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All the boundary conditions compatible with the reduction of a five-dimensional spinor field of bulk

mass M in a compactified warped space to a four-dimensional brane are derived from the Hermiticity

conditions of the relevant operator. The possible presence of metric singularities is taken into account.

Examples of resulting Kaluza-Klein spinor towers are given for a representative set of values for the basic

parameters of the model and of the parameters describing the allowed boundary conditions, within the

hypothesis that there exists one-mass-scale-only, the Planck mass. In many cases, the lowest mass in the

tower is small and very sensitive to the parameters while the other masses are much higher and become

more regularly spaced. In these cases, if a basic fermion of the standard model (lepton or quark) happens

to be the lowest mass of a Kaluza-Klein tower, the other masses would be much larger and weakly

dependent on the fermion which defines the tower.
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I. INTRODUCTION

The Kaluza-Klein towers originate from the considera-
tion of fields in compactified higher dimensions [1]. A
large number of original and review articles have been
written on the subject for scalar fields and for fields of
higher spin [2]. In particular, some attention has been paid
on the boundary conditions which are especially important
for the structure and classification of the Kaluza-Klein
towers. For fermions we are interested in here, see for
example [3].

In recent articles, we have reanalyzed in great generality
the generation of Kaluza-Klein mass states in five-
dimensional theories with a fifth dimension compactified
either to a strip or on a circle. This study was carried out
considering a scalar field propagating freely in the bulk,
either in a flat space or in a warped space [4], without or
with metric singularities [5]. The approach relies on a
careful study of the Hermiticity properties of the operators
which arise in the Kaluza-Klein reduction equations and
which are of second order in the derivatives. This lead us,
considering different five-dimensional metric configura-
tions (flat and warped), to focus our attention on the
classification of all the sets of allowed boundary conditions
and, from them, to study thoroughly the corresponding
mass equations leading to the construction of the so-called
Kaluza-Klein mass towers. Remember that the considera-
tion of warp spaces offers the possibility to solve in a
elegant way, with only one extra dimension, the hierarchy
problem, in the sense that starting from the Planck mass as

the only fundamental mass of the model, the observable
low lying Kaluza-Klein masses can be made of the order of
TeV without fine-tuning.
Having in mind that the future high energy colliders are

expected to look for the possible appearance of Kaluza-
Klein mass towers which could be of non zero spin as
evidence for the existence of fields with spin propagating
in higher dimensions, we were led to extend our work to
spinor fields. In a previous article [5], we restricted our-
selves, as a first step in a more general approach, to a five-
dimensional flat space. Requesting the Dirac operator be a
symmetric operator and taking into account the underlying
symmetries of the Dirac equation in five dimensions, in
particular, covariance and parity invariance in the brane,
the whole set of allowed boundary conditions has been
established leading to the mass equations from which the
Kaluza-Klein mass towers are built.
In our preceding papers, illustrative numerical examples

of Kaluza-Klein mass towers were given for the different
configurations we considered.
In this article, we extend our study of Dirac fields by the

consideration of five-dimensional compactified warp
spaces, first without, and then with metric singularities.
The article is organized as follows. In Sec. II, we consider
the case of a warp space with no metric singularity. We
establish the specific form of the Dirac equation and pro-
ceed with the Kaluza-Klein reduction. The whole set of
allowed boundary conditions are obtained from the
Hermiticity of the Dirac operator or equivalently from
the least action principle (see also [3]). Within their clas-
sification, we have explored and exploited especially those,
less studied in the literature, which relate together the
values of the fields at different boundaries. The solutions
for a free field with an arbitrary massM propagating in the
bulk are given explicitly. In Sec. III, we extend the same
considerations to the case of warp spaces with an arbitrary
number of metric singularities, focusing again on the de-
termination of all the allowed boundary conditions.
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Section IV is devoted to various physical considerations
concerning the determination and the interpretation of the
Kaluza-Klein mass eigenstates, in particular, considera-
tions about the possible choices of boundary conditions,
the closure of the extra dimension strip to a circle, the mass
scales of the model, the relation between Kaluza-Klein
eigenmasses and observable masses and finally the mass
state probability densities. In Sec. V, the general procedure
adopted for the determination of the Kaluza-Klein mass
towers is elaborated from the boundary conditions and the
analytical expressions of the field. In Sec. VI, some illus-
trative numerical examples of Kaluza-Klein mass towers
are given for specific boundary conditions, in the cases
without and with metric singularities. Several types of
towers result and some never appeared in print as of today.

In Appendix A, we show that the boundary relations
derived from the application of the least action principle
are identical to those we deducted from the symmetry of
the Dirac operator. In Appendix. B, we developed some
examples of boundary conditions in the general case of an
arbitrary number of metric singularities.

II. THE DIRAC EQUATION IN AWARPED SPACE.
NO METRIC SINGULARITIES

A. The dirac equation. invariances

We consider the Dirac equation (see Appendix A) with a
bulk mass M

ði�ADA �MÞ� ¼ 0 (1)

and with the invariant scalar product between the spinors�
and �

ð�;�Þ ¼
Z

��ðxÞ�ðxÞ ffiffiffi
g

p
d4x (2)

in a five-dimensional warped space. With the following
notation for the indices

warp space: fAg � f�;Sg � f0; I;Sg; I¼ 1;2;3; S¼ 5

local space: fag � f�;sg � f0; i; sg; i¼ 1;2;3; s¼ 5

(3)

the warped metric is

dS2 ¼ gABdx
AdxB ¼ g��dx

�dx� � ds2

¼ �2e�2�ks���dx
�dx� � ds2: (4)

In this equation, ���, �ss are the components of the five-
dimensional flat space metric with signature
ðþ;�;�;�;�Þ, � is an arbitrary positive constant, intro-
duced for later convenience, while, with k defined to be
positive, the warp factor �k, � ¼ �1 can be chosen to be
positive or negative. As in the four-dimensional space, the
Dirac spinor is four-dimensional ��, � ¼ 1; . . . ; 4 in a
five-dimensional space.

The non zero elements of the vielbein eA
c defined as

usual by

gAB ¼ eA
c�cdeB

d (5)

are chosen as

e�
� ¼ e0

0 ¼ e1
1 ¼ e2

2 ¼ e3
3 ¼ �e��ks; eS

s ¼ 1

(6)

e�
� ¼ e0

0 ¼ e1
1 ¼ e2

2 ¼ e3
3 ¼ ��1e�ks; es

S ¼ 1:

(7)

The warped �A are given by

�A ¼ ea
A�a (8)

with the local �a of the flat five-dimensional space built
from those of the flat four-dimensional space (½�a; �b�þ ¼
�ab, in particular �s ¼ �0�1�2�3).
The Dirac equation is covariant under the diffeomor-

phisms and independently under local SO(4,1) transforma-

tions êA
a ¼ Ta

beA
b, �̂� ¼ S���� with S�1�aS ¼ Ta

b�
b

and Tt�T ¼ �.
The covariant derivative of the four-component spinor

field �� is given by

ðD½s�
A �Þ� ¼ @A�� þ ðG½s�

A Þ���� (9)

where the spinor connection G½s�
A , reduces to

G½s�
�

¼ � 1

2
��ke��ks���

5; G½s�
S ¼ 0: (10)

Finally, one finds from (1) the specific Dirac equation of
the warped space (4)�

e�ks

�
ði��@�Þ þ ði�5Þð@5 � 2k�Þ

�
� ¼ M�: (11)

The five-dimensional mass M, the mass in the bulk, is an
arbitrary parameter of the model.

B. Symmetry of the dirac operator

In order to have real M, the Dirac operator D in (1)

D ¼ i�ADA (12)

should be symmetric for the Hermitian scalar product (2),
namely

ð�;D�Þ ¼ ðD�;�Þ: (13)

The Eq. (13) reduces (up to a factor i) to the integral of a
divergence Z

@Að ���A�
ffiffiffi
g

p Þddx ¼ 0 (14)

meaning that this operator is formally symmetric. This
equation determines the boundary conditions which must
be satisfied by � and � in order for the Dirac operator to
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be fully symmetric. In this section, the discussion is carried
on in a warped space without metric singularities and in
Sec. III with an arbitrary number N of metric singularities.

C. Kaluza-Klein reduction. No metric singularity

We adopt the following Kaluza-Klein separation of var-
iables

�ðx	; sÞ ¼ X
n

ðF½n�ðsÞ þ iG½n�ðsÞ�5Þc ½n�ðx	Þ (15)

assuming that F½n�ðsÞ and G½n�ðsÞ are complex functions

depending on s only while c ½n�ðx	Þ is a x	 dependent
spinor.

In this form we have made the most general choice
compatible with an SO(3,1) spinor invariance in the sense

that� and c ½n� are supposed to transform in the same way
under this subgroup of the spinor SO(4,1) transformations.

D. Boundary relation and conditions for the spinor
fields. No metric singularity

For each variable xA with range ½�1;1�, the integration
in (14) is identically zero for� and� in the spinor Hilbert
space (sufficient decrease of the fields at �1). For the
variables s which has a finite range ½0; 2
R�, the boundary
relation isZ

d4x½ ���5�
ffiffiffi
g

p �s¼2
R ¼
Z

d4x½ ���5�
ffiffiffi
g

p �s¼0; (16)

where the integration is carried on all the variables x	. In
turn, the relation (16) implies conditions between the fields
evaluated at s ¼ 2
R and s ¼ 0. These boundary condi-
tions will be written explicitly below for the case of a five-
dimensional warped space without metric singularity or in
Sec. III for the case with metric singularities.

We do not consider here the variable s with a semi-
infinite range ½0;1� (up to a transformation s0 ¼ �sþ �)
which requires a special treatment.

In order to obtain the boundary conditions which must

be satisfied by the components F½n;�� andG½n;�� of the field
(with identical relations for F½n;�� and G½n;��), one intro-
duces the reduction ansatz (15) in the boundary relation
(16).

As in the flat case for spinors [5], there are two sets of
possible boundary conditions. The first set

Set BC1:

(
F½n�ð2
RÞ
G½n�ð2
RÞ

 !
¼ B

F½n�ð0Þ
G½n�ð0Þ

 !
; (17)

where B is a complex 2� 2 matrix. After some computa-
tion one finds that B must be of the form

B ¼ e4�
kRei�
coshð!Þ sinhð!Þ
sinhð!Þ coshð!Þ

� �
; (18)

where � is a real parameter with range 0 � � < 2
 and !

is an arbitrary real parameter. Compared to the flat case
there is simply an extra e4�
kR factor.
The second set

Set BC1:

�
G½n�ð0Þ ¼ �0F

½n�ð0Þ; �20 ¼ 1
G½n�ð2
RÞ ¼ �RF

½n�ð2
RÞ; �2R ¼ 1
; (19)

where �0 and �R are two arbitrary signs is identical to the
corresponding set in the flat case.
One supposes that the fields satisfy the S0(3,1) invariant

boundary conditions.

E. Solutions. No metric singularity

Introducing the reduction ansatz (15) in the five-

dimensional Dirac Eq. (1) and postulating that c ½n� satis-
fies the four-dimensional parity invariant Dirac equation

ði�	@	 �mnÞc ½n� ¼ 0 (20)

one finds from (11) the two coupled equations for the
components of the field

@sG
½n� ¼

�
M� e�ks

mn

�

�
F½n� þ 2�kG½n�

@sF
½n� ¼ 2�kF½n� þ

�
Mþ e�ks

mn

�

�
G½n�:

(21)

The solution can be written

F½n�ðsÞ ¼ 1

2
ðF½n�

þ ðsÞ þ F½n�� ðsÞÞ

G½n�ðsÞ ¼ 1

2
ðF½n�

þ ðsÞ � F½n�� ðsÞÞ
(22)

with F½n�
þ ðsÞ the following linear superposition of Bessel

functions.

F½n�
þ ðsÞ ¼

�
mne

�ks

�k

�
5=2
�
�nJð�M=kÞ�ð1=2Þ

�
mne

�ks

�k

�

þ �nYð�M=kÞ�ð1=2Þ
�
mne

�ks

�k

��
(23)

with two arbitrary constants, and

F½n�� ðsÞ ¼ �e��ks

mn

ð�@sF
½n�
þ ðsÞ þ ðMþ 2�kÞF½n�

þ ðsÞÞ: (24)

The constants �n and �n of (23) are determined by the
boundary conditions (17) or (19).

III. APPLICATION TO A FIVE-DIMENSIONAL
WARPED SPACE WITH METRIC SINGULARITIES

A. The five-dimensional warped space with N metric
singularities

The extension of the preceding arguments to a warped
space with an arbitrary number N of metric singularities
situated at the points si, i ¼ 1, N with s0 ¼ 0< s1 <
s2; . . . ; sN < sNþ1 ¼ 2
R on the strip is straightforward.
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By definition, the metric is of the general form (4) with
� ¼ 1 for some (possibly nonconnected) region of s and
� ¼ �1 for the complementary region. A singular point is
a point which joins two regions of opposite values of �. We
moreover postulate, for physical reasons, that all the com-
ponents of the metric are continuous at the singular points.

There are N þ 1 intervals Ii; i ¼ 0; . . . ; N

I0 ¼ ½0; s1�; I1 ¼ ½s1; s2�; . . . ; IN�1 ¼ ½sN�1; sN�;
IN ¼ ½sN; 2
R� (25)

of respective length

l0 ¼ s1; l1 ¼ s2 � s1;

l2 ¼ s3 � s2; . . . ; lN ¼ 2
R� sN:
(26)

Defining

ri ¼ �2ð�1Þiþ1

�Xi�1

j¼0

ð�1Þjsi�j

�
(27)

(note r0 ¼ 0) equivalent to

r2i ¼ 2
Xi
j¼1

l2j�1 r2iþ1 ¼ �2
Xi
j¼0

l2j; (28)

the metric takes the explicit form

for s 2 Ii: dS
2 ¼ e�2k�ðð�1Þis�riÞdx	dx	 � ds2

ði ¼ 0; . . . ; NÞ (29)

chosen to be normalized to one at s ¼ 0. The sign of the
coefficient of s in the exponent alternates between � and

�� for the intervals Ii with even and odd i. The end points
of each interval are thus singular points, except s ¼ 0 and
s ¼ 2
R (see however the special case of a closure to a
circle in Sec. IVB).
In each subspace, the Dirac equation derived from (1)

assumes the form

for s 2 Ii: ðe�kðð�1Þis�riÞði��@�Þ
þ ði�5Þð@5 � 2ð�1Þik�ÞÞ� ¼ M�: (30)

B. Kaluza-Klein reduction with metric singularities

We adopt the following Kaluza-Klein separation of var-
iables analogous to the no singularity case (15), in each
interval

�½i�ðx	; sÞ ¼X
n

ðF½n;i�ðsÞ þ iG½n;i�ðsÞ�5Þc ½n�ðx	Þ (31)

assuming c ½n�ðx	Þ to be a spinor depending on x	 only,
and independent of the interval Ii to which s belongs. The

complex functions F½n;i�ðsÞ and G½n;i�ðsÞ are functions de-
pending on s only. They are supposed to be smooth within
the intervals Ii, where they may take different analytical
forms.
Introducing the reduction (31) into the Dirac Eq. (30) in

each subspace Ii and postulating that the c ½n�ðx	Þ satisfies
the four-dimensional Dirac Eq. (20), we find the two
coupled equations

for s 2 Ii

�
@sG

½n;i� ¼ ðM� e�kðð�1Þis�riÞmnÞF½n;i� þ 2ð�1Þi�kG½n;i�
@sF

½n;i� ¼ 2ð�1Þi�kF½n;i� þ ðMþ e�kðð�1Þis�riÞmnÞG½n;i�:
(32)

C. Solutions with metric singularities

Following the same procedure as in the case without
singularity II E we find that in the interval Ii, the solution is

F½n;i�ðsÞ ¼ 1

2
ðF½n;i�

þ ðsÞ þ F½n;i�� ðsÞÞ

G½n;i�ðsÞ ¼ 1

2
ðF½n;i�

þ ðsÞ � F½n;i�� ðsÞÞ:
(33)

The function F½n;i�
þ ðsÞ is the following linear superposition

of Bessel functions.

F½n;i�
þ ðsÞ ¼

�
mne

�kðð�1Þis�riÞ

k

�
5=2

�
�
�n;iJð�ð�1ÞiMÞ=k�ð1=2Þ

�
mne

�kðð�1Þis�riÞ

k

�

þ �n;iYð�ð�1ÞiMÞ=k�ð1=2Þ
�
mne

�kðð�1Þis�riÞ

k

��
(34)

depending on two arbitrary constants �n;i, �n;i and with

F½n;i�� ðsÞ ¼ e��kðð�1Þis�riÞ

mn

ð�@sF
½n;i�
þ ðsÞ þ ðMþ 2�kð�1ÞiÞ

� F½n;i�
þ ðsÞÞ: (35)

The constants�n;i and �n;i (altogether 2ðN þ 1Þ parame-

ters) must satisfy 2ðN þ 1Þ homogeneous linear boundary
relations expressing the boundary conditions (see (52)).
For given boundary conditions, in order to obtain a non
trivial solution for the �n;i and �n;i, the related 2ðN þ 1Þ �
2ðN þ 1Þ determinant must vanish, leading to a mass ei-
genvalue equation for the mn.

D. Boundary relation and conditions for the spinor
fields with metric singularities

In the boundary relation (14), the total derivative terms
in � vanish since the fields are supposed to decrease
sufficiently fast at infinity in the � directions. The fields
are in general discontinuous at the metric singularity
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points. We define

�lðsiÞ ¼ lim
�!0þ

�ðx	; si � �Þ

�rðsiÞ ¼ lim
�!0þ

�ðx	; si þ �Þ: (36)

The boundary relation (14), after integration over s, be-
comes

Z
d4x

�XNþ1

i¼1

��lðsiÞ�5�lðsiÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q

�XN
i¼0

��rðsiÞ�5�rðsiÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q �
¼ 0: (37)

Expanding � and � according to the Kaluza-Klein reduc-
tion (31), leading to

��ðx	; sÞ ¼ X
n

�½n�ðx	ÞðC½n��ðsÞ � iD½n��ðsÞ�5Þ; (38)

one finds after some algebra

XN
i¼0

ðD½m��rðsiÞF½n�rðsiÞ�C½m��rðsiÞG½n�rðsiÞÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q

� XNþ1

i¼1

ðD½m��lðsiÞF½n�lðsiÞ�C½m��lðsiÞG½n�lðsiÞÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q
¼ 0

(39)

XN
i¼0

ðC½m��rðsiÞF½n�rðsiÞ�D½m��rðsiÞG½n�rðsiÞÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q

� XNþ1

i¼1

ðC½m��lðsiÞF½n�lðsiÞ�D½m��lðsiÞG½n�lðsiÞÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q
¼ 0:

(40)

In terms of the left and right boundary values, we define
the 4ðN þ 1Þ dimensional vectors

� ¼

ffiffiffiffiffiffiffiffiffiffiffi
gðs0Þ4

p
C½n�rðs0Þffiffiffiffiffiffiffiffiffiffiffi

gðs0Þ4
p

D½n�rðs0Þffiffiffiffiffiffiffiffiffiffiffi
gðs1Þ4

p
C½n�rðs1Þffiffiffiffiffiffiffiffiffiffiffi

gðs1Þ4
p

D½n�rðs1Þ
..
.ffiffiffiffiffiffiffiffiffiffiffiffi

gðsNÞ4
p

C½n�rðsNÞffiffiffiffiffiffiffiffiffiffiffiffi
gðsNÞ4

p
D½n�rðsNÞffiffiffiffiffiffiffiffiffiffiffi

gðs1Þ4
p

C½n�lðs1Þffiffiffiffiffiffiffiffiffiffiffi
gðs1Þ4

p
D½n�lðs1Þ
..
.ffiffiffiffiffiffiffiffiffiffiffiffi

gðsNÞ4
p

C½n�lðsNÞffiffiffiffiffiffiffiffiffiffiffiffi
gðsNÞ4

p
D½n�lðsNÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðsNþ1Þ4
p

C½n�lðsNþ1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðsNþ1Þ4

p
D½n�lðsNþ1Þ

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

� ¼

ffiffiffiffiffiffiffiffiffiffiffi
gðs0Þ4

p
F½n�rðs0Þffiffiffiffiffiffiffiffiffiffiffi

gðs0Þ4
p

G½n�rðs0Þffiffiffiffiffiffiffiffiffiffiffi
gðs1Þ4

p
F½n�rðs1Þffiffiffiffiffiffiffiffiffiffiffi

gðs1Þ4
p

G½n�rðs1Þ
..
.ffiffiffiffiffiffiffiffiffiffiffiffi

gðsNÞ4
p

F½n�rðsNÞffiffiffiffiffiffiffiffiffiffiffiffi
gðsNÞ4

p
G½n�rðsNÞffiffiffiffiffiffiffiffiffiffiffi

gðs1Þ4
p

F½n�lðs1Þffiffiffiffiffiffiffiffiffiffiffi
gðs1Þ4

p
G½n�lðs1Þ
..
.ffiffiffiffiffiffiffiffiffiffiffiffi

gðsNÞ4
p

F½n�lðsNÞffiffiffiffiffiffiffiffiffiffiffiffi
gðsNÞ4

p
G½n�lðsNÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðsNþ1Þ4
p

F½n�lðsNþ1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðsNþ1Þ4

p
G½n�lðsNþ1Þ

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

:

(41)

The two boundary relations (39) and (40) can be written in
matrix form

�þS½4ðNþ1Þ�
j � ¼ 0; j ¼ 1; 2; (42)

where Sj are square matrices with upper index ½4ðN þ 1Þ�
referring to their size. For (39), the antisymmetric matrix

S½4ðNþ1Þ�
1 has the following form

S½4ðNþ1Þ�
1 ¼ S½2ðNþ1Þ�

1 0½2ðNþ1Þ�

0½2ðNþ1Þ� �S½2ðNþ1Þ�
1

 !
(43)

with the zero matrix 0½2ðNþ1Þ� and the antisymmetric block

diagonal matrix S½2ðNþ1Þ�
1

S½2ðNþ1Þ�
1 ¼

�i�2 0½2� . . .
0½2� �i�2 . . .

..

. ..
. . .

.

0
BB@

1
CCA: (44)

For (40), the matrix S½4ðNþ1Þ�
2 is block diagonal
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S½4ðNþ1Þ�
2 ¼ S½2ðNþ1Þ�

2 0½2ðNþ1Þ�

0½2ðNþ1Þ� �S½2ðNþ1Þ�
2

 !
(45)

with the diagonal matrix S½2ðNþ1Þ�
2

S½2ðNþ1Þ�
2 ¼

�3 0½2� . . .
0½2� �3 . . .

..

. ..
. . .

.

0
BB@

1
CCA: (46)

The allowed sets of boundary conditions can be obtained
from the boundary relations (42), by the following general
procedure. The boundary conditions are expressible in
terms of 2ðN þ 2Þ independent homogeneous linear rela-
tions among the components of the matrix � (41) chosen
in such a way as to guarantee the two boundary relations
(39) and (40). The components of � have of course to
satisfy the same linear relations. The boundary conditions
are written

MBC� ¼ 0 (47)

where MBC is a 2ðN þ 1Þ � 4ðN þ 1Þ matrix of rank
2ðN þ 1Þ. For any such MBC, there exists a 4ðN þ 1Þ �
4ðN þ 1Þ permutation matrix P such that, defining

�P � P�; (48)

the 2ðN þ 1Þ boundary conditions are equivalent to

�P ¼ V½4ðNþ1Þ�
P �P (49)

with the matrix V½4ðNþ1Þ�
P written in terms of a matrix

V½2ðNþ1Þ�
P (depending on P) and the unit matrix 1½2ðNþ1Þ� as

V½4ðNþ1Þ�
P ¼ 1½2ðNþ1Þ� 0½2ðNþ1Þ�

V½2ðNþ1Þ�
P 0½2ðNþ1Þ�

 !
: (50)

Writing�P in terms of its 2ðN þ 1Þ upper elements�u
P

and its down elements �d
P

�P ¼ �u
P

�d
P

� �
(51)

one finds that the 2ðN þ 1Þ first equations are trivial while
the last 2ðN þ 1Þ equations express the boundary condi-
tions equivalent to (47)

�d
P ¼ V½2ðNþ1Þ�

P �u
P: (52)

This is in agreement with the observation that, from (47),
there exists always a permutation P of the component of�
such that the 2ðN þ 1Þ components (�d

P) are linear func-
tions of the 2ðN þ 1Þ other components (�u

P).

Writing S½4ðNþ1Þ�
Pj (j ¼ 1, 2) the transformed of S½4ðNþ1Þ�

j

under P

S½4ðNþ1Þ�
Pj ¼ PS½4ðNþ1Þ�

j P�1; (53)

the matrix V½4ðNþ1Þ�
P expressing the allowed boundary con-

ditions (49), must satisfy the two matrix equations

ðV½4ðNþ1Þ�
P ÞþS½4ðNþ1Þ�

Pj V½4ðNþ1Þ�
P ¼ 0: (54)

This follows from the fact that the boundary relations (42)
then depend on �u

P and �uþ
P only which are all indepen-

dent and arbitrary.

With the four 2ðN þ 1Þ � 2ðN þ 1Þ matrices S½2ðNþ1Þ�;r
Pj ,

r ¼ 1; . . . ; 4, j ¼ 1, 2 defined for each S½4ðNþ1Þ�
Pj as

S½4ðNþ1Þ�
Pj ¼ S½2ðNþ1Þ�;1

Pj S½2ðNþ1Þ�;2
Pj

S½2ðNþ1Þ�;3
Pj S½2ðNþ1Þ�;4

Pj

0
@

1
A; (55)

the boundary relations (42) lead explicitly to two equations

for the matrix V½2ðNþ1Þ�
P

for j ¼ 1; 2

S½2ðNþ1Þ�;1
Pj þ ðV½2ðNþ1Þ�

P ÞÞþS½2ðNþ1Þ�;3
Pj þ S½2ðNþ1Þ�;2

Pj V½2ðNþ1Þ�
P

þ ðV½2ðNþ1Þ�
P ÞþS½2ðNþ1Þ�;4

Pj V½2ðNþ1Þ�
P ¼ 0: (56)

It should be stressed that different choices of Pmay lead
to equivalent, differently expressed, boundary conditions,
in particular, by multiplying P by further permutations
within the elements of �u or within the elements of �d.
A few examples of boundary conditions are given in
Appendix A.

IV. PHYSICAL CONSIDERATIONS

In our previous article [5], we have given a detailed
discussion of the physical relevance of the main aspects
underlying the Kaluza-Klein construction for scalars. We
summarize here the points which apply to the spinor case.

A. Physical discussion of the generalized boundary
conditions

It happens that the boundary conditions (52) may con-
nect the values of the components F and G of the field (not
their derivatives as in the scalar case) at different points of
the s-domain i.e. at the N metric singular points and at the
two edges. In this case, the field explores, in fact, its full
domain at once. This is tantamount to action at a distance
or non locality, which we argued previously not to be in
contradiction with quantum mechanics (see Sec. 5.1 of the
third article in [5]).
In our numerical applications (6) however, we restrict

ourselves either to fully local boundary conditions (locality
at the metric singular points as well as at the edges
(Appendix B 2) or to partially local boundary conditions
(excluding locality at the edges (Appendix B 1).

B. Closure to a circle

The strip could be closed in a circle by identifying
the points s ¼ 0 and s ¼ 2
R under the following
requirements.
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There must be an even number 2pðp > 0Þ of singular-
ities. By rotation around the circle, the first singularity can
always be placed at the closure point s ¼ 0. Then N �
2p� 1. The total range where the sign of s in the expo-
nential in the metric is positive must be equal to the total
range where it is negative (25) and (26)

Xj¼p�1

j¼0

l2j ¼
Xj¼p�1

j¼0

l2jþ1 ¼ 
R: (57)

C. Physical discussion of the singularities

The physical meaning of the metric singularities is, we
feel, a delicate question which is probably not yet fully
understood. If it happens that the fifth dimension is a strip,
there is no need for singularities although they may exist.
However, as we just saw, if the strip is closed to a circle, at
least two singularities must be present, and the question of
their interpretation cannot be avoided. It has been argued,
in the Z2 orbifold case, that the invoked visible and hidden
branes would contain localized fields (or energy) [4] re-
lated to the corresponding metric singularities. With this
interpretation, why would not then one or more singular-
ities appear on an interval or an arbitrary even number of
singularities on a closed circle, meaning one or more
positions with localized fields on the extra dimension
axis? We have chosen not to be prejudiced and decided
to envisage an arbitrary number of singularities. Indeed, if
brane localized fields are allowed, there is no good argu-
ment to exclude their presence in one or more locations.

D. The ’’one-mass-scale-only’’ hypothesis

By assumption, there is only one high mass scale in the
theory which is chosen to be the Planck mass

MPl � 1:22 1016 TeV: (58)

The dimensionfull parameters k, R andM can be written in
terms of reduced parameters �k, �R and �M

k ¼ �kMPl R ¼ �RðMPlÞ�1 M ¼ �MMPl: (59)

We call the assumption that the reduced parameters are
neither large nor small numbers (except 0) the ‘‘one-mass-
scale-only’’ hypothesis. The parameter �k �R ¼ kR governs
the reduction from the high mass scale to the TeV scale of
the low lying masses in the Kaluza-Klein towers.

Finally, let us note that by rescaling the parameter �k can
always be chosen to be equal to one

�k ¼ 1: (60)

Since the mass eigenvalue equation are covariant under a
rescaling of all the reduced parameters �p according to their
energy dimension dp

�p ! �dp �p; (61)

one finds that the mass eigenvalues for a given �k can be
obtained from eigenvalues corresponding to our choice
�k ¼ 1 (using � ¼ 1= �k) by

mnðf �k; �R; �MgÞ ¼ �kmn

��
1; �k �R;

�M
�k

��
: (62)

E. The physical masses

For a four-dimensional observer supposed to be sitting at
s ¼ sobs in a given Ii interval (25), the metric (29)

dS2 ¼ e�2�kðð�1Þisobs�riÞdx	dx	 � ds2 (63)

can be transformed in canonical form

dS2 ¼ d~x	d~x
	 � ds2 (64)

by the following rescaling

~x 	 ¼ e��kðð�1Þisobs�riÞx	: (65)

According to (20), we have

i�	 ~@	c
½n� ¼ e�kðð�1Þisobs�riÞði�	@	c

½n�Þ
¼ e�kðð�1Þisobs�riÞmnc

½n�: (66)

The mass as seen in by the observer in the brane at s ¼
sobs 2 Ii is thus related to the mass eigenvalue mn by

mobs
n ¼ e�kðð�1Þisobs�riÞmn: (67)

For sobs ¼ 0, the physical mass is just equal to the mass
eigenvalue.

F. Probability density

Once all the parameters defining a specific model are
chosen and the mass eigenvalue tower is determined, there

exists a unique field c ½n�ðx	; sÞ (see (31)) for each mass
eigenvalue leading to a naive probability density field

distribution D½n�ðx	; sÞ which depends both on x	 and s

D½n�ðx	; sÞ ¼ ffiffiffi
g

p ð �c ½n�ðx	; sÞc ½n�ðx	; sÞÞ: (68)

Note that the shape of this density distribution depends in
general on the interval Ii to which s belongs. As observed
and discussed in [5], these probability densities are fast
varying functions of s. The total normalized probability
density for a Kaluza-Klein particle to be present in a brane
situated at s ¼ sobs is

D½n�ðsobsÞ ¼
R
d4xD½n�ðx	; sobsÞR
d4xdsD½n�ðx	; sÞ : (69)
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Remember that the physical mass as seen by the observer is
also a function of the sobs position (67).

More generally, this raises the question of the underlying
dynamics of the production of the tower states and of their
interactions. In this work, we have just focused on the
construction of the towers and have neglected the much
more difficult and model dependent problems related to the
dynamics.

V. TOWERS

In the absence of metric singularities, the two arbitrary
parameters � and � which appear in the solution (22)–(24)
of the Dirac Eq. (1) in the five-dimensional space after the
Kaluza-Klein (KK) reduction (15) have to satisfy two
homogeneous linear equations expressing an allowed set
of boundary conditions, belonging either to the set BC1
(17) or to the set BC2 (19). The condition for the existence
of a non trivial �, � solution is the vanishing of the related
determinant. This leads in each case to a mass equations
from which the KK mass towers can be derived. In
Sec. VIA, numerical examples of KK mass towers are
given for each of the two sets of boundary conditions, for
different values of the basic parameters of the model, i.e.
the warp factors �, k, kR, the bulk mass M, as well as for
different values of the parameters �, ! or �0, �R defining
the boundary conditions considered.

In the general case, when there are N metric singular-
ities, there are N þ 1 parameters �n;i and N þ 1 parame-

ters �n;i appearing in the solution (22), (34), and (35) of the
Dirac equation after the Kaluza-Klein reduction (31).
These parameters have to satisfy the 2ðN þ 1Þ homoge-
neous linear Eqs. (52) resulting from the imposition of the
2ðN þ 1Þ boundary conditions on the 2ðN þ 1Þ values of
the fields at the edges of the N þ 1 intervals Ii in the
s-range (36). Indeed, for a given singularity configuration,
there exists a set of 2ðN þ 1Þ boundary conditions resulting
from the two boundary relations (42) expressing the con-
dition of Hermiticity of the Dirac operator. As in the
preceding case, the requested vanishing of the determinant
of the coefficients of the 2ðN þ 1Þ boundary conditions
with respect to the 2ðN þ 1Þ parameters ð�n;i; �n;iÞ leads to
the corresponding KK mass equation. In Sec. VIB, a few
examples of towers are given when there is one singularity.

For completeness, let us list all the parameters. They are
the basic parameters of the warp model k, �, kR, the bulk
mass M, the positions si of the N metric singularities and

the boundary parameters defining the matrix V½2ðNþ1Þ�
P

subject to the two conditions (56). Once all these parame-
ters are chosen, the vanishing of the above determinant is
generally a transcendental function of the eigenvalues mn.

VI. EXAMPLES OF TOWERS

For an illustration of the types of spinor towers which
appear in warped spaces, we construct examples of the

eight lowest mass eigenvalues for simple specific boundary
conditions. We first discuss the case when there is no
metric singularity, then when there is one metric singular-
ity. We would like to stress that, in order to perform the
numerical computations, high precision is mandatory.

A. Examples of towers. No metric singularity

In this subsection, a few illustrative numerical examples
of Kaluza-Klein spinor towers in warped spaces are pre-
sented for each of the two sets BC1 (17) and BC2 (19) of
boundary conditions and for some chosen values of the
bulk mass M and of the parameters fixing the boundary
conditions. In general, the Kaluza-Klein mass eigenvalues
are irregularly spaced. With the adopted values of the basic
parameters of the warp model, i.e. k arbitrarily normalized
to the Planck mass ( �k ¼ 1, see (59)) and kR � 6:3, all the
low lying Kaluza-Klein masses are of the order TeV. In the
tables, kr is fixed to

kR ¼ 6:3 (70)

and the Kaluza-Klein tower masses denoted with ~mi are
given in TeV. As a general rule, the values of ~mi increase
(exponentially) when kR decreases, hence fixing the over-
all scale of the masses in the tower (for example for kR ¼ 6
the masses are multiplied roughly by a factor of

e2
ð6:3�6Þ � 6:5). It should be noted that choosing the value
of the bulk mass M to zero or to values of the order of the
Planck mass, within the one-mass-scale-only IVD, does
not lead to substantially different Kaluza-Klein towers.
In Table I, the eight low lying mass eigenvalues ( ~mi; i ¼

1; . . . ; 8) of Kaluza-Klein towers are given in the case of
boundary conditions BC1 (17) for zero bulk mass M, for
different values of the parameter �, and for each of them,
for different values of the parameter ! (18). One observe
that the first mass of the towers, ~m1, is relatively sensitive
to the value of !, particularly for small values of the
parameter �. For ! ¼ � ¼ 0, the Kaluza-Klein tower ex-
hibits some characteristic features: it is the only tower to
possess a zero mass state while the higher masses are
doubly degenerate. Indeed, one sees that, for � ¼ 0,
when ! decreases toward zero, pairs of adjacent masses
in the towers are getting closer and closer and take the
same value when ! reaches the value zero.
In Tables II, III, IV, and V, the Kaluza-Klein mass towers

are similarly presented for a representative choice of bulk
mass values, respectively �M ¼ 0:01, �M ¼ 0:1 and �M ¼ 1
(59). It appears, as a general rule, that the lowest lying mass
of the towers ~m1 vanishes when � ¼ 0 and when the
parameter ! takes exactly the value ! �M

f� ¼ 0 and ! ¼ ! �M ¼ 2
RMg $ m1 ¼ 0: (71)

This agrees with the analogous result forM ¼ 0 as seen in
Table I. Moreover, for � ¼ 0 and for any �M of the order 1,
the value of ~m1 depends almost exactly linearly on the
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value of the parameter ! from about ! ¼ ! �M � 1 up to
values very close to ! �M and on the other side from ! very
close to ! �M up to about ! �M þ 1.

In general, except for the first mass of the towers in the
case � ¼ 0, all the other masses in the towers do not show a
strong dependence on the value of the ! parameter. The
fact that the first mass of the tower can take values between
0 and about 0.1 TeV, and hence can be small when � is not
large, allows one, by a suitable choice of the parameters
kR,M,! to associate a tower to a particular fermion of the
standard model be it a lepton or a quark and assuming it to
be the lowest state of a Kaluza-Klein tower in a five-
dimensional warped space. From the second mass on, the
intervals between successive masses are generally much
larger and more regular.

In Table VI, Kaluza-Klein towers are presented for the
set of boundary conditions BC2 (set (19)) for the two
possible choices of the product �0�R of the boundary
condition parameters, and for each of them, for some
values of the reduced bulk mass �M. In general, the tower
masses have a fairly mild dependence with respect to the
bulk mass, with the exception of the first mass in the towers
when �0�R is equal to �1, in which case, starting from a
value of about 0.1 TeV for �M ¼ 0, it falls to less than
10�10 TeV when �M is equal to one or higher. This feature
is again of importance in view of practical applications of
the warp model to fermions, either to the leptons or to the
quarks of the standard model. Indeed, by an adequate
choice kR and of the bulk mass M, the first mass of a
Kaluza-Klein tower could be made equal to the mass of a

TABLE I. Mass towers for M ¼ 0 and for the boundary conditions BC1 (no metric singularity) (17) and (18). The towers are
symmetric under ! $ �!. The mass eigenvalues ~mi are in TeV.

BC1 (no singularity). Case M ¼ 0 and kR ¼ 6:3
� ! ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

0 0 0 0.49362 0.49362 0.98725 0.98725 1.48087 1.48087 1.9740

0.01 0.00078561 0.49283 0.49441 0.98646 0.98803 1.4801 1.4817 1.9737

0.1 0.00784 0.48578 0.50147 0.97941 0.99509 1.473 1.4887 1.9667

1 0.068017 0.42561 0.56164 0.91923 1.0553 1.4129 1.5489 1.9065

5 0.12235 0.37128 0.61597 0.8649 1.1096 1.3585 1.6032 1.8522

100 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.8511


=10 0 0.024681 0.46894 0.5183 0.9625 1.01193 1.4562 1.5055 1.9498

0.01 0.024693 0.46893 0.51832 0.96256 1.0119 1.4562 1.5056 2.0004

0.1 0.025858 0.46777 0.51948 0.96139 1.0131 1.455 1.5067 1.9486

1 0.071234 0.42239 0.56486 0.91602 1.0585 1.4096 1.5521 1.9033

5 0.1224 0.37123 0.61603 0.86485 1.1097 1.3585 1.6033 1.8521

100 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.8511


=4 0 0.061703 0.43192 0.55533 0.92555 1.049 1.4192 1.5426 1.9128

0.01 0.061707 0.43192 0.55534 0.92554 1.049 1.4192 1.5426 1.9128

0.1 0.062094 0.43153 0.55572 0.92516 1.0493 1.4188 1.543 1.9124

1 0.08601 0.40762 0.57963 0.90124 1.0733 1.3949 1.5669 1.8885

5 0.12266 0.37097 0.61628 0.86459 1.1099 1.3582 1.6035 1.8518

100 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.8511


=2 [0, 100] 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.8511

3
=4 0 0.18511 0.30852 0.67874 0.80214 1.1724 1.2958 1.666 1.7894

0.1 0.18472 0.30891 0.67834 0.80253 1.172 1.2962 1.6656 1.7898

1 0.1608 0.33282 0.65443 0.82645 1.1481 1.3201 1.6417 1.8137

5 0.12415 0.36947 0.61778 0.8631 1.1114 1.3567 1.605 1.8503

100 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.851

9
=10 0 0.22213 0.27149 0.71576 0.76512 1.2094 1.2587 1.703 1.7524

0.1 0.22095 0.27267 0.71458 0.7663 1.2082 1.2599 1.7018 1.7535

1 0.17558 0.31805 0.6692 0.81167 1.1628 1.3053 1.6565 1.7989

5 0.12441 0.36921 0.61804 0.86284 1.1117 1.3565 1.6053 1.8501

100 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.8511


 0 0.24681 0.24682 0.74044 0.74044 1.2341 1.2341 1.7277 1.7277

0.1 0.23897 0.25466 0.73259 0.74829 1.2262 1.2419 1.7198 1.7355

1 0.1788 0.31483 0.67242 0.80846 1.166 1.3021 1.6597 1.7957

5 0.12447 0.36916 0.61809 0.86279 1.1117 1.3564 1.6053 1.85

100 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.8511
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given lepton, for example, the muon, leading to identify the
tower as associated to that lepton. Considering for example
kR ¼ 6:3 and the case of the muon, with mass equal to
1:057 10�4 TeV as the lowest mass in a tower, the asso-
ciated Kaluza-Klein tower would result from adopting a
value around 0.65 for the reduced bulk mass of the five-
dimensional fermion �M	 associated to the muon. A not

very different reduced bulk mass �Me ¼ 0:8 would produce
the electron of mass equal to 5:11 10�7 TeV as its first
mass. It is interesting to remark that bulk fermions with
rather close reduced bulk masses (0.65, 0.8) would lead to
the observed fermions with masses in the large ratio
m	=me ¼ 206:8. It should be noted that the Kaluza-

Klein tower masses associated to either of these two lep-

TABLE II. Mass towers for �M ¼ 0:01 (59) and for the boundary conditions BC1 (no metric singularity) (17) and (18). Here !0:01 ¼
0:3958406 . . . (71). The mass eigenvalues ~mi are in TeV.

BC1 (no singularity). Case �M ¼ 0:01 and kR ¼ 6:3
�M � ! ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

0.01 0 �100 0.12486 0.37153 0.61832 0.86511 1.1119 1.3587 1.6055 1.8523

�5 0.12413 0.37227 0.61758 0.86585 1.1112 1.3595 1.6048 1.8531

�1 0.08607 0.41059 0.57881 0.90447 1.0722 1.3983 1.5657 1.892

0 0.03042 0.46598 0.5221 0.96011 1.0152 1.454 1.5085 1.9479

0.01 0.029692 0.4667 0.52135 0.96084 1.0145 1.4548 1.5078 1.9486

0.05 0.026728 0.46963 0.51834 0.96377 1.0115 1.4577 1.5048 1.9515

0.3 0.0075237 0.48849 0.49891 0.98262 0.99202 1.4765 1.4853 1.9704

!0:01 � 10�3 7.8549 10�5 0.49095 0.49623 0.98406 0.99035 1.4774 1.4843 1.9708

!0:01 0 0.49087 0.49630 0.98398 0.99043 1.47730 1.48435 1.97071

!0:01 þ 10�3 7.8546 10�5 0.4908 0.49637 0.98391 0.9905 1.4772 1.4844 1.9706

1 0.04456 0.44608 0.53983 0.93924 1.0339 1.4326 1.5278 1.926

2 0.09130 0.3982 0.56746 0.88909 1.0634 1.3812 1.5583 1.8738

5 0.1204 0.37043 0.61423 0.86409 1.1079 1.3577 1.6015 1.8513

10 0.12194 0.36891 0.61574 0.86258 1.1094 1.3562 1.603 1.8499

100 0.12195 0.3689 0.61575 0.86257 1.1094 1.3562 1.603 1.8498


=10 �100 0.12486 0.37153 0.61832 0.86511 1.1119 1.3587 1.6055 1.8523

�5 0.12417 0.37223 0.61761 0.86582 1.1112 1.3594 1.6048 1.8531

�1 0.088106 0.4085 0.5809 0.90237 1.0743 1.3961 1.5678 1.8899

5 10�3 0.038561 0.45728 0.53078 0.95128 1.024 1.4451 1.5175 1.9389

0.3 0.025784 0.46849 0.51891 0.96221 1.0124 1.4559 1.506 1.9495

!0:01 � 10�3 0.024677 0.46877 0.51841 0.96233 1.0121 1.4559 1.5057 1.9495

!0:01 0.024677 0.46876 0.51841 0.96232 1.0121 1.4559 1.5057 1.9495

!0:01 þ 10�3 0.024676 0.46876 0.51842 0.96231 1.0121 1.4559 1.5058 1.9495

0.5 0.025923 0.46665 0.52028 0.96005 1.0141 1.4535 1.5079 1.9471

1 0.050207 0.44069 0.54522 0.93391 1.0392 1.4273 1.5331 1.9208

5 0.12048 0.37036 0.6143 0.86402 1.108 1.3576 1.6016 1.8513

100 0.12195 0.3689 0.61575 0.86257 1.1094 1.3562 1.603 1.8498


=2 �100 0.12486 0.37153 0.61832 0.86511 1.1119 1.3587 1.6055 1.8523

0 0.12393 0.37068 0.61748 0.86428 1.1111 1.3579 1.6047 1.8515

!0:01 0.12338 0.37018 0.61699 0.8638 1.1106 1.3574 1.6042 1.851

5 0.12195 0.3689 0.61575 0.86257 1.1094 1.3562 1.603 1.8498

100 0.12195 0.3689 0.61575 0.86257 1.1094 1.3562 1.603 1.8498


 �100 0.12486 0.37153 0.61832 0.86511 1.1119 1.3587 1.6055 1.8523

�5 0.12558 0.3708 0.61905 0.86437 1.1127 1.358 1.6063 1.8516

�1 0.16353 0.33224 0.65755 0.82548 1.1514 1.3189 1.6451 1.8124

0 0.21866 0.27577 0.71308 0.76862 1.2071 1.2619 1.701 1.7552

!0:01 0.24457 0.24900 0.73739 0.74341 1.23063 1.23740 1.724 1.7313

2 0.15266 0.33865 0.646 0.83258 1.1395 1.3264 1.633 1.8201

5 0.12349 0.36737 0.61727 0.86106 1.1109 1.3547 1.6045 1.8483

100 0.12195 0.3689 0.61575 0.86257 1.1094 1.3562 1.603 1.8498

3
=2 0 0.12393 0.37068 0.61748 0.86428 1.1111 1.3579 1.6047 1.8515

!0:01 0.12338 0.37018 0.61699 0.8638 1.1106 1.3574 1.6042 1.851

5 0.12195 0.3689 0.61575 0.86257 1.1094 1.3562 1.603 1.8498
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tons would be hardly distinguishable beyond the first mass.
One should also be aware that the Kaluza-Klein towers
associated to a given fermion would be of a different
structure depending on the set (BC1 or BC2) of boundary
conditions considered.

B. Examples of towers. One metric singularity.
Semilocal boundary conditions

When there is one metric singularity, the number of
arbitrary parameters increases. Besides kR and M, the
position of the singularity on the strip ½0; 2
R� appears
as a new parameter

s1 ¼ ð2
RÞ �s1; 0 � �s1 � 1: (72)

which is complemented by the boundary condition
parameters.
In order to keep the mass eigenvalues roughly of the

order of TeV, we are led to adapt the value of kR to the
value chosen for �s1. Satisfactory choices are

�s1 ¼ 1 $ kR ¼ 6:3 �s1 ¼ 0:9 $ kR ¼ 6:9

�s1 ¼ 0:75 $ kR ¼ 8:3 �s1 ¼ 0:5 $ kR ¼ 12:5:
(73)

There are many possible sets of allowed boundary con-
ditions as seen in the discussion of Appendix B. To build

TABLE III. Mass towers for �M ¼ 0:1 (59) and for the boundary conditions BC1 (no metric singularity) (17) and (18). Here !0:1 ¼
3:958406 . . . (71). The mass eigenvalues ~mi are in TeV (18).

BC1 (no singularity). Case �M ¼ 0:1 and kR ¼ 6:3
�M � ! ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

0.1 0 �100 0.13756 0.38327 0.62981 0.87651 1.1232 1.37 1.6168 1.8636

0 0.13405 0.3982 0.56746 0.88909 1.0634 1.3812 1.5583 1.8738

0.1 0.13368 0.38757 0.62526 0.88117 1.1184 1.3749 1.6118 1.8686

2 0.11163 0.41108 0.59908 0.90652 1.0906 1.4013 1.5829 1.8958

3.5 0.035687 0.47886 0.51167 0.97459 1.0017 1.4687 1.4939 1.9622

!0:1 � 10�3 7.6983 10�5 0.4667 0.52135 0.96084 1.0145 1.4548 1.5078 1.9486

!0:1 0 0.46285 0.51711 0.95083 1.0148 1.4412 1.5107 1.9326

!0:1 þ 10�3 7.6968 10�5 0.48849 0.49891 0.98262 0.99202 1.4765 1.4853 1.9704

5 0.09129 0.3982 0.56746 0.88909 1.0634 1.3812 1.5583 1.8738

100 0.10836 0.35695 0.60413 0.85111 1.098 1.3449 1.5917 1.8386


=10 �100 0.13756 0.38327 0.62981 0.8765 1.1232 1.37 1.6168 1.8636

�5 0.13754 0.3833 0.62978 0.87653 1.1232 1.37 1.6168 1.8636

0 0.13422 0.38697 0.6259 0.88051 1.1191 1.3742 1.6125 1.8679

2.5 0.09733 0.42499 0.58206 0.92123 1.0726 1.4164 1.5644 1.9112

3.5 0.04326 0.46584 0.52471 0.96012 1.0162 1.4537 1.5089 1.9471

!0:1 � 10�3 0.024178 0.4536 0.52631 0.94278 1.0228 1.4338 1.5181 1.9255

!0:1 0.02418 0.45366 0.52627 0.94284 1.0227 1.4338 1.5181 1.9256

!0:1 þ 10�3 0.024178 0.4536 0.52631 0.94278 1.0228 1.4338 1.5181 1.9255

5.5 0.082178 0.3808 0.58249 0.873 1.0776 1.3658 1.572 1.8588

9 0.10756 0.35766 0.60346 0.85176 1.0974 1.3455 1.5911 1.8392

15 0.10836 0.35695 0.60413 0.85111 1.098 1.3449 1.5917 1.8386

100 0.10836 0.35695 0.60413 0.85111 1.098 1.3449 1.5917 1.8386


=2 ½�100; 0� 0.13755 0.38325 0.62979 0.87648 1.1232 1.37 1.6168 1.8636

!0:1 0.12055 0.36645 0.61279 0.85929 1.1059 1.3525 1.5991 1.8458

[8, 100] 0.10837 0.35695 0.60414 0.85111 1.098 1.3449 1.5917 1.8386


 �100 0.13756 0.38327 0.62981 0.8765 1.1232 1.37 1.6168 1.8636

�5 0.13759 0.38324 0.62984 0.87647 1.1233 1.37 1.6168 1.8636

0 0.14106 0.37936 0.6339 0.87225 1.1276 1.3656 1.6213 1.859

2 0.16286 0.35411 0.65892 0.84469 1.154 1.3367 1.6486 1.8292

3.5 0.22906 0.26911 0.72706 0.75623 1.2218 1.2476 1.7155 1.7403

!0:1 0.22176 0.26629 0.70634 0.76627 1.1958 1.2629 1.6868 1.7584

4.5 0.18156 0.29665 0.6679 0.79554 1.1584 1.2915 1.6501 1.7867

5 0.15425 0.31828 0.64339 0.81563 1.1351 1.3109 1.6275 1.8056

100 0.10836 0.35695 0.60413 0.85111 1.098 1.3449 1.5917 1.8386

3
=2 0 0.13755 0.38325 0.62979 0.87648 1.1232 1.37 1.6168 1.8636

!0:1 0.12055 0.36645 0.61279 0.85929 1.1059 1.3525 1.5991 1.8458

8 0.10837 0.35695 0.60414 0.85111 1.098 1.3449 1.5917 1.8386
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our examples, we have limited ourselves to what we call
semilocal boundary conditions: the fields on the left and on
the right of the singularity are related and, separately, the
fields at s ¼ 0 are related to the fields at s ¼ 2
R. Both
boundary conditions are taken of the form BC1 (17) and
(18) and hence are defined by four parameters

BC1with parameters!b;�b at the edges0and2
R

BC1with parameters!s;�son both sides of the sigularitys1:

(74)

The conditions for m1 ¼ 0 are analogous to the condi-
tions in the case of no metric singularity (71)

f�b � �s ¼ 0 and !b �!s ¼ ! �M ¼ 2
RMg
$ m1 ¼ 0: (75)

In Table VII, for �M ¼ 1, numerical examples of towers
are given for some arbitrarily chosen positions s1 of the
metric singularity and some values of the boundary pa-
rameters (74). Similar results, respectively, for �M ¼ 0:1
and �M ¼ 0, are presented in Tables VIII and IX.
Again in view of applications to leptons and quarks, it

should be noted that, when the parameters almost satisfy
the mass zero conditions (75), the tower consists of a low
mass ~m1 accompanied, as a signature, by almost regularly
separated doublets of higher masses with ~m2 much larger
than ~m1.

TABLE V. The lowest mass eigenvalue ~m1 in the towers for �M ¼ 1 (59), as a function of � and of ! in the range [!1 � 10,
!1 þ 10], and for the boundary conditions BC1 (no metric singularity) (17) and (18). Here !1 ¼ 39:58406 . . . (71)). The mass ~m1 (in
TeV) is symmetric under ð�Þ $ ð2
� �Þ.

BC1 (no singularity). The first mass eigenvalue ~m1 for �M ¼ 1 and kR ¼ 6:3

!

30 36 38 39 !1 � 10�3 !1 !1 þ 10�3 41 42 44 50

� 0 5.02 10�6 1.21 10�8 1.34 10�9 2.74 10�10 3.46 10�13 0 3.46 10�13 2.62 10�10 3.15 10�10 3.41 10�10 3.45 10�10

10�10
 5.02 10�6 1.21 10�8 1.34 10�9 2.74 10�10 3.45 10�13 1.08 10�19 3.45 10�13 2.62 10�10 3.14 10�10 3.41 10�10 3.45 10�10

10�5
 5.02 10�6 1.21 10�8 1.34 10�9 2.74 10�10 3.45 10�13 1.08 10�14 3.45 10�13 2.62 10�10 3.14 10�10 3.41 10�10 3.45 10�10

0:1
 5.02 10�6 1.21 10�8 1.36 10�9 3.10 10�10 1.08 10�10 1.08 10�10 1.08 10�10 2.67 10�10 3.16 10�10 3.41 10�10 3.45 10�10

0:2
 5.02 10�6 1.22 10�8 1.42 10�9 3.96 10�10 2.14 10�10 2.13 10�10 2.13 10�10 2.82 10�10 3.21 10�10 3.42 10�10 3.45 10�10

0:3
 5.02 10�6 1.22 10�8 1.51 10�9 5.01 10�10 3.14 10�10 3.14 10�10 3.13 10�10 3.04 10�10 3.28 10�10 3.43 10�10 3.45 10�10

0:4
 5.02 10�6 1.23 10�8 1.61 10�9 6.09 10�10 4.06 10�10 4.06 10�10 4,06 10�10 3.29 10�10 3.37 10�10 3.44 10�10 3.45 10�10

0:5
 5.02 10�6 1.24 10�8 1.72 10�9 7.09 10�10 4.89 10�10 4.88 10�10 4,88 10�10 3.55 10�10 3.47 10�10 3.45 10�10 3.45 10�10

0:6
 5.02 10�6 1.25 10�8 1.82 10�9 7.97 10�10 5.59 10�10 5.59 10�10 5.58 10�10 3.80 10�10 3.56 10�10 3.47 10�10 3.45 10�10

0:7
 5.02 10�6 1.26 10�8 1.91 10�9 8.68 10�10 6.16 10�10 6.15 10�10 6.15 10�10 4.00 10�10 3.64 10�10 3.48 10�10 3.45 10�10

0:8
 5.02 10�6 1.27 10�8 1.97 10�9 9.21 10�10 6.57 10�10 6.57 10�10 6.56 10�10 4.16 10�10 3.71 10�10 3.49 10�10 3.45 10�10

0:9
 5.02 10�6 1.28 10�8 2.01 10�9 9.54 10�10 6.82 10�10 6.82 10�10 6.82 10�10 4.26 10�10 3.75 10�10 3.49 10�10 3.45 10�10


 5.02 10�6 1.28 10�8 2.03 10�9 9.65 10�10 6.91 10�10 6.91 10�10 6.90 10�10 4.29 10�10 3.76 10�10 3.49 10�10 3.45 10�10

TABLE IV. Mass towers for �M ¼ 1 (59) as a function of ! for � ¼ 0 and for the boundary conditions BC1 (no metric singularity)
(17) and (18). Here !1 ¼ 39:58406 . . . (71)). The masses m2 to m8 are essentially independent of �. The mass m1 is also independent
of � except for ! in a range close to !1, approximatively in the range [!1 � 10, !1 þ 10]. In this range, the variation of m1 as a
function of � is given in Table V. The mass tower is symmetric under ð�Þ $ ð2
� �Þ. The mass eigenvalues ~mi are in TeV.

BC1 (no singularity). Case �M ¼ 1 and kR ¼ 6:3
�M � ! ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

1 0 ½�100; 5� 0.24681 0.49363 0.74044 0.98725 1.2341 1.4809 1.7277 1.9745

15 0.2468 0.49359 0.74039 0.98718 1.234 1.4808 1.7276 1.9744

19 0.20097 0.41953 0.65138 0.88974 1.1313 1.3746 1.6189 1.8638

20 0.10356 0.36447 0.61361 0.86141 1.1088 1.3559 1.603 1.85

25 7.4472 10�4 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

30 5.0175 10�6 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

39 3.8500 10�8 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

!1 � 10�3 3.4548 10�13 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

!1 0 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

!1 þ 10�3 3.4514 10�13 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

41 2.6150 10�10 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

50 3.453 10�10 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

[55–200] 3.4531 10�10 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478
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TABLE VII. Mass towers for �M ¼ 1 (59) and for the semilocal boundary conditions (one metric singularity) (74). Here !1 ¼
2
ðkRÞ (71). The mass eigenvalues ~mi are in TeV.

Semilocal BC (one singularity at s1 ¼ 2
R�s1). Case �M ¼ 1
�M �s1 kR !b !s �b �s ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

1 0.9 6.9 2 0 0 0 0.28251 0.52712 0.74625 0.96836 1.1863 1.4056 1.6232 1.8416

15 0 0 0 0.28251 0.52712 0.74625 0.96836 1.1863 1.40558 1.6232 1.8416

20.6 0 0 0 0.28044 0.40672 0.53557 0.75335 0.97614 1.1951 1.4157 1.6346

20.9 0 0 0 0.27248 0.31334 0.53237 0.75223 0.97546 1.1947 1.4153 1.6342

21.1 0 0 0 0.24109 0.29079 0.53166 0.75187 0.97522 1.1945 1.4151 1.6341

21.5 0 0 0 0.1648 0.28597 0.53108 0.75152 0.97497 1.1943 1.4150 1.6339

22 0 0 0 0.10037 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

25 0 0 0 5.007 10�3 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

28 0 0 0 2.493 10�4 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

35 0 0 0 2.272 10�7 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

42 0 0 0 1.538 10�10 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

!1 � 10�3 0 0 0 5.355 10�14 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

!1 0 0 0 0 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

!1 þ 10�3 0 0 0 5.349 10�14 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

80 0 0 0 5.3520 10�11 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

!1 þ 2 �2 0 0 3.492 10�10 0.06222 0.60707 0.64552 1.0558 1.0959 1.4971 1.5395

!1 0 
=3 �
=3 9.2699 10�11 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338

0 2 0 0 4.5 10�5 0.415 0.45234 0.84995 0.8872 1.2846 1.3218 1.7192

2 0 
=3 0 0.28481 0.53068 0.75127 0.97478 1.1941 1.4148 1.6338 1.8536

1 0.75 8.3 2 0 0 0 0.2571 0.47971 0.67912 0.88125 1.0795 1.2791 1.4772 1.6758

!1 � 10�3 0 0 0 5.9671 10�16 0.25713 0.47971 0.67912 0.88125 1.0795 1.2791 1.4771

!1 0 0 0 0 0.25713 0.47971 0.67912 0.88125 1.0795 1.2791 1.4771

1 0.5 12.5 2 0 0 0 0.21972 0.40998 0.5804 0.75315 0.92261 1.0932 1.2624 1.4322

!1 0 0 0 0 0.21973 0.40997 0.5804 0.75315 0.92261 1.0932 1.2624

!1 þ 2 -2 
=3 �
=3 7.0721 10�18 0.043199 0.46927 0.49822 0.81672 0.84566 1.1586 1.1875

TABLE VI. Mass towers for the boundary conditions BC2 (19) (no metric singularity). The mass eigenvalues ~mi are in TeV.

BC2 (no singularity). Case kR ¼ 6:3
�0�R �M ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

1 0 0.24681 0.49363 0.74044 0.98725 1.2341 1.4809 1.7277 1.9745

0.1 0.25789 0.5053 0.75233 0.99925 1.2461 1.493 1.7398 1.9867

0.3 0.27967 0.52839 0.77592 1.0231 1.2701 1.5171 1.764 2.0109

0.6 0.31158 0.56244 0.81084 1.0585 1.3058 1.553 1.8001 2.0471

0.7 0.32204 0.57366 0.82237 1.0702 1.3177 1.5649 1.812 2.0591

1 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478 2.095

1.5 0.40347 0.66128 0.91289 1.1624 1.411 1.659 1.9067 2.1542

2 0.45279 0.71453 0.96813 1.2189 1.4683 1.7169 1.9651 2.2129

5 0.73502 1.0187 1.2849 1.544 1.7995 2.0527 2.3045 2.5552

�1 0 0.12341 0.37022 0.61703 0.86384 1.1107 1.3575 1.6043 1.8511

0.1 0.10836 0.35695 0.60413 0.85111 1.098 1.3449 1.5917 1.8386

0.3 7.3598 10�2 0.32963 0.57794 0.82537 1.0725 1.3195 1.5665 1.8134

0.50627 1.5682 10�2 0.30426 0.55445 0.80258 1.0501 1.2974 1.5445 1.7915

0.6 9.9522 10�4 0.31159 0.56246 0.81086 1.0585 1.3059 1.553 1.8001

0.7 2.8062 10�5 0.32204 0.57366 0.82237 1.0702 1.3177 1.5649 1.812

0.8 6.8302 10�7 0.33244 0.5848 0.83385 1.0819 1.3295 1.5768 1.824

0.9 1.5627 10�8 0.34276 0.59589 0.84528 1.0935 1.3412 1.5886 1.8359

1 3.4531 10�10 0.35302 0.60692 0.85666 1.1051 1.3529 1.6004 1.8478

1.1 7.4593 10�12 0.36321 0.61789 0.86799 1.1166 1.3646 1.6122 1.8596

1.2 1.5857 10�13 0.37335 0.62881 0.87928 1.1281 1.3762 1.624 1.8714
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VII. CONCLUSIONS

In this article, we have extended our previous study of
the generation of Kaluza-Klein mass towers for spinor
fields propagating in a five-dimensional flat space with
the fifth dimension compactified either on a strip or on a
circle. We have studied spinor fields propagating in five-
dimensional compactified warp spaces. Should Kaluza-
Klein towers exist and be discovered at high energy col-
liders, most likely as higher recurrences of quarks and
leptons, they would be the fingerprint of higher dimen-
sions, essentially independently of the underlying
dynamics.

We first considered the case of a warp space without
metric singularity. We established the specific Dirac equa-
tion in the relevant five-dimensional warp space for a
spinor field with an arbitrary bulk mass M and proceeded
with the Kaluza-Klein reduction considering the most
general choice of separation of variables compatible with
a SO(3,1) spinor covariance. The reducted components of
the Dirac fields are found to satisfy a system of two
coupled equations for which the most general solutions
for a four-dimensional mass m are given in terms of Bessel
functions.

From the requirement of Hermiticity of the Dirac opera-
tor, we have established all the allowed sets of boundary
conditions which have to be imposed on the fields. We
found that these boundary conditions belong to two essen-
tially different sets BC1 (17) and BC2 (19), leading to the
mass equations from which the Kaluza-Klein mass towers
can be built. The same considerations have been extended
to the case of warp spaces with an arbitrary number of
metric singularities.
In view of the interpretation of the Kaluza-Klein mass

eigenstates, specific physical considerations have been
made about the possible choices of boundary conditions,
about the particular situation in which the extra dimension
strip could be closed to a circle, about the mass scale of the
model, about the relation between the Kaluza-Klein
masses and the physical masses as observed in a brane
and also about the mass state probability densities. In
particular, all the parameters with energy dimension are
scaled to the Plank mass within the only-one-mass-scale
hypothesis.
Finally, illustrative numerical examples of Kaluza-Klein

mass towers are given when there is no metric singularity
for each of the two sets of boundary conditions, BC1 and
BC2. When there is one metric singularity we have exem-

TABLE VIII. Mass towers for �M ¼ 0:1 (59) and for the semilocal boundary conditions (one metric singularity) (74). Here !0:1 ¼
0:2
ðkRÞ (71). The mass eigenvalues ~mi are in TeV.

Semilocal BC (one singularity at s1 ¼ 2
R�s1). Case �M ¼ 0:1
�M �s1 kR !b !s �b �s ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

1 0.9 6.9 2 0 0 0 0.1108 0.3680 0.5441 1.246 1.413 1.684 1.849 2.121

!0:1 � 10�3 0 0 0 6.711 10�5 0.3962 0.4625 0.8241 0.906 1.257 1.347 1.691

!0:1 ¼ 4:34 . . . 0 0 0 0 0.3963 0.4625 0.8242 0.9060 1.257 1.347 1.691

!0:1 þ 10�3 0 0 0 6.708 10�5 0.3962 0.4625 0.8241 0.906 1.257 1.347 1.691

0 �!0:1 � 10�3 0 0 2.181 10�6 0.4537 0.4575 0.8892 0.8970 1.324 1.336 1.759

0 �!0:1 0 0 0 0.4537 0.4575 0.8892 0.8970 1.324 1.336 1.759

0 2 0 0 0.2216 0.2640 0.6553 0.6991 1.091 1.136 1.527 1.573

0 !0:1 0 0 0.2385 0.2473 0.6717 0.6828 1.106 1.120 1.541 1.559

2 0 
=3 0 0.1189 0.3579 0.5549 0.7954 0.9903 1.233 1.426 1.670

2 0 0 
=3 0.1189 0.3579 0.5549 0.7954 0.9903 1.233 1.426 1.670

2 0 
=2 0 0.1271 0.3481 0.5656 0.7840 1.439 1.657 1.875 2.094

!0:1 0 
=3 0 0.07014 0.3521 0.5060 0.7855 0.9442 1.221 1.382 1.657

TABLE IX. Mass towers forM ¼ 0 and for the semilocal boundary conditions (one metric singularity) (74). Here !0 ¼ 0 (71). The
mass eigenvalues ~mi are in TeV.

Semilocal BC (one singularity at s1 ¼ 2
R�s1). Case M ¼ 0
�M �s1 kR !b !s �b �s ~m1 ~m2 ~m3 ~m4 ~m5 ~m6 ~m7 ~m8

0 0.9 6.9 �2 0 0 0 0.09061 0.3467 0.5279 0.7841 0.9653 1.221 1.403 1.659

�10�3 0 0 0 6.966 10�5 0.4373 0.4374 0.8746 0.8747 1.312 1.312 1.749

0 0 0 0 0 0.4373 0.4373 0.8746 0.8746 1.312 1.312 1.749

10�3 0 0 0 6.961 10�5 0.4373 0.4374 0.8746 0.8747 1.3119 1.3121 1.7492

2 0 0 0 0.09061 0.3467 0.5279 0.7841 0.9653 1.221 1.403 1.659

2þ 10�3 2 
=3 
=3 1.849 10�5 0.4346 0.4401 0.8691 0.8803 1.304 1.320 1.738
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plified towers for some boundary conditions belonging to
what we call the semilocal set. With kR ¼ 6:3 or around, it
happens that the low lying masses are of the order of TeV,
thereby solving the hierarchy problem without fine-tuning.

In the different situations considered, the towers have
been established for several choices of the basic parameters
of the warp model, i.e. the mass reduction parameter kR ¼
6:3 (suitably readjusted to the value of s1), the bulk mass
M, the position s1 of the singularity on the extra dimension
if any, as well as of the parameters defining the boundary
conditions. In general, the mass towers are irregularly
spaced, and a zero mass state or a small mass state exists
which depends on the boundary parameters and on the
value given to the bulk mass M. This situation allows
one, by a suitable choice of the parameters of the model,
to associate a mass tower to any particular fermion of the
standard model whose mass would be the smallest in the
tower. In the assumption that the known leptons and quarks
propagate in the bulk under consideration, one would ex-
pect to observe the next low lying masses at high energy
colliders, in particular, at the LHC.
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APPENDIX A: LEAST ACTION PRINCIPLE

The most general invariant action linear in� and �� and
of first order in their derivatives is, using (9),

A ¼ i�
Z

���Að ~DA�Þ ffiffiffi
g

p
d5x

þ i�
Z
ð ��DQ AÞ�A�

ffiffiffi
g

p
d5x�m

Z
���

ffiffiffi
g

p
d5x: (A1)

The Lagrangian is Hermitian if

� ¼ ���; m ¼ m�: (A2)

Requesting then the variation of the action (A1) to vanish

for arbitrary variations of the fields � and ��, one finds
(with �� � � 0) the Dirac equations

i�Að ~DA�Þ �m� ¼ 0 ið ��DQ AÞ�A þm �� ¼ 0 (A3)

independently of the boundary conditions and identical to
those obtained from the usual least action principle, i.e.
with vanishing variations at the boundaries (A3).

However, further attention has to be devoted to the
variation of the action arising from the boundary terms.
Suppose that there are N metric singularities located at the
points si; i ¼ 1; N in the s space extending from s0 ¼ 0 to
sNþ1 ¼ 2
R. Denote by �lðsiÞ and �rðsiÞ the values of
the fields at the left and at the right of the metric singular-
ities, and similarly for their variations. The boundary rela-
tions expressed from the boundary terms become

XNþ1

i¼1

��lðsiÞ�s��lðsiÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q
�XN

i¼0

��rðsiÞ�s��rðsiÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q
¼ 0 (A4)

XNþ1

i¼1

���lðsiÞ�s�lðsiÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q
�XN

i¼0

���rðsiÞ�s�rðsiÞ
ffiffiffiffiffiffiffiffiffiffi
gðsiÞ

q
¼ 0: (A5)

It is natural to suppose that the variations ��, � �� and the

fields� and �� belong to the same Hilbert space i.e. satisfy
the same boundary conditions. The relations (A4) and (A5)
then imply boundary conditions which turn out to be
identical to those obtained from (14) in the main part of
the article and which resulted from the requirement of
symmetry of the Dirac operator (12).

APPENDIX B: EXAMPLES OF BOUNDARY
RELATIONS

There are many inequivalent sets of boundary conditions
related to various choices of the permutation P in (48). Let
us give a few.

1. P=1. Local boundary conditions at the metric
singular points. Non-local conditions at the edges of the

s-domain

With P ¼ 1, one can obtain boundary conditions which
satisfy the locality conditions (see Sec. IVA) at the singular

points but not at the edges. The form of V½2ðNþ1Þ�
P compat-

ible with this partial-locality is

V½2ðNþ1Þ�
P ¼

0½2� V½2�
1 0½2� 0½2� . . . 0½2�

0½2� 0½2� V½2�
2 0½2� . . . 0½2�

0½2� 0½2� 0½2� V½2�
3 . . . 0½2�

..

. ..
. ..

. ..
. . .

. ..
.

0½2� 0½2� 0½2� 0½2� . . . V½2�
N

V½2�
Nþ1 0½2� 0½2� 0½2� . . . 0½2�

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
:

(B1)

Introducing this form of the matrix in the Eqs. (56), one
finds for all j (j ¼ 1; . . . ; N þ 1)

V½2�þ
j ði�2ÞV½2�

j ¼ i�2 (B2)

V½2�þ
j ð�3ÞV½2�

j ¼ �3: (B3)

From (B2), all the V½2�
j are complex symplectic 2� 2

matrices restricted by the further condition (B3). Their
resulting general form is

V½2�
j ¼ ei�j

coshð!jÞ sinhð!jÞ
sinhð!jÞ coshð!jÞ

� �
; j ¼ 1; . . . ; N þ 1

(B4)
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and depends on 2ðN þ 1Þ arbitrary parameters. Hence the explicit boundary conditions at the metric singularities j ¼
1; . . . ; N are

F½n�lðsjÞ
G½n�lðsjÞ

 !
¼ ei�j

coshð!jÞ sinhð!jÞ
sinhð!jÞ coshð!jÞ

� �
F½n�rðsjÞ
G½n�rðsjÞ

 !
: (B5)

At the edges, the boundary conditions are non local

F½n�lð2
RÞ
G½n�lð2
RÞ

 !
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gð0Þ

gð2
RÞ
4

s
ei�Nþ1

coshð!Nþ1Þ sinhð!Nþ1Þ
sinhð!Nþ1Þ coshð!Nþ1Þ

� �
F½n�rð0Þ
G½n�rð0Þ

 !
: (B6)

since they connect the values of the fields at s ¼ 2
R to
the values of the fields at s ¼ 0 (a long distance effect).
When the conditions (57) for the closure of the strip to a
circle are met, these would also be local boundary
conditions.

2. Local boundary conditions both at the metric
singular points and at the edges of the s-domain

A way to obtain fully local boundary conditions is to
perform the following permutation

P2 ¼

1 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 1 0
0 0 1 0 . . . 0 0 0
0 0 0 1 . . . 0 0 0
..
. ..

. ..
. ..

. . .
. ..

. ..
. ..

.

0 0 0 0 . . . 1 0 0
0 1 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
: (B7)

and to take V½2ðNþ1Þ�
P of the form (B1) with V½2�

Nþ1 diagonal.

This leads, on one side to a relation between G½N�lðsNþ1 ¼
2
RÞ and F½N�lðsNþ1 ¼ 2
RÞ, on the other side to a rela-

tion between G½N�rðs0 ¼ 0Þ and F½N�rðs0 ¼ 0Þ. The condi-

tions for V½2�
j (j ¼ 1; . . . ; N) are the same as in the

preceding case (B2) and (B3), leading to the same con-
ditions at each of the singular points (B4). For the diagonal

V½2�
Nþ1,

V½2�þ
Nþ1�3 ¼ �3V

½2�
Nþ1 (B8)

V½2�þ
Nþ1�3V

½2�
Nþ1 ¼ �3: (B9)

Introducing (B8) in (B9) on see that ðV½2�
Nþ1Þ2 ¼ 1½2�.

This leads to boundary conditions at the singularities (sj,

j ¼ 1; . . . ; N) as above (B5) and to

G½n�rð0Þ ¼ �0F
½n�rð0Þ; �20 ¼ 1

G½n�lð2
RÞ ¼ �RF
½n�lð2
RÞ; �2R ¼ 1

(B10)

at the edges.

3. General boundary conditions for P ¼ 1

When P ¼ 1, i.e. when the boundary conditions express
the values at the left of the exceptional points (singularities
and edges) in terms of the values at the right, the two
equations (j ¼ 1, 2) (56) take the simplified form with

V½2ðNþ1Þ� � V½2ðNþ1Þ�
P¼1 , S½2ðNþ1Þ�

1 from (44) and S½2ðNþ1Þ�
2

from (46)

ðV½2ðNþ1Þ�ÞþS½2ðNþ1Þ�
j V½2ðNþ1Þ� ¼ S½2ðNþ1Þ�

j : (B11)

The matrix V½2ðNþ1Þ� must be an element in the intersection
of the complex sympletic group Spð2ðN þ 1ÞÞ (from the
relation for j ¼ 1) and of the pseudounitary group UðN þ
1; N þ 1Þ (from the relation j ¼ 2). The dimension of the

parameter space can be obtained by writing V½2ðNþ1Þ� in-
finitesimally close to the identity 1½2ðNþ1�

V½2ðNþ1Þ� ¼ 1½2ðNþ1Þ� þ i�H½2ðNþ1Þ�; � ! 0 (B12)

in 2� 2 blocks. One finds that there are, forH½2ðNþ1Þ�,N þ
1 diagonal 2� 2 blocks Hjj ðj ¼ 1; . . . ; N þ 1Þ, each de-

pending on two real parameters

Hjj ¼ pj iqj
iqj pj

� �
; pj; qj real (B13)

and NðN þ 1Þ independent non diagonal 2� 2 blocksHjk,

j < k ¼ 1; . . . ; N þ 1, each depending on two complex
(four real) parameters pjk and qjk

Hjk ¼ pjk qjk
qjk pjk

� �
; Hkj ¼ p�

jk �q�jk
�q�jk p�

jk

 !
: (B14)

Hence, the set of boundary conditions for P ¼ 1 is indexed
by 2ðN þ 1Þ2 real parameters.
Let us finally remark that contrary to what happens for

the scalar fields where the boundary conditions relate the
fields and their derivatives, the boundary parameters have
zero energy dimension (59) and, hence, there is no need to
introduce reduced parameters in the spinor case.
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