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Motivated by experimental probes of general relativity, we adopt methods from perturbative (quantum)
field theory to compute, up to certain integrals, the effective Lagrangian for its n-body problem.
Perturbation theory is performed about a background Minkowski space-time to O[(v/c)*] beyond
Newtonian gravity, where v is the typical speed of these n particles in their center of energy frame.
For the specific case of the 2-body problem, the major efforts underway to measure gravitational waves
produced by inspiraling compact astrophysical binaries require their gravitational interactions to be
computed beyond the currently known O[(v/c)’]. We argue that such higher order post-Newtonian
calculations must be automated for these field theoretic methods to be applied successfully to achieve this
goal. In view of this, we outline an algorithm that would in principle generate the relevant Feynman
diagrams to an arbitrary order in v/c and take steps to develop the necessary software. The Feynman

diagrams contributing to the n-body effective action at @[(v/c)®] beyond Newton are derived.
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I. INTRODUCTION AND MOTIVATION

In this paper we are concerned with the problem of
describing the gravitational dynamics of arbitrary n = 2
compact nonrotating bodies moving in a background
Minkowski space-time. By assuming nonrelativistic mo-
tion, this problem can be approached in a perturbative
manner, by approximating these compact objects as point
masses and calculating the effective Lagrangian
Lo[{%,, ¥, U, ...}] for their coordinates {¥, | a = 1,2,
..., n} and their time derivatives {7, i?u, ...}, up to some
given order in the typical speed v of these n objects':
Newtonian gravity starts at O[v°] and the Einstein-
Infeld-Hoffman Lagrangian [1], that describes the preces-
sion of the perihelion of elliptical orbits, is of O[v?]
(1 PN).2 The n-body problem at O[v*] was first tackled
by Ohta et al. [2]. Some computational and coordinate
issues encountered there were clarified by Damour and
Schifer [3]. In the latter, some integrals could not be
evaluated. A portion of these were later performed by
Schifer [4], so that currently, up to the n = 3 case is
known. But to know the effective Lagrangian for arbitrary
n at this order, one needs to further calculate the integrals
for the n = 4 case. As we will see later, once L. is known
up to n = 4, the arbitrary n-body Lagrangian will follow
from a limited form of superposition.

We will examine this problem using perturbative field
theory techniques introduced in [5]. The motivations are

"We use units where all speeds or velocities are measured in
multiples of the speed of light, i.e. ¢ = 1.
>The nomenclature is O[v?2] < Q PN.
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twofold, both of them stemming from experimental probes
of gravitational physics: one requires the 2-body effective
Lagrangian to be computed higher than O[v’], and the
other may need the n-body counterpart at O[v*].

Gravitational wave detection.—The recent years have
seen an array of gravitational wave detectors such as GEO,
LIGO, TAMA, and VIRGO coming online. These experi-
ments seek to detect gravitational waves produced by
binary black holes and/or neutron stars as they spiral
towards each other. Within their frequency bandwidth,
these detectors are able to track the frequency evolution
of the gravitational waves from these binaries over O[10*]
orbital cycles and hence make very accurate measure-
ments. To be able to do so, however, theoretical templates
need to be constructed so that the raw data can be inte-
grated against them to determine if there is a significant
correlation. Via a generalized Kepler’s third law relating
orbital frequency to the binary separation distance, these
templates are based on energy balance: the rate of energy
loss of these binaries is equal to the power in the gravita-
tional radiation emitted. Both the notion of energy and
expressions for the flux of gravitational radiation require
the knowledge of the dynamics of these binaries, which
in turn is encapsulated in their effective Lagrangian.
Because of the high accuracy to be attained, this ef-
fective Lagrangian needs to be computed up to 3 PN and
higher.?

3Blanchet [6] offers a review of the post-Newtonian frame-
work and its relation to gravitational wave experimental
observables.
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Currently, the dynamics of compact astrophysical bi-
naries is known up to 3.5 PN.* (See Sec. 1.3 of Blanchet
[6] and the references therein.) To obtain the dynamics
at 4 PN and beyond is a challenging task. Because of
the need to regularize the divergences that arise from
approximating compact objects as point particles, one
may wish to engage field theoretic methods to handle
them. Such a pursuit was initiated in [5], where it was
shown how to carry out the field theory effective
Lagrangian calculation in a systematic manner by first
doing some dimensional analysis. One of the main
thrusts of this present work is to attempt to make as
methodical as possible such a route in post-Newtonian
calculations. In particular, we advocate using the computer
to automate the process, so that at the end only those
Feynman diagrams that truly require human intervention
are left for manual evaluation. Given the computational
effort required at 4 PN and beyond, we believe this is
necessary not only to save time and energy, but also to
reduce human errors. For example, at such a high PN order,
even the derivation of the necessary diagrams will itself be
nontrivial—the reader not convinced of this fact is encour-
aged to look at Appendix C containing the 3 PN dia-
grams—but an efficient implementation of the algorithm
that we will sketch in the main body of this work will allow
automatic generation of Feynman diagrams to arbitrary PN
order, modulo computing power.

Solar system gravity.—Closer to Earth, the Einstein-
Infeld-Hoffman Lagrangian, at O[v?] beyond Newton,
is routinely used to compute the solar system
ephemerides, and to analyze spacecraft trajectories and
space-based gravitational experiments. A range of experi-
ments, such as the new lunar ranging observatory
APOLLO, proposals to land laser ranging missions on
Mars and/or Mercury, and spacecraft laboratories—
GTDM, LATOR, BEACON, etc.—will begin to probe
the non-Euclidean nature of the solar system’s space-
time geometry beyond 1 PN by measuring the timing
and deflection of light propagation more precisely than
before. (See, for instance, Turyshev [7] for a recent
review.)

Within the point particle approximation, both the solar
system dynamics and its geometry can be gotten at simul-
taneously by computing from general relativity the effec-
tive n-body Lagrangian. Because general relativity is a
nonlinear field theory, knowledge of the 2-body
Lagrangian is not sufficient to deduce its n-body counter-
part, as superposition is not obeyed. That the n-body L
encodes not only dynamics {X,[7]} but also the geometry
g uv[t X] can be seen by adding a test particle to the n-body

“The half integer PN order Lagrangians, scaling as odd powers
of v relative to Newtonian gravity, describe dissipation—gravi-
tational waves produced by and interacting with the n compact
objects. In this present paper, we shall focus only on the con-
servative part of their dynamics up to 2 PN.
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system.” Denoting the latter’s mass and coordinate vector
as M, and y* = (1, y)*, respectively, in the limit as M,
tends to zero relative to the rest of the other masses in the
system, we know its exact action has to be®

_ _ o dytdy” 1 dy\?
Mf/dtvg”” i dri ijdt(l 2<dt>

1 dy'
+ 5 8goolz] + 580;‘[2]%

1 dy' dy’
Y P o e AT |
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a=12...,n,
since it now moves along a geodesic on the space-time
metric generated by the rest of the n masses. Therefore, if
L, is the (n + 1)-body Lagrangian less the M (—1 +
(1/2)(dy/dt)?), the deviation of the space-time metric

from Minkowski dg,,, can be read off the action of the
test particle using the prescription

5 d - o
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We see that understanding and testing the dynamics—
the equations that govern the time evolution of the {X,}—is
intimately tied to understanding and testing the space-time
geometry g,,, of the solar system.

The outline of the paper is as follows. In Sec. II, we set
up a Lagrangian description of the system of n compact
astrophysical objects by approximating them as n point
particles. Einstein’s equations can then be solved perturba-
tively as a Born series, whose graphical representations are
the Feynman diagrams containing no graviton loops; the
result of summing the diagrams yield the n-body effective
action we seek. (Our description will be brief because it
will merely be an overview of the methods developed in
[5].) We then sketch the algorithm that could be used to
generate the necessary Feynman diagrams contributing to
the effective action up to an arbitrary PN order. In Sec. 11,
we calculate the individual diagrams that occur at the
Newtonian through 2 PN order and present the effective

SThis observation can be found, for example, in Damour and
Esposito-Farese [8].

SWe work in Cartesian coordinates and employ the n,, =
diag[1, —1,..., —1] sign convention. The Einstein summation
convention is adopted. Greek letters run from O to d — 1 while
English alphabets run from 1 to d — 1.
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action of the n-body system up to certain integrals (21),
(23), and (41). As a by-product, we reproduce the known
2 PN 2-body Lagrangian. In the appendixes, we discuss the
integrals encountered in the diagrams and the algorithm for
generating the N = 2 graviton Feynman rules on a com-
puter and also display the Feynman diagrams occurring at
the 3 PN order.

II. THE n-BODY SYSTEM

The assumption that we have a system of n compact
objects, with their typical size r, much smaller than their
typical separation distance r, i.e. ry < r, suggests that the
detailed structure of these objects ought not affect their
gravitational dynamics, at least to leading order. These n
objects could then be viewed as point particles. Because
the most general action for a point particle must be some
scalar functlonal of its d velocity ul = dx} /ds, and geo-
metrlc tensors’ (and possibly the electromagnetic tensor

F,,, if large scale magnetic fields are present) integrated
over the world line of the said particle; part of the action is
already fixed to be of the form

Spp = — Z M, f ds (1 + "R, 0pR*"*P

- c(g’)RwﬁR LB ULUG + CRF o F g R*"P
), ()

where ds, is the infinitesimal proper time of the ath point
particle and the “...” means one really has an infinite
number of terms to consider, since the only constraints at
this point are that each of them is a coordinate scalar and
that none of them can be removed by a redefinition of
either the metric g, or the photon field A ,.

However, as argued in [5], unless the n objects are very
large or have very large dipole and higher mass moments, it
is expected that the minimal terms {—M, [ds,} would
suffice up to 4 PN order (see also Sec. 1.2 of Blanchet
[6] for a discussion), and in what follows we will compute
with them only. (We will also ignore electromagnetic
interactions.) Here, the {M,} lend themselves to a natural
interpretation as the masses of the astrophysical objects
and —M, [ds, describes a structureless, mathematical
point particle. At the 5 PN order and beyond, one would
be compelled to include as many of the nonminimal terms
as is required to maintain the consistency of the field theory
up to a given level of accuracy. Physically, this means one
has to begin accounting for the fact that, even if one
neglects their rotation, astrophysical objects are not really
point particles and their individual mass distributions and
substructures do produce gravitational effects. To give the

coefficients {c\’} of these nonminimal terms physical

"The conventions for the Christoffel symbols I'* «p> Riemann
tensor R0 = g, AR, 5, Ricci tensor R, and Ricci scalar R
can be inferred from the formulas in Appendix A.
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meaning, one would have to compute (in principle) mea-
surable quantities both in the actual physical setup and with

the point particle terms in (1). The {cgg)} are then fixed by
requiring the results of the latter match the former: for
instance, if we have multiple nonrotating black holes
bound by their mutual gravity, then one could calculate
the partial wave amplitudes of gravitational waves scatter-
ing off the Schwarzschild metric and match the point
particle computation onto it by tuning the coefficients
M, cgf)} appropriately.

Up to 2 PN, the gravitational dynamics of the n-body
system, with x/; denoting the wth component of the coor-
dinate vector of the ath point particle, is therefore encoded
in the action S, where

S = SGR + Spp; (2)
SGR = _ZMgl_z fRd ddx‘“gKR, (3)
Spp = jdt g Ve v,
1<a<n
dxly “4)
T
a = 5 ta >
v dta[ ]
My = (327Gy) V2

Moreover, we expect the metric of space-time to depart
markedly from Minkowski only close to one of these n

compact objects, where it is irrelevant for the problem at

hand, and thus we can expand the metric about n M,,gz

hyy

Buv = Muv T — =7
Mpl

The general relativistic  effective ~ Lagrangian

Lewl{%,, U, U, .. .}] for n objects can now be computed
via the prescription usually associated with perturbative
quantum field theory, namely, as the sum of fully con-
nected diagrams:

exp[i/dtLeff] = ( /@hw expliS + zng])
pn=v=0
Q)

= exp[z (fully connected diagrams) ],

(6)

1 1
ng = fddxnaﬂ<8AhAa - §8ah)<8"h)”g - Eﬁﬁh),

h=ht, (7
or alternatively,

$The factor of M'~@/? ensures that the graviton kinetic term
does not contain Ilf ol- Also, for the rest of this paper, we will
raise and lower mdlces with 7,
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1 6 T
CXp[ifdlLeff] = Wexpl:iSI[—. W ]
l d417=0

1
X expl:—i [ddx/ddnyB

X D g Lx = yli7 |, )

with DY gar X — ] being the Feynman graviton Green’s
function and S;[(1/i)6/8J#"] indicates we are replacing
every graviton field in (2), less the graviton kinetic term,
with the corresponding functional derivative with respect
to J,, with the same indices. In particular, because the
graviton field is symmetric in its indices, we have

01wyl 1 o g « 58 \ad
570 pr] 2(8 w0F, +6%,6F,)8x — y]

The expression in (8) is the functional integral version of
the statement that, up to an (for current purposes) irrelevant
factor N, to compute the effective action, one needs to
expand exp[iS;] and, for each term in the series, consider
all possible Wick contractions between the graviton fields.
In the next subsection, we will use it as a guide to devise an
algorithm for generating the necessary Feynman diagrams
at a given PN order.

A gauge fixing term Sy (7) has been added to make
invertible the graviton kinetic term in the Einstein-Hilbert
action (3), whose explicit form then reads

SGR[]’lz] + ng[]’l2] = fddx(%[*)oh'g”éohﬂ,, - %aohaoh
©))

+30'hPY9hg, — 30'hdh).  (10)

This choice corresponds to the linearized de Donder gauge
Ty = 9#hye — L h*, = 0.

The subscript ““cl”” (short for ““classical’) in (5) indi-
cates the Feynman diagrams with graviton loops are ex-
cluded. As already remarked, evaluating these classical
Feynman graphs amounts to solving Einstein’s equations
for h,, via an iterative Born series expansion.

A. Physical scales in the rn-body problem

It is possible to begin computing the diagrams in (6)
after only expanding (2) in powers of graviton fields,
performing a nonrelativistic expansion afterwards and
keeping the terms needed up to a given PN order.
However, we will now show that it is more efficient if
one also expands the action (2) in terms of the number of
time derivatives and powers of velocities {v,} they contain,
before any diagrams are drawn and calculated, as this will
allow one to keep only the necessary terms in (2) such that

PHYSICAL REVIEW D 79, 044031 (2009)

every Feynman diagram generated from them scales ex-
actly as v?©, for a given PN order Q € Z*.

To this end, we note that, because we are assuming that
the n objects are moving nonrelativistically, with their
typical speed v << 1, we already know that the lowest
order effective action must give us Newtonian gravity:

1 1
Seff = fdt( Z EMal-;g +5

1=a=n

)

G2 'm,m,
R{,’

Y o«

1=a,b=n

Rab = |5€a - )_C)blr

with « being some (presently unimportant) dimensionless
number. This prompts us to associate with this lowest order
action &, whenever this particular product of masses M,
separation distances r and time occur in the action:

S, ~ /dzMzﬂ ~ /dzMg;dM2r3—d. (11)

We may then obtain from (11)

G 'm

S~V (12)

S .~ Muvr,

where the first relation holds because the only physical
length and time scales in the problem for a fixed coordinate
frame are the typical separation distance r and orbital
period r/v. Similarly, we relate all time and space deriva-
tives and integrals to appropriate powers of r and fre-
quency v/r:

[ dix ~ pdy=1, (13)

d 0 07 Y

@~6[x —x]~7, (14)

where the 8[x? — x'°] relation will be needed shortly.
Next, we observe that the real part of the Feynman

graviton Green’s function obtained from inverting (9) and

(10) can be expressed as an infinite series in time deriva-

.9

tives :

“The momentum space representation in the following expres-
sions—which 1is related to its position space counterpart via
(B3)—will be useful when contracting graviton vertices coming
from the cubic and higher in £, terms in the Einstein-Hilbert
action (3), because manipulation of spatial derivatives on h,,,
becomes algebraic manipulation of momentum dot products in
the numerator.
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Re(0|T{h,,,[x0, X]h, g[x", X'TH0)

_ _ T pvap z F[HTﬂm] 1
2 n:041+m77-(d—1)/2r[1 +m] |X— ¥4

B ,U«V B dd*lp ei[r(fc*?c/) d d
B Z [(zﬂ)d 1 [p 2]1+m A0 dx

m=0
X 8[x0 — x],

2

7= TurTap (15)

P,u,v;oz,B = NapMpv + NavMBu —

where our notation alludes to the fact that the classical
Feynman graviton Green’s function is the noninteracting-
vacuum expectation value of the time ordered product of
two graviton fields.

That there are only an even number of time derivatives
reflects the relationship that the real part of the Feynman
Green’s function for a massless graviton is equal to half its
retarded plus half its advanced counterpart; see Poisson [9]
for a discussion. The introduction of an additional back-
ground field & wv 10 [5] takes into account the imaginary
part of Dl; v.apl* — X'], which describes the dissipative part
of the dynamics—the interaction of gravitational waves
produced by and interacting with the n point masses. In this
paper, we are focusing only on the conservative part of the
dynamics, and hence will ignore ImD7, ., s[x — x'].

The zeroth order term in Re DY i B[x — x'](15), with no
time derivatives, can be obtained by inverting (10), i.e. the
graviton kinetic term with only spatial derivatives.
Diagrams involving the higher order terms in (15), with
time derivatives, can be gotten by treating (9), the
graviton kinetic term with only time derivatives, as a
perturbation. For instance, the first correction to the
Newtonian gravitational potential due to the finite speed
of graviton propagation is proportional to [ drdt,dt, 5[t —
1,08[t — 1,)(d/d1,)(d/d1,)|X,[1,] — %,[1,]°7¢,  which
could also be viewed as a contraction between two distinct
world line operators of the form _M;l,l_ @) (M,/2) X
[ dt hyolx,], from (4), with one insertion of (9).

Keeping in mind that each diagram is built out of con-
tracting graviton fields (h,,,[x]h,p[x']) = wa;a plx — x']
from distinct terms in (2), this implies every graviton field
in (2) should be assigned a scale that is the square root of
the lowest order nonrelativistic Green’s function contain-
ing no time derivatives. The |¥ — ¥'|*"¢ ~ r*~¢ depen-
dence implies that spatial derivatives on h,, ought to
scale with one less one power of r of the same. By recalling
(14), we then have

B, (X0, X] ~ r1d/2y1/2, (16)
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ih, [x0, X] ~ rm 42012, (17)

GOhW[xO, ]~ rrd232, (18)

Putting the scaling relations from (11)—(14) and (16)—
(18) into the action (2), we then see that, upon expanding
(2) in powers of graviton fields, velocities v,, and the
number of time derivatives on & s each term in the action
now scales homogeneously with S, and v:

j.dtu@if)[n, o, 62]530 - Sé_("/z)UZn—2+20’+ez’ 1)

[ddx@v[m, o]~ Slf”’/zvz’""”‘”,

where OW[n, o, €s ] denotes the world line term in (4)
associated with the ath particle containing exactly n gravi-
ton fields, less the ©27 term from 7 M,,va v}, with a total of
€y spatial indices (for example, a term with h;;v v hov*
has ey = 3). Note that there is usually more than one term
for a given €y, so one has to sum over all possible terms.
O,[m, ] denotes the term in (3) containing exactly m
graviton fields (m = 2), with precisely ¢ time derivatives
(y=0,1,o0r2).

Given these results in (19), and given n(,) number of
graviton vertices from (3), n(, number of world line
operators from (4), and N total number of graviton fields
(so that N/2 is really the number of Green’s functions in
the diagram) one can work out that every Feynman dia-
gram in the theory arising from products of these operators
must scale as

S Z(M 1,y —(N/2) U2(n(w) 72+/\)~/2)’ (20)

so that such a diagram contributes to the (n(w) 2+ As/2)
PN effective action; and n(, + n(,) —75 = 1, as the non-
relativistic expansion, for the conservative part of the
dynamics, is a series of the schematic form S = Sy +
S,v% + S,v* + - -+, where each term of the effective ac-
tion has to contain the appropriate products of masses,
velocities and time integrals such that S, ~ S, with the
v" factored out. Here, Ay is a positive integer that is the
result of summing powers of speeds coming from time
derivatives, velocities contracted with graviton fields
(such as h;jv iv/), the number of graviton kinetic terms
with time derlvatlves (9) inserted, and the factors of 2

arising from the term 7, v§ v, inside the proper time dsa

We have used, in deriving the exponent of v, the constraint
that n(,) + n(,) —%5 = 1. The fact that no diagram can
scale greater than the first power of S, has been proven
in [5]. Observe that, with only the minimal =Y .M, [ ds,
terms included, these scaling relations are independent of
the number of space-time dimensions.
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B. Algorithm

We are now in a position to describe an algorithm that
could, with an efficient implementation and sufficient
computing resources, generate the necessary Feynman
diagrams, for a given subset of world line terms in (1),
up to an arbitrary order in the nonrelativistic PN expansion.

For a desired scaling (20), corresponding to a specific
PN order, one can insert in (2) explicit factors of S, and v
according to the results in (19), so that one may employ
MATHEMATICA'® [10] to extract the relevant products of
operators, i.e. precontraction, in the Taylor series expan-
sion of the exponential in the path integral (8) using either
its SERIES or COEFFICIENT command. Observe that every
fully connected diagram Dy constructed out of each term
in the Taylor series expansion of exp[iS;] in (8) is the first
nontrivial term of the series expansion of exp[ Dg]. Hence
the gravitational effective action is the sum of all fully
connected diagrams constructed from the terms in the
series expansion of exp[iS;]. Moreover, one does not
need to include in the code the explicit form of the graviton
fields, velocities, etc., but it suffices to have placeholders,
such as the ones used in (19), containing enough informa-
tion to reconstruct at the end the relevant types of graviton
fields considered (A, ho; or h;;), which point mass the
field(s) belongs to, factors of velocities, the number of time
derivatives in the m-graviton term(s), numerical constants
from Taylor expanding the exponential and the square root
in the infinitesimal proper time, and so on.

Next, the combinatorics of contraction can be handled
by MATHEMATICA, by assigning to every graviton field in a
given product a distinct number, so that such a product
corresponds to some list, say, {1, 2, ..., s} for a product of s
graviton fields. A permutation of {1, ..., s} is equivalent to
a Feynman diagram if and only if it leaves no numbers
fixed and the resulting permutation operation 7 can be
factored into products of disjoint 2-cycles, i.e. 7 =
(ajax)(azay) ... (a,_1a,), with {ay, ay, ..., a,_;, a,} being
a rearrangement of the original set {1, ..., s}. For instance,
the set {3, 4, 1, 2} means one would have to contract gravi-
ton field “1” with graviton field “3” and graviton field
“2” with graviton field “4.” (The requirement that each
fully connected diagram scales as S} ensures there will be
no quantum corrections.) What remains is removing those
diagrams that are not fully connected. One method of
achieving this is to check if the permuted set
{a,, a, ..., a,} can be factorized into two or more disjoint
sets, where each of these individual sets contains only
terms that are contracted among themselves. The term
Jat, [ dty(hoolxaJhoolx, 1) [t [ dtShoolx Jhoolx.]), for
example, can be represented as {2,1,4,3}=

19We frame this discussion around MATHEMATICA, but this

algorithm can most likely be implemented with any software
with similar symbolic differentiation and combinatorial
capabilities.
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{2, 14,3}, ie. factorizable; whereas [dr, [dt, X
S dtlhoolxaJhoolxs X hoolxaJhoolxc ]y is  equivalent  to
{3,4, 1,2} and not factorizable. Such a prescription can
be implemented with a suitable adaptation of the command
PERMUTATIONS.

Once the contractions are determined for a given product
of terms from expanding exp[iS], if the particular diagram
does not involve terms from the Einstein-Hilbert action, it
can be computed automatically because it would be built
out of products of the graviton Green’s function. The scalar
portion is |X, — %,|*"37¢, where s is the number of (9)
inserted, while there will also be factors of velocities
proportional to iP,u,,;aﬁvff va,‘fvf from (15). When inser-
tions of (9) are present, one would have to take the appro-
priate time derivatives afterwards. [Some care needs to be
exercised in keeping track of the time 6 functions when
doing so—see (24) for an example.] For diagrams with
graviton vertices, although they may not be calculated
automatically, the required Wick contractions and permu-
tations of particle labels can be displayed so that the user
does not have to figure out the combinatorics manually, but
rather focus only on the tensor contractions of the graviton
Feynman rules, manipulation of the momentum dot prod-
ucts and the ensuing Feynman integrals. Furthermore,
some of the higher PN diagrams involving graviton verti-
ces will be products of lower PN graviton vertex diagrams
with other expressions that can also be automatically cal-
culated—such as factors of ©2, the graviton Green’s func-
tion with or without insertions of (9) contracted into
velocities, (hw[xa]haﬁ[xb])vﬁfvgvl‘;‘vbﬁ, etc. [see, for in-
stance, Figs. 8(a) and 8(c)]. This implies the evaluation of
such higher PN diagrams with vertices may most likely be
automated if a repository of these lower PN graviton vertex
diagrams is kept.

As an illustration of the utility of such an algorithmic
approach, we have generated in Appendix C the 3 PN
Feynman diagrams for the minimal point particle action
—¥ .M, [ds,. We also maintain a web page [11], where
the MATHEMATICA code used in this paper can be found.

C. n-body diagrams and superposition

Now suppose one wants to calculate the Lagrangian for
n point particles up to the Qth post-Newtonian order. Then
the exponent of v in (28) tells us that the maximum number
of distinct particles that can appear in a given Feynman
diagram is

max[n,,] = 0 + 2

and so at a fixed post-Newtonian order Q, obtaining the
Feynman diagrams for the (Q + 2)-body problem is suffi-
cient for obtaining the Lagrangian for the arbitrary n-body
problem. In particular, at the 2 PN order, we see that the
n-body problem is equivalent to the 4-body problem. For a
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general Q PN order, the diagrams for n > Q + 2 point
particles can be obtained by summing the diagrams for
the n = Q + 2 case over all the particles in the system,
since no additional distinct diagrams are needed. For n <
QO + 2 point particles, the relevant diagrams can be gotten
from the n = Q + 2 diagrams by setting the masses M ,,
Mgy, ..., M, to zero. Even with the nonminimal terms
beyond the —Y M, [ds, included, it is apparent that
superposition will continue to hold at any given PN order
once we have computed the effective Lagrangian for a
sufficient number of distinct point particles, since each
Feynman diagram can only contain a finite number of
world line operators.

II1. RESULTS

We now present the diagram-by-diagram results for the
computation of the effective action up to 2 PN. Because the
calculation is long and saturated with technicalities, the
reader only interested in the final results may simply refer
to (21) for O[v°], (23) for O[v?], and (41)—(44) for the
O[v*] effective Lagrangians.

All Feynman diagram integrals are evaluated within the
framework of dimensional regularization, where the
number of space-time dimensions, d = m — 2g, is some
infinitesimal deviation from a positive integer: i.e. m € Z*
and € = 0%. For some of the more difficult integrals
encountered at the 2 PN level, we will restrict our in-
terest to that of the physically relevant case when d = 4 —
2e.  Within dimensional regularization, integrals
such as  [d¥ 'p(p})77, [d¥'ppi(p*)”¢ and
Jd¥ ' ppip/(p?)~7 are set to zero. This can be justified
formally by setting to zero the appropriate o, p, or 7
exponent of (B4)—(B7), since I'[z] diverges as z — 0.

Because it is easier to manipulate momentum dot prod-
ucts than derivatives, both the Feynman rules for the gravi-
ton vertices are derived and the tensor contractions of
graviton vertices are performed in Fourier space. (See
Appendix B for an algorithm that could generate the
N-graviton Feynman rule for N = 2.) We will thus present
the master integrals for each diagram first in momentum
space.

Notation.—A few words about the notation used: the
time argument of the ath particle is ¢, so that X, = X,[z,].
However, if the spatial coordinate vectors {¥,la =
1,2, ..., n} and their time derivatives occur within a single
time integral [ dr, then it is implied that they all share the
same time argument 7. R,, = X, — ¥, and its Euclidean
length is R,;, = |%, — %,| = (—mn;;(x} — x})(xh — x)))!/2.
The partial derivative 9¢ = 9/dx!, refers to the derivative
with respect to the ith component of the spatial coordinate
vector of the ath particle. The spatial velocity of the ath
particle is ¥, = ¥,[t,] = d%,/dt, = X,, and its accelera-
tion is v, = v,[t,] = d*¥,/di> = X,. Whenever we com-

PHYSICAL REVIEW D 79, 044031 (2009)

pute in Fourier space, the relevant sign and 77 conventions
are encoded in the following definition: f[x] = 27) % X
[ a*pflplexplipox’]exp[—ip - X], where f is some arbi-
trary function, and x and p are its coordinate and momen-
tum space arguments, respectively.

Feynman diagrams.—A blob with some letter “a” at its
center represent a world line operator from (4) belonging to
the ath particle, with the indices of its various graviton
fields h,,,, € {hgo, h;, h;;} indicated on the side. {a, b, ¢, e}
are distinct labels. A line represents the lowest order
graviton Green’s function with no time derivatives. The
X on a line represent an insertion of (9). A black dot with k
lines attached to it is the k-graviton piece of (3) with zero
time derivatives. The k-graviton piece of (3) with 1 or
2 time derivatives will be indicated with a 1 or 2, respec-
tively; see, for example, Figs. 6(a) and 7(a). The v* appear-
ing alongside the graviton indices of the ath world line
operator indicates which power of ¥2 from expanding
—M, [dx(1 — 2 + - --)"/? needs to be included. Every
Feynman diagram displayed serves dual purposes: it rep-
resents the class of diagrams that can be obtained from it by
permuting particle labels; but the result of the diagram
shown in the body of the text is always for the specific
choice of labels in the figure. [The exceptions are the
diagrams where two 3-graviton vertices are contracted:
Figs. 9(c), 9(d), 12(d), and 14(c). We will discuss the
notations there.]

A.0 PN

At the lowest order, we have Newtonian gravity coming
from the single diagram in Fig. 1 and the usual kinetic
energy.

1 1 2(5d/2)—8Td=L
LN =Y M52+ 1/2—[2]
I1=a=n 2 2 1=ap<n m (d - 2)

G\ MM,

X
d—3
Rab

21

B.1PN

At 1 PN order, we have 2- and 3-body diagrams. Since
the Lagrangian at this order has been computed numerous
times in the literature, we will merely present the results
and not discuss any of the calculation in detail.

FIG. 1. Newtonian gravity.
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(c) No permutations necessary.

@% HO

N .-

(f) 2 permutations from swapping a < b.

FIG. 2. 1 PN 2-body diagrams.

@% “®

A P

(b) 3 permutations: a, b, or ¢ for the middle label.

FIG. 3. 1 PN 3-body diagrams.

PHYSICAL REVIEW D 79, 044031 (2009)
1. 2-body diagrams
The 2-body diagrams are displayed in Fig. 2:

_ ' [d 1 M Mb 55
. . r[%] MaMb =2
Fig. 2(b) = lfdt 16(d — 2)77(11—1)/2 Mgl’ZRz 3
5—d)d-3)I43] MM
Fig. 2(0) /d ( ) (31 |1:)/2] d—az 5—1
64(d — 2)7r M} R,
X (3= d)b,* RupDy * Rpg — D UpRZ,),
d —3)T43 MM
Fig. 2(d) = —i[d ( ) 2[ 317]1 z(df;l) 2b(d*3)’
256(d — 2)°m*~" pp2 DR
Z[d 1] M M2
Fig.2(e)=ifdt 2 a1 2d§ Zbd3’
_ - -3)
128(d — 297" 1 A2 DR
INE=! MM,
Fig. 2(f) = i / dt 2 Vs
g ( ) 16(d _ 2)77_((1—1)/2 MglszZ;:%

2. 3-body diagrams
The 3-body diagrams are found in Fig. 3:

(d = 3°T°[F°] MMM,
128(d = 227" 1 pp20 2

Fig. 3(a) = —i[dt

X (R3,R3 4+ Ry R34+ R3, IRy %),
2[4F] M MyM.

2 -d—1 - - 3"

64(d — 2> 7! p2 " Re RIS

Fig. 3(b) = zfdt

For later use, we note that the master integral for the 3-
graviton diagram is

q, 1, 5| =
000000 M(d 2)/2 (277_)4
w p] + pz + p3
222222
P1P32DP3

X explipy - X,[t,] + ipy - %,[1,]
+ips - X,[1,]12m) !
X 8WD[p, + py + p3l (22)

3. O[v?] effective Lagrangian
Summing the first-order relativistic correction to kinetic
energy from the 7, v#v” in the infinitesimal proper time

ds and the diagrams from Figs. 2 and 3 hands us the 1 PN
order, d = 4-dimensional n-body effective Lagrangian:
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PHYSICAL REVIEW D 79, 044031 (2009)

L0 =l g 20T Gy MM,
eff 8 2 (d _ 2) 1/2 Rd-3
1< s & ab

R .

x ((d 32 R l;ez ba Vb 4 (g — 1)@ + 72) — 3d — 5)B, ab)
ab

B 1 25d*]71“2[d—1] GI%izMaMb(Ma + Mb) B i 25d*161“2[d;1] Gd 2M VoM (R3 ng .,

2,4, (d-2Px RA 31, & (d—27w b
u# a,b,c distinct
+RIR+ RIRG D), Ry =X, — %, b = |Rap). (23)

Setting d = 4 recovers the known result in the literature,
for instance, Eq. (38¢) of Damour and Schiifer [3]. The d =
4, 2-body version of (23) has been computed by Cardoso,
Dias, and Figueras [12].

C.2PN

At 2 PN, we have 2-, 3- and 4-body diagrams. We shall
classify the diagrams according to whether they involve
terms from the Einstein-Hilbert action, i.e. diagrams with
|

or without graviton vertices. Whenever there are time
derivatives acting on & functions, for example,
(d/dt,)d[t, — t], it is implied that integration by parts is
to be carried out. To save space, we will not display the
explicit result of differentiation.

1. 2-body diagrams

No graviton vertices.—The diagrams that do not involve
graviton vertices are

Fig. 4(a) = i f dt f dt, f dlbséi(;?‘:?/rz[(?_] 5 Mi{azi‘;b (dcf dd ) 8t — 1,18[t — 1],
Fig. 4(b) = i [ dtml;[deBl]) - Mgﬁl‘;gf ((% 5, — ;325,2,2 )

Fig. 4(c) = i[ dt32w<drgﬁgz ) Mgﬁl—%gb Vbl

Fig. 4(d) = —l[dt167£zi 311)/2 M%]Zj 0, UyU2,

Fig. 4(e) = i [ dt 5= [:);](d 7 MT‘;A,ff 300

Fig. 4(f) = i[d 64(d 3FE;7T[(]d 1)/2 Mg/lzlgg 3 Ua

Fig. 4(g) = ifdt32(d F[;):T](d /2 Myzﬂgg XA

Fig. 4(h) = ifdtfdl‘a[dl‘b 640 — [;);](d 7 MT};’,’ sU %dibé[t— t,16[t — 1,1
Fig. 4(i) = —ifdtfdta fdtb 3277[; 5]])/2 M{:/IZJZZZ, 57 dctl g Ol = 18l = 1]
Fig. 49) =i [ar [ar, [ dblzéf — 3;5;,5]1)/2 Myzﬁ,fﬁ 3 ”2%dibau— 1l — 1,),
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d = 3)I453P M M;
Fig. 5(a) = i_[dt ( : [22 3—1 2d—za 2bd73 5}27,
256(d — 2)*m Mpl( ) Ra(b )
d=3)I4S2F MM
Fig. 5(b) = _ifdf ( 1 Zd]fl ) 2=
128(d — 2)r Mpl( )RaEJ 3)
X lja ° 517’
d =3I M M
Fig. 5(c) = ifdt ( ) [22 3_1 S 2"d4 02,
256(d — 2)*m Mpl( )Ra(b 3)
RN M2M
Fig. 5(d) =i | dt 5 3 T 33 2bd73 Uy
256(d — 2)*mr Mpl( ) Ra(b )
1“[%]2 MZMI; -2

Fig. 5(e) = i[df 2 d—1 7 2d-2) 2 Va:
— —2) p2(d—3) U4
128(d — 2771 A2 R

Figure 5(f) contains a first-order relativistic correction to
the graviton Green’s function. Integrating over the time &
function with no time derivatives acting on it, before
integrating by parts, the resulting integral becomes

i(d = 3204 M M3
512(d — 22ML P 7!

X fdt[dthé[ta — 1]

Fig. 5(f) =

% (dl)_c)b[ta] - )_C)a[ta]|37d dl-zb[tb] - )-Ea[ta]|57d

dt, dt,
1% [1] — L1177
+ |3 _ =z 3—d bL'D alta )
|xb[ta] xa[ta]l dtadtb ,

(24)

with a common time argument ¢, for both X, and %, in the
factor |...|374.

INE=I MM
Fig. 5(g) = i ] dt oY _[2§3] TE T et e
™ My~ "R,
NS MM

Fig. 5(h) = ifdt 3 .
_ B/2)(d—1) 3 73(d—2) p3(d—3)
512(d = 2)°# MRy,

Graviton vertices.—The rest of the 2-body diagrams
contain terms from the Einstein-Hilbert action.

Note that the form of the Fourier space master integrals
associated with each class of diagrams usually comes
about after some manipulation of momentum dot products,
application of the identity 2p, - p, = *(p, * pp)* =

PHYSICAL REVIEW D 79, 044031 (2009)

@00 X X 00@

(a) No permutations necessary.

(j) 2 permutations from swapping a <> b.

FIG. 4. 2PN 2-body diagrams with no graviton vertices: 1 of 2.

P2 * p? and its analogs, and the use of momentum con-
servation ZfZI p,=0,¢=23or4

Figures 6(a) and 6(b).—The 2- and 3-body version of
Figs. 6(a) and 6(b) requires the following master integral:
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00 00 0 i
@) @) G Q'_@

00 00 Iy 00
@ @ - ®

(f) 2 permutations from swapping a < b.

00 00
@,\Oo @
\@‘oo
00,
00

(@

(g) 2 permutations from swapping a <> b.

(h) No permutations necessary.

PHYSICAL REVIEW D 79, 044031 (2009)

@' = T@

(a) 2 permutations from swapping a <> b.

%%

(b) 2 permutations from swapping a < b.
@’ @
R

00

®

(c) 2 permutations from swapping a <> b.

00 00
®”  "“®

@

(d) 2 permutations from swapping a < b.

FIG. 5. 2PN 2-body diagrams with no graviton vertices: 2 of 2. FIG. 6. 2 PN 2-body diagrams with graviton vertices: 1 of 4.

St — 3 d—1
Toioool g, 7, 81 = i]dt[dfq /dtr[dts 2 [;)Mt&]_z)/z (l_[ féﬁ)ﬁ)ﬁa [(2(d = 4)p, + (d = 5)p3)dlt — 1]
- pl (=1

X (i(d/d1,)é[t — 1,]) + ((d = 5)p, + 2(d — 4)p3)é[r — 1,1(i(d/d1,)8[t — 1,])]
% exp[i(ﬁl : )_C)q[tq] + 1-52 . )_C)r[tr] + ﬁ3 : )_Es[ts])]

YY)
pPipzDP3

Qm)4=164"[py + py + p3l (25)
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Notice that a p} (with s = 1, 2 or 3) in the numerator can
be obtained by differentiating the approprlate exponential,
ie. plexplip, %] = —i(d/dx])explip, %] Our ap-
proach to the Fourier integrals arising from this and the
rest of the diagrams with graviton vertices is to first sub-
stitute the momentum & function(s) with its (their) integral
representation(s),

o s [$5] o eof - 53]
r=1 r=1 o6)

and next use (B3) to reexpress the original momentum
integrals as position space ones, with the momentum dot
products in the numerator converted into derivatives on the
resulting integrand.

MiM
Fig. 6(a) = b

PHYSICAL REVIEW D 79, 044031 (2009)

In this regard, the 2-distinct-particles case usually re-
quires more care than the 3- and 4-distinct-particles cases.
We shall illustrate this with Fig. 6(a), where X, = X, = ¥,
and X; = X,. The time derivatives occurring in Fig. 6(a) are

ad d
xﬁ[ ] 7_ a[b]
d
dt.

= b[ c]

xJ[;,]

b[ J

with each partial derivative acting only on the appropriate
|¥, — Z| or |X, — Z| with the same time argument as the
velocity vector contracted into it.

When d = 4 — 2¢, we therefore have

I[(1/2) - 6])2

(3/2)(d 2) Ioloooo[a a, b] = llmljdtjdt [dtb[dt 16M4 6[t - ta]B[t - tb]5[t - ](W

x [ 2 2vi 1, JWAln IR L] — 224 L] — 27 @[] — 211

+ vt IR 1] — 2171260015, [1,] — 217124 (98 1%, [8,] — 217129,

After differentiation, these integrals can then be eval-
uated using (B7). This leads us to

Fig. 6(a) (— 2(I_éab “U,)?

dt
/ 512M4 2R3,,
- 2Rab . vaab ‘ l_ja + (173 + lja ‘ ﬁb)RZb)

A similar analysis for Fig. 6(b), making use of (B4) and
(B6), gives

M M}
Wlmoooo[a b, b]

[ M M;
dt
1024M41 TR

X (Rba ' vaRba : Ub

Fig. 6(b) =

‘Ua . Ijbthlb)'

Before proceeding further, it is useful to introduce the
following master integral that would occur in several 2-, 3-

— t,16[t —

I
and 4-body Feynman integrals:

dd—lpY
(277_)61_‘1)(277)‘!_1B(d_l)[Pl + Py + Ps3l

eXP[l(Pl Xo+ P X+ p3cX.)]

=2=222
3]
(47Td 1/2)
dd-1z

PiPa2P3
2= X, 197312 = X132 — X

Lija, b, c]= (ﬁ[

(27)

where we have provided both its Fourier and position space
representations. In Appendix B, we obtain I3]a, b, c] in
closed form when d = 4 — 2¢, up to O[£°] (B14).

Figures 6(c) and 6(d).—We now turn to Figs. 6(c) and
6(d). Its associated master integral is

|
Uoooo[q,rs]—l[dt[dt [dt [d

t,16[t — t,] d p,
M2/ ( fzﬂ)d 1)
P

x{ v;  pr—(d=3)(p3+p d-3 (ﬁl'ﬁq)2+(ﬁz'17)2+(ﬁ3'17q)2}
(d—2y PiP3p3 2(d -2) Pip3p3
X exp[i(ﬁl : ;q[tq] + p2 : xr[tr] + ﬁB : is[ts])](zﬂ)dilédil[pl + P2 + ﬁB] (28)
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The term proportional to 17,2] may be integrated in arbi-
trary d dimensions by integrating over the momentum that
is absent in the denominator (after cancellation), followed
by an application of (B3), because it reduces to a product of
the form [T,(2m)' = [ d* ' p,explip, - R,]/p2. This type
of Fourier integral will occur frequently.

The second term containing momenta dotted into veloc-
ities has the position space representation

. d-3 3T 3
2d- IV f t<4w<d*1>/2>

X fdd‘1zv;ug((afaj?R;;d)Rg;dRigd

+ Ry A0T0IRS DR + Ry IR (9 07R3 ). (29)

There is a subtlety when taking double spatial deriva-
tives on a single factor of the Euclidean distance raised to
the 3 — d power occurring within the Feynman integrals,
such as 9¢99R;. . Strictly speaking, because R;; ¢ is the
Green’s function of the spatial Laplacian operator 6%/ 9¢ 99,
one needs to employ the formula

a 9 I'[43]
x' 9x) 4gld=D/2|g|d=3

1) R R .
= gt (W D e ~ ) g =0

where there is a O-function term in addition to those
following from straightforward differentiation so that one
would obtain the correct result upon taking the trace of
both sides. Insofar as the Feynman integrals are concerned,
however, it appears the §-function term may be dropped as
long as proper regularization is used. For instance, if we try
to compute the integral

[dD lZRbPaaaaR'}» d

by first carrying out the differentiation (without including
the &-function term), we would obtain two terms, one with
a Ri_R}. in the integrand and the other with 8. If we
simply set D = d and employ Egs. (B4) and (B6), each of
the two terms will be ill-defined. However, displacing D =
d + k in (B4) and (B6), and performing a Laurent expan-
sion in k afterwards would yield a finite result that is not
traceless and is furthermore consistent with first doing the

(d—4)d

PHYSICAL REVIEW D 79, 044031 (2009)

scalar integral (B4) with oy = p and 0, = d — 3 and then
carrying out the double derivatives at the end.

If one is interested only in the higher PN 2-body prob-
lem, the existence of such subtleties may be reason to stay
within Fourier space as far as possible for the evaluation of
Feynman integrals. For the 2-body case of the integrals
(29) and analogous ones below, to avoid this subtlety for
the terms where there are 2 factors of R3,¢ (or 2 factors of
R;_?) and the derivatives are acting on the R}_“ (or R}, ),
we shall first do the integral using /5, before differentiation.

Along this line, we further remark that

fdd 1ZR2(3 d)ababR3 d

can be integrated and then differentiated, whereas
d—1,p3—d p3—d 4b 4b p3—d
]d 7R “R;, 8,.8/-sz

has to be differentiated first. One cannot begin with 3 dis-
tinct coordinate vectors {X,, X;, X.} in this integral, engage
15, and then set X, = X,,: the last step involves terms like
lim._,R} /R, and lim._,,R,? and hence is ill-defined.

We now employ (B3), derivatives on /3, (B4) and (B6) to
deduce

2
Fig. 6(c) = —8MA(/£/?)/{5 ) I;jo000la, a, b]
d=4 . fd M2M,
10240}, 7 RY,

X (=3(Rup - U4)* = 4Ry, - 03)7 + 02 - R%),

and
2

Fig. 6(d) = % Uoooo[a b, b]

d=4 / M, M2
=4 g — e
2048M3 7 RY,
X (—4(Ryp, - 4)% = 3(Rpy - 04)* + 502 “R%,).

Figure 7(a).—It turns out that Fig. 7(a) and its 3-body
counterpart are zero in d =4 space-time dimensions.
Because it is not apparent, we display the results here for
the 3-body case. In terms of the master integral in (27), we
have

|
Fig. 11(c) = —i/dt[dtafdtbfdtc

X 8[t, — t]8[t, — t]8[¢, — 1.

o (2 (22
a, o, C B -\ -\ 5
16(d — 2)2M§l(d_2) 3 dt, dty dt.

(30)

To be sure, when the number of distinct particles changes from 3 to 2, the integrals occurring in Fig. 7(a) would be
different from that in (30)—which really is the result for Fig. 11(c)—but because it remains finite, Fig. 7(a) still vanishes

due to the coefficient (d — 4).
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Figure 7(b).—Figure 7(b) corresponds to the first relativistic correction to each of the lowest order graviton Green’s
functions in the 1 PN 3-graviton diagram [Fig. 2(d)]. Its associated master integral is

@=3P (fy [d e \[Pr+ BB+ PR
I [q,rs]—t[dt[dt jdt [dt < _){ = St — t,.]6[r — 4]
. (d—22MI D2 €l_[1 em L pip3p3

d Ptptp &
X(dtg ol - q]) %ﬂt—tq]5[t—ts]<d—t%6[t—t,]>

1P2P3

22 22 22 2
pitpytp d P . o .
# P ol = 1ol =1 o0t = 1) exeliy - £,[61+ o 5001+ By &04D)

X 2m)* 16 [py + Py + pal (31)
For the case of 2 distinct particles, Iyoox[a, a, b] becomes
i

d=
Too0000x [a, a, b] = m
P

2Mpl [dt/dt /dtb/dt oLt = ta]0lr = 1,]8[r — c]f/d3 (;SP);Z; ::

% (emz Flts) 212D lva[tu] P = Ualta] - proalta] - P oipr Gt ] xa[tb]))
22
P2 P

fdtde ZSZR l+28R 1+23(U aa+v Uaaaaa)R 1+2e

(vh0¢ + vévéafaj)Rab + /dt (uhab + vbvbabab)13[a, a, b].

/ di——
647T M lRtlb

The first position space integral can be evaluated using (B4)—(B6). The Fourier integral after it vanishes upon integrating
over the time & functions because the exponential becomes unity. We thus have
. MM,
Flg. 7(b) = WIOOOOOOX [a a, b]

d=4 M2M, ., S .. . . -
] di 2048M4 R, (5(Rpq - 04)* + 4(Rpg - Up)* = 4(Ryp - Uy + 2Ry~ Uy + 305 + 203)R,).

Figures 7(c) and 7(d).—The master integral associated with Figs. 7(c) and 7(d) is

_ 8lr — 1,181 — 1,18t — t,] (& [ 4" 'pe
Loiojoola, . 5] = z[dt[dtq[dtrfdts 4(; _ 2)M(¢1172)/2 (4[[1 _/-(277)4—1)

X {5q 5, AN P) P @D gy gy P2 Tl e g
PiP2P3 PiP2P3
% P3 - Ugpy lizj‘zfzz U, p3 - 5r}
PiPaP3
X expli(py - X,[t,] + Py~ X,[1,] + B3 - X,[£,D]2m) 187 [py + py + Ps) (32)

A similar approach to the one taken for (25) and (28), together with the integrals (B6) and (B7), then yields

M2M, d=4 MM, 3 > 5 5
Flg 7(C) = 07_10'0 'Oo[a, b, Cl] = _l'/'dta—(l-; . ﬁbRib + R b v,R b l_jb - 4Rb U Rb : l-;b),
ZMS/ZM 2) 10i0j 512M417T2R2b a a ata a a*ba

as well as

, MM, M2M, .
Fig. 7(d) = Wlomjoo[a, a,b]= fdf 128M, 7K, (Rap - D)™
pl ¢
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(a) 2 permutations from swapping a <> b.
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(b) 2 permutations from swapping a < b.
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(c) 2 permutations from swapping a <> b.
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(d) 2 permutations from swapping a < b.

FIG. 7. 2 PN 2-body diagrams with graviton vertices: 2 of 4.
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00, v° 00
@*"  “@

(a) 2 permutations from swapping a <> b.

7

(b) 2 permutations from swapping a <> b.

00 00
@ @

~‘_

00 00
D 4@

(c) 2 permutations from swapping a < b.

00 00
@  "®

\‘_

00 00
@“"0‘0@

(d) 2 permutations from swapping a <> b.

FIG. 8. 2 PN 2-body diagrams with graviton vertices: 3 of 4.

Figures 8(a) and 8(b).—Figures 8(a) and 8(b) are, up to numerical constants, products of 2 with the 1 PN 3-graviton

diagram [Fig. 2(d)], namely,

MM,

Flg- 8(3) = 16Ml§,/2)(d72)

j‘dﬁjiloooooo[a, b, a] = _l[dt

(d = 3PTIPMEM,
256(d — 2P M4t IRY
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and

: _ MM, ) . (d — 3°T[S2PMM, 72,
Fig. 8(b) = W fdlvbloooooo[a’ a,b] = _l.[dt512(d 2)2M2(d 2) _d- 1R2(d 5Y

Figures 8(c) and 8(d).—Figures 8(c) and 8(d) are, up to constant factors, the product of the lowest order graviton Green’s
function {hyhgy) with the 1 PN 3-graviton diagram [Fig. 2(d)], namely,

Fig. 8(c) = f " Imim, loooo [, b] = —i f " [P mim,
1g. o(c) = 128(d_2)MS/2)(d*2)W((d—n/z)RZf 000000L4> &, DI == "1 512(d — 2)3M%(d 2) (3/2)(d~ I)RW 3)’

v st — [ 4 Il vz e i [ ML P
ig. 8(d) = / ! 64(d — 2)MG/ D a1/ a3 ooooonl s b b1 = f 1256(d—2)3MI3)1(‘1_2)77(3/2)(d—1)Rz§’d—3)'

Figures 9(a) and 9(b).—The associated master integral for Fig. 9(a) is

(d —3)(d(7d — 51) + 86)
Hd —2°M% 2

Tooooooool g, 7, s, u] = —ijdt/dtq fdt,/dts fdtM(S[t — t,16[t — t,16[t — t,16[t — ¢,]

4 ]'dd—l =2 + =2 + =7 + =2
p€ pl p2 p3 p4 > > > > > -> > > d—1
“ B Pl S explihy 5, + o, + BB+ B E)J2)
1 em! PiD3P3p; ! ' !

X 8 Py + Py + p3 + Pal (33)
Employing (B3) hands us

. MM
Fig. 9(a) = %M—z(dbz) Tooooooool @, @, a, b] =

[ (d —3)(d(7d — 51) + 86’ [42FP MM,
24576(d — 2)3M3<d D 76/2)d=1) R34

and
MZM2
Fig. 9(b) = ——==—Ineo0000[a> a, b, b] = 0.
64my Y

Figures 9(c) and 9(d).—The evaluation of Figs. 9(c) and 9(d) involving the contraction of two 3-graviton vertices
requires the most effort. Its associated master integrals in momentum space after substantial algebraic manipulation reads:

Toooo—o000l g, 7, 5, u] = 1(1)000—0000[‘1’ ros, u] + I(I)Iooo—oooo[q’ r,s, u] + I(I)Ioloo—oooo[q’ r, s, ul, (34)

8[r — 1,181 — 1,181 — 1,161 — 1,1 (5 [ 4" 'pe 1
Iho0 [q,r,s,u]Ei[dt/dt /dr,fdtsfdtu ! — ( 7)ﬁ»ﬁﬁ
0000000 ! 8(d — 2)* My !:[1 Q@m)*™!) p1p3p3p;

x {(d — 325 — 18)(F2 + P2+ 2+ ) + B — 404 + 151d — 174)(3, + pa)’
@d-3p
(P1 + P2)?

4
X explipy - %,[t,] + iBy - i1 + iy - Byl1s] + iBa - zu[zu]]amd-lad*[ > ﬁw]

w=1

(@4(d — (P52 + P25 — (1d — 22)(72 + P32 + ﬁi))}

+ 5 other permutations of {X,, X,, X, X,}, (35)
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_ (d—3)*68[t —t,]8[t — t,]6[t —
Io00—o000l > 1 5, u] = z’/-dt'[dtq'[dt,fdtsfdtu 4zd — 2)2M;’f2

pi+ Py + 3+ by
Pip3p3pi(py + Pa)?

t,]8[t ddlpe)

t,J8lr — 1] (¢
(I /&

explipy - Xy[t,] + ipy - 10,1 + ips - X[1,] + ipy - %[0, ]I2m) !

X 64_1[ z f)w] + 5 other permutations of {X,, X,, X, X}, (36)

d—328[t — 1,180t — 1,18[t —
I5600-0000l @ 7> 8, u] = l/dt]df /dl ldt [d ( ! Zté Etz)zt]‘;dl[z

1,18[1 — tﬁ({ﬁlfé‘;ldpel)

+
x PUDsP2 Pa E DL PP P i 3 (1] + iy 501,] + s - Bl] + is - Bln]]
Pip3p3pi(Pr + o)
4
X (277)d_18"_1[ Z ﬁw] + 5 other permutations of {X,, X,, X, X,}. 37)

w=1

When contracting the two 3-graviton Feynman rules in
momentum space leading to (34)—(37), one makes a par-
ticular choice for the labels on the point particles’ coor-
dinate vectors. If the two particle labels on the 3-graviton
vertex on the left-hand side are {a, b} and the two on the
right-hand side are {c, e}, so that such a choice can be
denoted as either (ab | ce), (ba|ce), (ab|ec) or
(ba | ec)—there is a symmetry obeyed by the labels on
either side—then the 6 permutations to be summed over in
the definitions of Zio00—n000> /6000-0000 @1 L0000 are
2 X (ab | ce), 2 X (ac | be) and 2 X (ae | bc). The par-
ticular permutation displayed in Fig. 9(c) is (aa | ba). It
also represents the sum of the 6 permutations, with each of
the 6 terms giving the same result. In our notation, the sum
is 6 X (aa | ab). As for the two diagrams in Fig. 9(d), they
represent the sum of the 6 permutations: 4 X (ab | ab) and
2 X (aa | bb).

Turning to the integrals themselves, I3y00_0000l 4> 7> 5. ]
can be calculated in d dimensions with (B3). For the term
containing (p, + p,)* in the numerator, one would first
|

>

pPip2pP3P

d’ lpe) pi >
) =33 = expli(py - X, + pa
(H Qm)=1) pip3p3i(p1 + Ba)? b

d—1 i
- (l‘[ (‘éﬂ)ffl){ - 32 - P2 (=3 + Py (=3, + iy (R, —F,) 4 25ijlz_§eiﬁg~(;,—iq)

P2P3P;

where we have dropped the term proportional to [d? ! p,explip, - (¥.[t,] —

sum over the 6 permutations of the coordinate vectors {iq};
this is equivalent to holding fixed the {X,, %,, X,, X,} and
permuting the names of the integration variables
{P1,..., P4}. Upon doing so, one would find the relevant
part of the integrand can be replaced as follows: (p; +
P2/ (BiPap3p3) — 2(p1 + B3 + p3 + P3)/(B1P3P3P3)-
After suitable redefinitions of the momentum variables of
the form B, = p, + py, the (5233 + p2p2)/(B1 + o)’
portion of I}y0_oo0ol@> 7> 5, u] is, after integration,
proportional to 67 !'[X, — %,] or 8471[0], i.e. zero within
dimension regularization; while the (p} + p3) X
(p3 + p3)/(p, + p,)* integrand again takes the (B3)
form expli 33 3, - R, J/[[T; 73]

I5o00—0000l 4> T 5, u] can be dealt with by first integrating,
for each of its four terms, over the momentum appearing in
the numerator. We demonstrate this with the first term,
dropping all numerical constants and suppressing the
time arguments:

>

X+ Py X+ Py - X)]1Qm) 8By + py + ps + Pyl

iy
%eiﬁmmﬂmmzq)}’
p3 P3P3(P3 + Pa)

(38)

%,[1,])], which is zero even if X, = %,

within dimensional regularization. The first piece in the second equality containing only squares of momenta in the

denominator can be done with (B3). For the second piece, the p, integral is a (1/i)d} on (B3) it is zero 1f x
and p, integrals translate to an appropriate derivative on I3[a, a, b] or I3]a, b, b]if X, = X, and X; # X

= X,. The ps

g Ifx —x and

¥, # X, (or vice versa), the p5 (p4) integrals take the form of (B5), and the remaining p, ( f?3) integral is then a derlvatlve

on (B3). The p; and p, integrals return zero if X,

-3, =7,

""The p; and p, integrals with the numerator ph + pi removed are 5[ g, s, u] because one can recover the form (27) if one introduces
an additional variable § = p; + p4 and a corresponding integral and momentum-conserving & function.
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_What remains is T5600-0000[4: 7+ 5. u]. First replace the
(p; + p,)? in the denominator with ¢ and introduce a

@m)'~ fa? g8 V[ — p, — p,]. Applying (26) on

@\oo 00 (&)

@ @
(a) 2 permutations from swapping a <> b.

Dw o

@0 2@
) No permutations necessary.

@ 00 09@

@ w®
(c) 6 permutations. See text for discussion.

(@ oo 00 (b)

@0 0 ®
@ \(\)0 00/ @

(a) 00 00 (@)
(d) 6 permutations. See text for discussion.

FIG. 9. 2 PN 2-body diagrams with graviton vertices: 4 of 4.
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both the 6 functions then tells us that, in its position space

representation—again ignoring the constant factors—
I

T000—0000Lg> 1 8, u] becomes

[dd—ly[dd—lz6ij6mn((a?R3;d (a:nng_d)(R)%z_d

X (SR R,Z D) + (07 Ry (a7, Ry )(RIZ)

X (3R (4R ).

For the 2-body problem, we would either have one of the
y or Z integrations involve only one of the coordinate
vectors X, or X, i.e. (aa | ab) and (aa | bb) = (bb | aa),
or have two distinct coordinate vectors occurring in each of
them, i.e. (ab | ab). For the former, one may simply use
(B4), (B6), and (B7), together with the cosine rule Eaz .
Ry. = —(1/2)R%, + (1/2)R%, + (1/2)R},. For the latter
(ab | ab) case when d = 4 — 2&, one can first integrate
over ¥ using I and carry out the differentiation, and by
applying the cosine rule the (R,, + R, + R,;,) appearing
in the denominator right after differentiation of /5 will be
removed. The integrals that remain are tractable via (B4).

Summing up the contributions from the 6 permutations
for each of Figs. 9(c) and 9(d) now gives

. MM
Fig. 9(c) = Wz(dbz)loooo oooola, @, a, b]
= —z[dt MM,
16384M6 mR3,’
and
) M2M;,
Fig. 9(d) = mloooo oooola, @, b, b]

128M]

d=4 [ M2M:
i|di——2b .
16384M5 TR,

2. 3-body diagrams

No graviton vertices.—The 3-body diagrams that do not
have graviton vertices are
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(d - 3)1—‘[%]2 MaMbMC 72
_ 2, d—1 2(d—2 — — @
256(d —2)*m Mpl( 'R 3RY3
(d — 34 M MM,
A1 2(d-2) pd—3 pd—
128(d — 2)m Mpl( IR 3R43

Fig. 10(a) = i [ di

Fig. 10(b) = —ifdz

X v, v,
d=3ISF MMM
Fig. 10(c) = i[dt ) [22 3_1 s 1
128(d = 27"~ M2 P RARYS
KINE=SE M, MM
Fig. 10(d) = i[dt & 3 Ty Ve
128(d — 2)* M RI3RIS
d—1
F[T]z MaMch 52

Fig. 106¢) = i [ dr T S s
128(d = 27 m"™! MR R

As with its 2-body counterpart, Fig. 10(f) requires some
caution when taking the time derivatives. As an example,
the integral in the a — X — ¢ — b diagram, without the
constant factors, is

[ [arat, - tc](dlzc[zc] -

dr,
% dlia[[a] - ic[tc]|57d

0 + 1x.[2.]
d?|%,[t,] = x [t ]~
N PRER alla cltc )
Slrell di, dr,

PHYSICAL REVIEW D 79, 044031 (2009)

Figure 10(f) isthe sumof a — X —¢ —band b — X —
¢ — a, but since differentiation and piecing together the
relevant constants are straightforward, we will not display
the result.

d—173
3F
1024(d — 2)373/2(@=D

M2M, M.
3(d—2) p2(d—3) pd—3"°
My RTIRY T
DGR,
512(d — 2)373/2@=D
M2M,M.
3(d—2) pd— _ 3’
M RIIR R
P
512(d — 2)373/2@-D
MMM,

M;(dﬂ) RZ;3 RZ(Cdﬂ)

Fig. 10(g) = i[dt

Fig. 10(h) = i [ di

Fig. 10(i) = i f d

Graviton vertices.—The rest of the 3-body diagrams
contain graviton vertices.

Figure 11(a).—Figure 11(a) requires Iy from (25).
For the 3-body case, one sees that /;yy can be expressed
in terms of time and space derivatives on /5. Specifically,

i
Loiooool@, b, ¢] = - 2)Ml(j_2)/2 [dt]dfa /dfb /dfc5[f — t,)6[t — 1,16[r — 1]

X ({(Z(d — dviab + (d — 5)vi09) 15[ a, b, c]}% ot, — 1]8[t. — 1] +{(2(d — Hvia¢ + (d — 5)via?)
b

X I[a, b, c]}% 8[r. — o[t — t]),

which means

. . MaMbMC
Flg. ll(a) - Wlomooo[a, b, C].

Figure 11(b).—As discussed for Fig. 7(a), we have a
vanishing diagram when d = 4 for

Fig. 11(b) ="0.

Figure 11(c).—The master integral for Fig. 11(c) is
I;i0000 1n (28), whose 3-body expression in terms of /5 is

I
I [abc]=ildl{
ijO000L > & _ d—2)/2
167471 (d — 22M ™/
X U3(R, R
—(d = 3R, IR+ RIRS, )
B d—3
d—2)/2
2(d - 2)my ™

X vivl(9909 + 0ol + 00 [ a, b, c]},

so that

MaMch

Fig. 11(c) = —ab2e f et
8MS/2)((1 2) 10ij0000[a,b,c]

044031-19



YI-ZEN CHU PHYSICAL REVIEW D 79, 044031 (2009)

(a) 6 permutations: a, b, or ¢ in the middle.

Two choices for remaining two labels.

(e) 6 permutations: a, b, or ¢ in the middle.

Two choices for remaining two labels.

(f) 3 permutations: a, b, or ¢ in the middle.
@7 T@
‘\\\00 ‘
oL,

00,

00

(g) 6 permutations: a, b, or ¢ in the center. Two choices for remaining two labels.

(i) 6 permutations: a, b, or ¢ for the repeated label. Two choices for remaining two labels.

FIG. 10. 2 PN 3-body diagrams with no graviton vertices.
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ONIN O

(a) 3 permutations: a, b, or ¢ carry the 0i indices.
@ "®
\\\\2""_,
A J
00

©

(b) No permutations necessary.

®”  %©

(c) 3 permutations: a, b, or ¢ carry the ij indices.
@’ KO,
~ ‘ . - ’
L 0i

®

(d) 3 permutations: a, b, or ¢ carry the 00 indices.

@” "o

(e) 3 permutations: a, b, or ¢ carry the v?.

FIG. 11.

2 PN 3-body diagrams with graviton vertices: 1 of 2.

PHYSICAL REVIEW D 79, 044031 (2009)

00
"@@° "

i X
@oo .00
@% Y©

@”
o

.00

(a) No permutations necessary.

00 00
@° %®
b + (b<0)

00

@QQ ) bb@

(b) 9 permutations. See text for discussion.
@0  oo®
@ “©

(c) 3 permutations: a, b, or ¢ for the repeated label.

o 00 (b)

@ 30
(®) 00 00 ()

00 (@)
(d) 6 permutations. See text for discussion.

FIG. 12. 2 PN 3-body diagrams with graviton vertices: 2 of 2.
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Figure 11(d).—The 3-body master integral for Fig. 11(d) is /yjgjo0 from (32), which reads

Loiojoola, b, c] = i[dt{

TP, - 5,

3—dp3—d 3—d p3—d 3—dp3—d
647Td71(d _ Z)M(tlifz)/Z ((d 4)(Rab R + R R + (d 2)(R R
p

1
— i, b aa _ caa bac
TR Ui — 4)aha% + (d = 3)(@509 + 829D [a, b, c]},

leading us to

M, MM,

Fig. 11 d) = W IOinOO[a,b,c]'
2M ol

Figure 11(e).—Figure 11(e) involves products of v with the 1 PN 3-graviton master integral Iypo00:

, MMM,
Flg. 11(3) = /dtws)(d_l)vgloooooo[a, b, C]

[ (d — 3T PM MM, e
= —i

3d'§d 3d'§d 3d3d
25671 (d — 22M4 " ey e+ R "R+ Rap ™Ry

Figure 12(a).—The 3-body master integral for Fig. 12(a) is Iyyggoox from (31):

Inooooox[a, b, 1= Ix[a, b, c] + I[b,a, c]+ I[c b, al

7 — i(d—3)° [d%]r[ds] S—dR3-d STdR3d &
IX[a’b’C]z(d 2)2M(" 572 fdtfdt [dtb[dt<l3[abc]+ edd (R, ‘R~ + RR} )dﬂ

X o[t —t,10[t — t,18[t — t.].
In terms of Inyg00x [ b, c],

MaMch

Flg 12(&) = 771000000 [a, b, C].
8 MS/z)(d 2) .

Figure 12(b).—For the class of diagrams represented by Fig. 12(b), the 9 permutations include both types of diagrams
where the 2 world line sources attached to the 3-graviton vertex not contracted with an additional world line can either
belong to the same particle (6 of them) or 2 distinct particles (3 of them). [Figure 12(b) itself belongs to the latter.] We
observe, as we did in the 2-body case, that these diagrams are products of the lowest order {hyyhyy) with the 1 PN 3-
graviton master integral /yygoo in (22):

r[%]MgMch
64(d — 2)7T(d7])/2MS/2)(d—2)
— —ifa (d = 3T PISH IMEM M,
- ’[ 1024M 1472 732D (g — 2)3

Fig. 12(b) = fdt(RZZdloooooo[a’ b, al + R, “Ioooon0la. ¢, al)

(R3;AR*G™D) 4 R DR3-d), (39)

For the other 6 permutations where the 2 world line sources attached to the 3-graviton vertex not contracted with an
additional world line belong to the same particle, the analog to the above 2 terms in (39) have different numerical factors in
front of them.

Figure 12(c).—Figure 12(c) is a straightforward application of Iynn00000 10 (33) and (B3):

MiM M.,
Fig. 12(c) = / dt Zfd 57 Tooooooool > @, b, c]

(R?, dRZ(’; d) +R2(3 d)R3 d
c .

'[d (d —3)(d(7d — 51) + 86)F3[d 3] M MM,
=t 3/2)(d- 3 3d—2
819273/21d=1 (g — 2) My
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Figure 12(d).—Referring to the discussion under the 2-
body counterpart of Fig. 12(d), if a is the repeated label for
a given 3-body diagram, then the 6 permutations of particle
labels are 2 X (aa | bc), 2 X (ab | ac), and 2 X (ac | ab).

The master integrals for Fig. 12(d) can be found in (34)—
(37). Ihooo—o000 1S the linear combination of products of
(B3). As we did in the 2-body case, I}))_y00o can be done
using (B3), its derivatives, and derivatives on /5. When a is
the repeated particle label, 75,_ o000 1S

1 gooofoooo[ar a, b, c]

d=4 i fdt(Rib - R2, _ Rib + R2. — R%C
256M§l77'3 2R2.R3,

2R2bR§C
_ Rib + Rgc B R%c Ry — Ry + Ry — Ry
2R¢21bRgc R?chbc szRbc
thzc B Rib
2R% R} ) (40)
ab”tbc

We will leave I{800—0000 L@> ¢» 1> s] for possible future work.
In terms of the I{;_go00 N (34)—(37), we have

M ZM WM,

— === Too00-o000l @ @ b, c].
2d-2)

64

Fig. 12(d) =

3. 4-body diagrams

No graviton vertices.—The vertexless diagrams are

TS
512(d — 2)373/2d=1)
MaMchMe

3(d—2) pd— _ 3
Mpl( )Rge3RZe 3chze3

Fig. 13(a) = i/dl

00 00
@\QO @
00
00;
L 00

©

(a) 4 permutations: a, b, ¢, or e for the center label.

(b) 6 permutations. See text for discussion.

FIG. 13. 2 PN 4-body diagrams with no graviton vertices.

PHYSICAL REVIEW D 79, 044031 (2009)

For the class of diagrams in Fig. 13(b), there are 12 ways
to choose 2 out of the {a, b, c, e} for the middle two labels,
but there is a reflection symmetry, and hence there are
6 distinct permutations of the particle labels:

My
512(d — 2)373/2d=1

MaMchMe
3(d—2)
M|

Fig. 13(b) = ifdt

3—d p3—d p3— 3—d p3—d p3—
X(RaedecdRced+RaCdeenged.

Graviton vertices.—The rest of the 4-body diagrams
have graviton vertices.

Figure 14(a).—The class of diagrams in Fig. 14(a), like
those of its 2- and 3-body counterparts, involves products
of the lowest order (gghg) with the 1 PN 3-graviton vertex
integral Iyno000- Also, there are 4 distinct permutations,
with the world line operator with 2 graviton fields associ-
ated with either a, b, c, or e:

00 00
" “®
\ ' + (a<—c)
é + (b<——-c)
00

@QQ i bb@

(a) 4 permutations. a, b, c or e has 2 graviton fields.
@ 0®

@° @
(b) No permutations necessary.

(@ 00 00 ()

oL 00 (&)
(c) 6 permutations. See text for discussion.

FIG. 14. 2 PN 4-body diagrams with graviton vertices.
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MM MM M
Fig. 14(a) = f dt 2 - ¢ —

5(d—2))/2 —
64(d — 2)MG =2 la=n/2
- _l[d (d - 3)2F[%]F[%]2MaMchMe
10247 3/2@=D 1D (g — 2)3
+ (R IRY 4+ RIRS ;4 + R3IRS DRI+ (RIIRS; Y + R, IRS, Y + ROIRS, RS, ).

e (&

(R3 . Tooooool . ¢, €] + R3, lgoo000la. b, €] + R}, “Iooo000la ¢, €])

(R3-IR3;4 + R IR + Ry ‘R, RS,

Figure 14(b).—Another straightforward application of Zypgg000 in (33) and (B3) provides us with

MaMchMe
16M4?
) jdt (d = 3)(d(7d — 51) + 86)['[*3 M ,M,M .M,
—1

409673/2Wd=D (g — 2)3 Msl(d—z)

3—d p3—dp3—-d 3—d p3—dp3—-d 3—d p3—dp3—d 3—d p3—dp3—-d
X (R3S AR3-AR3 ;4 + R3AR3; 4R34 + R3 AR3-AR3~d 4 R3_dR3—dR3~d)

Tooooooool @ b, ¢, €]

Fig. 14(b) = f dt

Figure 14(c).—Referring to the discussion under the 2- 4. O[v*] effective Lagrangian
body counterpart of Fig. 14(c), the 6 permutations of
particle labels are 2 X (ab | ce), 2 X (ac | be), and 2 X
(ae | be).

The master integrals for Fig. 14(c) can be found in (34)—
(37). Lop0—o000 1S the linear combination of products of
(B3). As we did in the 2-body case, I},_g000 can be done
using (B3), its derivatives, and derivatives on /3. We have
given the explicit expression for Ifh,,_o in the 3-body LOPN At p2body g 3body 4y d-body (41)
case (40), but the 4-body one is too lengthy to display.

1Mo o0000l @ 7 5, u] is left for possible future work.

In terms of the Iyyg0—_gooo in (34)—(37), we have

. MaMchMe
Fig. 14(c) = Wloooo—oooo[a, b, c, el

Adding all the relevant diagrams, their permutations and
the second-order relativistic correction to kinetic energy
from the 7, v#v" in the infinitesimal proper time ds now
gives us the effective Lagrangian describing the gravita-
tional dynamics of n point masses at O[v*] relative to
Newtonian gravity in 3 + 1 dimensions:

- M M GyM M, ( » 7 : 3 : > 7 : 3 :
2-body __ > b > N b > > 5 > > > > > > 5
L4 0y=§ E {—16‘11}2"'—16 U2+—RZ (Rab'va<zva.vb_Evb.vb>+Rba'vb<va.va_Evtl.vu)

V(R U,\2, = = oo U(Rpu 0p\2 2 = ol 3. L
() R+ ) g (M) Ran - B0+ 5 454 5~ 20,5

8 Rab 8 Rab Rab Rab
3B 2R 5 1 . . L. 1 . . . 15. . 7

+ - ( ab Ua) éf ba vb) + _(Rba ' ﬁbﬁg + Rab : 5017}1) + _Rab . ﬁaRba : l_;b + _ﬁa ' l_;bthtb + _(ﬁfl + 5;47)
8 R*, 8 8 8 8

1. . 3..., 5. v o
+ Z(va <0, + gvflv% — Z(v% + v%)va . vb) +

GyM M, (_ 3 MRy, - 0, + My(Ryy, - 9,)°
R}, 2 R},

Ry DaRpg ¥ L .. 11
= 2M, + M,) = vlgz be b _ M, + My)R,y, - 0, — M), + MRy, - Uy + 53<2Ma + IM/))
ab
R 11 9. GIM M 3
+ v%<2Mb + IMa) ~5Ua UMy + Mb)) - NT”(MaMb + (MG + Mﬁ))}, (42)
ab
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- 1 9 1 9 1 9
p3body — 1 {GZMMM< (—52+85-5)+ <—52+85-5)+ (—52+8ﬁ-5)
! 3! lf%én N e Rab ac 2°¢ b ‘ Rathc 2 b ¢ ‘ RacRbc 2°°¢ ¢ b
o 8 (Rba ) ‘DbRca ’ l-;c Rab ’ ‘DaRcb ’ ‘Dc + Rac i aaRbc : ab)
(Rab + Rac + Rbc)2 RabRaC Rathc RacRbc
N 4 (53 T )
Rab + Rac + Rbc Rbc Rac Rub
+ [2R R3 ( ac "V Rba Ub + R)ac vaiéca v+ I_éba vaca l_;c + Z(R)ca 56)2)
ab®™ac
1 - 7 5
- Ryw 0y + L0y +_*2)
RabRac( ba 2 Ve T
1 = -
(R TR _+R )2 <R2 (4R b ‘U Rba vb + 8R ab v Rab - Z(Rab a)2 - 2(Rab : ve)z)
b ac bc ab
+ LR (4§ac . 6hl_éba . ﬁh - 81—éac : ﬁbi—éha ' 50 + 12R)ac : ﬁaR)ba : ﬁc - lzﬁac . 6a§ba : 1_})17))
1 [ " L o .
+ R, +R,. +R, (R (8R R v. t 4Rab “UeRp, "V, — 2(Rab ' vc)z - 2(Rab ' Ua)z)
a ac c ab
+ —(2175 — 43, v, — 2R, * D, ) + 5 other permutations of {a, b, c}])
ab
M, + M_.)R> 2M,R 3M 1 3
+ Gﬁ,MaMbMC(I:( a_ 3‘) ab breh T (Ma - —MC)
R2.R3, R R, R, RyRZ, 2
1
+ 5 other permutations of {a, b, c}:l + W(Malzz[a, a, b, c]+ Myly[b, b,a,cl+ M.y|c, c, a, b))
M, M M.
B )] 43)
bc ac ab
- 1 I»la, b, c, 1 1 1 1
L=y Gﬁ,MaM,,MCMe{ nla 2c e] ( n N n )
* 1=a,b,c,e=n 8 RahRacRue RbuRthbe RcaRchce ReaRebRec
a,b,c,e distinct
1 R 2R2 2R
+ I:R — (R RbCR 7 ]“;3 — R3“b) + 23 other permutations of {a, b, c, e}:l}, (44)
ab ac bc ab™actrae ab™ pe ae
122[6], T, s, M] = lim d'i 2¢e ‘[d’; 2826116mn((aqR l+28)(a'rnR”1+28)(R l+28)(a R l+28)(auR l+28)
e—0T
after integration
+ (0] Ry T29) (97, R T20) (R 29) (95, R, T24) (04 R, %)) + 5 permutations of {X,, X,, X, ¥,.},
Ry =13, — 2 (45)

The permutations in the definitions of L3 body

and
Lj *% means one would have to take the terms in the
given square brackets [...], consider the resulting expres-
sions obtained from permuting the particle labels as stated,
and sum them all up at the end. For I|q,r, s, ul, if
(gr | su) represents the term with X, and X, occurring in
the y integration and the X, and X, in the Z integration, then
the 6 permutations in the definition of 15, are 2 X (gr | su),
2 X (gs | ru)and 2 X (qu | rs).
Relation to L x\py.—As a (partial) check of these results,
we shall construct here a coordinate transformation that

|
would bring the 2-body portion of L(2 "N into the 2-body,
acceleration-independent, Lagranglan L ApMm in the litera-
ture; for example, Eq. (178) of Blanchet [6]. (This con-
struction can be found in Damour and Schifer [3,13].)
First, we note that defining

xp[1] = zi[t] + 8zi[1],

where 87/, is assumed to be small relative to z/, (an as-
sumption to be justified shortly), would modify the form of
the Lagrangian L[{x,, ¥, ...}] up to first order in 8z in the
following manner:
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> > S > > 3 oL
L[{xw Uy, Vg -+ }] = L[{Zw ZarZas + - }] + 5_Z SZ

+ total derivative,

—82 = Z Z(dtf W) - 87,

1=a=ns=0

In particular, varying the Newtonian Lagrangian L py
gives us

o

M
> Mm% GnM, “NTPR ) 8%,
R}
a#b ab
(46)
Before proceeding with any coordinate transformation,

however, one needs to first rewrite the terms quadratic in
. i o] Fii (2PN)
accelerations, 3, .., XX, LY C Ly, as

S>> s Ly

1=i,j=3 1=a,b=n
GyM,, r i + GaM, R \fii
Rab ab b ba

-3l

i,jsa,b Rza
GyM, GyM
sy OMa gy i ONMo i i
ba ba
GuM GuM, i -..
- O R, O R, L (47)
ba ba

Because the term in the first line on the right-hand
side of (47) contains the “square’” of the Newtonian equa-
tions of motion, namely, (1/M,)(8Lypxn/87%)(1/M,) X
(6Lgpn/0z;), and  because  (1/M)(8Lgpx/6z +
SL,pn/0z + -+ +) = 0, we see that this first term on the
right-hand side of (47) scales as [(1/M)SLypn/8z ~
[(1/M)SL, px/87> ~ [v*/r]* and therefore can be dis-
carded at the 2 PN order.

Removal of accelerations.—The reason for linearizing
the acceleration-dependent terms in L, py, keeping only
the second and third lines on the right-hand side of (47) is
this. Denoting this linearized form of L,py as LgPN and
referring to the —M X, - 8%, piece in (46), we see that the
remaining acceleration dependent terms in L§ ,y can now
be removed by defining

1 6L2 PN

8z =
‘M, 0%,

(48)

Xa=Za

Further transformations.—One can perform further co-
ordinate transformations without reintroducing
acceleration-dependent terms. The key is to make the

PHYSICAL REVIEW D 79, 044031 (2009)

—Ma;a - 86X, piece in (46) part of a total time derivative.
Observe that, by having some arbitrary functional F de-
pend only on positions and velocities,'? we have the iden-
tity

s OF . . df .. .
X W 3uJ] = ol 2]

a

. OF .
- Zxa ' a_»[{xal xa}]'
a xll

Therefore, by putting

18F

17 5 [{Zb’ Zb}]

S 2D —
Z Ma

a

we can replace —¥ M, 2, - 670V = =¥ %, - 9F/0Z, with
Sl OF /07,

At this point, let us note that the alterations to the form of
the Lagrangian due to 6z (48) occurs solely at the 2 PN
order: 87 ~ rv*. Hence 87 is indeed small relative to Z,,
and it is only necessary to consider 8L,px/6z and not
8L pn/6z, SL,pn/ Oz, nor any corrections that are qua-
dratic or higher polynomials of 6z.

Altogether, the 2-body Lagrangian after linearizing the
after the

7+ 87, 70 4 BZEIH), less total derivative terms, now reads

LI{%,, 0 Uy, - }]
= Lopnl{Za 211 + Ly pnl{Za 241

+ LgPN[{Zw Zw Za}]

accelerations and transformation X, =

s GyM, ~ oL}
- Z(xa s bRab)- — (49)
ll:/:b ab axa ;C(z:za
aF GNM,, oF
+ Z( #Rab‘ T ) (50)
a#b Rllb axa }a:Za

It remains to construct F[{X,, X,}]. From (1 /M) X
(0F/0x) = 8z ~ rv*, we must have F ~ Mrv>. From
(50), we also must have F MaMb/Mpl ~GyM M, ~

Mrv?, since all terms in Lgfp ™ need to contain at least one
power of the mass of each of the 2 point particles and at
least one power of Gy is required because all the terms

(less the M°/16) in Lgpr) are at least linear in Gy. To
supply the additional v needed, we have to consider all
possible products of the dimensionless scalars built out of
terms occurring at 2 PN order, namely, {va, 2 B U,
Uy, GNMy/Rap, GNM/R 3} for the v? terms and {v, -

R,y/Rup Uy - Rya/R,p) for the v! terms. The most general
F is thus

We also exclude the possibility that F depend on time
explicitly, since our post-Newtonian Lagrangian does not.
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N 1 GQMuMh(C Mu+Csz)_, > G MaMh—) > N > o >
F[{xs,x5|s=1,2,...,n}]=§Z{ N RIZ Dy Ryp + L5+ Rop(c302 + ey + 50, + Dy
a#b ab ab
Uy * Rap)\2 Uy * Rpa\2 U, Rap\(Up * R
+ C6< a ab) + C7< b ba) + CS( a ab)( b hu)) + ((1 - b)}, (51)
Rab Rab Rab Rab

where the {c; | i = 1,2, ..., 8} are arbitrary real numbers,
and (a < b) means one would have to take the terms
occurring before it and swap all the particle labels a < b.
Computing (49) and (50) with such a F reveals that one
would recover the L py; in Blanchet [6] from (42) for
C1:O, Cy = — C3:O,

3 — 1
» C4 =%

C5 = O, Ce = O, C7 = —Cg,

where cg can be an arbitrary real number.

IV. SUMMARY AND DISCUSSION

In this paper we have, following [5], used a point mass
approximation for the n-body in general relativity, allow-
ing us to obtain a Lagrangian description at the cost of
introducing an infinite number of terms in the action.
Because we are seeking the 2 PN effective Lagrangian,
however, only the minimal terms {—M, [ ds,} are neces-
sary. By examining the physical scales in the problem, we
have described how to organize our action (8) and outlined
an algorithm that would allow us in principle to generate
all the necessary Feynman diagrams up to an arbitrary PN
order for a given set of point particle actions (minimal or
not); as well as automate the computation process so that as
few of the Feynman diagrams as possible are left for
human evaluation. This way, the post-Newtonian program
can be pursued in an efficient and systematic manner
within the framework of perturbative field theory, and the
necessary software may be developed to tackle the effec-
tive 2-body Lagrangian calculation at 4 PN and beyond. In
the bulk of this work, we obtained in closed form the
conservative portion of the effective Lagrangian
Les[{¥, D, 0,}] up to 1 PN for the general case of n point
masses in d = 4 space-time dimensions and up to 2 PN for
2 point masses in (3 + 1) dimensions.

It is apparent that the primary bottleneck of higher post-
Newtonian calculations is one of calculus. For the n-body
problem, it is the analytic evaluation of integrals such as 1,,
(45) and the I; _y (B8) for N = 4. At the same time, it is
possible that choosing a different gauge from the one used
in (13) and/or a different parametrization of 4,, may help
reduce the number of diagrams and the amount of work
needed in manipulating the momentum dot products from
the tensor contraction of graviton vertices in Fourier space.
The reduction of diagrams at 2 PN was recently demon-
strated in the 2-body case computed by Gilmore and Ross

[14]. They used the full de Donder gauge13 Sof =

This will modify the N-graviton interaction in the Einstein-
Hilbert action to all orders in /.

[

[d'x jgg*Pg#g7’T,,,T ,ap and the Kaluza-Klein pa-
rametrization for £,,,, first introduced to the PN problem
by Kol and Smolkin [15]."* Some other possible choices
include the ADM variables normally associated with the
(3 + 1) decomposition of the space-time metric. Yet an-
other possibility is to employ the gravitational Lagrangian
constructed by Bern and Grant [16] using quantum chro-
modynamics gluon amplitudes, up to the 5-graviton inter-
action; this is sufficient, however, only to 3 PN.

We end with a cautionary remark against taking super-
position too literally within the post-Newtonian frame-
work. By using the 1 PN Lagrangian (23) in 3 spatial
dimensions, and taking the continuum limit, the force I
experienced by a stationary point mass M, located at 7
away from the center of a static, spherical, hollow shell of
surface mass density o and coordinate radius R can be
shown to be'’

S 4?7
F=m1
dr?

s TRG}o 8(1 N |F|+R|)

"1 4 127RGyo 97 \|7| |7l =R |/

which evidently diverges as the point mass approaches the
surface of the shell. Because the force would vanish if
gravity were purely Newtonian, such a result for a first-
order calculation most likely indicates the breakdown of
perturbation theory in this regime, since the post-
Newtonian Lagrangian was derived with an implicit as-
sumption that the point masses involved were well sepa-
rated, i.e. ry K r.
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APPENDIX A: THE N-GRAVITON FEYNMAN
RULE

Here we outline an algorithm that can be implemented

PHYSICAL REVIEW D 79, 044031 (2009)

Given a product of two function(al)s f[h]g[] the term

that contains exactly n powers of 4 is a discrete convolu-
tion

(gl = 3 (| mhlg | n— mh]
m=0

where (A | m)[h] denotes the term in A that contains ex-
actly m powers of /. Here we also assume that both f and g
can be developed as power series expansions starting from
the zeroth power in A.

With this observation, the term in the Einstein-Hilbert
Lagrangian containing exactly n powers of the graviton
field is given by

on symbolic and tensor manipulation software such as 1y 4
MATHEMATICA [10] and the package FEYNCALC [18], to —2M4 Y f d'x(ylgl I m)(R | n—m), (Al
generate the Feynman rule for the N = 2 graviton vertex in m=0
Minkowski space. where'®
Zuv = Nuv + My
1 dv 1 & )s+l s i
Wil im =5 55| els {1}
Tr(n~'h)* = h¥, h*1,, .. "1, (R | n)= Z (g | mP"(R|n—m,,,
m=0
(¢ | m)P {naﬁ if n=20, (A2)
n)er =
¢ (=)"he , b, . h#eB i >0,
1
(F I n)a# 7(g | n— 1)0“\(8 hl//\ +9 h a)xh‘u,y)

[\)

(R | n)* = a,u,(r | ”)a,gy

Buv

Note that the action for general relativity contains a total
d-derivative term —2M{> [dlxn#" (3,15, — ,1%,),
which needs to be discarded when deriving the Feynman
rules. Furthermore, these Feynman rules will also be modi-
fied accordingly when a gauge fixing term is added.

Because the graviton field is symmetric in its indices, to
obtain the N graviton vertex with external indices
{ay, B1}, ..., {ay, By} given the action (A1) containing
exactly N powers of the graviton field, we first choose
one particular set of contractions between the graviton
fields in (A1) with the N external ones. We then replace
each field h,, in (Al) with the identity tensor [xeBe v
carrying the indices {ay, B¢} that correspond to those on
the ¢th external field A5 it is being contracted with. The

identity tensor reads

1oWe are absorbing the M, 1=/ into the h,, to save clutter.
The full N graviton rule would therefore be multlphed by a

factor of Mg(l @/2), ; for instance, the 2-graviton “vertex’” would
contain no M.

e+ ST Tl m)y, -
m=0

(= v).

, — 1 ) )
|]014,34,7MV = E(é“(ﬂé‘ﬁ(ﬁy + 5“{1)5,36#)'

In momentum (k — ) space, if we define the direction of
momentum to be always flowing into the N graviton ver-
tex, we would also replace partial derivatives occurring in

(A1) using the prescription
aAh,w i l.k)te[laeﬁcluw

where A, is the Ath component of the d vector k of the €th
external graviton h,, g, that is contracted with 4, 17

The complete Feynman rule for the N graviton vertex
would be found by summing up the results from the above
procedure for all the N! possible permutations of the

7 The sign in front of the momentum vector, i.e. —ik, .- VS
+iky, ..., is actually immaterial because every term in the
Einstein-Hilbert action contains two derivatives; what is impor-
tant is to maintain a consistent sign convention for the arguments
of the exponentials, either exp[ip®x® — ip - ¥] or exp[—ip°x" +
ip - X], in the Fourier transforms.
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external indices. An example featuring the 3-graviton
Feynman rule can be found in Appendix B of [5].

APPENDIX B: INTEGRALS

In this section we review the techniques involved in
performing the Feynman integrals encountered in the
n-body problem at 2 PN.'®

The starting point is the observation (usually attributed
to Schwinger) that one may employ the integral represen-
tation of the Gamma function, I'[z]/b* = [§ * e d1,
for Re[b] > 0, to first give us the formula for combining
multiple denominators

w g = (g [ o)
o oy agag’
Ayt Ay s=1 o] Jo

F[z{'v:l 0',]5[1 B IrV:l ar]
S A

X (B1)
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and second, together with the Gaussian integral
[ exp[—x*]dx = 7'/2, to further yield
a M2 — A
] - Z _ m [0'_ 2]’ (B2)
(Z2+A)°  T[o]AcW2
and
dp vt _ 0] 22 R
Ity = wortms rE¥#0 gy
=0 for X = 0,

where the second equality is to be understood within the
framework of dimensional regularization.
An important corollary of (B1) and (B2) is

/ d'z _ 72I[4 = 005 — o]0y + oy — 4] (B4)
[Z217[E = %12 Tlo oIl — oy — o] o W2
By considering single and double spatial derivatives of (B4), we may also obtain the formulas:
[ PGt X G ] ) e e SO (BS)
|Z]P1|x — z]P2 T[AT2IIA — 250222 7|t
f i GOl AT A2 A (A
5 > > = =
271X = 2™ 2D[ZI[ZICA — 222212 + 1) — (7 + 7))
xix/ AT
X ((/\ S D =2 W + |55|Tl+fz—2—A)’ (B6)
[ S L AN G ) ) |
|2 = X, P12 — %l UG U2 A — W]
8Y (g = xp)"(xg — xp)/
e S TRV RE R P s L

The last formula (B7) has been derived from (B4) by redefining X = X, — X, and shifting integration variables before

performing the appropriate derivatives.

N-point integrals.—We next review the evaluation of the ““N-point™ integrals first carried out by Boos and Davydychev

[20,21]:

d*z

I y= — )
re TV, 1R — 2)%1Ps

(B8)

These integrals can be viewed as the higher N generalizations of the N = 2 case in (B4).

A comprehensive textbook on evaluating Feynman integrals is Smirnov [19].
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Applying (B1) transforms it into

N 1 1 .
I v = [ d)‘z( [ da,af” )
1..N RA g F[,DS 0 K

Ilpy + -+ pylo[l — 3V a,]

+z” 1(arasx% arasxr xs))p]+ Hen?

where the constraint Y ,«, = 1 as well as a shift in the
variable Z have been employed. Writing

Z(aax—aa :QZaR

r,s=1

and recalling (B2) then allow us to deduce

Iy, p, — 4] »
e aay’
L.n= [T ] (l‘[ d / )
81 -5, a,] .
) 13,3, a,a,R3,12 /2 (B9)

By viewing @ ,R,,a, as components of a N X N sym-
metric matrix with zeros on the diagonal, one notes that
there are N(N — 1)/2 distinct terms in the sum in the

|

dr A/2[R2 - >
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denominator of (B9). To make further progress, one needs
to iterate (L — 2) times the Mellin-Barnes (MB) integral
representation

1
X +7Y)

[ dsTs + 77— s]——

F[T] 2i X”T

to obtain the (L — 1)-fold MB representation for the sum
of L terms in a denominator raised to some power:

L 1
[lrluf Qmi)t!

3w
<(0 [ i)

X Tsy + sy + -

+s5, + 7] (B10)
In these integrals, the contour for the ith variable s; is
chosen such that the poles of the Gamma functions of the
form IT... — s;] lie to the right and those of the Gamma
functions of the form I'[... + s;] lie to the left.

Using (B10) on (B9), followed by (B1) with A| = A,

* = Ayw-1,2 = 1 and some careful algebraic reason-
ing, one arrives at the final form of the MB representation
for the N-point integral:

1

R ivzl |(Z - )'ES)2|P;

(N/2)(N 1)-1

ST - Zp]l'[ TTp,] Qi)W

(N/2)(N—=1)—1 N A
X ([ dsljr[ Sl]]<R2 ) ) [ Z Ski + z Pr— Eil
{i, j}Eupper Aof NXN matrix ’ i’ {k,I}Eupper A r=1

(.40

x T1 Fl:ps+

1=s=N
s#ilis#j!

A N
F[E_ Dot pi—
r=1

kil

Here, {7/,

{j,k}Esth row and sth column upper A

A N
Z SkliIFI:E - ler + p], —

{k, I}Eupper A

el

sjk]

Z Skl]-

{k, I}Eupper A
k1)

(B11)

j'}is some fixed pair of numbers chosen from the ““upper triangular™ portion of the N X N matrix of number

pairs corresponding to their coordinates on the matrix; namely, the first row on the “upper A” reads, from left to right,

{1,2},{1,3},...,{1, N}, the second reads {2,3},{2,4}, ...,
element, {N — 1, N}.

{2, N}, and so on until the (N — 1)th row, which has only one

N = 3.—The MB integrals for the N = 3 case have been explicitly evaluated by Boos and Davydychev [20]. One has

from (B11)

A/Z[RZ /2= pr 1

' = T =5, o, 1T 1] @i [ [ avrt-art- ]@;)(2_2)

X F[u +v+ Zpr - E]F[pl +u+ v]F[E -

A
pP1—P3— U]F[E —p1— P2~ M] (B12)
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Assuming there exists a series representation of the
integral /;,; in powers of R, and R3, we close the u
and v contours on the right, turning each integral into an
infinite sum over its residues by noting that I'[—z] has
singularities on the complex z plane only in the form of
simple poles at zero and the positive integers. [Whether
one should close the contour to the left or to the right really
depends on the numerical range of R, and R 3 considered.
For instance, the MB representation (1 + z)™* =
Qamil[AD ™! [1i%2 dul'Tu + AIT[—u]z" can be converted
into a power series in 1/z or z, for A > 0, by closing the
contour to the left or right, depending on whether |z| > 1 or
|z] < 1. Here we will simply assume, for each choice (left
or right), there is some region of R, R;3 € Rin which itis
valid.] The residues of I'[ —z] at these locations are

(=)

m!

ResT[—z]l.—,, m=0,+1,+2,....

PHYSICAL REVIEW D 79, 044031 (2009)

Because there are 2 Gamma functions of the form
I'l... — u] and 2 of the form I[--- — v], this converts
the twofold MB integrals into a twofold infinite sum of
4 terms. One can proceed to change summation variables
and manipulate the Gamma functions in the summands
using the definitions for the Gauss hypergeometric func-
tion and the Pochhammer symbol

JF\la, byc;z] = Z (Zi(il))) .
(@), =ala+1)...(a+ w—1) :%’
and the relation
F[T—m]=((1)l_n71;[):|’ s aec

to further reduce the two-fold sum into a single sum:

., 1= /‘ d*z
abelba B Pl = JTE=3)7P[G — )7 (G — 2071
/2 R? A A A
— W2=Y pr ab L, Z_, -4
eSS P L ale2) e etz e e iS00 5]
e = 3epa)e A A 2
xT L2 F[—e,—— —pp—CG1—Z+p, + ;—‘“]
[ a]( % + Pu ¥ pb)€2 1 2 Pa Pb B Pa Pc Rib
1 (R? A A A
4+ [R2 17P[R2, 1A/ =pu—p ( “b) [ + — _:I [_ — — ] [_ — ]
(R [RG] "T\R, Dl oot Py =50 5= Pa = pe [FlocIl| 5 = oo
A 2 -
cJt\5 A A ac
(P/\)e(z Pb)e [ €patpy— 1= 24 p,+ puit
(1 + 27 Pa— pb){f 2 Rab-
1 (R? A A T A
+ b . z (/\/2) e ( ab) [_ B - ] [_ 2 + + [_ B ]
[Rp] 7 [R] oz )2 = Pa=po || =5 % pat pe |Ulpull] 5 = pe
(P ){’(A - pc){’ A A R%c-
_bA . 2F1|:_€’__pa_pb_€;1+__pa_ )
(1 2 tp.t pb)€ 2 2 Rab-
_ o 1 R§ ¢ A A
+ [Ric]pa (A/Z)[Rib](/\/Z) Pa Pb[Rgc](/\/z) Pa p{;ﬁ(Rlzj) ]"I:— 5 +p, + pb]F[— 5 + p, t pc]
A A —
% FI:& o pa]r[)\ o Zpr] (2 pi)t?_( _Zr pr)€
2 r (] + 2 Pa ph)€
A A R2,
XzFl[—f,—E-i-pa-i-ph—&] +2_pa_pL,Rib]} (B13)

As described in Boos and Davydychev [20], this sum has

a closed form expression in terms of the Appell hyper-

geometric function F, of two variables, which has a perturbative definition of the form

F4|:CY, 187 Y B;X’ y]

m=0n=

Through the relation
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j=0 ]‘ (Y)j
we now have
I 1= [ d*z
abetPar Pb Pl = J T =3 1[G — %,)21[G — 221

a2
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JF[=j 1 —vy—ji6;y] = Fyla, B;y, 6;x, xy],

TTA=3, p ML Tlp ] {[Ric]h/z)—zymr[% — pa— pb]r[% - pa— Pc]F[Zpr _ %:I

A

A A
X F[pa]F4[Zpr — S Pl =S H patpp 1 =S+ p,tp

2 2

+ [R}Zw]*pp[Rih](/\/Z)*pfﬂbFI:pa + pp —

A
X Fy Pey 3

2

A A
BRI T R s

Ko R
2 R, R,

e ﬁ—pa—pc ITp U é—pb
I 2

tp.tp

2 2

. Rab RaC]

€ p2 7 p2
Rbc Rbc

+[R} 1P [RZ IV 2)”’”’”"1“[% —Pa pb]F[— 2t pa pc]l“[pb]l“[% - pc]

A
X Fy|l ppo5 = pes |

2 2

A A
“y T Patpplt S pamp

2

2 2

. Rab Rac]

co 2 2
Rbc Rbc

_ L, _ A A A
LR e R e R IV et <Dk py [0 =5 pa+ e T[S -

A A A
XF[/\—Zpr]FA;[E—pa,A—Zpr;I+5—pa—pb,1+——pa—p
r r

However, F, is not defined in MATHEMATICA [10],
whereas the sum in (B13) can easily be entered. In par-
ticular, at 2 PN, the n-body problem requires the knowl-
edge of

93] \3 d—3
Lila, b, c] = (W) 1123[.01 =pr=p3= T]

Applying, in 3 — 2¢ spatial dimensions, the Laurent
expansion for the Gamma function about negative integers
or zero,

Mem+e]= " (1 et i% + (9[8]),

m! \&

m=2012...,

to the summand in (B13), before employing the
MATHEMATICA command FULLSIMPLIFY on the sum-
mation (B13), yields the final form for I5[a, b, c]:

2

Re RZC]}
c > .
2 Rl Rj.

1
647%

1
Lila, b, c] = (—— +2 =2y — 2In[7]
£

—41n|R,, + R,. + R, | + @[s]), (B14)

where yg = 0.57721 ... is the Euler-Mascheroni constant
and the hyperbolic function identity tanh™!'[z] = (1/2) X
(In]1 + z| — In|1 — z|) was used. An alternate derivation
of this result can be found in Blanchet, Damour, and
Esposito-Farese [22].

A direct computation would show that this result is
consistent with the Poisson equation obeyed by the N =
3 integral in 3 spatial dimensions:

Bija?aj'lllm[pa = Pp = Pec = 1/2] = _47T(RabRac)_l'

APPENDIX C: 3 PN DIAGRAMS

In this section, we collect the fully distinct Feynman
diagrams necessary for the computation of the effective
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FIG. 15.

PHYSICAL REVIEW D 79, 044031 (2009)

3 PN 2-body diagrams.

FIG. 16. 3 PN 3-body diagrams containing 3 graviton vertices, 1 of 2.

Lagrangian for n nonrotating, structureless point masses as
described by the minimal action in (2) at the 3 PN order.
Fully distinct here means that, to obtain the full 3 PN
Lagrangian one would have to, whenever applicable:

(1) Consider all possible permutations of the particle
labels of the diagrams displayed.

(i) For the n = 3, 4 and 5 diagrams, consider all pos-
sible ways of setting some of the particle labels
equal to each other, so that from the n = 3 diagrams
one would obtain their n = 2 counterparts; from the

n = 4 their n = 2 and 3 counterparts; and from the
n = 5 their n = 2, 3 and 4 counterparts.

The 2-body diagrams are in Fig. 15. The 3-body dia-
grams with graviton vertices are Figs. 16 and 17, and those
with no graviton vertices are Fig. 18. The 4-body diagrams
with graviton vertices are Figs. 19-21, and those without
graviton vertices are Figs. 22 and 23. Finally the 5-body
diagrams with graviton vertices can be found in Fig. 24,
whereas those with none can be found in Fig. 25.
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FIG. 17. 3 PN 3-body diagrams containing 3 graviton vertices, 2 of 2.
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FIG. 18. 3 PN 3-body diagrams with no graviton vertices.
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FIG. 19. 3 PN 4-body diagrams with graviton vertices, 1 of 3.
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FIG. 20. 3 PN 4-body diagrams with graviton vertices, 2 of 3.
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FIG. 21. 3 PN 4-body diagrams with graviton vertices, 3 of 3.
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FIG. 22. 3 PN 4-body diagrams with no graviton vertices, 1 of 2.

FIG. 23. 3 PN 4-body diagrams with no graviton vertices, 2 of 2.
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FIG. 24. 3 PN 5-body diagrams with graviton vertices.
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