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The dynamics of a vortex string, which describes the Nambu-Goldstone modes of the spontaneous

breakdown of the target space D ¼ 4, N ¼ 1 supersymmetry and internal Uð1ÞR symmetry to the world

sheet ISOð1; 1Þ symmetry, is constructed by using the approach of nonlinear realization. The resulting

action describing the low energy oscillations of the string into the covolume (super)space is found to have

an invariant synthesis form of the Akulov-Volkov and Nambu-Goto actions. Its dual scalar field action is

obtained by means of introducing two vectorial Lagrangian multipliers into the action of the string.
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I. INTRODUCTION

Topological defects can form as a result of some types of
symmetry breaking if the system has nontrivial degenerate
vacua. Examples include the formation of domain walls if
the vacuum manifold M has disconnected components [1]
and the formation of string topological defects, such as the
Nielsen-Olesen vortex lines, if M is not simply connected
[2]. In elementary particle physics, the known symmetries
of these particles are actually originated from a larger
symmetry group G after a series of spontaneous symmetry
breakings. In the cosmological context, it implies that the
early Universe has gone through a number of phase tran-
sitions, with one or more types of topological defects, such
as the cosmic string, possibly having formed and being left
behind [3].

Vortex string topological defects and their theory have
attracted much attention, in particular, on the structure of
the vortex moduli space for non-Abelian as well as Abelian
theories [2,4–8]. In brane world scenarios, particular atten-
tion has been focused on the vortex string itself, which is
deemed to be especially useful when considering localiza-
tion of gauge fields by using warped compactifications [9].
In addition, in Ref. [5], it is pointed out that the low energy
dynamics of the vortex string in certain field configurations
coincides with a two-dimensional field theory. It has been
found that the vortex string theory has a rich content and is
interesting in its own right from both theoretical and aes-
thetic points of view. On these points, the dynamics of the
vortex string itself and its correlations with lower-
dimensional field theories merit careful investigation and
analysis.

It has been shown that a supersymmetric string topo-
logical defect can form in N ¼ 1 supersymmetric Abelian
Higgs models [7,10,11]. However, recently, a non-BPS
solitonic string was found in an N ¼ 1 supersymmetric
gauge theory [12]. There, the vacuum spontaneously
breaks the total N ¼ 1 supersymmetry. Motivated by
this, in the present paper we consider such a vortex topo-

logical defect (or p ¼ 1 brane), embedded in D ¼ 4 flat
target space with the underlying theory described by the
global N ¼ 1 supersymmetry along with an internal Uð1ÞR
symmetry. Corresponding to the breaking of the (super)
spacetime, the dynamics of the vortex string is then de-
scribed by its long wave oscillation modes in the target
(super)space.
Besides, it is known that the target space N ¼ 1 super-

symmetry can be partially broken down to ð0; 2Þ supersym-
metry on the world sheet of the string [13], and the
resulting string dynamics is described by the Green-
Schwarz superstring theory [14]. On the other hand, if
one further introduces spinor degrees of freedom on the
world sheet of the string, the supersymmetry can be real-
ized as ð1; 1Þ or ð1; 0Þ instead, which leads to Neveu-
Schwarz and heterotic string theories, respectively [15].
Some discussions about extended versions of two-
dimensional supersymmetry can be found in Ref. [16]. In
addition, other patterns of partially spontaneous break-
down of two-dimensional supersymmetries have been ex-
plored in [17]. However, since there is no observation for
the superpartners for all of the particles in the standard
model of particle physics, the supersymmetry must be a
broken one. In this regard, it is prominent to notice the non-
BPS string admitted by the N ¼ 1 supersymmetry theory
in [12]. Therefore, in this context we consider the Nambu-
Goldstone modes of such an oscillating vortex string,
which correspond to the spontaneous breakdown of the
target space full N ¼ 1 supersymmetry to D ¼ 2
ISOð1; 1Þ symmetry on its world sheet. The R symmetry
could also become a broken one, and this has been realized
in both the dynamical and the spontaneous supersymmetry
breaking theories [18–20].
As for the spontaneous symmetry breaking, the ap-

proach of nonlinear realization has been demonstrated as
a natural, economical, and elegant framework for treating
it. Actually, this method has been applied to a wide range
of physical problems most notably in the form of nonlinear
sigma models, supersymmetry, and brane theories
[13,21,22]. There, the Lagrangian is invariant with respect
to the transformations of some continuous groupG, but the*liul@physics.purdue.edu
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ground state is not an invariant of G but only of some
subgroup H. In this context, the resulting phenomenologi-
cal Lagrangian becomes an effective theory at energies far
below the scale of spontaneous symmetry breaking.
Consequently, the effective action can be expressed in
terms of the dynamics of the Nambu-Goldstone fields.

In this paper, setting aside the Green-Schwarz formalism
[13,14], we put special emphasis on the string dynamics
from the point of view of an effective two-dimensional
field theory and construct its dual form. The purpose of the
research work has two respects. The non-BPS vortex
string totally breaks the target space supersymmetry, and
the symmetry breaking becomes manifest in terms of
the inhomogeneous transformations of the Goldstone
(Goldstino) fields through the approach of nonlinear real-
ization. As a result, the Maurer-Cartan one-forms naturally
give us the dynamics describing its oscillations into the
codimensional (super)space. On the other hand, the dual
form of the string action is constructed. We hope that it
could shed some light on the correlations between the
vortex strings resulting from embedded higher-
dimensional target spacetime and two-dimensional field
theories.

The organization of this paper is as follows. In Sec. II,
the subgroup SOð1; 1Þ � SOð2Þ is taken as the stability
group. The string topological defect therefore totally
breaks the target spacetime supersymmetry and R symme-
try. The centrally extended N ¼ ð2; 2Þ supersymmetric
algebra is constructed through dimension reduction, while
the transformations of the Nambu-Goldstone (Goldstino)

fields are derived explicitly through the coset structure by
using the approach of nonlinear realization. In Sec. III, the
low energy effective action of the oscillating vortex string
is obtained by means of Maurer-Cartan one-forms. Its
dynamics, according to the interplay of the nonlinear real-
ization and brane dynamics [13,22], is described by the
associated Nambu-Goldstone (Goldstino) modes corre-
sponding to the collective degrees of freedom of the coset
manifold. In addition to the transverse long wave oscillat-
ing modes associated with the broken generators in the
(super)space directions, the string dynamics also provides
accommodation for the Nambu-Goldstone (NG) mode re-
lated to the brokenR symmetry. The action is found to have
a synthesis form of the Akulov-Volkov and Nambu-Goto
actions:

�0 ¼ �T
Z

d2x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
j detgj

q

¼ �T
Z

d2x detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�ij �rA�irA�jÞ

q
(1)

in which detê ¼ detêa
B and êa

B ¼ �a
B � i@a ���

BC ���
i@a ���

BC ��. The couplings of the R axion field to these
NG fields are also derived by using the supersymmetric and
R covariant derivative. In Sec. IV, the dual scalar field
action in the two-dimensional spacetime is constructed
by introducing two vectorial Lagrangian multipliers into
the string action. The resulting action is found to have the
form

�0 ¼ �T
Z

d2x

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� det

�
ĝab � 1

detĝ
ĝab0 ĝbc0"

b0c"c
0d@cAi@dAi

�s
þ "ab@bAiJia

�
; (2)

where ĝab ¼ êa
Aêb

B�AB is the metric of the two-
dimensional spacetime and Ai ¼ ðA1; A2Þ are the dual sca-
lar fields.

II. TRANSFORMATIONS OF NAMBU-
GOLDSTONE FIELDS

In the four-dimension target space, we consider the
underlying theory with N ¼ 1 supersymmetry and R sym-
metry. Their algebras have the following (anti)commuta-
tion relations:

fQ�; �Q _�g ¼ 2�	
� _�P	; ½R;Q�� ¼ Q�;

½R; �Q _�� ¼ � �Q _�;

½M	
;M��� ¼ ið�	�M
� þ �
�M	� � �	�M
�

� �
�M	�Þ;
½Q�;M	
� ¼ i12ð�	
Þ��Q�;

½ �Q _�;M	
� ¼ i12ð ��	
Þ _�
_�
�Q

_�:

(3)

The coordinates of the target N ¼ 1,D ¼ 4 superspace are
defined by fx	; ��; �� _�g. Placing the vortex string along the
x axis, the world sheet of the vortex string is then parame-
terized by fx0; x1g in the static gauge. The related symme-
tries of the string defect are the Lorentz boost along the
x-axis direction, i.e. the SOð1; 1Þ Lorentz symmetry
(formed by the generator Mab, a; b ¼ 0; 1), and the rota-
tional SOð2Þ invariance (formed by the generator T ¼
M23) in the y� z plane. When the target space supersym-
metry and the R symmetry are both spontaneously broken
by the embedded vortex string, the stability subgroup H of
the vortex string world sheet is given by the direct product
of the symmetry groups SOð1; 1Þ � SOð2Þ, which is
spanned by the set of unbroken generators fMab; Tg.
These are the automorphism generators of the unbroken
generators Pa associated with the translational directions
in D ¼ 2 spacetime. The broken automorphism generators
are Ka

1 ¼ Ma2, Ka
2 ¼ Ma3, and R. The broken (super)

spacetime generators are Q� and �Q _� [or q and s; see
definitions in (4)] in the superspace related to the
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Grassmann coordinate directions �� and �� _� and P2 and P3

related to translational directions transverse to the brane.
In D ¼ 2 dimensions, the spinor has a representation of

dimension 22=2 ¼ 2, which is the same dimension as that of
the D ¼ 3 spinor representation. Taking the metric tensor

as�ab ¼ ðþ;�Þ and �a ¼ ð�2; i�1Þ, the Majorana spinors
q and s with two real components in two dimensions are
related to the D ¼ 4 Weyl spinors Q� and �Q _�, by the
following relations:

q1
q2

� �
¼

1
2Q1e

ið=4Þ � 1
2Q2e

ið=4Þ þ 1
2
�Q _1e

�ið=4Þ � 1
2
�Q _2e

�ið=4Þ
1
2Q1e

�ið=4Þ þ 1
2Q2e

�ið=4Þ þ 1
2
�Q _1e

ið=4Þ þ 1
2
�Q _2e

ið=4Þ

 !
;

s1
s2

� �
¼

1
2Q1e

�ið=4Þ � 1
2Q2e

�ið=4Þ þ 1
2
�Q _1e

ið=4Þ � 1
2
�Q _2e

ið=4Þ
1
2i Q1e

�ið=4Þ þ 1
2i Q2e

�ið=4Þ � 1
2i

�Q _1e
ið=4Þ � 1

2i
�Q _2e

ið=4Þ

 !
:

(4)

Through dimension reduction, the target spacetime sym-
metry can be rewritten as the centrally extended N ¼ ð2; 2Þ
supersymmetry in two dimensions, in which the number of
fermionic charges is the same as that of N ¼ 1, D ¼ 4
supersymmetry (SUSY). Thus one finds

fqi; qjg ¼ 2ð�aCÞijPa � 2�1Z1;

fsi; sjg ¼ 2ð�aCÞijPa � 2�1Z1; fqi; sjg ¼ �2i�2Z2;

½R;qi� ¼ isi; ½R; si� ¼ �iqi

½Mab; qi� ¼ �1
2�

ab
ij qj; ½Mab; si� ¼ �1

2�
ab
ij sj

½Ka
2 ; qi� ¼ 1

2�
a
ijsj; ½Ka

2 ; si� ¼ �1
2�

a
ijqj;

½Ka
1 ; qi� ¼ �1

2ð�3�aÞijqj; ½Ka
1 ; si� ¼ �1

2ð�3�aÞijsj;

(5)

where C ¼ �0 ¼ �2, i ¼ 1; 2; �ab ¼ i
2 ½�a; �b�, a; b ¼

0; 1. The central charges Z1 and Z2 are identified with
the two spatial translation generators P2 and P3, i.e. Zi ¼
ðZ1; Z2Þ ¼ ðP2; P3Þ. The commutation relations of the gen-
erators M and T (T ¼ M23) with these of the coset mani-
fold are given by

½M;Pa� ¼ �i"abPb; ½M;Zi� ¼ 0;

½M;Ka
i � ¼ �i"abKib; ½M;R� ¼ 0; ½T; Pa� ¼ 0;

½T; Zi� ¼ i"ijZj; ½T;Ka
i � ¼ i"ijK

a
j ; ½T; R� ¼ 0;

½2T; #i� ¼ i"ij#j; ½M;T� ¼ 0; (6)

where Mab ¼ �"abM, #i ¼ ð#1; #2Þ ¼ ð�3q; sÞ, and
"12 ¼ 1. The remaining communication relations are

½Pa; Kb
i � ¼ �i�abZi; ½Zi; K

a
j � ¼ �iPa�ij;

½Ka
i ; K

b
j � ¼ �i�ijM"ab � i�abT"ij:

(7)

The coset representative elements � ¼ G=H ¼
G=SOð1; 1Þ � SOð2Þ with respect to the stability group
H can be exponentially parameterized as

� ¼ eix
aPaeið�iZiþ ��i#iÞeiuai KiaeirR

¼ eix
aPaeið�iðxÞZiþ ��iðxÞqiþ ��iðxÞsiÞeiuai ðxÞKiaeirðxÞR (8)

in static gauge. The induced transformations for the col-
lective coordinates xa, �i, �i, �i, ui, and r parameterizing
the coset space can be derived from the left action of full

group elements on �. Since the full symmetry group G is
broken down to the subgroup H0 (formed by the set
fPa;M; Tg), a Nambu-Goldstone bosonic field correspond-
ing to R symmetry breaking is therefore expected, and it
becomes necessary to include its dynamics in the strings
full actions.
Consider the transformations of the Nambu-Goldstone

(Goldstino) fields induced by the left action of full group
element g

g ¼ eiðaaPaþziZiþbMþcai Kiaþ�Tþ ��iqiþ ��isiþfRÞ (9)

on the coset representative elements �. The result can be
uniquely decomposed as the product of the new coset �0
and the element of H, i.e.

g� ¼ �0h; (10)

where �0 is given by

�0 ¼ eix
0aPaeið�0

iðx0ÞZiþ ��0iðx0Þqiþ ��0
iðx0ÞsiÞeiu0ai ðx0ÞKiaeir

0ðx0ÞR (11)

and the stability group element can be written as

h ¼ eiðb0Mþ�0TÞ: (12)

Note that the Lie algebras of the Lorentz group have the
same complex extension as that of the group SUð2Þ �
SUð2Þ. Accordingly, after redefining generators

S1 ¼ 1
2ðT � iMÞ; S2 ¼ 1

2ð�K1
2 þ iK0

1Þ;
S3 ¼ 1

2ðK1
1 þ iK0

2Þ
(13a)

and

T1 ¼ 1
2ðT þ iMÞ; T2 ¼ 1

2ð�K1
2 � iK0

1Þ;
T3 ¼ 1

2ðK1
1 � iK0

2Þ;
(13b)

the following commutation relations are obtained:

½S1; SA0 � ¼ i"A0B0SB0 ; ½SA0 ; SB0 � ¼ i"A0B0S1;

½T1; TA0 � ¼ i"A0B0TB0 ; ½TA0 ; TB0 � ¼ i"A0B0T1;

½S1ðA0Þ; T1ðB0Þ� ¼ 0;

(14)

where A0; B0 ¼ 2; 3, "A0B0"A0C0 ¼ �B0C0 , and "23 ¼ �"32 ¼
1. Therefore, Eq. (10) becomes
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eiðaaPaþziZiþb1S1þ�1T1þmA0SA0þnA0TA0þ ��iqiþ ��isiþfRÞeixaPaeið�iZiþ ��iqiþ ��isiÞeiðuA0SA0þvB0TB0 ÞeirR

¼ eix
0aPaeið�0

iZiþ ��0iqiþ ��0
isiÞeiðu

0
A0SA0þv0

B0TB0 Þeir0Reiðb01S1þ�0
1
T1Þ: (15)

Applying Baker-Campbell-Hausdorff formulas extensively to Eq. (15), up to the first order of the parameters of g, leads to
the induced general infinitesimal coordinate transformations along with those of the Nambu-Goldstone (Goldstino) fields
on the two-dimensional world sheet:

x0a ¼ xa þ aa þ i ��ið�aCÞij ��j þ i ��ið�aCÞij ��j þ "a
0axa0b� cai �i þ i2 ��ið�aCÞij ��j þ i2 ��ið�aCÞij ��j þ � � � ;

�0
1 ¼ �1 þ z1 � i ��ið�1Þij ��j � i ��ið�1Þij ��j � ca1xa þ ��2 � i2 ��ið�1Þij ��j � i2 ��ið�1Þij ��j þ � � � ;

�0
2 ¼ �2 þ z2 � ��ið�2Þij ��j þ ��ið�2Þij ��j � ca2xa � ��1 � 2 ��ið�2Þij ��j þ 2 ��ið�2Þij ��j þ � � � ;
��0i ¼ ��i þ ��i þ f ��i � i12b

��j"ab�
ab
ji � i12c

a
1
��jð�3�a0 Þji�aa0 � i12c

a
2
��j�

a0
ji�aa0 � i12�

��j�
2
ji þ � � � ;

��0
i ¼ ��i þ ��i � f ��i � i12b

��j"ab�
ab
ji þ i12c

a
2
��j�

a0
ji�aa0 � i12c

a
1
��jð�3�a0 Þji�aa0 þ i12�

��j�
2
ji þ � � � ; r0 ¼ rþ fþ � � � :

(16)

As a result, the Nambu-Goldstino fields are found to transform inhomogeneously, and these inhomogeneous terms
explicitly signal the breakdown of the supersymmetry. As for the spacetime symmetry breaking, the Nambu-Goldstone
fields are those associated with the broken (super)translations only [23]. The Nambu-Goldstone fields uai are actually
superfluous (nondynamic) and can be eliminated by the inverse Higgs mechanism [24] [also see Eq. (32)]. Their
transformations, however, can be obtained by considering the infinitesimal transformations of the Nambu-Goldstone
fields uA0 , vB0 and b1, �1, through Eq. (15), i.e.

u0A0 ¼ uA0 þmA0 � 1

2
b1uB0"B0A0 þ cothði 12

ffiffiffiffiffiffiffiffiffiffi
u � up Þ

u � u
�
i
1

2

ffiffiffiffiffiffiffiffiffiffi
u � up �

u �muB0"B0A0 � u �muB0"B0A0

u � u þ 1

2
b01uB0"B0A0 þ � � � ;

v0
B0 ¼ vB0 þ nB0 � 1

2
�1vA0"A0B0 þ cothði 12

ffiffiffiffiffiffiffiffiffiffi
v � vp Þ

v � v
�
i
1

2

ffiffiffiffiffiffiffiffiffiffi
v � vp �

v � nvA0"A0B0 � v � nvA0"A0B0

v � v þ 1

2
�0
1vA0"A0B0 þ � � �

(17a)

and

b01 ¼ b1 þ
1
2u �m

cothði 12
ffiffiffiffiffiffiffi
u2A0

q
Þði 12

ffiffiffiffiffiffiffi
u2A0

q
Þ
þ � � � ;

�0
1 ¼ �1 þ

1
2v � n

cothði 12
ffiffiffiffiffiffiffi
v2
A0

q
Þði 12

ffiffiffiffiffiffiffi
v2
A0

q
Þ
þ � � � ;

(17b)

where u �m ¼ uA0mB0"A0B0 , u2A0 ¼ uA0uA0 etc., and uA0 , vB0 ,
mA0 , nB0 , b1, and �1 are related to uai , c

a
i , b, and � through

Eqs. (10), (13), and (15) up to field redefinitions.

III. EFFECTIVE ACTIONS

As a result of Eqs. (16) and (17), the NG fields non-
linearly and spontaneously break the supersymmetric and
R symmetries. The effective actions of the string can be
constructed by using the zweibein and connection one-
forms from the coset structure ��1d�, which can be
explicitly expanded with respect to the G generators as

��1d� ¼ ið!APA þ �!#i
#i þ!ziZi þ!A

ki
KiA þ!TT þ!MMþ!RRÞ

¼ ið!APA þ �!qiqi þ �!sisi þ!ziZi þ!A
ki
KiA þ!TT þ!MMþ!RRÞ: (18)

Under the transformation of Eq. (10), the coset transforms
as � ! �0, and the Maurer-Cartan one-forms transform
according to

�0�1d�0 ¼ hð��1d�Þh�1 þ hdh�1: (19)

Obviously, all of the one-forms transform homogeneously
under G except the connection one-forms !M and !T ,
which transform by a shift. The covariant coordinate one-
forms !A transform as the zweibein eb

A on the tangent
bundle to G=H, while !M and !T transform as connec-

tions to this bundle. The zweibein eb
A can be obtained by

expanding the covariant coordinate one-forms !A with
respect to the general coordinate differentials dxb, i.e.
!A ¼ dxbeb

A. On the other hand, the connection one-
forms !M and !T can be used to construct the covariant
derivatives for the fields localized on the brane world
volume [25]. These are the building blocks that can be
used to construct the invariant actions. Applying the
differential formulas expð�bÞd expðbÞ ¼ P1

k¼0
ð�1Þk
ðkþ1Þ! �ðadbÞkdb to Eq. (18), where adbðaÞ ¼ ½b; a�, gives us
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i!APA ¼ ðidxB þ d ��ið�BCÞij�j þ d ��ið�BCÞij�jÞPAð�B
A þ uiBðU�1ðcosh ffiffiffiffi

U
p � 1ÞÞijuAj Þ

þ iðd�i þ dc iÞðU�ð1=2Þ sinh
ffiffiffiffi
U

p ÞijuAj PA;

i!ziZi ¼ iðd�j þ dc jÞðcosh
ffiffiffiffi
U

p ÞjiZi þ ðidxB þ d ���BC ��þ d ���BC ��ÞujBðcosh
ffiffiffiffi
U

p
U�ð1=2Þ tanh

ffiffiffiffi
U

p ÞjiZi;

(20)

where xB ¼ ðx0; x1Þ, the matrix Uij ¼ uai uja, and

dc 1 ¼ iðd ���1
��þ d ���1

��Þ; dc 2 ¼ ���2d ��� d ���2 ��; (21)

in which A; B ¼ 0; 1. The capital letters A and B are used to represent the covariant spacetime coordinate indices, and the
lowercase letters a and b are used to represent 1þ 1 general coordinate indices in what follows. Considering !A ¼
d�beb

A ¼ dxbeAb in the static gauge, the zweibein is therefore found to be

ea
A ¼ ð�a

B � i@a ���
BC�� i@a ���

BC�Þð�B
A þ uiBðU�1ðcosh ffiffiffiffi

U
p � 1ÞÞijuAj Þ þ ð@a�i þ @ac iÞðU�ð1=2Þ sinh

ffiffiffiffi
U

p ÞijuAj
¼ êa

Bð�B
A þ uiBðU�1ðcosh ffiffiffiffi

U
p � 1ÞÞijuAj þrB�iðU�ð1=2Þ sinh

ffiffiffiffi
U

p ÞijuAj Þ; (22)

in which rB�i ¼ ê�1a
B ð@a�i þ @ac iÞ, and ê�1a

B @a is the Akulov-Volkov derivative, defined by êa
B ¼ �a

B �
i@a ���

BC ��� i@a ���
BC �� [26]. Under the transformations of Eq. (19), the covariant coordinate differentials transform as

i!0APA ¼ idx0aea0APA ¼ eiðbMþ�TÞidxbeb
BPBe

�iðbMþ�TÞ ¼ idxbeb
BLB

APA; (23)

where LB
A is the local H representation with vector in-

dices. As a result, the transformation of zweibein induced
by Eq. (23) has the property

e0aA ¼ @xb

@x0a
eb

BLB
A: (24)

In addition, PA is invariant under the action of SOð2Þ;
therefore, the SOð2Þ induced total variation of zweibein is
a SOð2Þ scalar, i.e.

�SOð2ÞðeaBÞ ¼ 0: (25)

Obviously, under the R transformation (16), the total varia-
tion of zweibein is R invariant according to Eq. (19):

�RðeaBÞ ¼ 0: (26)

In order to construct the action of the R axion related to the
broken R symmetry, from Eq. (18) one finds

i!RR ¼ idrR ¼ idxa@arR ¼ i!Ae�1a
A @arR: (27)

The covariant derivative is then given by

rAr ¼ e�1a
A @ar; (28)

in which it has a covariant coordinate index A. Under the
transformation of Eq. (16) it is also R invariant

�RðrArÞ ¼ 0: (29)

Furthermore, in Eq. (22) one may note that there are no
derivative terms for the Nambu-Goldstone fields uai . As a
result, they have no dynamical degrees of freedom. These
superfluous fields can be eliminated by using their equa-
tions of motion or by imposing covariant constraints on the
system. Imposing !z ¼ 0 as the covariant constraint on
Eq. (20) yields

!zi ¼ ðd�j þ dc jÞðcosh
ffiffiffiffi
U

p Þji þ ðdxB � id ���BC�� id ���BC�ÞujBðcosh
ffiffiffiffi
U

p
U�ð1=2Þ tanh

ffiffiffiffi
U

p Þji
¼ dxað�a

B � i@a ���
BC�� i@a ���

BC�ÞðrB�jðcosh
ffiffiffiffi
U

p Þji þ ujBðcosh
ffiffiffiffi
U

p
U�ð1=2Þ tanh

ffiffiffiffi
U

p ÞjiÞ
¼ dxaêa

BðrB�jðcosh
ffiffiffiffi
U

p Þji þ ujBðcosh
ffiffiffiffi
U

p
U�ð1=2Þ tanh

ffiffiffiffi
U

p ÞjiÞ ¼ 0: (30)

Hence one can find

rB�i ¼ �ujBðU�ð1=2Þ tanh
ffiffiffiffi
U

p Þji (31)

or, inversely,

uiB ¼ �rB�jðU�ð1=2Þ tanh
ffiffiffiffi
U

p Þ�1
ji : (32)

Introduce a new quantity

Hkk0 ¼ rB�krB�k0 ¼ ðtanh ffiffiffiffi
U

p Þ2kk0 : (33)

Plugging Eq. (32) into Uij ¼ uai uja amounts to

Uij ¼ ðU�ð1=2Þ tanh
ffiffiffiffi
U

p Þ�1
ik rB�krB�k0 ðU�ð1=2Þ tanh

ffiffiffiffi
U

p Þ�1
k0j

¼ ðU�ð1=2Þ tanh
ffiffiffiffi
U

p Þ�1
ik Hkk0 ðU�ð1=2Þ tanh

ffiffiffiffi
U

p Þ�1
k0j : (34)

The zweibein is secured as
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ea
A ¼ êa

Bð�B
A þ uiBðU�1ðcosh ffiffiffiffi

U
p � 1ÞÞijuAj

þrB�iðU�ð1=2Þ sinh
ffiffiffiffi
U

p ÞijuAj Þ
¼ êa

Bð�B
A þrB�iH

�ð1=2Þ
ij ðcosh ffiffiffiffi

U
p � 1

� tanh
ffiffiffiffi
U

p
sinh

ffiffiffiffi
U

p ÞjkH�ð1=2Þ
kl rA�lÞ

¼ êa
Bð�B

A þrB�iH
�ð1=2Þ
ij ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�H
p

� 1ÞjkH�ð1=2Þ
kl rA�lÞ: (35)

By using Eq. (35), the metric tensor of the two-dimensional
world sheet becomes

gab ¼ ea
Aeb

B�AB ¼ êa
A0
êb

B0 ð�A0B0 � rA0�irB0�iÞ:
(36)

The transformation properties of i�iZi under the action of
H can be concluded by considering Eqs. (6) and (19). It
follows that �i is a SOð2Þ vector but a SOð1; 1Þ scalar.
Therefore the total variation is

�SOð2ÞðrA0�irB0�iÞ ¼ 0: (37)

Considering Eq. (16), one can show it is also R invariant

�RðrA0�irB0�iÞ ¼ 0: (38)

Besides, in the case of R variation of êa
B ¼ �a

B �
i@a ���

BC ��� i@a ���
BC ��, after plugging in Eq. (16) one

finds

�RðêaBÞ ¼ 0: (39)

Under the general coordinate transformations of Eq. (16),
by using Eq. (24) one can find the following invariance:

d2x0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detg0j

q
¼ d2x0 deteb

0A

¼ d2x det

��������@x
0b

@xa

��������det
��������@xb

@x0a

��������detebB detLB
A

¼ d2x deteb
B ¼ d2x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j detgj

q
: (40)

Therefore, considering Eqs. (37)–(39), the SOð1; 1Þ �
SOð2Þ and R invariant effective action of the vortex string
is found to be

�0 ¼ �T
Z

d2x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
j detgj

q

¼ �T
Z

d2x detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� detð�A0B0 � rA0�irB0�iÞ

q

¼ �T
Z

d2x detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�ij �rA�irA�jÞ

q
: (41)

As a result, it follows that the string action takes a factor-
ized form of Akulov-Volkov and Nambu-Goto actions.
Moreover, considering Eqs. (28) and (29), the action of
the R axion field, which is invariant under both the super-
symmetric and R symmetries, is given by

�R ¼ TR

Z
d2x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j detgj

q
‘R ¼ TR

Z
d2x deterArrAr:

(42)

Consequently, the total effective actions of the vortex
string describing its long wave oscillations into the target
(super)space as well as the internal R space are found to be

� ¼ �0 þ �R

¼ �T
Z

d2x detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�ij �rA�irA�jÞ

q

þ TR

Z
d2x deterArrAr; (43)

where detê is the determinant of êa
B and T stands for string

tension. TR is related to the coupling of the R axion field to
other Nambu-Goldstone (Goldstino) fields.
If instead the R symmetry is not broken, then the stabil-

ity subgroup takes the form H1 ¼ SOð1; 1Þ � SOð2Þ � R
which is spanned by the set of unbroken generators
fM;T; Rg. Such a p ¼ 1 brane topological defect then
breaks the full G symmetry down to the subgroup H0

1

(formed by the set fM;Pa; T; Rg). As a result, its coset
becomes �1 ¼ G=H1 ¼ G=SOð1; 1Þ � SOð2Þ � R, while
the representative elements are parameterized as

�1 ¼ eix
aPaeið�iðxÞZiþ ��iðxÞ#iÞeiuai ðxÞKia

¼ eix
aPaeið�iðxÞZiþ ��iðxÞqiþ ��iðxÞsiÞeiuai ðxÞKia (44)

in the static gauge.
By means of Eq. (8), one finds

� ¼ �1e
irR: (45)

It further leads to

��1d� ¼ e�irR��1
1 dð�1e

irRÞ
¼ e�irRð��1

1 d�1ÞeirR þ e�irRdeirR

¼ e�irRið!A
1PA þ �!1qiqi þ �!1sisi þ!1ziZi

þ!A
1ki
KiA þ!1TT þ!1MMþ!1RRÞ

� eirR þ e�irRdeirR

¼ ið!APA þ �!qiqi þ �!sisi þ!ziZi

þ!A
ki
KiA þ!TT þ!MMþ!RRÞ: (46)

It can be shown that

!A ¼ !A
1 ; !zi ¼ !1zi ;

�!qi ¼ �!1qi coshð�irÞ � i �!1si sinhð�irÞ;
�!si ¼ i �!1qi sinhð�irÞ þ �!1si coshð�irÞ;

!A
ki
¼ !A

1ki
; !T ¼ !1T ;

!M ¼ !1M; !R ¼ !1R þ dr ¼ dr:

(47)

Since R is the automorphism generator of the supercharges
and commutes with the Poincaré group generators, it is
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obvious that the R symmetry one-form vanishes in
��1

1 d�1, i.e. i!1RR ¼ 0. Furthermore, it can be shown
that the covariant coordinate one-form !A

1 ¼ !A is also R
invariant when �1 ! �0

1. In this context, in accordance
with the expansion !A

1 ¼ dxae1a
A, the effective action of

the string is purely described by Eq. (41), i.e. the invariant
synthesis form of the Akulov-Volkov and Nambu-Goto
actions:

�0 ¼ �T
Z

d2x dete1

¼ �T
Z

d2x detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�ij �rA�irA�jÞ

q
: (48)

It is possible for the matter and gauge fields to be trapped
on the brane in the presence of topological defects [27,28],
and the localized matter degrees of freedom on the brane
world volume can be introduced by using the covariant
derivative of Eq. (28). In the action of Eq. (43), the cou-

pling constant TR is related to the R symmetry breaking
scale, which might be different from the scale of SUSY
breaking. As a result, the action of the string, which is
actually described by the Nambu-Goldstone modes corre-
sponding to its low energy oscillations into the covolume
(super)space, can be reinterpreted as an effective two-
dimensional field theory, in which the otherwise possible
SUSY breaking terms have been integrated out.

IV. DUAL SCALAR FIELD THEORY

From the two-dimensional point of view, the effective
action of the vortex string has a factorized form of Akulov-
Volkov-Nambu-Goto actions. In what follows, a form of
the dual scalar field theory is introduced. The dual action is
found to describe the dynamics of some scalar fields lo-
calized on the world volume and whose metric is given by
ĝab ¼ êa

Aêb
B�AB. To begin, we start with the string action

�0 ¼ �T
Z

d2x detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�ij �rA�irA�jÞ

q

¼ �T
Z

d2x detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�rA�1rA�1 �rA�2rA�2 þ ðr�1Þ2ðr�2Þ2 � ðrA�1rA�2Þ2

q
: (49)

Introducing two vectorial Lagrangian multipliers LA
i into

the action gives us

�0 ¼ �T
Z

d2x½detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2i þ l21l

2
2 � ðl1l2Þ2

q
þ detêLA

i ðliA �rA�iÞ�; (50)

where liA ¼ rA�i and l2i ¼ rA�irA�i. Applying the
equations of motion of �i amounts to

@aðdetêê�1a
A LA

i Þ ¼ 0: (51)

Introduce two vector density quantitiesFa
i with weight�1:

Fa
i ¼ detêê�1a

A LA
i : (52)

Considering Eq. (51), their solutions are found to be

Fa
i ¼ "ab@bAi; (53)

where the fields Ai transform as scalars in the 1þ
1-dimensional spacetime. Define the covariant vectors

Fia ¼ 1

detê
ĝabF

b
i ¼ ĝabê

�1b
A LA

i : (54)

Therefore one has

LiBL
B
j ¼ FiaFjbĝ

ab: (55)

Note that

detêLA
i rA�i ¼ detêLA

i ê
�1a
A ð@a�i þ @ac iÞ: (56)

Considering Eq. (51) and integrating by parts, the
�i-dependent term in Eq. (56) can be eliminated form

the action. Hence, Eq. (50) becomes

�0 ¼ �T
Z

d2x½detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2i þ l21l

2
2 � ðl1l2Þ2

q
þ detêLA

i ðliA � ê�1a
A @ac iÞ�; (57)

in which c i are given by Eq. (21). Solving for the equa-
tions of motion of liA leads to

LA
1 ¼ lA1 � lA1 l

2
2 þ l1l2l

A
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l2i þ l21l
2
2 � ðl1l2Þ2

q ;

LA
2 ¼ lA2 � lA2 l

2
1 þ l1l2l

A
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l2i þ l21l
2
2 � ðl1l2Þ2

q :

(58)

Then the complete dual form of action (57) has the follow-
ing form:

�0 ¼ �T
Z

d2x detê½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ L2

1Þð1þ L2
2Þ � ðL1 � L2Þ2

q
þ LA

1 ê
�1a
A ið�@a ���1�� @a ���1�Þ

þ LA
2 ê

�1a
A ð� ���2@a ��þ @a ���

2 ��Þ�: (59)

By using Eq. (52) it can be shown that LA
i ¼ Fa

i det
�1êêa

A.
Define

J1a ¼ �ið@a ���1�þ @a ���1�Þ;
J2a ¼ �ð ���2@a ��� @a ���

2 ��Þ: (60)

The action (59) is converted to
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�0 ¼ �T
Z

d2x½detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ L2

1Þð1þ L2
2Þ � ðL1 � L2Þ2

q
þ Fa

i Jia�
¼ �T

Z
d2x½detê

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�ij þ LiLjÞ

q
þFa

i Jia�

¼ �T
Z

d2x½detê
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�ij þ FiaFjbĝ

abÞ
q

þFa
i Jia�

¼ �T
Z

d2x½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� detĝ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detð�a
b þ FiaFicĝ

cbÞ
q

þ Fa
i Jia�;
(61)

where ĝab ¼ êa
Aêb

B�AB. Therefore the action that de-
scribes the dynamics of the scalar fields Ai localized on
the world sheet with the metric ĝab ¼ êa

Aêb
B�AB is se-

cured as

�0 ¼ �T
Z

d2x½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� detðĝab þ FiaFibÞ

q
þ Fa

i Jia�

¼ �T
Z

d2x

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� det

�
ĝab � 1

detĝ
ĝab0 ĝbc0"

b0c"c
0d@cAi@dAi

�s
þ "ab@bAiJia

�
: (62)

As a result, this action, as a two-dimensional field theory,
gives us a scalar field theory that is dual to the action of
Eq. (41).

On the other hand, if one turns to the geometrical
structure of the vortex string, the stings geometrical and
physical characteristics would be inevitably involved in the
action. For example, the action could be supplemented
with an extrinsic curvature coupling term as embedded in
a higher-dimensional target spacetime [29]. Furthermore,
in the context of spontaneous symmetry breaking due to
the non-Abelian vortex string, the inclusion in the effective
action of the NG modes arising from oscillations in the
internal space would become natural and necessary. In
such a case, in addition to the position moduli space
discussed here, the moduli space of the vacuum is enlarged

to include the internal coset space of G=H, where G is the
full internal symmetry of the theory andH is the symmetry
which leaves the vacuum invariant [6,7,10,11]. Therefore,
the string dynamics, whose moduli space includes both
spacetime and internal space symmetry breaking, would be
of interest to the general theory of vortex string and is
worthy of further exploration and investigation.
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