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We analyze the amplitude of radiative charged pion photoproduction within the framework of heavy
baryon chiral perturbation theory and discuss the best experimental setup for the extraction of the charged
pion polarizabilities from the differential cross section. We find that the contributions from two unknown
low-energy constants in the 77N chiral Lagrangian at order p* are comparable with the contributions of the
charged pion polarizabilities. As a result, it is necessary to take the effects of these low-energy constants
into account. Furthermore, we discuss the applicability of the extrapolation method and conclude that this
method is applicable only if the polarization vector of the incoming photon is perpendicular to the
scattering plane in the center-of-mass frame of the final y-7 system.
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I. INTRODUCTION

Electric () and magnetic (8) polarizabilities character-
ize the global responses of a composite system to external
electric and magnetic fields. They provide precious infor-
mation about the inner structure of the composite system.
Since the pion is the simplest composite system bound by
the strong interaction, its polarizabilities are a fundamental
benchmark of QCD in the realm of confinement, and an
accurate determination of the charged pion polarizabilities
is highly desirable. The charged pion polarizabilities have
been calculated in chiral perturbation theory (ChPT). The
predictions of ChPT at O(p*) read [1]

a+=_[3+:e_2, 2 .1_6_1_5: aemhA
" T 4w m.(4wF.)* 6 \2F.m,
= (2.64 + 0.09) X 107* fm?, (1)

where Iy — [5 is a linear combination of parameters of the
Gasser and Leutwyler Lagrangian [2], F, = 93.1 MeV is
the pion decay constant, and i, = (0.0115 = 0.0004)/m,
[3] is the axial vector coupling constant. The next-to-lead-
ing-order result has been calculated at O(p®) in ChPT
[4,5], and it changes the result shown in (1) very little:

(@ + B),= =(03+0.1) X 107* fm?,

2
(@ —B),: = (4.4 *1.0) X 107 fm®. @)

Therefore, the measurement of the charged pion polariz-
abilities becomes an excellent test of chiral dynamics. We
can also obtain a preliminary lattice result by using the
background field technique, which gives «,= =
(3.4 = 0.4) X 107* fm? [6].

Usually the polarizabilities of hadrons are extracted
through Compton scattering. When the Compton scattering
amplitudes are expanded in the energy of the final photon,
the leading-order terms are given by the Thomson limit
which only depends on the charge and the mass of the
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target. Genuine structure effects first appear at second
order and are parametrized in terms of polarizabilities:

Tyrys = Tp + Arww'[(€ - &)a,
+ (K X&) (kX ENB A+ -, (3

where Ty is the Born amplitude and €,(é,), w(w’), and
k(K') are the polarization vector, energy, and momentum of
the initial (final) photon. Because stable pion targets are
unavailable, Compton scattering off pions has been done
indirectly through high-energy pion-nucleus bremsstrah-
lung m~Z — @~ Zvy [7], radiative pion photoproduction
from the proton yp — y7r*n [8], and the cross-channel
two-photon reaction yy — 77 [9,10]. Recently, a new
radiative charged pion photoproduction experiment has
been performed at the Mainz Microtron MAMI [11].
Their result differs significantly from the predictions of
ChPT:

(@ = B)y= = (11.6 £ 1.5, * 3.044 = 0.5,04c1)
X 1074 fm?. 4)

Gasser et al. [12] recalculated the two-loop ChPT calcu-
lation and obtained (@ — B8),- = (5.7 = 1.0) X 10™* fm?
with updated values for the low-energy constants (LECs) at
O(p*), but the result is still in conflict with the MAMI
result. Consequently, the MAMI result fuels the renewed
interest in extracting the charged pion polarizabilities from
the radiative pion photoproduction data.

There are mainly two methods to extract the charged
pion polarizabilities a = and B, from radiative charged
pion photoproduction. The method of extrapolation [13,14]
is similar to the one suggested by Chew and Low [15] in
the late 1950s which was successfully employed to deter-
mine 777 — 777 scattering parameters from the reaction
7N — 7rimN. However, this method is based on the as-
sumption that the pion-pole diagram is the dominant dia-
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gram when ¢, the squared momentum transferred to the
nucleon, is very close to zero. The authors of [11] pointed
out that, in the case of radiative charged pion photopro-
duction, the pion-pole diagram alone is not gauge invari-
ant, and one has to take into account all pion- and nucleon-
pole diagrams. In order to apply the extrapolation method,
one needs not only very precise data near small ¢, but also a
good theoretical understanding of the background (the
nonpion-pole diagrams). This casts doubt on the utility of
the extrapolation method.

The second method is to apply some models to calculate
the cross section for the reaction yp — y7 " n. For ex-
ample, in [11] two different models were employed. The
first one included all the pion- and nucleon-pole diagrams
through the use of the pseudoscalar pion-nucleon coupling.
The second one included the nucleon- and pion-pole dia-
grams (without the anomalous magnetic moments of the
nucleons) and the contributions from the A(1232),
P,,(1440), D5(1520), and S;;(1535) resonances. They
then determined the value of (o — 8),= by comparing
the predictions of these models to the data.

In this article, we explore the possibility of extracting
the charged pion polarizabilities directly from the cross
section of the radiative charged pion photoproduction
within the framework of heavy baryon chiral perturbation
theory (HBChPT) (see [16] for a review of HBChPT). The
basic idea here is to calculate the cross section of the
reaction yp — 7" yn with HBChPT and then extract
o= and B,= from the experimental data of the cross
section. This approach is essentially model independent
and gauge invariant. The complete result of the radiative
pion photoproduction in HBChPT at the one-loop level will
be reported elsewhere [17]. Here we focus on the best

experimental setup for the extraction of the charged pion
|
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polarizabilities from the cross section of radiative charged
pion photoproduction.

This article is organized as follows. In Sec. II the kine-
matics of the radiative pion photoproduction is discussed.
In Sec. III we analyze the amplitude of the radiative pion
photoproduction in HBChPT. The extraction of charged
pion polarizabilities from the cross section of radiative
charged pion photoproduction is studied in Sec. IV. We
discuss the applicability of the extrapolation method in
Sec. V. Several issues are discussed and conclusions are
given in Sec. VL.

II. KINEMATICS OF RADIATIVE CHARGED PION
PHOTOPRODUCTION

In this section we discuss the kinematics of radiative
charged pion photoproduction. We adopt the following
notations:

y(en, k) + p(P)) — y(ex, q) + w5 (r) + n(Py).  (5)
Here k= (0 k), ¢=(0,q), r=(w,7), P =

M5, + 15115 Br), Pr = (M3, + P2l Ba). €(e;) and
k(g) are the polarization vector and momentum of the
incoming (outgoing) photon, respectively. P; (P,) is the
momentum of the initial (final) nucleon. We choose the
following gauge: €, - v = €, - v = 0, where v is the ve-
locity of the nucleon. The reason we choose this particular
gauge is because the leading-order yNN vertex in
HBChPT vanishes in this gauge. Hence the calculation is
significantly simplified. Furthermore, €, -k =€, -q =10
because both the incoming and the outgoing photons are
real photons. The most convenient frame is the center-of-
mass (c.m.) frame of the final y-7 system. In this frame,
one has 7 + ¢ = 0 and the following relations:

S =0 +97 = (0, + 0,), t=(P = P)>=(r—k+q) cos = k- g,
Sl—m%., Sl_t S1+m3,. _Sl_t
W, = ——F——, W = —F—, W, = —, W~ W, — W, = —————,
N N 2.5 o 25
1 tm? 0 tm?
uE(r—k)2=—(m%T+t—Sl+&)+£(m%,—51+t—&)- (©6)
2 S Sy
In this article we refer to the plane spanned by k and 7 as o B, s -
the “scattering plane.” Note that §; = mZ2 and ¢t =< 0. A= e o AU Q)
&P ! n=O,Zm=0 (MN) (47TF7T)2 I=§+n

III. THE AMPLITUDES OF THE RADIATIVE PION
PHOTOPRODUCTION IN HBCHPT

In this section we discuss the amplitudes of radiative
charged pion photoproduction in HBChPT. Before pro-
ceeding, one has to determine to which order the ampli-
tudes need to be computed in HBChPT. Note that HBChPT
is essentially a double expansion, i.e., the combination of a
chiral expansion and a heavy baryon expansion. The am-
plitudes can be expressed as

The predictions for the charged pion polarizabilities,
Eq. (1), are extracted from the amplitude of Compton
scattering of pions at the one-loop level, so a,+ and B«
emerge in A®(n =0, m = 1). The leading-order (LO)
amplitude A is A®(n =0, m = 0), and the next-to-
leading-order (NLO) amplitude Ay o is AV(m =
1, m = 0). The next-to-next-to-leading-order (NNLO) am-
plitude includes APn=0m=1) and AP =
2, m = 0). The square of the amplitude will be expressed as
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A=A+ Avot+ Axvio 7,
|.J,ZH2 |~ALO|2 + 2Re(.§41_0ﬂ LO) (8)
+ ZRC(ﬂLoﬂNNLO) + |‘ANLO|2 + e

Hence the cross section can be split into o = o7 +
ONLO + ONNLO + ---and
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The charged pion polarizabilities are extracted from onni o
so that one has to calculate up to the next-to-next-to-
leading order in HBChPT in addition to ﬂ(o)(n =0,m=
0) and AV(n = 1, m = 0).

A. Leading and next-to-leading-order amplitudes in
HBChPT

The LO diagrams are given in Fig. 1. The LO amplitudes
for radiative charged pion photoproduction are

o |ﬂLO|2: oNLo & 2Re(ﬂLoﬂ1*\JLo), ©)
onneo * 2Re( Ao Afnio) T [ Aol
—egy F—k+g —2¢2 & NE-GF+a-F—k+§
Aia =—F Alr,— 738 n]( )(ta'_( z q)) A T F & [7. — T38c3]( 2 [lSl(— mgﬁ)[ii ’512] q))
—2e%g (& - NE-F—)NG-F—k+d) —e’g (€ -7)(7- &)
JZL1c=1,:77TA[7' — 730.3] [u—m%,][t—m%] , Ap= #A[Tc 355]”7’”%2,
—e’g (& -7)(7- &)
A= F. A7, 3563]517,"%1 (10)

Here, c¢ is the isospin index of the outgoing pion and *
indicates complex conjugation. A |, represents the ampli-
tude of diagram (A) in Fig. 1. Similar notations are applied
to other diagrams in Fig. 1. There are several remarks in
order regarding the LO amplitudes. First, they all depend
on the nucleon spin. Second, the diagrams (B), (C), (D),
and (E) do not have corresponding diagrams in 7N —
marN because there is no 37 vertex at leading order. It is
important because it explains the essential difference be-
tween 7N — 7rrN and yp — ym*n. We will return to
this point in Sec. V when we discuss the applicability of the
extrapolation method. Furthermore, diagrams (B) and (E)
both vanish in the c.m. frame of the final y-7 system

k q k q 9k k
%F{ ) EN N S /
| | k / q
I I I I L‘%/ N
7y ®) © o " )
FIG. 1. The LO diagrams for radiative pion photoproduction in

the €, - v = €, - v = 0 gauge. The corresponding amplitude of
diagram (A) is denoted as A, in the text. Similar notations are
applied to the other diagrams. The dotted line represents the
pion, the solid line represents the nucleon, and the wedged line
represents the photon.

[
because €, -7 = € - (—¢g) = 0. Diagrams (C) and (D)
vanish if the polarization vector of the incoming photon
is perpendicular to the scattering plane spanned by k and 7.
In other words, €, - 7 = 0. As a result, when the polariza-
tion vector of the incoming photon is perpendicular to the
scattering plane, the LO amplitude in the c.m. frame of the
final v — 7 system becomes A 4 only. On the other hand,
if the polarization vector of the incoming photon is parallel
to the scattering plane, then the LO amplitude in the c.m.
frame of the final y-7 system becomes A, + A c +
\ﬂ. lD .

The NLO diagrams are listed in Fig. 2. The NLO am-
plitudes read

kﬁir:{q ke 4 4 %k kﬁ‘w,, kﬂ,, kLHW——
Yo ™ " q
A) (B) © D) (E) ¥
kK, o9k Ja g , 9 k ko 4d kK 9
:Lll “ . v a —wst o
E 4,
(&) (H) (@) (K) (L) M) ™)

FIG. 2. The NLO diagrams for radiative pion photoproduction
inthe €; - v = €, - v = (0 gauge. The squares represent the NLO
vertices. The corresponding amplitude of diagram (A) is denoted
as A,, in the text. Similar notations are applied to the other
diagrams. The dotted line represents the pion, the solid line
represents the nucleon, and the wedged line represents the
photon.
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e’ ga (€ - &) - (P1 + P2))
A2A=2MNF [7e = m30.] (—m (0, + 0, — o),

Ay = S8 [ 5 & DE T DG (BiF po)

(0, + 0, — wy),
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MyF, [S1 = mz ]t — m3]
e*ga (& A& G— )G () + p)
Ay = 1) . + _ )
e’g (€1 - (T - &)
Ay = 4MN?7 [T, 3]472 (0, — wy),
—e’gs @ -PGE-G-R)E-p) 1
o4 1+ 2 N
2E — My, [Tc7'3 Sesll 73] W —m2 w,
e’g s G D@ Gk &g 1
[T 73 6L3:| B T,
8MNF u— ms oy
e’ga (€1 - (- &)
A = AMyF, ——I[7 3]14——m%, (0, — @),
—e’g PG GF-R)E-p) 1
ﬂ2E = 2MNFA77. [TL'T3 53][1 + T3] " — %7— 2 L. Cl)_q
g, & PG F-RNG-&a-q] 1
[7e73 = 83lit : ) : i
SMNF u— my w,
@ PG -GF—R)E:-p) 1
Ay = 2MNF [1+ 73]l7rems — 8.3l g .a)_q
TR Iy LAl LA | Gl Gt VN S
8MNF,T'M ¢T3~ Oc3 u—m2 w,’
e*ga ) (F— ))( “py) 1 g
2F:2MNF7T[1 + 73ll7eTs — c%] g 'w—q+8MNFﬂM[TcT3_5c3]
L& PG &6 G- G-k 1
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e*ga (€5 -F)a- &)
Ay = AM\F. [ T3]w' (0, + @),
e’ga (& -F)a-(F+g)E - p) 1 e’ga
Ay = 51+ 2 —+ T3 — 83l
2H OM\F, [r.m3 — dasll 73] S, — m2 w,  SMyF., [7.73 a3l
NG GG ) A
S, — m% w;
—e’gy (& -F)a-(F+q)(é  py) 1 ega
A 1+ ) —— 73— 0,
2 = M F, [ m3[7.73 3] S, — m2 w, SMyF., alrers 3]
(& Nlo-é,0 K- (F+g) 1
S, — m2 wq’
—e’g (&-P)G-&)  ega [0- €& 0-4ld-€)
Ax = 4MNF/;[1 + 7m3ll7ems — 8eal s Z)q L - 16MNf}77T flrems = 831 + 73] s w, 1
*ga (& PG - &)  ega [6-&,6 k(G- &
= - 1+ 2+ i ‘ &)
Ay = AMyF, [7.73 = 83l 73] w, + ©, 16MyF, [r.73 — 8.3]i Lt o
—e’ga (7 - F)(E - &) e’ga (0 7)€ - &
A = 1+ 73) ——=, AN = 1+ —
2M AMyF, 7( 73) , 2N 4MNF7T( 3T Py
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where = (1+«k,)+ (1 +k,) and k,(k,) =
3.76(—0.120) is the isovector (isoscalar) anomalous mag-
netic moment of the nucleon. “A,, represents the ampli-
tude of diagram (A) in Fig. 2. Similar notations are applied
to the other diagrams in Fig. 2. In the c.m. frame of the final
y-ar system, diagrams (B), (G), (H), and (J) also vanish
because o (F+¢g) =0 and & -F=¢€ -(—qg) =0.
Furthermore, diagrams (C), (D), (E), and (F) vanish if the
polarization vector of the incoming photon is perpendicu-
lar to the scattering plane because &, - 7 = 0. As a result,
when the polarization vector of the incoming photon is
perpendicular to the scattering plane, the NLO amplitude
in the c.m. frame of the final y-7 system becomes

Afio= A+ Ay + Ay + Apy + Ay, (11)

which contains no term proportional to 1/(u — m2). As a
matter of fact, in this particular case the sum of LO and
NLO amplitudes is free of the pole at u = mZ. This is our
first important observation.

B. Next-to-next-to-leading-order amplitudes in
HBChPT

The NNLO amplitude includes A®(n = 2, m = 0) and
A®(n=0,m=1). The diagrams which contribute to
A@(n=2,m=0) are given in Fig. 3; the diagrams
which contribute to AP (n=0,m=1) are given in
Fig. 4.

The “‘bubbles” appearing in the diagrams of Fig. 4,
denoted M, to My, are the sums of the one-particle
irreducible diagrams of some subprocesses. An explicit
graphic explanation of each bubble is given in Fig. 5.
They are the one-loop chiral corrections to the tree-level
amplitudes of the subprocesses with at least one off-shell
leg (except for My in which the five legs are all on shell).

.
@) ®) © ®  ®

¢ o ¢ ®
(F) ()] (H) @
(K) (L) M) N) (P) Q

(R) ) (T (8] V)

FIG. 3. The NNLO diagrams belong to A®(n =2, m = 0)
for radiative pion electroproduction in the €, v =€, v =0
gauge. The squares (hexagons) represent the NLO (NNLO)
vertices. The dotted line represents the pion, the solid line
represents the nucleon, and the wedged line represents the
photon.
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PO :
— 7N ‘ ZN
R A “af“ Yo v
1(5) ' © @ L® O ; (10)
. . —o— v Zn
K
S S >
Lan 1) (13) L9 1) " a16)
4©7 ZN ZN
kK a7n ke (18) k= (19 (20) 22)
R A a&zn
o q ;

: ‘ Q zN Zn
23 @H{q (24) rﬁ; q (25 ;J{q (jj: rff‘ fﬂ (;) H{{qz(fs)
k 3 E(I% % l @ L

(31)q (%2) q

k (29) q (30) q (33) (34)
(]_l-r‘-rj

? (35) i

FIG. 4. The NNLO diagrams belong to A@(n =0,m = 1)
for radiative pion electroproduction in the €; - v =€, v =0
gauge. The bubbles labeled M, —My represent the one-loop
chiral corrections to the subprocesses. The dotted line represents
the pion, the solid line represents the nucleon, and the wedged
line represents the photon.

They can be calculated in HBChPT and, actually, most of
them have been calculated before. However, these calcu-
lations have been done with different definitions of the pion
and nucleon fields. The complete calculation of all subdia-
grams under the same definition of the fields is left for a
future publication [17]. Z,. and Zy are the wave function
renormalization factors for the pion and nucleon, respec-
tively. Both of them can be found in the literature [18].
Mu(y + 7t — y + @) represents the one-loop chiral
contribution to Compton scattering from the virtual incom-
ing pion. If the incoming photon is also virtual, then this
subdiagram also carries the information of the so-called
generalized polarizabilities as studied in [19,20].
Mg(m — ) represents the one-loop chiral correction to
the pion mass. M(p — 7% + n) represents the one-loop
chiral correction to the axial form factor of the nucleon.
Mp(7m~ + p— v + n) is the one-loop chiral correction
to the amplitude of the radiative capture of the virtual
charged pion [21]. Mg(7w" — y + 7") is the one-loop
chiral correction to the pion electromagnetic form factor.
Mp(y + N — vy + N) represents Compton scattering
from an off-shell nucleon (either incoming or outgoing)
[22] at the one-loop level, and Mg(N — y + N) stands
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for the one-loop chiral correction to the nucleon electro-
magnetic form factors. The only subdiagram that has never
been calculated in HBChPT is My(y + p— 7t + vy +
n). The amplitudes contributing to My are quite lengthy

and are given in the Appendix. Besides, there is one excep-
|

2

PHYSICAL REVIEW D 79, 054001 (2009)

tional class of diagrams which contain the Wess-Zumino-
Witten (WZW) anomalous term 770 — 2 [23] (see Fig. 6).
The WZW term is the consequence of the chiral anomaly
of QCD [24]. These diagrams contribute to the NNLO
amplitudes:

AV = iiZ(ﬂ'Few)zFW [73, TC]GM,,&B]{/J‘G;/C]QEZB —(q — k)12 3 (wy — w, + o,),
PRS- S TR
PR AL [

AV 4 AWV — (4;;5)%21:77 emﬁk"e?q“eéﬁ . wlr{[% ] (q?’_' gz—_li)n%r s, ig -_(ij)_2 f) ZZ} (12)

! I I I
O - I + I + I
"‘T ~ ——
N
;@II; = + AN N /é\ /é\
= SN TS

) (H 1\) | +a}_2 ) %(3;32 %—)4)
s e @) -9
+ i.{')i
(H-9)

FIG. 5. The diagrams denoted as M —~M in the text repre-
sent the one-loop chiral corrections to the subprocesses. The
detailed explanation of each diagram is given in the text. The full
circle represents the vertex from ngl)v or £ The dotted line
represents the pion, the solid line represents the nucleon, and the

wedged line represents the photon.

|

Note that (¢ — k)> — m%2 =t — u — S,. By conservation
of energy, one obtains the relation for a small momentum
transfer,

wp =~ 0y — w, = M} + 1Bl — M3 + |5y P

1511 = |pal? ( 1 )
=20 20 o—). (13)
2My M3,

Hence A V%Y is suppressed. On the other hand, A}V +
AXYEY is spin independent for the charged pion. Since
Ao is a spin-dependent amplitude, only the spin-
dependent amplitude of Ay Will contribute to the cross
section in Eq. (9) because one has to sum over the initial
nucleon spin if the proton target is unpolarized. The prod-
uct of one spin-dependent amplitude and another spin-
independent amplitude is spin dependent, and it will vanish
after summing over the spin. As one can see from Eq. (12),
the total amplitude of the leading-order WZW-type dia-
grams is spin independent so that the WZW-type diagrams
do not contribute to the cross section in Eq. (9).

(A) 1= ®) = (© "
S S S S |

FIG. 6. The diagrams for the radiative pion electroproduction
in the temporal gauge with the WZW vertex. The index c is the
isospin index.
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IV. EXTRACTING CHARGED PION
POLARIZABILITIES FROM THE CROSS SECTION
OF RADIATIVE CHARGED PION
PHOTOPRODUCTION

A. Chiral Lagrangian and the counterterms

In this section we discuss how to extract = and B,=
from the cross section for radiative charged pion photo-
production in HBChPT. According to Eq. (9), the cross
section depends on the charged pion polarizabilities
through the interference term between ‘A, and the am-
plitude of diagram (1) in Fig. 4. Since there are no un-
known parameters in the LO and NLO amplitudes, the
main uncertainty in this approach comes from the other
unknown parameters in the NNLO amplitude. They are the
so-called low-energy constants (LECs), which are the co-
efficients of the counter terms in the chiral Lagrangian. In
principle, their values can be determined only through the
experimental data. Note that by studying the fixed point
structure of the renormalization group equations, the ratios
of some LECs can be estimated [25]. The chiral
Lagrangian is expanded as

Log=L+ L0+ L0+ LB+ L8+,
(14)

The charged pion polarizabilities «,+ and B+ are the

LECs in E(,‘T‘,)T. There are seven LECs in Lg])\, but only
two are involved in our calculation—the isovector and
isoscalar anomalous magnetic moments of the nucleon,
K, and k,. My contains two LECs in L(ﬁ,, but they are
absorbed into the renormalized pion mass. Similarly, M~
also contains two LECs, but they are both absorbed into the
axial coupling constant g, and the pion decay constant F .
Consequently, we only need to consider two subdiagrams,
My and Mp. My contains a yymwNN vertex in
diagram (H-9) in Fig. 5. This vertex is from the following

terms of £ [26]:

L8, = Nldger ™ B(F} uyvp + doet " B(ET Yu,vg
=+ dzoiSMUV[F+ v l/t] + dZIiSM[F+ MV]

uv mvr

+ dypSH[DY, F,JIN + - - - (15)

where w>=U=+1—-7°/F% +i?- 7, u, =
iw'D,yu—uD,ut), (A)=Ti(A), Fg, =e(,A,

3,A,)uQut utQu), F,,=F;, —XFi,), S,=
ivso,,v" =(0,10), where v, is taken as (1,0). The
values of the LECs d; are determined from experimental
data. The terms with dg and dy are independent of the
nucleon spin. They will not contribute to the cross section
as long as the proton target is unpolarized. The term with
do vanishes in the gauge €, - v = €, - v = 0. Therefore,
the amplitude of diagram (H-9) is given as

PHYSICAL REVIEW D 79, 054001 (2009)

2 d >
A = 7 (dos + P)ire — 8@ - E)G - (- 3)
— (G- &)E& b+ (G- &)E - ) (16)

Another subdiagram containing unknown parameters is
M, which is the amplitude for 7~ + p — vy + n, where
all external legs are on shell except for 77~ . This subdia-
gram includes one ywNN vertex, and the corresponding
amplitude is

—2e%g € T o o
Ap- = F A7, — 7'35c3]{ui7mz|:d20 ) w?](ff' €
d 0 o . e 7
#(dr + P)o - )3 + - G- )
€7

A R R PR

&)+ (4 + B)6 - @)l - F- G+ )

7)

— (G- DG -G

o

Note that the combination d,; + % that appears in the
7yNN vertex is the same as the one in the 7yyNN vertex
because the latter is simply the minimal substitution of the
former one. The values of d,y and d,; + % are determined
by the experimental data of charged pion photoproduction
and/or radiative pion capture. They also play important
roles in the nucleon spin polarizability 7y, at the two-loop
level [27]. Their contributions to the cross section of
radiative charged pion photoproduction are the main theo-
retical uncertainties of the approach within the HBChPT
framework.

B. The numerical results

The previous section showed that the total cross section
for radiative photoproduction depends not only on charged
pion polarizabilities « .+ and (=, but also on the LECs
dyy and dy; + %:

POyNyan ( o )Lo+ ( o )NLO
dtdS,dQ) dtdS,dQ) dtdS,dQ)

+ ( Lo )NNLO +(a+p)

dtdS,dQ})
d>c \NNLO .
. - + v o—
(dtdSl dQ)+ @=p)
d>c \NNLO N d>c \NNLO
(dtdSldQ)_ K <dtdS1dQ),,
d>c  \NNLO
+&|— ) 18
¢ (dldSldQ)g (18)

Here we have defined dimensionless quantities whose
magnitudes are O(1):
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3 47F )2
= (a. xp. ATED ML
aem
d
£ = (da + 2 Gty

= <d20 +dy + %) - (4mF,)>.

To extract the charged pion polarizabilities, one should
look for the experimental configuration in which both ¢
and 7 have the least impact on the cross section. At the
same time, one should also seek the configuration which
makes the cross section most sensitive to the values of « =
and B,-. Hence we define the following dimensionless
quantities:

Q..

d>c  \NNLO
(dtdS dQ)+ /
3 NNLO o \LO

(dtdS dQ) / dtdS, dQ)

d*c  \NNLO LO
<dtdSldQ,),7 /(dtdSldQ

R d>c  \NNLO o
¢ (dtdSldQ)g / (a’tdSldQ)

The configuration with the smaller values of R and R, is
preferred because it means the effects of ¢ and 7 are
smaller. At the same time, the experimental setup which
gives the larger values of R, R_ is also preferred since in
this case the effects of the charged pion polarizabilities in
the cross section are more pronounced. Therefore, one
should look for the experimental setup with small R, and
R, and large R, or R_.

When the incoming photon is unpolarized, from Fig. 7
we observe that R, is large at forward angles and R_ is
large at backward angles. Moreover, both R, and R_
increase when S increases. Although R, at forward angles
is about 10 times larger than R_ at backward angles,
o=+ B,= is expected to be far smaller than a, - —
B=. [According to Eq. (2) = — B,= is about 10 times
larger than «_+ + B,]. Therefore, their effects are ex-
pected to be of the same magnitude.

Now we turn to the values of R and R,,. It is interesting
to see that the behaviors of R, and R, are very different. R,
is small and insensitive to # at forward angles, but it
becomes very sensitive to # at backward angles. Its abso-
lute value increases dramatically in the region 90° = 6 =
120°, then drops in the range 120° = 6§ = 150°, and in-
creases again in the range 150° = 6 = 180°. R, is very
small at forward angles, increases rapidly in the range
90° = # = 150°, and then drops at very backward angles.

In order to extract a - — [B,=, one has to measure the
cross section in the range 180° = # = 120° with large S
because R_ is large under such conditions. However, the

d>o \LO
(dtdS dQ)

19)
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: ~ _ 0.015 Vi
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0 =- 0
0o X & ® 27 5% 4 o X T & 2m St 4
6 3 2 "3 6 6 3 2 "3 6

FIG. 7. R’s as functions of 6. R; (left) and R,, (right) are shown
in the upper panels. R, (left) and R_ (right) are shown in the
lower panels. The solid (dashed, dotted) line is for §; = 4m?2
(7m%, 10m2). t = —3m?2 in all cases.

effect of ¢ is most pronounced at very backward angles. In
particular, the ¢ dependence of R; is complicated at large
S, and extreme backward angles. Therefore, one should
avoid the region # = 150°. But, even in the region 120° =
0 = 150°, R, and R, are both comparable to R_. We
conclude that it is necessary to take the effects of & and
7 into consideration when one extracts a = — 8,+ from
the cross section of radiative charged pion photoproduc-
tion. At forward angles, the effect of 7 is quite small but
the effect of ¢ is still comparable to the effect of = +
B =. Therefore, one should fit  and « - — B,= at back-
ward angles and fit £ and a = + B,= at forward angles.

z 1 m 21 5t
0 o0 6 3 2 3 6 T«
0.075 0.08
005 0.06
0.025
0 0.04 /
-0.025 | = 0.02
0.05 0
0.075 ~/
0 0 T T T 2z S=&m 1
6 3 2 3 6
z x & 21 5m z 1 & 21 51
0o 6 3 2 3 6 « o 6 3 2 3 6 =®
035
0.3
0.25
02
0157~ N S~
0.1 N NSy \ ‘.\
~ N
0.05 S _
0O 7 7 7® 27 57 g 0 7 7 7® 27 51 g
6 3 2 3 6 6 3 2 3 6

FIG. 8. R'’s as functions of 6. R” (left) and R” (right) are
shown in the upper panels. R” (left) and RI (right) are shown in
the lower panels. The solid (dashed, dotted) line is for §; = 4m?
(7m2, 10m2). t = —3m?2 in all cases.
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FIG. 9. R'’sas functions of §. R} is shown in the upper panel.
Rl (left) and RL (right) are shown in the lower panels. The solid
(dashed, dotted) line is for S| = 4m2 (Tm%, 10m%). t = —3m2
in all cases.

The polarization of the photon has a significant influence
on the extraction of the charged pion polarizabilities.
Consider Fig. 8, where the polarization vector of the in-

coming photon € is parallel to the scattering plane. Ru, is
no longer smaller than Rg as in the unpolarized case. One

PHYSICAL REVIEW D 79, 054001 (2009)

TS, dQ)LO Again, we see that it is necessary to take the

effects of ¢ and 7 into account when trying to extract
o= — B, (a,= + B,=) at backward (forward) angles.

The situation becomes very different when the polariza-
tion vector is perpendicular to the scattering plane. R# is
identically zero so the extraction of the charged pion polar-
izabilities is simplified. Figure 9 shows that, in contrast to
R!, R;} decreases with # more smoothly. But, Ré 1s still
comparable to R% in the backward direction and to R+ at
forward angles. Therefore, one must fit ¢ with the charged
pion polarizabilities simultaneously.

V. APPLICABILITY OF THE EXTRAPOLATION
METHOD

In this section we discuss the method of extrapolation in
[8,14]. This method is to extrapolate the experimental data
for y + p— y 4+ n+ 7" obtained near small negative
t = tyin < 0 to the pion pole t = mZ, and then obtain the
ym" scattering cross section. When |¢| is small the pion-
pole diagrams are expected to be dominant. Therefore, in
[8] only the diagrams with the pole at ¢t = m2., such as the
first sixteen diagrams in Fig. 4, are considered:

A=Mp—m

Ty a4y

w

observes the bumps in R”,RlJlr, and R in the range 120° = (20)
6 = 90°. Those bumps are due to the small values of  Then one has
|
2 2
Loyt o) g oMty 7!+ PP M= 7+ ) o1
dtdS,dQ (t = m3)

Consequently, one obtains the Chew-Low relation

BNy 28 —-mk (-1
yN—ymN :i ! 2 12 2 2[GA(I)]2
dtdS,d) 47 8TME, (t — m3)
do .
X == + Fp(S1, 1, 6), 22
<dQ)77r—'77r 5(S1,1,0) (22)
where f—; = 14.7 is the pion-nucleon coupling constant and

Fp represents the contribution of other diagrams without a
pole at t = m2. G,(t) is the axial form factor of the
nucleon. To remove the pole at 1 = mw, one defines the
following quantity:

F0.8.0) = (= 2 05, e ey
(5 |~ m) -t [GA(t)f(dQ)
yT—YyT
+ (f —m3)* - Fg(t, S, 0). (23)

Here F = Fj - (2E,M,)*. The final step is to use mea-

surements of F(z, S|, 6) at t,;, = 0 to extrapolate to the
pion pole:

hmF(t Sl’ 6)—’—(S1 —mz) m

t—>m

[Galt = m3)

g
x (d_Q s, a))ww. (24)

Because Fj has no double pole at 1 = m?2, the second term
in (23) will decrease rapidly due to the prefactor (t — m,,)?
when the value of 7 is extrapolated from physical ¢,;, = 0
to m2. It is crucial that Fz has no singularity when 0 <
t = mZ. Furthermore, even if Fj has no singularity, if its
value becomes large enough to compensate the smallness
of the prefactor (t — m%)? at t = t,,;,, then the validity of
Eq. (24) will be questionable.

Using the amplitudes listed in Eqgs. (10) and (11), one
can estimate Fp and examine whether the extrapolation is
an appropriate procedure. The method of extrapolation has
been successfully used to extract 777 scattering parameters
from 7N — 7w N. However, the extrapolation in the case
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of radiative charged pion photoproduction is more compli-
cated because there are diagrams which have poles at u =
m?2 and such diagrams never appear in the case of 7N —
7r7rN. Those diagrams have to be included in F'j since they
have no pole at t = m%, Moreover, those diagrams must be
included because they are required by gauge invariance.
According to our results in Egs. (10) and (11), in the final
v-7r c.m frame, Fy(f) can be written as

AF(t, Sy, 0) = (t —m2)? - Fg(t, S, 0)
1 (t —m3)? 2
—FB([ Sl: 0)( %T)Z+FB(I’S1’ 0)
x ((;: )) (t — m2) - F3(1, ), 6).

(25)

The value of —2)2 becomes large when the angle 6 moves

toward the backward direction. Therefore, in such situ-
ations the values of (t — m%)? - Fp are not necessarily as
small as expected This can be observed in Fig. 10, where

f(r) = (t m2)7 and g(7) = ((Zi’:jg)) are plotted as functions of

t and thelr values increase quickly as # moves toward the
backward direction in the physical region ¢ =0.
Consequently, the result of the extrapolation derived
from Eq. (24) will significantly deviate from the correct
value of (4g)sfatic  particularly at backward angles, if Fj
is simply neglected at t = t,;,,.

Hence, the applicability of the method of extrapolation
heavily relies on the size of F} and F. One would argue
that the amplitude with a pole at u = mZ should not hinder
the extrapolation as long as one can calculate the amplitude
accurately and include it. However, the LECs d,, and
dy + % appear in the M}, and contribute to the cross
section through diagram (19) in Fig. 4 which has a pole at
u = m2. The interference between diagram (19) in Fig. 4
and diagram (C) in Fig. 1 will be comparable with the
interference between diagram (1) in Fig. 4 and diagram (A)
in Fig. 1, and it causes large deviations of the values of the

NG
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g(t)

-1 -0.5 0.5 1
FIG. 10 (color). f(1) = mz 7 (left panel) and g(1) = = s
(right panel) as a functlon of t with §; = 3m2. The bottom
(red) curve is for 6 = /3, the next (green) curve is for 6 =
/2, the second (purple) curve from the top is for § = 27/3,
and the top (blue) curve is for § = 577/6. The range of 7 is
—m2 =t = m>Z. t is in units of m2.

t

charged pion polarizabilities. Therefore, the applicability

of the method of extrapolation is severely limited.
Fortunately, there is one exception: when the incoming

photon is polarized along the direction perpendicular to the

scattering plane spanned by k and 7, all LO and NLO
diagrams with 1/(u — m2) vanish. Hence, the LO, NLO,
and NNLO pieces of F} and F% all vanish in this polar-
ization condition. So, the procedure of extrapolation would
be applicable in this particular polarization condition even
at backward angles. Hence, one can apply the method of
extrapolation to extract «, = if the incoming photon
is polarized normal to the scattering plane.

VI. DISCUSSION AND CONCLUSION

In this section we need to address several important
issues. The first one is the contribution of nucleon reso-
nances, particularly the contribution of A(1232). It is well
known that A(1232) plays an important role in the low-
energy phenomenology of the nucleon. It is possible to
include its effect systematically in the extended version of
HBChPT [28]. Here we only consider the leading-order
contribution of A(1232) in M. The complete analysis is
beyond the scope of this article, but the leading-order result
in My is very instructive. The LO diagrams with A(1232)
are given by (see Fig. 11)

—e’g anb 1 N . I P .
Af = gt = mada) oy (6 @) D+ @ G &)+ 2id & X B,
Ay =t s g L e a) + G @)+ 2 - & X a)
A 36MyF, ¢ T e, + A g g :
5 ) | (26)
. —egn e mmvys o e s o e e -
AL = WNAIQV;[TC — 738.3] w0 — @, — A{(El &0 q) — (€ - q)(d - &) + 2i€, - € X g},
Ag =8 s L e B - @ DG E) 42 & X B
A 36MyF, ¢ o, tw,+A 2 2 2 ’
where A = M, — My = 293 MeV, gax is the 7NA coupling constant, and b, is the coupling constant of yNA [28].

Large N. QCD gives
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k T, g k /r g Fog o
@ ®) © ¢ @
FIG. 11. The LO diagrams of radiative pion electroproduction

in My in the gauge €, - v = €, - v = 0 with the intermediate
A(1232) state.

3
b= — "k,
: 232

If A> w, w,, ,, then

3
SAN = —=8a. 27
8mAN 2\/-2-&1 27

~ _ezgﬂ'ANbl
I8MyAF,

— (G- &)E k) + (- &)E - 9] (28)

A [7. — 83m3ll(€) - €)(F -k — )

Comparing with Eq. (16), one finds that it has the same
form as Eq. (16). If one assumes that d,; + % is saturated
by the A(1232) resonance, then one obtains the following
estimate:

d
§=4mF,)>- (d21 + %)
o _ L1 &nanb

. 2 o
18 MyA 4mF,) 1.46. 29)

According to the @(p*) ChPT predictions, @ + 3 = 0 and
@ — B =1.79. Including higher order corrections, the
ChPT predictions become @ + 8=0.12 and @ — B8 =
1.49. According to Eq. (18) and Figs. 6-8 the effects due
to £ and the effects due to pion polarizabilities are of about
the same magnitude. Hence, it is necessary to take ¢ into
consideration when one tries to extract the charged pion
polarizabilities from radiative charged pion photo-
production.

There is another important issue to be addressed here.
The results of HBChPT for those subdiagrams such as M 4
and so on are not unique. Because each subdiagram has at
least one off-shell external leg, those amplitudes are con-
sequently changed if the parametrizations of the pion field
and the nucleon field are changed. In other words, one can
redefine the fields, and the results of M 4 through M ; will
be changed. One might worry about the uniqueness of the
result. As a matter of fact, there is no ambiguity as long as
one uses the same parametrization of the pion and nucleon
fields through the whole calculation. This is because the
physical observables derived from the S matrices with on-
shell external legs are independent of the choice of pa-
rametrization of pion and nucleon fields. Note that the
explicit forms of the counterterms and the values of the
LECs in the chiral Lagrangian depend on the choice of the

PHYSICAL REVIEW D 79, 054001 (2009)

parametrization of the field. Conversely, even if a model is
very successful in describing the experimental data of
subprocesses such as y + p — y + n + #", it is not nec-
essarily reliable to use this model to describe the whole
process because of the off-shell ambiguity. But there is no
such ambiguity in any effective field theory as far as the
physical process is concerned. This is the main advantage
of an approach based on an effective field theory.

It is also important to point out that in HBChPT, the
convergence of some quantities such as spin polarizabil-
ities, which are extracted from processes like spin-
dependent Compton scattering off the nucleon, is very
poor [29-31]. It casts doubt on the convergence of the
expansion of the amplitude ‘A in Eq. (9). However, it
has been shown that the convergence of the differential
cross sections for Compton scattering is good [32]. The
poor convergence of spin polarizabilities is due to the
separation of the nucleon-pole and nonnucleon-pole con-
tribution of the total amplitude. Since here we are only
concerned with the total amplitude of radiative charged
pion photoproduction, we should be satisfied without fur-
ther high-order calculations.

In conclusion, we find that the main uncertainty in the
extraction of pion polarizabilities arises from the effect of
two combinations of the low-energy constants in the chiral
Lagrangian £(731)\,, dyg and dy; + %. Their effects are com-
parable to the effects of pion polarizabilities on the cross
section for radiative charged pion photoproduction.
Therefore, a measurement with a large coverage of the
scattering angle is required to fit ¢,  and a,+ — B,= in
the backward direction and to fit £ and @+ + B,= in the
forward direction. We also find that the direction of the
polarization of the incoming photon plays an important
role in the extraction. Moreover, the typical extrapolation
procedure is severely limited due to diagrams which have a
pole at u = mZ but not at t = m>2.. However, such diagrams
will vanish when the polarization vector of the incoming
photon is perpendicular to the scattering plane. As a result,
we suggest that the extrapolation is still applicable in this
particular situation.
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APPENDIX: AMPLITUDES OF SUBDIAGRAM H

Here we present the amplitudes for the subdiagrams (H).
We use the following notation:
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1 dl 1
i) g Al
: (Zd;;d 2 _1721;2 —— = g,.,M;[m{],
% (2d;§d (v-1—A- ie;(m(z) y—— JolA, mg)
% (2d;§d (v-1—A- ii§(mg “P—ie v, Ji[A mg)
% (2d7d7§d (v-l—A-— ,’l:)l(ym(z) “P—ie) 8uvlalA, m3] + v, v, J5[A, md].

Using dimensional regularization one obtains

mg
Ao[m3] = 2m(2)(L +— = lnz),
1 dAo[m2
My[m] = —[Ao[mz] +m2 0 ]
0 d 0 0 dm%

A 1 —A
Jo[A, m2] = —4AL + (1= 21022) = fm2 — A2 - cos 1 (—2),
0 8m? M T 0

Ji[A, m§] = A - Jo[A, m§] + Ag[mg],

1
Jo[A, mg] = [(mo A2)JolA, mg] — A - Aglmg]
J3[A, m(z)] = A N JI[A, m%] - JQ[A, m%:l,

d—4
M 1 1 ]
Y e |

1672 [d—4 > e nd)

(AD)

(A2)

where u is the renormalization scale, y; = 0.557 215.. .. is the Euler number, and d is the space-time dimension. Also, we

amJo[A,m]]

——0=_ The results are
d(mg)

define w = (k — ¢)* and Jém) =

My = _\;i ] / dx(& - &) - D (x + YIMP[m2 + y(y — Dw + xyw]

+ 20,0 [xay + yo, mE+ y(y — Dw + xywll + (& - &G - §(—y)M[m2 + y(y = Dw + xyw]

N 1
+ 2w,J§2)[xwk + yw,, m% + y(y — Dw + xyw]] + (7 - €)(é - k)(x +y— E)[Mgl)[m%, + y(y = Dw + xyw]

+ 2w J(z)[xwk + yw,, m% + y(y — Dw + xyw]] + (7 - E)E - @x+y— 1)[M(21)[m3, + y(y = Dw + xyw]

+ 2w, JP[xw, + yo, mE + y(y — Dw + xywl] + (€ - )& - (G - Dly(x + y)(x +y — 1)]

X [AP[mE + y(y — Dw + xyw] + 20,0 [xo + yo, m% + y(y — Dw + xyw]] = (&, - §)(& - k(5 - §)

X y2(x +y = D[AP[m2 + y(y — Dw + xyw] + 20,0 [xo, + yo,, m% + y(y — Dw + xyw]],
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—J2e202 1 y e
My, = 23 84 ,[0 d dx(é, - &) g)(x + y)[M(zl)[m%T +y(y = Dw + xyw]
= 20,0 [x0, = yo, mk + y(y = Dw + xyw]] + (& - €)@ - D(=NIM [m2 + y(y = Dw + xyw]
e 1
= 20,02k, ~ yo, iy + 30— Dw + w6 - @)@ - Px+y 3 )T + 30— D+ xyw]
—20,J[xw, = yo, m% + y(y — Dw + xywl] + (6 - €)(& - O +y — DM [m2 + y(y — Dw + xyw]
— 20,0 [xw, = yo, m% + y(y — Dw + xywll + (& - B)(E - )G - Dly(x + »)(x +y — )]
X [Af)z)[m% + y(y = Dw + xyw] — 2w,J(()2)[qu —yw,, m% + y(y — Dw + xyw]]
— (& - D& - PG - by +y— DIAP[mS + y(y — Dw + xyw]
— Zw,J(()z)[qu —yw,, m% + y(y — Dw + xyw]], (A4)
ﬁezzeﬁeaa* V2etg? . ) )
=t (G k- )& &) My = = =554 (G - 3k = 3G — 27)
! CADE, 2 _ o [ I=x (1)
X | dxx-{Ay [m3 + x(x — 1)w] X {(€ &) | dy dy(—1) - M,
0 0 0
+ 20,00 [xo, m} + x(x = Dwl},  (AS) X [m2 + y(r = Dw + xyw] + & - (& - §)
1 l1—x
X f dyf dyy(l — x — y)Aff)
0 0
Ny X [m2 + —1w+xw}, A8
ga = — 4F3A((T'k—q)(61'€2 [m7 +y(y — 1) yw] (A8)
I V223 L e o !
X [ dx(1 — x) - {Agl)[m% + x(x — Dw] Mpys = TJ(U 3k —3q — 27)(€, - 52)/;) dx(—1)
0 T
+2w,J[(x = Do, m2 + x(x — Dw]},  (A6) AAP M + x(x = D}, (A9)
\/Eez d N e
Myo = <d21 + %)[(61 “&)ak—q)
Mpus = Mys =0, (A7) —(F-&)E 0+ (F-&)E DL (A0)

Here we do not explicitly display the results of cross
diagrams, which can be obtained by exchanging k «
—q, € < &,
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