1

2

�
��2ri þ�Bi � i

2
�ijkð�2½rj;rk�

��ðrjBk �rkBjÞ þ ½Bj; Bk�Þ
�
2
: (2.13)

From the commutation relation for the derivatives on S3:

½ri;rj� ¼ i�ijkrk; (2.14)

we can obtain the following relation:

Ka
i @aK

b
j � Ka

j @aK
b
i ¼ i�ijkK

b
k : (2.15)

Then, we can get the following equation by using (2.14)
and (2.15):

� 1

4
gacgbdF

abFcd; (2.16)

where

Fab ¼ @aAb � @bAa � i½Aa; Ab�: (2.17)

Note that we also rescaled the derivatives on S3 as follows:

i�@a ! @a: (2.18)

The coupling constant and Tr over matrices have the
following correspondence in the large N limit:

2g2PW
�N

! gSYM
16�2

; Tr ! N

VolðS3Þn
Z

d3x
ffiffiffi
g

p
tr; (2.19)

where

Vol ðS3Þ ¼ 2�2r3; (2.20)

and tr denotes the trace operation over SUðnÞ gauge group.
Then, we can rewrite (2.12) as follows:

2

g2SYMn

Z
d4x

ffiffiffi
g

p
tr

�
� 1

4
gacgbdF

abFcd

�
: (2.21)

Similarly, taking the large N limit of the other terms in the
action of the plane wave matrix model, we can obtain the
action of supersymmetric Yang-Mills theory on R� S3 as
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follows:

SSYM ¼ 2

g2SYMn

Z
d4x

ffiffiffi
g

p
tr

�
� 1

4
F��F

�� þ 1

2
D�XmD

�Xm

� 1

12
RX2

m þ i

2
����D��� 1

2
���m½Xm; ��

þ 1

4
½Xm;Xn�2

�
; (2.22)

where � ¼ 0, 1, 2, 3, and R is the scalar curvature of S3.

III. EFFECTIVE ACTION FOR PLANE WAVE
MATRIX MODEL

In the preceding section, we have summarized formal
arguments for equivalence between the gauge theory on
R� S3 and a certain vacuum configuration of the plane
wave matrix model. However they are formal in the sense
that they need to consider the large N limit. Therefore their
validity is not automatic especially at the nonperturbative
level, since we need to work with finite N. In this section,
we work with finite N, namely, finite size matrices. To be
precise, we introduce the two cutoffs in the theory with
respect to the size and number of the concentric fuzzy
spheres. We also put n ¼ 1. In such a set up, we investigate
the effective action perturbatively to check to what extent
formal arguments can be justified.

A. One-loop effective action at zero temperature

In this subsection, we evaluate the one-loop effective
action of the plane wave matrix model around S3 back-
ground at zero temperature.

As in the ordinary background field method in quantum
field theories, we decompose matrices X and � into the
backgrounds and quantum fluctuations, respectively, as
follows:

Xi ¼ pi þ xi; Xm ¼ pm þ xm; � ¼ �þ ’;

(3.1)

where pi, pm, and � are backgrounds, and xi, xm, and’ are
quantum fluctuations. Then, we substitute the decomposed
matrices (3.1) into the action of the plane wave matrix
model, and expand around backgrounds up to the fourth
order with respect to quantum fluctuations. The expanded
action is expressed as follows:

SPW ¼ Sð0ÞPW þ Sð1ÞPW þ Sð2ÞPW þ Sð3ÞPW þ Sð4ÞPW; (3.2)

where

Sð0ÞPW ¼ 1

g2PW�
2

Z
dtTr

�
1

2
ð@0piÞ2 � 1

2
�2p2

i

þ i

2
�ijkp

i½pj; pk� þ 1

4
½pi; pj�2 þ 1

2
ð@0pmÞ2

��2

8
p2
m þ 1

2
½pi; pm�2 þ 1

4
½pm; pn�2 þ i

2
���0@0�

þ 3i�

8
���123�� 1

2
���i½pi; �� � 1

2
���m½pm; ��

�
;

(3.3)

Sð1ÞPW ¼ 1

g2PW�
2

Z
dtTr

�
�xk

�
@20p

k þ�2pk þ 3i

2
��ijk½pi; pj� þ ½pi; ½pi; pk�� þ ½pm; ½pm; pk�� � 1

2
f ���k; �g

�

� xn

�
@20p

n þ�2

4
pn þ ½pi; ½pi; pn�� þ ½pm; ½pm; pn�� � 1

2
f ���n; �g

�
� ið@0piÞ½A0; p

i� � ið@0pmÞ½A0; p
m�

� 1

2
���0½A0; �� þ �’

�
i

2
�0@0�þ 3i�

8
�123�� 1

2
�i½pi; �� � 1

2
�m½pm; ��

�

þ
�
i

2
ð@0 ��Þ�0 þ 3i�

8
���123 � 1

2
½ ���i; pi� � 1

2
½ ���m; pm�

�
’

�
; (3.4)

Sð2ÞPW ¼ 1

g2PW�
2

Z
dtTr

�
1

2
ð@0xiÞ2 � ið@0piÞ½A0; x

i� � ið@0xiÞ½A0; p
i� � 1

2
½A0; pi�2 � 1

2
�2x2i �

3i

2
��ijkxi½pk; xj�

þ 1

2
½pi; xj�2 � 1

2
½pi; x

i�2 þ ½pi; pj�½xi; xj� þ 1

2
ð@0xmÞ2 � ið@0pmÞ½A0; x

m� � ið@0xmÞ½A0; p
m� � 1

2
½A0; pm�2

��2

8
x2m þ 1

2
½pi; xm�2 þ 1

2
½pm; xi�2 þ 2½pi; pm�½xi; xm� � ½pi; x

i�½pm; x
m� þ 1

2
½pm; xn�2 � 1

2
½pm; x

m�2

þ ½pm; pn�½xm; xn� þ i

2
�’�0@0’þ 1

2
���0½A0; ’� þ 1

2
�’�0½A0; �� þ 3i�

8
�’�123’� 1

2
���i½xi; ’� � 1

2
�’�i½pi; ’�

� 1

2
�’�i½xi; �� � 1

2
���m½xm; ’� � 1

2
�’�m½pm;’� � 1

2
�’�m½xm; ��

�
; (3.5)
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Sð3ÞPW ¼ 1

g2PW�
2

Z
dtTr

�
�ið@0xiÞ½A0; x

i� � ½A0; pi�½A0; x
i� þ i

2
��ijkxi½xj; xk� þ ½pi; xj�½xi; xj� � ið@0xmÞ½A0; x

m�

� ½A0; pm�½A0; x
m� þ ½pi; xm�½xi; xm� þ ½pm; xi�½xm; xi� þ ½pm; xn�½xm; xn� þ 1

2
�’�0½A0; ’� � 1

2
�’�i½xi; ’�

� 1

2
�’�m½xm;’�

�
; (3.6)

Sð4ÞPW ¼ 1

g2PW�2

Z
dtTr

�
� 1

2
½A0; xi�2 þ 1

4
½xi; xj�2 � 1

2
½A0; xm�2 þ 1

2
½xi; xm�2 þ 1

4
½xm; xn�2

�
: (3.7)

Since we need to fix the gauge invariance in the action, we
add the gauge fixing and the Faddeev-Popov terms:

SGF ¼ 1

g2PW�
2

Z
dtTr

�
� 1

2
ð@0A0 þ i½pi; X

i�

þ i½pm; X
m�Þ2

�
; (3.8)

SFP ¼ 1

g2PW�
2

Z
dtTrf�b@0D0c� b½pi; ½Xi; c��

� b½pm; ½Xm; c��g; (3.9)

where c and b are ghost and antighost fields, respectively.
We substitute the matrices Yi which are the classical

solution of the plane wave matrix model for backgrounds
as follows:

pi ¼ Yi ¼ ��Li; pm ¼ 0; � ¼ 0; (3.10)

where

Li ¼

L½j1�
i

. .
.

L½js�
i

. .
.

L½j2��
i

0
BBBBBBBB@

1
CCCCCCCCA
: (3.11)

Here, we introduce a cutoff on s at 2� and on the matrix

size of L½js�
i at 2js þ 1 ¼ N0 þ s, and the matrix size N of

Li is finite as follows:

N ¼ ð2j1 þ 1Þ þ � � � þ ð2js þ 1Þ þ � � � þ ð2j2� þ 1Þ:
(3.12)

Then, we can obtain the following action:

~SPW ¼ SPW þ SGF þ SFP

¼ 1

g2PW�
2

Z
dt
X
s;t

Tr

�
� 1

2
xðs;tÞi ð�	ij@20 þ 	ij�2L2

i þ 2�2½Li;Lj� þ�2	ij � 3i�2�ijkLkÞxðt;sÞj

� 1

2
xðs;tÞm ð�	mn@20 þ 	mn�2L2

i þ
�2

4
	mnÞxðt;sÞn � 1

2
Aðs;tÞ
0 ð�@20 þ�2L2

i ÞAðt;sÞ
0 � bðs;tÞð�@20 þ�2L2

i Þcðt;sÞ

� 1

2
�’ðs;tÞð�i�0@0 ���iLi � 3i�

4
�123Þ’ðt;sÞ � ið@0xðs;tÞi Þ½A0; x

i�ðt;sÞ þ�LiA
ðs;tÞ
0 ½A0; x

i�ðt;sÞ

þ i

2
��ijkxðs;tÞi ½xj; xk�ðt;sÞ ��Lix

ðs;tÞ
j ½xi; xj�ðt;sÞ � ið@0xðs;tÞm Þ½A0; x

m�ðt;sÞ ��Lix
ðs;tÞ
m ½xi; xm�ðt;sÞ

þ ibðs;tÞ@0½A0; c�ðt;sÞ þ�bðs;tÞLi½xi; c�ðt;sÞ þ 1

2
�’ðs;tÞ�0½A0; ’�ðt;sÞ þ 1

2
�’ðs;tÞ�i½xi; ’�ðt;sÞ þ 1

2
�’ðs;tÞ�m½xm;’�ðt;sÞ

þ 1

2
½A0; xi�ðs;tÞ2 þ 1

4
½xi; xj�ðs;tÞ2 þ 1

2
½A0; xm�ðs;tÞ2 þ 1

2
½xi; xm�ðs;tÞ2 þ 1

4
½xm; xn�ðs;tÞ2

�
; (3.13)

where the suffix ðs; tÞ represents the ðs; tÞ block in the N �
N matrix. We introduce the following operation:

L iM ¼ ½Li;M�; (3.14)

which acts on a ð2js þ 1Þ � ð2jt þ 1Þ matrix M. Note that
the above action is obtained after the Wick rotation for the
time components as follows:

t ! it; A0 ! iA0; �0 ! i�0: (3.15)

The classical action Sð0ÞPW vanishes for the backgrounds
we consider here, and the first order action with respect to

the quantum fluctuations Sð1ÞPW also vanishes, because the
backgrounds satisfy the equations of motion for the plane
wave matrix model. We need the quadratic action with

N ¼ 4 SUPERSYMMETRIC YANG-MILLS THEORY . . . PHYSICAL REVIEW D 79, 065003 (2009)

065003-5



respect to the quantum fluctuations Sð2ÞPW to calculate the
one-loop effective action of the plane wave matrix model.
To simplify the following calculations, we introduce the
notations as follows:

p0 ¼ �i@0; pi ¼ ��Li; pm ¼ 0: (3.16)

Then, the action is given by

~S
1-loop
PW ¼ 2�N0

g2PW�2

X
s;t

X
J;M

�X
l

�
� 1

2
xðs;tÞilJMð	ijP 2

B þ 2iF ij
B

þ�2	ij þ 3i��ijkP BkÞxðs;tÞyjlJM

� 1

2
xðs;tÞmlJM

�
	mnP 2

B þ�2

4
	mn

�
xðs;tÞynlJM

� 1

2
Aðs;tÞ
0lJMðP 2

BÞAðs;tÞy
0lJM � bðs;tÞlJMðP 2

BÞcðs;tÞylJM

�

þX
h

�
� 1

2
�’ðs;tÞ
hJM

�
��P F� þ 3i�

4
�123

�
’ðs;tÞy

hJM

��
;

(3.17)

where

P iM ¼ ½pi;M�; F ijM ¼ ½fij;M�;
fij ¼ �i½pi; pj�;

(3.18)

and the index � runs from 0 to 3.

By using the above action ~S1-loopPW , we can calculate the
one-loop effective action of the plane wave matrix model
on S3 as follows:

W ¼ � log
Z

dxidxmdA0dbdcd’e
�~S

1-loop
PW : (3.19)

First, we evaluate the bosonic parts of the effective action
as follows:

WB ¼ X
s;t

X
l

�
1

2
Tr logð	ijP 2

B þ 2iF ij
B þ�2	ij

þ 3i��ijkP BkÞ þ 1

2
Tr log

�
	mnP 2

B þ�2

4
	mn

�

þ 1

2
Tr logðP 2

BÞ � Tr logðP 2
BÞ
�
: (3.20)

We expand the bosonic parts (3.20) of the effective action
into the inverse power series of P 2

B ¼ ð!2
l þ�2JðJ þ 1ÞÞ.

In this way, we obtain the leading term of the bosonic parts
of the one-loop effective action as follows:

WB �X
s;t

X
l

�
4Tr logðP 2

BÞ þ
9�2

4
Tr

1

P 2
B

��2

2
TrP 2

Bi

�
1

P 2
B

�
2
�
; (3.21)

where P 2
Bi ¼ �2JðJ þ 1Þ. Then, we evaluate the fermionic

parts of the effective action as follows:

WF ¼ �X
s;t

X
h

1

4
Tr log

�
P 2

F þ
i

2
���F F��

� 3i

4
���F F�� þ 9�2

16

�
: (3.22)

Similarly, we expand the fermionic parts (3.22) of the
effective action into the power series of P 2

F ¼ ð!2
h þ

�2JðJ þ 1ÞÞ. So, we obtain the leading term of the fermi-
onic parts of the one-loop effective action as follows:

WF �
X
s;t

X
h

�
�4Tr logðP 2

FÞ �
9�2

4
Tr

1

P 2
F

þ�2

2
TrP 2

Fi

�
1

P 2
F

�
2
�
; (3.23)

where P 2
Fi ¼ �2JðJ þ 1Þ. Therefore, we find that the one-

loop effective action of the plane wave matrix model on S3

vanishes to the next leading order in this expansion:

W ¼ WB þWF � 0: (3.24)

In fact, it vanishes exactly due to supersymmetry [32].

B. Free energy of N ¼ 4 supersymmetric Yang-Mills
on S3

In this subsection, we calculate the effective action of
the plane wave matrix model on S3 at finite temperature up
to the two-loop level. In order to study the plane wave
matrix model on S3 at finite temperature, we compactify
the Eucliedean time direction with a periodicity 
 ¼ 1=T,
where T is a temperature. Thus, we impose the constraint
of periodicity for the bosonic, ghost and antighost fields as
follows:

xðs;tÞi ð0Þ ¼ xðs;tÞi ð
Þ; xðs;tÞm ð0Þ ¼ xðs;tÞm ð
Þ;
Aðs;tÞ
0 ð0Þ ¼ Aðs;tÞ

0 ð
Þ; cðs;tÞð0Þ ¼ cðs;tÞð
Þ;
bðs;tÞð0Þ ¼ bðs;tÞð
Þ:

(3.25)

So, we can obtain the conditions for frequencies in (3.20)
as follows:

!l ¼ 2�lT; (3.26)

where l is the integer. On the other hand, we impose the
constraint of antiperiodicity for the fermion fields as fol-
lows:

’ðs;tÞð0Þ ¼ �’ðs;tÞð
Þ; (3.27)

and hence

!h ¼ 2�hT; (3.28)

where h is the half-integers.
Therefore, we can obtain the one-loop effective action of

the plane wave matrix model on S3 at finite temperature as
follows:
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Ŵ 1-loop ¼ X
s;t

�X
l

4Tr logðP 2
BÞ �

X
h

4Tr logðP 2
FÞ

þX
l

9�2

4
Tr

1

P 2
B

�X
h

9�2

4
Tr

1

P 2
F

�X
l

�2

2
TrP 2

Bi

�
1

P 2
B

�
2

þX
h

�2

2
TrP 2

Fi

�
1

P 2
F

�
2
�
: (3.29)

However, since the supersymmetry is broken at finite
temperature, the contributions from the bosons and fermi-
ons do not cancel each other. For example, we consider the
leading terms of the one-loop effective action as follows:

Ŵ
1-loop
ð0Þ ¼ X

s;t

�X
l

4Tr logðð2�lTÞ2 þ�2JðJ þ 1ÞÞ

�X
h

4Tr logðð2�hTÞ2 þ�2JðJ þ 1ÞÞ
�
:

(3.30)

It is easy to calculate the sums over l and h by using the
following formulas:

X1
l¼�1

logðl2�2 þ z2Þ �X1
l¼1

2 logðl2�2Þ ¼ 2 logsinhz;

(3.31)

X1
h¼�1

logðh2�2 þ z2Þ � X1
h¼1=2

2 logðh2�2Þ ¼ 2 logcoshz;

(3.32)

where z is the complex number. We may discard the
infinite constants which do not depend on physical parame-
ters. Thus, we can obtain the leading terms of the one-loop
effective action as follows:

Ŵ
1-loop
ð0Þ ¼ X

s;t

�
8Tr logsinh

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2T

�

� 8Tr logcosh

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2T

��

¼ X
s;t

X
J;M

8 log

�
expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp
=TÞ � 1

expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

=TÞ þ 1

�
:

(3.33)

In analogy with the large N reduced model on a flat
background, we rewrite the summations in (3.33) as the
summations of degrees of freedom on S3 (J,M, ~M) and an
extra degree of freedom (s) as follows:

Ŵ
1-loop
ð0Þ ¼ X

s

X
J;M; ~M

8 log

�
expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp
=TÞ � 1

expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

=TÞ þ 1

�
;

(3.34)

where ~M ¼ 1
2 ðs� tÞ. We have introduced a cutoff such that

s < 2�, so that the maximal value of J and ~M are N0 and
�, respectively. Then we separate the summation over J
into two parts at the value � as follows:

X2�
s¼1

X�
J¼0

XJ
M¼�J

XJ
~M¼�J

8 log

�
expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp
=TÞ � 1

expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

=TÞ þ 1

�
þ X2�

s¼1

XN0

J¼�þ1=2

XJ
M¼�J

X�
~M¼��

8 log

�
expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp
=TÞ � 1

expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

=TÞ þ 1

�
: (3.35)

The second term in the above expression can be safely neglected since we assume that

T � �: (3.36)

If we further divide this effective action by the overall factor
P

s, it agrees with that of the supersymmetric Yang-Mills
theory on S3. In this sense, the plane wave matrix model is a large N reduced model of the supersymmetric Yang-Mills
theory on S3.

In this way, we can obtain that

Ŵ
1-loop
ð0Þ ¼ X1

J¼0

XJ
M¼�J

XJ
~M¼�J

8 log

�
expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp
=TÞ � 1

expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

=TÞ þ 1

�
¼ X1

J¼0

8 log

�
expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

JðJ þ 1Þp
=TÞ � 1

expð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp

=TÞ þ 1

�
ð2J þ 1Þ2

¼ X1
k¼0

8 log

�
expð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kðkþ 2Þp
=rTÞ � 1

expð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 2Þp

=rTÞ þ 1

�
ðkþ 1Þ2; (3.37)
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where we set k ¼ 2J. Here we take the high temperature
limit such that the temperature is much larger than the
inverse radius of S3:

T � 1

r
: (3.38)

Thus, this limit represent a flat space limit. The summation
over k can be well approximated by the integrals over

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 2Þp
rT

: (3.39)

We can obtain the following equation:

Z 1

0
dx8 log

�
ex � 1

ex þ 1

��
r3T3x2 þ 1

2
rT

�
: (3.40)

This integral is evaluated as

Ŵ
1-loop
ð0Þ ¼ ��4

3
r3T3 � �2rT þO

�
1

T

�
: (3.41)

Similarly, we evaluate the subleading terms of the one-loop
effective action:

Ŵ1-loop
ð1Þ ¼ X

s;t

�X
l

9�2

4
Tr

1

ð2�lTÞ2 þ�2JðJ þ 1Þ �
X
h

9�2

4
Tr

1

ð2�hTÞ2 þ�2JðJ þ 1Þ

�X
l

�4

2
TrJðJ þ 1Þ

�
1

ð2�lTÞ2 þ�2JðJ þ 1Þ
�
2 þX

h

�4

2
TrJðJ þ 1Þ

�
1

ð2�hTÞ2 þ�2JðJ þ 1Þ
�
2
�
: (3.42)

By taking the high temperature limit such that the tem-
perature is much larger than the inverse radius of S3, it can
be evaluated as follows:

Ŵ
1-loop
ð1Þ ¼ 3�2

2
rT þO

�
1

T

�
: (3.43)

In order to examine to what extent a plane wave matrix
model can explore the planar sector of super Yang-Mills
theory on S3, we further calculate the two-loop effective
action of the plane wave matrix model at finite tempera-
ture. We describe the detailed calculations of the two-loop
effective action in the appendix. The main conclusion is
that the equivalence is valid in the high temperature limit as
the contributions from the nonplanar diagrams can be
neglected in comparison to those from the planar diagrams
in such a limit. The two-loop effective action is given by

Ŵ 2-loop ¼ 2�4 g
2
PW�

2

N0

r6T3: (3.44)

Here, recalling the following relation between the coupling
constants in Sec. II:

lim
N0!1

2g2PW
�N0

¼ g2SYM
16�2

; (3.45)

we obtain the following equation:

Ŵ 2-loop ¼ �2

2
g2SYMr

3T3: (3.46)

We summarize the effective action of the plane wave
matrix model at a finite temperature up to the two-loop
level:

Ŵ=VolðS3Þ ¼ ��2

6
T3 þ 1

4
g2SYMT

3 þ 1

4r2
T þO

�
1

T

�
;

(3.47)

where we have divided the effective action by the volume
of S3. This effective action is equal to 
 times the free
energy density of the N ¼ 4 supersymmetric Yang-Mills
theory on S3 [33–37].

IV. CONCLUSIONS AND DISCUSSIONS

In this paper, we have investigated the properties of the
N ¼ 4 supersymmetric Yang-Mills theory on S3 at finite
temperature by using the plane wave matrix model.
We have formally derived the action of the N ¼ 4

supersymmetric Yang-Mills theory on R� S3 from the
action of the plane wave matrix model by taking the large
N limit. Furthermore, we have calculated the effective
action of the plane wave matrix model around the S3

configuration at the two-loop level. We have found that
the effective action of the plane wave matrix model agrees
with the free energy of the N ¼ 4 supersymmetric Yang-
Mills theory on S3 at the two-loop level in the high tem-
perature limit. Therefore, we can conclude that the non-
perturbative properties of the N ¼ 4 supersymmetric
Yang-Mills theory on S3 at finite temperature can be ex-
plored by the plane wave matrix model. Our results serve
as a nontrivial check that the plane wave matrix model can
be regarded as a large N reduced model of the N ¼ 4
supersymmetric Yang-Mills theory on R� S3. However,
the nonplanar contributions at the two-loop level differ
from those on S3. They are rather of S2 type since the
propagators carry vanishing ~M in these contributions. They
can be neglected only in the high temperature limit. In this
sense, a construction of a large N reduced model on a
curved manifold (S3 in this case) is successful only in a
flat manifold limit.
It is interesting to investigate nonperturbative properties

of theN ¼ 4 supersymmetric Yang-Mills theory on S1 �
S3 in connection to AdS/CFT correspondence. This corre-
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spondence states that the large N N ¼ 4 supersymmetric
Yang-Mills theory on R� S3 at strong coupling region is
solved in terms of the type-IIB supergravity on AdS5 � S5.
We have shown that the N ¼ 4 supersymmetric Yang-
Mills theory on S1 � S3 at weak coupling region is con-
sistent with the plane wave matrix model at quantum level.
We hope to evaluate the behavior of the N ¼ 4 super-
symmetric Yang-Mills theory on S1 � S3 at strong cou-
pling region by using the plane wave matrix model.
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APPENDIX A: TWO-LOOP EFFECTIVE ACTION
OF PLANE WAVE MATRIX MODEL

In this appendix, we calculate the two-loop effective
action of the plane wave matrix model on S3 at finite

temperature. The effective action Ŵ is evaluated as fol-
lows:

Ŵ ¼ � log
Z

dxidxmdA0dcdbd’e
�~SPW

¼ Ŵ1-loop þ Ŵ2-loop; (A1)

where

Ŵ2-loop ¼ � log

�R
dxidxmdA0dcdbd’e

�~S
2-loop
PW e�~S

1-loop
PWR

dxidxmdA0dcdbd’e
�~S

1-loop
PW

�

� he�~S2-loop
PW i1PI; (A2)

and

~S
2-loop
PW ¼ 1

g2PW�
2

Z 


0
dt
X
s;t

Tr

�
ið@0xðs;tÞi Þ½A0; x

i�ðt;sÞ ��ðLiA
ðs;tÞ
0 Þ½A0; x

i�ðt;sÞ þ i

2
��ijkxðs;tÞi ½xj; xk�ðt;sÞ þ�ðLix

ðs;tÞ
j Þ½xi; xj�ðt;sÞ

þ ið@0xðs;tÞm Þ½A0; x
m�ðt;sÞ þ�ðLix

ðs;tÞ
m Þ½xi; xm�ðt;sÞ þ ið@0bðs;tÞÞ½A0; c�ðt;sÞ þ�ðLib

ðs;tÞÞ½xi; c�ðt;sÞ

� 1

2
�’ðs;tÞ�0½A0; ’�ðt;sÞ � 1

2
�’ðs;tÞ�i½xi; ’�ðt;sÞ � 1

2
�’ðs;tÞ�m½xm; ’�ðt;sÞ � 1

2
½A0; xi�ðs;tÞ2 � 1

4
½xi; xj�ðs;tÞ2

� 1

2
½A0; xm�ðs;tÞ2 � 1

2
½xi; xm�ðs;tÞ2 � 1

4
½xm; xn�ðs;tÞ2

�
: (A3)

We define h� � �i1PI as a summation over only 1-particle-
irreducible (1PI) diagrams. To simplify the following cal-
culations, we combine the action ~S2-loopPW as follows:

~S
2-loop
PW ¼ 1

g2PW�
2

Z 


0
dt
X
s;t

Tr

�
�ðP Ix

ðs;tÞ
J Þ½xI; xJ�ðt;sÞ

þ i

2
��ijkxðs;tÞi ½xj; xk�ðt;sÞ � ðP Ib

ðs;tÞÞ½xI; c�ðt;sÞ

� 1

2
�’ðs;tÞ�I½xI; ’�ðt;sÞ � 1

4
½xI; xJ�ðs;tÞ2

�
; (A4)

where the index I ¼ 0; � � � ; 9, and we set that

p0 ¼ �i@0; pi ¼ ��Li; pm ¼ 0; x0 ¼ A0:

(A5)

Now, there are five 1PI diagrams to evaluate which are
illustrated in Fig. 1. The diagrams (a), (b), and (c) represent
the contributions from gauge fields, and (c) involves the
Myers type interaction. The diagrams (d) and (e) represent
the contributions from ghost and fermion fields,
respectively.

1. Propagators

a. Bosonic propagators

First of all, we derive the bosonic propagators of the
plane wave matrix model. From the quadratic terms for the

gauge fields xðs;tÞi in the action (3.13), we can read out the

propagators of gauge boson modes xðs;tÞiJM as follows:

FIG. 1. Feynman diagrams of two-loop corrections to the effective action [6].
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1

g2PW�
2

Z 


0
dt
X
s;t

Tr

�
� 1

2
xðs;tÞi ð�	ij@20 þ 	ij�2L2

k þ�2	ij � i�2�ijkLkÞxðt;sÞj

�

¼ 1

g2PW�2

Z 


0
dt
X
s;t

Tr

�
� 1

2

X
l1

X
J1;M1

ei!l1
txðs;tÞil1J1M1

	 Ŷðjs;jtÞ
J1M1

ð	ij!2
l2
þ 	ij�2J2ðJ2 þ 1Þ þ�2	ij � i�2�ijkLkÞ

�X
l2

X
J2;M2

ei!l2
txðt;sÞjl2J2M2

	 Ŷðjt;jsÞ
J2M2

�

¼ 1

2

X
s;t

X
l1;l2

X
J1;M1

X
J2;M2

xðs;tÞil1J1M1
ð�1ÞM1�ðjs�jtÞ �
N0

g2PW�2
	l1�l2	J1J2	M1�M2

ð	ij!2
l2
þ 	ij�2J2ðJ2 þ 1Þ þ�2	ij

� i�2�ijkLkÞxðt;sÞjl2J2M2
: (A6)

Note that the quantum fluctuations are expanded by a plane wave and a fuzzy spherical harmonics2 as follows:

xðs;tÞi ðtÞ ¼ X1
l¼�1

X1
J¼0

XJ
M¼�J

ei!ltxðs;tÞilJM 	 Ŷðjs;jtÞ
JM : (A7)

Then, we can obtain the propagator of gauge boson modes as follows:

hxðjs;jtÞil1J1M1
xðjt;jsÞjl2J2M2

i ¼ g2PW�
2


N0

ð�1ÞM1�ðjs�jtÞ

	ij!2
l2
þ 	ij�2J2ðJ2 þ 1Þ þ�2	ij � i�2�ijkLk

	l1�l2	J1J2	M1�M2
: (A8)

We expand this propagator into the power series of ð!2
l þ�2JðJ þ 1ÞÞ ¼ P 2

B as follows:

1

	ij!2
l2
þ 	ij�2J2ðJ2 þ 1Þ þ�2	ij � i�2�ijkLk

¼ 1

P 2
B

	ij � i�

�
1

P 2
B

�
2
�ijkP Bk ��2

�
1

P 2
B

�
3
P i

BP
j
B þO

�
1

P 5
B

�
: (A9)

Therefore, the propagator of gauge boson fields are given by

hxðs;tÞi ðt1Þxðt;sÞj ðt2Þi ¼
X
l1;l2

X
J1;M1

X
J2;M2

ei!l1
t1ei!l2

t2hxðs;tÞil1J1M1
xðt;sÞjl2J2M2

i 	 Ŷðjs;jtÞ
J1M1

Ŷðjt;jsÞ
J2M2

� g2PW�
2


N0

X1
l¼�1

X1
J¼0

XJ
M¼�J

�
1

P 2
B

	ij � i�

�
1

P 2
B

�
2
�ijkP k

B ��2

�
1

P 2
B

�
3
P BiP Bj

�

� ei!lðt1�t2Þð�1ÞM�ðjs�jtÞŶðjs;jtÞ
JM Ŷðjt;jsÞ

J�M ; (A10)

where we note that !�l ¼ �2�lT ¼ �!l.
In the same way, we can read off the other propagators of bosonic fields as follows:

hxðs;tÞm ðt1Þxðt;sÞn ðt2Þi � g2PW�2


N0

X1
l¼�1

X1
J¼0

XJ
M¼�J

�
1

P 2
B

	mn ��2

4

�
1

P 2
B

�
2
	mn

�
ei!lðt1�t2Þð�1ÞM�ðjs�jtÞŶðjs;jtÞ

JM Ŷðjt;jsÞ
J�M ; (A11)

hAðs;tÞ
0 ðt1ÞAðt;sÞ

0 ðt2Þi ¼ g2PW�2


N0

X1
l¼�1

X1
J¼0

XJ
M¼�J

1

P 2
B

ei!lðt1�t2Þð�1ÞM�ðjs�jtÞŶðjs;jtÞ
JM Ŷ

ðjt;jsÞ
J�M ; (A12)

hcðs;tÞðt1Þbðt;sÞðt2Þi ¼ g2PW�2


N0

X1
l¼�1

X1
J¼0

XJ
M¼�J

1

P 2
B

ei!lðt1�t2Þð�1ÞM�ðjs�jtÞŶðjs;jtÞ
JM Ŷðjt;jsÞ

J�M ; (A13)

where we expand the other bosonic fields by the plane wave and the fuzzy spherical harmonics as follows:

2The fuzzy spherical harmonics is based on the work [18].
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xðs;tÞm ðtÞ ¼ X1
l¼�1

X1
J¼0

XJ
M¼�J

ei!ltxðs;tÞmlJM 	 Ŷ
ðjs;jtÞ
JM ;

Aðs;tÞ
0 ðtÞ ¼ X1

l¼�1

X1
J¼0

XJ
M¼�J

ei!ltAðs;tÞ
0lJM 	 Ŷðjs;jtÞ

JM ;

cðs;tÞðtÞ ¼ X1
l¼�1

X1
J¼0

XJ
M¼�J

ei!ltcðs;tÞlJM 	 Ŷ
ðjs;jtÞ
JM ;

bðs;tÞðtÞ ¼ X1
l¼�1

X1
J¼0

XJ
M¼�J

ei!ltbðs;tÞlJM 	 Ŷðjs;jtÞ
JM :

(A14)

Moreover, we can get the following bosonic propagator
from the above propagators:

hxðs;tÞI ðt1Þxðt;sÞJ ðt2Þi

� g2PW�
2


N0

X1
l¼�1

X1
J¼0

XJ
M¼�J

�
1

P 2
B

	IJ � i�

�
1

P 2
B

�
2
fIJKPK

B

þ�2

�
1

P 2
B

�
3ðGIJP 2

Bi �HIJÞ ��2

�
1

P 2
B

�
2
GIJ

��2

4

�
1

P 2
B

�
2
IIJ

�
ei!lðt1�t2Þð�1ÞM�ðjs�jtÞŶðjs;jtÞ

JM Ŷ
ðjt;jsÞ
JM ;

(A15)

where

fijk ¼ �ijk; other fIJK ¼ 0;

Gij ¼ 	ij; other GIJ ¼ 0;

Hij ¼ P BiP Bj; other HIJ ¼ 0;

Imn ¼ 	mn; other IIJ ¼ 0:

(A16)

b. Fermion propagator

Next, we derive the fermion propagator to read out the
quadratic term of ’ in the action (3.13) as follows:

1

g2PW�2

Z 


0
dt
X
s;t

Tr

�
�1

2
�’ðs;tÞ

�
�i�0@0 ���iLi � 3i�

4
�123

�
’ðt;sÞ

�

¼ 1

g2PW�
2

Z 


0
dt
X
s;t

Tr

�
�1

2

X
h1

X
J1;M1

e�i!h1
t �’ðs;tÞ

h1J1M1
	 Ŷðjs;jtÞy

J1M1

�
�i�0@0 ���iLi � 3i�

4
�123

�X
h2

X
J2;M2

ei!h2
t’ðt;sÞ

h2J2M2
	 Ŷðjt;jsÞ

J2M2

�

¼ 1

2

X
s;t

X
h1;h2

X
J1;M1

X
J2;M2

�’ðs;tÞ
h1J1M1

�
N0

g2PW�
2

�
�0!h2 ���iLi � 3i�

4
�123

�
	h1h2	J1J2	M1M2

’ðt;sÞ
h2J2M2

; (A17)

where we expanded the quantum fluctuations by a plane wave and fuzzy spherical harmonics as follows:

’ðs;tÞðtÞ ¼ X1
h¼�1

X1
J¼0

XJ
M¼�J

ei!ht’ðs;tÞ
hJM 	 Ŷ

ðjs;jtÞ
JM : (A18)

Thus, we obtain the propagator of fermion modes as follows:

h’ðs;tÞ
h1J1M1

�’ðt;sÞ
h2J2M2

i ¼ g2PW�
2


N0

1

�0!h2 ���iLi � 3i�
4 �123

	h1h2	J1J2	M1M2
: (A19)

Here, we expand this propagator into power series of ð!2
h þ�2JðJ þ 1ÞÞ ¼ P 2

F as follows:

1

�0!h2 ���iLi � 3i�
4 �123

¼ 1

P 2
F

�IP FI þ 3i�

4

1

P 2
F

�123 � i

2

�
1

P 2
F

�
2
�IJF FIJ�

KP FK þ 3�

8

�
1

P 2
F

�
2
�IJF FIJ�

123

þ 9�2

16

�
1

P 2
F

�
2
�KP FK � 1

4

�
1

P 2
F

�
3
�IJF FIJ�

MNF FMN�
KP FK þO

�
1

P 4
F

�
: (A20)

The third term of (A20) is that
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� i

2

�
1

P 2
F

�
2
�IJF FIJ�

KP FK ¼ � i

2

�
1

P 2
F

�
2ð��fIJK�

IJMPK
FP FM � 2i�2�IP FIÞ

¼ i�

2

�
1

P 2
F

�
2
fIJK�

IJMPK
FP FM ��2

�
1

P 2
F

�
2
�IP FI; (A21)

where we used the multiplication law of the gamma matrices as follows:

�IJ�K ¼ �IJK � 	IK�J þ 	JK�I: (A22)

Moreover, the last term of (A20) is that

� 1

4

�
1

P 2
F

�
3
�IJF FIJ�

MNF FMN�
KP FK ¼ � 1

4

�
1

P 2
F

�
3ð�4�2�IP FIP 2

F þ � � �Þ ¼ �2

�
1

P 2
F

�
2
�IP FI þ � � � ; (A23)

where we also used the multiplication law of the gamma matrices as follows:

�IJ�MN�K ¼ �IJMNK � 	IM�JNK þ 	IN�JMK � 	IK�JMN þ 	JM�INK � 	JN�IMK þ 	JK�IMN � 	MK�IJN þ 	NK�IJM

� 	IM	JN�K þ 	IM	JK�N � 	IN	JK�M þ 	IN	JN�K � 	IK	JN�M þ 	IK	JM�N � 	MK	JN�I

þ 	MK	IN�J � 	NK	IM�J þ 	NK	JM�I: (A24)

Thus, we can obtain the following equation:

1

�IP FI � 3i�
4 �123

¼ 1

P 2
F

�IP FI þ 3i�

4

1

P 2
F

�123 þ i�

2

�
1

P 2
F

�
2
fIJK�

IJMPK
FP FM � 3�2

8

�
1

P 2
F

�
2
fIJK�

IJPK
F �

123

þ 9�2

16

�
1

P 2
F

�
2
�IP FI þO

�
1

P 4
F

�
: (A25)

Therefore, we obtain the fermion propagator of the plane wave matrix model as follows:

h’ðs;tÞðt1Þ �’ðt;sÞðt2Þi ¼
X
h1;h2

X
J1;M1

X
J2;M2

ei!h1
t1e�i!h2

t2h’ðs;tÞ
h1J1M1

�’ðt;sÞ
h2J2M2

i 	 Ŷ
ðjs;jtÞ
J1M1

Ŷ
ðjt;jsÞy
J2M2

� g2PW�
2


N0

X
h¼�1

X1
J¼0

XJ
M¼�J

�
1

P 2
F

�IP FI þ 3i�

4

1

P 2
F

�123 þ i�

2

�
1

P 2
F

�
2
fIJK�

IJMPK
FP FM

� 3�2

8

�
1

P 2
F

�
2
fIJK�

IJPK
F �

123 þ 9�2

16

�
1

P 2
F

�
2
�IP FI

�
ei!hðt1�t2Þð�1ÞM�ðjs�jtÞŶðjs;jtÞ

JM Ŷðjt;jsÞ
J�M : (A26)

2. Feynman diagrams

a. Feynman diagram involving four-point gauge boson vertex (a)

We evaluate the 1PI diagram involving a four-point gauge boson vertex. The four-point gauge boson vertex is given by

V4 ¼ 1

g2PW�
2

Z 


0
dt
X
s;t

Tr

�
� 1

4
½xI; xJ�ðs;tÞ2

�
: (A27)

It gives rise to the following contribution:

h�V4i1PI ¼ 1

g2PW�2

Z 


0
dt
X
s;t

Tr

�
1

4
½xI; xJ�ðs;tÞ2

�
¼ 1

g2PW�2

Z 


0
dt

X
s;t;u;v

Tr

�
1

2
ðxðs;tÞI xðt;uÞJ xðu;vÞIxðv;sÞJ � xðs;tÞI xðt;uÞIxðu;vÞJ xðv;sÞJÞ

�
:

(A28)

We can calculate h�V4i1PI by performing the Wick contraction.

h�V4i1PI ¼ 1

g2PW�
2

Z 


0
dt

X
s;t;u;v

Tr

�
1

2
ðhxðs;tÞI xðt;uÞJ ihxðu;vÞIxðv;sÞJi þ hxðs;tÞJ xðt;uÞIihxðu;vÞJxðv;sÞI i � hxðs;tÞI xðt;uÞIihxðu;vÞJ xðv;sÞJi

� hxðs;tÞIxðt;uÞJ ihxðu;vÞJxðv;sÞI iÞ
�
: (A29)
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The leading contribution for the diagram involving four-point gauge boson vertex is given by

h�V4i1PI ¼ g2PW�
2

2
N0

Z 


0
dt

X
s;t;u;v

Tr

�
�X

l1

X
J1;M1

1

P 2
B

	IJe
i!l1

ðt1�t2Þð�1ÞM1�ðjs�jtÞŶðjs;jtÞ
J1M1

Ŷðjt;juÞ
J1�M1

X
l2

X
J2;M2

1

P 2
B

	IJei!l2
ðt1�t2Þð�1ÞM2�ðju�jvÞŶðju;jvÞ

J2M2
Ŷ
ðjv;jsÞ
J2�M2

þX
l1

X
J1;M1

1

P 2
B

	I
Je

i!l1
ðt1�t2Þð�1ÞM1�ðjs�jtÞŶðjs;jtÞ

J1M1
Ŷðjt;juÞ
J1�M1

X
l2

X
J2;M2

1

P 2
B

	IJe
i!l2

ðt1�t2Þð�1ÞM2�ðju�jvÞŶðju;jvÞ
J2M2

Ŷðjv;jsÞ
J2�M2

�X
l1

X
J1;M1

1

P 2
B

	I
Ie

i!l1
ðt1�t2Þð�1ÞM1�ðjs�jtÞŶðjs;jtÞ

J1M1
Ŷðjt;juÞ
J1�M1

X
l2

X
J2;M2

1

P 2
B

	J
Je

i!l2
ðt1�t2Þð�1ÞM2�ðju�jvÞŶðju;jvÞ

J2M2
Ŷ
ðjv;jsÞ
J2�M2

�X
l1

X
J1;M1

1

P 2
B

	I
Je

i!l1
ðt1�t2Þð�1ÞM1�ðjs�jtÞŶðjs;jtÞ

J1M1
Ŷðjt;juÞ
J1�M1

X
l2

X
J2;M2

1

P 2
B

	J
I e

i!l2
ðt1�t2Þð�1ÞM2�ðju�jvÞŶðju;jvÞ

J2M2
Ŷðjv;jsÞ
J2�M2

�

¼ 1

2

X
s;t;u;v

X
p;q

Tr
X
l1;l2

X
J1;M1

X
J2;M2

�
1


2N0

�
2 ð�1ÞM1þM2�ðjs�jtÞ�ðju�jvÞ

J1ðJ1 þ 1ÞJ2ðJ2 þ 1Þ Ŷðjs;jtÞ
J1M1

Ŷ
ðjt;jpÞ
J1�M1

Ŷðju;jvÞ
J2M2

Ŷ
ðjv;jqÞ
J2�M2

	pu	qs: (A30)

Here, we have inserted the complete set as follows:

1

N0

Tr
X
J3M3

ð�1ÞM3�ðjp�jqÞŶðjp;juÞ
J3M3

Ŷ
ðjq;jsÞ
J3�M3

¼ 	pu	qs: (A31)

Therefore, we can get the leading term

h�V4i1PI ��45
g2PW�

2


N0

X
l1;l2

X
s;t;u

X
123

�̂y
123

1

P 2
BQ

2
B

�̂123;

(A32)

where P B, QB, and RB are defined as follows:

P IŶ
ðjs;jtÞ
J1M1

� ½pI; Ŷ
ðjs;jtÞ
J1M1

�; QIŶ
ðjs;jtÞ
J2M2

� ½pI; Ŷ
ðjs;jtÞ
J2M2

�;
RIŶ

ðjs;jtÞ
J3M3

� ½pI; Ŷ
ðjs;jtÞ
J3M3

�: (A33)

We have introduced the following wave function:

�̂ 123 � 1

N0

TrŶðjs;jtÞ
J1M1

Ŷðjt;juÞ
J2M2

Ŷðju;jsÞ
J3M3

; (A34)

and

X
123

� X1
J1¼0

XJ1
M1¼�J1

X1
J2¼0

XJ2
M2¼�J2

X1
J3¼0

XJ3
M3¼�J3

: (A35)

b. Feynman diagram involving three-point gauge boson
vertex (b)

We evaluate the 1PI diagram involving three-point
gauge boson vertices. The three-point gauge boson vertex
is expressed as follows:

V3 ¼ 1

g2PW�
2

Z 


0
dt
X
s;t

Trf�ðP Ix
ðs;tÞ
J Þ½xI; xJ�ðt;sÞg: (A36)

We can express the contribution corresponding to the
diagram (b) as follows:

�
1

2
V3V3

	
1PI

¼ 1

2

�
1

g2PW�
2

Z 


0
dt
X
s;t

TrfðP Ix
ðs;tÞ
J Þ½xI; xJ�ðt;sÞg

�
2

¼ 1

2

�
1

g2PW�
2

Z 


0
dt
X
s;t;u

TrfðP Ix
ðs;tÞ
J Þxðt;uÞIxðu;sÞJ � ðP Ix

ðs;tÞ
J Þxðt;uÞJxðu;sÞIg

�
2

¼ 1

2g4PW�4

Z 


0
dt1dt2

X
s;t;u

½TrfðP Ix
ðs;tÞ
J Þxðt;uÞIxðu;sÞJgTrfðPMx

ðs;tÞ
N Þxðt;uÞMxðu;sÞNg

� TrfðP Ix
ðs;tÞ
J Þxðt;uÞIxðu;sÞJgTrfðPMx

ðs;tÞ
N Þxðt;uÞNxðu;sÞMg � TrfðP Ix

ðs;tÞ
J Þxðt;uÞJxðu;sÞIgTrfðPMx

ðs;tÞ
N Þxðt;uÞMxðu;sÞNg

þ TrfðP Ix
ðs;tÞ
J Þxðt;uÞJxðu;sÞIgTrfðPMx

ðs;tÞ
N Þxðt;uÞNxðu;sÞMg�: (A37)

For example, we calculate the first term of (A37) by applying Wick’s theorem.
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1

2g4PW�
4

Z 


0
dt1dt2

X
s;t;u

½TrfðP Ix
ðs;tÞ
J Þxðt;uÞIxðu;sÞJgTrfðPMx

ðs;tÞ
N Þxðt;uÞMxðu;sÞNg�

¼ 1

2g4PW�
4

Z 


0
dt1dt2

X
s;t;u

TrTrfhðP Ix
ðs;tÞ
J ðt1ÞÞxðu;sÞNðt2Þihxðt;uÞIðt1Þxðt;uÞMðt2Þihxðu;sÞJðt1ÞðPMx

ðs;tÞ
N ðt2ÞÞi

þ hðP Ix
ðs;tÞ
J ðt1ÞÞðPMx

ðu;sÞ
N ðt2ÞÞihxðt;uÞIðt1Þxðt;uÞNðt2Þihxðu;sÞJðt1Þxðs;tÞMðt2Þi

þ hðP Ix
ðs;tÞ
J ðt1ÞÞxðu;sÞMðt2Þihxðt;uÞIðt1ÞðPMx

ðt;uÞ
N ðt2ÞÞihxðu;sÞJðt1Þxðs;tÞNðt2Þig: (A38)

Here, we evaluate the particular contraction which is the first term of the above equation as follows:

g2PW�2


N0

Z 


0
dt1dt2

X
s;t;u

TrTr

�X
l1

X
J1;M1

1

P 2
B

	J
Nei!l1

ðt1�t2Þð�1ÞM1�ðjs�jtÞðP BIŶ
ðjs;jtÞ
J1M1

ÞŶðju;jsÞ
J1�M1

�X
l2

X
J2;M2

1

Q2
B

	IMei!l2
ðt1�t2Þð�1ÞM2�ðjt�juÞŶðjt;juÞ

J2M2
Ŷðjt;juÞ
J2�M2

X
l3

X
J3;M3

1

R2
B

	J
Ne

i!l3
ðt1�t2Þð�1ÞM3�ðju�jsÞŶðju;jsÞ

J3M3
ðRBMŶ

ðjs;jtÞ
J3�M3

Þ

þX
l1

X
J1;M1

1

P 2
B

	JNe
i!l1

ðt1�t2Þð�1ÞM1�ðjs�jtÞðP BIŶ
ðjs;jtÞ
J1M1

ÞðP BMŶ
ðju;jsÞ
J1�M1

ÞX
l2

X
J2;M2

1

Q2
B

	INei!l2
ðt1�t2Þð�1ÞM2�ðjt�juÞŶðjt;juÞ

J2M2
Ŷðjt;juÞ
J2�M2

�X
l3

X
J3;M3

1

R2
B

	JMei!l3
ðt1�t2Þð�1ÞM3�ðju�jsÞŶðju;jsÞ

J3M3
Ŷðjs;jtÞ
J3�M3

þX
l1

X
J1;M1

1

P 2
B

	J
Mei!l1

ðt1�t2Þð�1ÞM1�ðjs�jtÞðP BIŶ
ðjs;jtÞ
J1M1

ÞŶðju;jsÞ
J1�M1

�X
l2

X
J2;M2

1

Q2
B

	I
Ne

i!l2
ðt1�t2Þð�1ÞM2�ðjt�juÞŶðjt;juÞ

J2M2
ðP BMŶ

ðjt;juÞ
J2�M2

ÞX
l3

X
J3;M3

1

R2
B

	JNei!l3
ðt1�t2Þð�1ÞM3�ðju�jsÞŶðju;jsÞ

J3M3
Ŷðjs;jtÞ
J3�M3

�

¼ 1

2

g2PW�
2


N0

X
s;t;u

X
l1;l2

X
J1;M1

X
J2;M2

X
J3;M3

1

N0

Tr
1

N0

Tr

��10P B �RB

P 2
BQ

2
BR

2
B

ð�1ÞM1�ðjs�jtÞŶðjs;jtÞ
J1M1

Ŷðju;jsÞ
J1�M1

þ �P 2
B

P 2
BQ

2
BR

2
B

	IMð�1ÞM2�ðjt�juÞŶðjt;juÞ
J2M2

Ŷðjt;juÞ
J2�M2

þ�P B �QB

P 2
BQ

2
BR

2
B

ð�1ÞM3�ðju�jsÞŶðju;jsÞ
J3M3

Ŷðjs;jtÞ
J3�M3

�
; (A39)

where we used the following relation:

XJ
M¼�J

ð�1ÞM�ðjs�jtÞŶðjs;jtÞ
JM P IŶ

ðjt;jsÞ
J�M

¼ � XJ
M¼�J

ð�1ÞM�ðjs�jtÞðP IŶ
ðjs;jtÞ
JM ÞŶðjt;jsÞ

J�M : (A40)

We can obtain the following compact equation to calculate
the other contractions:�
1

2
V3V3

	
1PI

� 9

2

g2PW�2


N0

X
s;t;u

X
l1;l2

X
123

�̂y
123

� 2P 2
B � P B �QB � P B �RB

P 2
BQ

2
BR

2
B

�̂123:

(A41)

Moreover, we use the following relation:

P B �QB�̂123 ¼ 1

2
ðR2

B � P 2
B �Q2

BÞ�̂123; (A42)

and the momentum conserved relation:

P B þQB þRB ¼ 0: (A43)

Therefore, we can simplify as follows:

�
1

2
V3V3

	
1PI

� 27

2

g2PW�
2


N0

X
s;t;u

X
l1;l2

X
123

�̂y
123

1

P 2
BQ

2
B

�̂123:

(A44)

c. Feynman diagram involving the ghost interactions (d)

We evaluate the 1PI diagram involving the ghost inter-
actions. The ghost vertex is expressed as follows:

Vgh ¼ 1

g2PW�2

Z 


0
dt
X
s;t

Trf�ðP Ib
ðs;tÞÞ½xI; c�ðt;sÞg: (A45)

We can express the contribution corresponding to the
diagram (d) as follows:
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�
1
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VghVgh

	
1PI

¼ 1

2

�
1

g2PW�
2
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0
dt
X
s;t

TrfðP Ib
ðs;tÞÞ½xI; c�ðt;sÞg

�
2

¼ 1

2

�
1

g2PW�
2

Z 


0
dt
X
s;t;u

TrfðP Ib
ðs;tÞÞxðt;uÞIcðu;sÞ � ðP Ib

ðs;tÞÞcðt;uÞxðu;sÞIg
�
2

¼ 1

2g4PW�4

Z 


0
dt1dt2

X
s;t;u

�
TrfðP Ib

ðs;tÞÞxðt;uÞIcðu;sÞgTrfðP Jb
ðs;tÞÞxðt;uÞJcðu;sÞg

� TrfðP Ib
ðs;tÞÞxðt;uÞIcðu;sÞgTrfðP Jb

ðs;tÞÞcðt;uÞxðu;sÞJg � TrfðP Ib
ðs;tÞÞcðt;uÞxðu;sÞIgTrfðP Jb

ðs;tÞÞxðt;uÞJcðu;sÞg
þ TrfðP Ib

ðs;tÞÞcðt;uÞxðu;sÞIgTrfðP Jb
ðs;tÞÞcðt;uÞxðu;sÞJg

�
: (A46)

For example, we calculate the first term of (A46) by applying Wick’s theorem.
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ðs;tÞðt1ÞÞcðu;sÞðt2Þihxðt;uÞIðt1Þxðt;uÞJðt2Þihcðu;sÞðt1ÞðP Jb
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X
l3

X
J3;M3

1

R2
B

ei!l3
ðt1�t2Þð�1ÞM3�ðju�jsÞŶðju;jsÞ

J3M3
ðRBMŶ

ðjs;jtÞ
J3�M3

Þ
�

¼�1

2

g2PW�2


N0

X
s;t;u

X
l1;l2

X
J1;M1

X
J2;M2

X
J3;M3

1

N0

Tr
1
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Tr

�
1

P 2
B

ð�1ÞM1�ðjs�jtÞðP BIŶ
ðjs;jtÞ
J1M1

ÞŶðju;jsÞ
J1�M1

1

Q2
B

	IJð�1ÞM2�ðjt�juÞŶðjt;juÞ
J2M2

Ŷðjt;juÞ
J2�M2

� 1

R2
B

ð�1ÞM3�ðju�jsÞðRBJŶ
ðju;jsÞ
J3M3

ÞŶðjs;jtÞ
J3�M3

�
; (A47)

where we also used the relation (A40). We obtain the following equation to evaluate the other contractions:

�
1

2
VghVgh

	
1PI

� 1

2

g2PW�
2


N0

X
s;t;u

X
l1;l2

X
123

�̂y
123

P B �QB þ P B �RB

P 2
BQ

2
BR

2
B

�̂123 ¼ g2PW�
2


N0

X
s;t;u

X
l1;l2

X
123

�̂y
123

P B �QB

P 2
BQ

2
BR

2
B

�̂123: (A48)

Moreover, we obtain the following simplified equation to
use the relation (A42) and the conservation law of mo-
menta (A43):�
1

2
VghVgh

	
1PI

�� 1

2

g2PW�
2


N0

X
s;t;u

X
l1;l2

X
123

�̂y
123

1

P 2
BQ

2
B

�̂123:

(A49)

d. Feynman diagram involving the fermion interaction (e)

Finally, we evaluate the diagram involving fermion in-
teractions. The fermion vertex is expressed as follows:

VF ¼ 1

g2PW�2

Z 


0
dt
X
s;t

Tr

�
� 1

2
�’ðs;tÞ�I½xI; ’�ðt;sÞ

�
: (A50)

The 1PI diagram involving fermion vertices is calculated as
follows:�
1

2
VFVF

	
1PI

¼ 1

2

�
1

g2PW�
2

Z 


0
dt
X
s;t

Tr

�
1

2
�’ðs;tÞ�I½xI;’�ðt;sÞ

��
2

¼ 1

2

�
1

g2PW�
2

Z 


0
dt
X
s;t;u

Trf �’ðs;tÞ�Ixðt;uÞI ’ðu;sÞg
�
2
:

(A51)

We can perform the Wick contractions:
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�
1

2
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1PI
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2

1

g4PW�
4
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0
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X
s;t;u

TrTr

� g2PW�2
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�
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�
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Ŷ
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X
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X
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P 2
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X
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X
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�
1
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4

1

P 2
F
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2

�
1

P 2
F

�
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fPQR�
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�

� �Bð�1ÞM3�ðju�jsÞei!h3
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: (A52)

We can evaluate the traces of products of gamma matrices. We obtain the following result�
1

2
VFVF

	
1PI

�X
123

�̂y
123

�
�32

g2PW�2


N0

X
h1;h2

1

P 2
FQ

2
F

þ 64
g2PW�2


N0

X
l1;h2

1

P 2
BQ

2
F

�
�̂123: (A53)

3. Two-loop effective action

a. Bosonic two-loop effective action

We calculate the bosonic two-loop effective action of the plane wave matrix model as follows:

Ŵ2-loop
B ¼

�
�V4 þ 1

2
V3V3 þ 1

2
VghVgh

	
1PI

¼ �32
g2PW�

2


N0

X
l1;l2

X
s;t;u

X
123

�̂y
123

1

P 2
BQ

2
B

�̂123

¼ �32
g2PW�
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N3
0

X
l1;l2

X
s;t;u

X
J1;M1

X
J2;M2

X
J3;M3

TrŶðjs;jtÞy
J1M1

Ŷðjt;juÞy
J2M2

Ŷðju;jsÞy
J3M3

1

ð!2
l1
þ�2J1ðJ1 þ 1ÞÞð!2

l2
þ�2J2ðJ2 þ 1ÞÞ

� TrŶðjs;jtÞ
J1M1

Ŷðjt;juÞ
J2M2

Ŷðju;jsÞ
J3M3

: (A54)

Note that on the analogy with the large N reduced model on a flat background. So we obtain that

Ŵ2-loop
B ¼ �32

g2PW�2


N0

X
l1;l2

X1
r¼1

X1
J1¼0

XJ1
M1¼�J1

XJ1
~M1¼�J1

X1
J2¼0

XJ2
M2¼�J2

XJ2
~M2¼�J2

X1
J3¼0

XJ3
M3¼�J3

XJ3
~M3¼�J3

� ð2J1 þ 1Þð2J2 þ 1Þð2J3 þ 1Þ
ð!2

l1
þ�2J1ðJ1 þ 1ÞÞð!2

l2
þ�2J2ðJ2 þ 1ÞÞ

J1 J2 J3

M1 M2 M3

 !
2 J1 J2 J3

~M1
~M2

~M3

 !
2

; (A55)

where we define that p=2 ¼ ~M1, q=2 ¼ ~M2, and ð�p� qÞ=2 ¼ ~M3, and use the following relation:

1

N0

TrŶðjs;jtÞ
J1M1

Ŷðjt;juÞ
J2M2

Ŷðju;jsÞ
J3M3

!
N0!1ð�1Þ2J2�2J3� ~M1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2J1 þ 1Þð2J2 þ 1Þð2J3 þ 1Þ

q
J1 J2 J3
M1 M2 M3

� �
J1 J2 J3
~M1

~M2
~M3

� �
; (A56)

where ð� � �Þ represents the 3-j symbol of Wigner [38,39]. We have a cutoff such that r < 2�, so the maximal value of J and
~M are N0 and �, respectively. Then, we separate the sums over J into two parts at �. After dividing the overall factor

P
r,

we can obtain that

� 32
g2PW�

2


N0

X
l1;l2

X1
J1¼0

XJ1
M1¼�J1

XJ1
~M1¼�J1

X1
J2¼0

XJ2
M2¼�J2

XJ2
~M2¼�J2

X1
J3¼0

XJ3
M3¼�J3

XJ3
~M3¼�J3

ð2J1 þ 1Þð2J2 þ 1Þð2J3 þ 1Þ
ð!2

l1
þ�2J1ðJ1 þ 1ÞÞð!2

l2
þ�2J2ðJ2 þ 1ÞÞ

� J1 J2 J3

M1 M2 M3

 !
2 J1 J2 J3

~M1
~M2

~M3

 !
2

¼ �32
g2PW�2


N0

X
l1;l2

X1
J1¼0

X1
J2¼0

X1
J3¼0

ð2J1 þ 1Þð2J2 þ 1Þð2J3 þ 1Þ
ð!2

l1
þ�2J1ðJ1 þ 1ÞÞð!2

l2
þ�2J2ðJ2 þ 1ÞÞ :

(A57)
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Note that we consider the following cutoff scale: T � �. We thus obtain that

Ŵ
2-loop
B ¼ �32

g2PW�2


N0

X
l1;l2

X1
k1¼0

X1
k2¼0

X1
k3¼0

ðk1 þ 1Þðk2 þ 1Þðk3 þ 1Þ
ð!2

l1
þ �2

4 k1ðk1 þ 2ÞÞð!2
l2
þ �2

4 k2ðk2 þ 2ÞÞ
; (A58)

where we set that k1 ¼ 2J1, k2 ¼ 2J2, and k3 ¼ 2J3. The
summations over k1, k2, and k3 can be approximated by the
integrals over

x1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1ðk1 þ 2Þp

rT
; x2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðk2 þ 2Þp

rT
;

x3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k3ðk3 þ 2Þp

rT
:

(A59)

In a high temperature limit, we obtain the following equa-
tion:

� 32
g2PW�

2

N0

X
l1;l2

Z 1

0
dx1dx2dx3r

2T2x1r
2T2x2r

2T2x3

� 1

ðð2�l1TÞ2 þ x21T
2Þðð2�l2TÞ2 þ x22T

2Þ

¼ �32r6T2 g
2
PW�2

N0

X
l1;l2

Z 1

0
dx1dx2dx3

� x1x2x3
ðð2�l1Þ2 þ x21Þðð2�l2Þ2 þ x22Þ

: (A60)

We want to evaluate the sum of the following form:

X1
l1¼�1

X1
l2¼�1

x1
ð2�l1Þ2 þ x21

x2
ð2�l2Þ2 þ x22

: (A61)

Since the function 1
2 cothðz2Þ has poles at z ¼ 2�li and is

everywhere else bounded and analytic, we may express
Eq. (A61) as a contour integral as follows:

1

2�i

I
dz1

�x1
z21 � x21

1

2
coth

�
z1
2

�
1

2�i

I
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z22 � x22

1

2

� coth

�
z2
2

�
¼ 1

2
coth

�
x1
2

�
� 1
2
coth

�
x2
2

�
: (A62)

Then, with a suitable rearrangement of the exponentials in
the hyperbolic cotangent, we obtain that

1

4
þ 1

2

1

ex1 � 1
þ 1

2

1

ex2 � 1
þ 1

ex1 � 1

1

ex2 � 1
: (A63)

Therefore, we can get the bosonic two-loop effective action
as follows:

Ŵ
2-loop
B ¼ �32r6T2 g

2
PW�

2
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Z 1

0
dx1dx2dx3x3

�
1

4
þ 1

2

� 1

ex1 � 1
þ 1

2

1

ex2 � 1
þ 1

ex1 � 1

1

ex2 � 1

�
:

(A64)

b. Fermionic two-loop effective action

We calculate the fermionc two-loop effective action of
the plane wave matrix model as follows:

Ŵ
2-loop
F ¼

�
1
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VFVF
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�X
123

�̂y
123

�
�32

g2PW�
2


N0
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2
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þ 64
g2PW�
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1

P 2
BQ

2
F

�
�̂123: (A65)

First, we calculate the first term of the fermionic two-
loop effective action as follows:

Ŵ2-loop
Fð0Þ ¼ �32

g2PW�
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X
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X
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X
J1;M1

X
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� TrŶðjs;jtÞ
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: (A66)

In the same way as the bosonic two-loop effective action,
we obtain that

� 32r6T2 g
2
PW�

2


N0

X
h1;h2

Z 1

0
dx1dx2dx3

� x1x2x3
ðð2�h1Þ2 þ x21Þðð2�h2Þ2 þ x22Þ

: (A67)

Similarly, we evaluate the sum of the following form:

X1
h1¼�1

X1
h2¼�1

x1
ð2�h1Þ2 þ x21

x2
ð2�h2Þ2 þ x22

: (A68)

Since the function 1
2 tanhðz2Þ has poles at z ¼ 2�hi and is

everywhere else bounded and analytic, we may express
Eq. (A68) as a contour integral as follows:

1
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2
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�
: (A69)

Then, with a suitable rearrangement of the exponentials in
the hyperbolic tangent, we obtain that
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1
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� 1
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ex1 þ 1
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ex2 þ 1
: (A70)

Then, we calculate the second term of the fermionic two-loop effective action as follows:
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2-loop
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: (A71)

Similarly, we calculate the sum of the following form:
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: (A72)

Therefore, we can get the fermionic two-loop effective action as follows:
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c. All contributions of two-loop effective action

We summarize the two-loop effective action of the plane wave matrix model at finite temperature as follows:
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2-loop
B þ Ŵ
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