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We consider a triality between the Zermelo navigation problem, the geodesic flow on a Finslerian

geometry of Randers type, and spacetimes in one dimension higher admitting a timelike conformal Killing

vector field. From the latter viewpoint, the data of the Zermelo problem are encoded in a (conformally)

Painlevé-Gullstrand form of the spacetime metric, whereas the data of the Randers problem are encoded in

a stationary generalization of the usual optical metric. We discuss how the spacetime viewpoint gives a

simple and physical perspective on various issues, including how Finsler geometries with constant flag

curvature always map to conformally flat spacetimes and that the Finsler condition maps to either a

causality condition or it breaks down at an ergo surface in the spacetime picture. The gauge equivalence in

this network of relations is considered as well as the connection to analogue models and the viewpoint of

magnetic flows. We provide a variety of examples.
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I. INTRODUCTION

There has been a great deal of activity in theoretical
physics over the past few years involving the properties of
various spacetimes in four and higher dimensions. Apart
from their obvious astrophysical significance, there have
been applications to string theory, gauge theory (via the
anti-de Sitter/conformal field theory correspondence), and
a growing interest in analogue models. Most investigations
have centered on particular spacetimes, typically a solution
of Einstein’s equations arising in supergravity theory.
However, it is important to distinguish particular properties
from general ones. In other words, we wish to see to what
extent certain results obtained are due to the special prop-
erties of the metric used and to what extent they are
universal and valid for all metrics in a general class.

In the case of static metrics a convenient tool for inves-
tigating such questions is the well-known optical metric
(see [1] for an elementary account), which allows one to
bring to bear on questions concerning nonrotating Killing
horizons, light bending, etc., the powerful tools of
Riemannian and Projective Geometry. For example, the
optical distance diverges as one approaches a static
Killing horizon, and in this limit the metric is asymptotic
to the metric on hyperbolic space with the radius of curva-
ture being given by the inverse of the surface gravity of the
horizon. One may use this fact to gain insight into ‘‘no-hair
theorems’’ and the loss of information arising as matter
falls into the associated black hole [2]. One may use the
Gauss-Bonnet theorem and information about the curva-

ture of the optical metric to make general statements about
light bending [2–4] and one may use the projective geome-
try to illuminate the dependence of light bending on the
cosmological constant [5].
This leads naturally to the question of what replaces the

optical metric when one is dealing with stationary metrics
and can the associated geometric structures prove useful in
dealing with rotating Killing horizons, ergoregions, and
ergospheres, the existence or otherwise of closed timelike
curves.
The purpose of this paper is to show how, in order to

answer this question, one needs to pass from Riemannian
to Finsler geometry, to obtain two spatial geometric ob-
jects, a Randers and a Zermelo structure, related by
Legendre duality. Taken with the original stationary space-
time, one obtains a triple of structures linked by a kind of
triality (see Fig. 1). This allows one to translate a problem
in one language to one of the other two languages, often
leading in this way to a dramatic simplification. For ex-
ample, much effort has been expended on understanding
constant flag curvature for Randers-Finsler metrics [6]. As
we shall see, from the spacetime perspective the spacetime
metrics are rather simple: all constant flag curvature
Randers-Finsler metrics map to conformally flat space-
times. In particular, the principal example in [6] lifts to
flat Minkowski spacetime in rotating coordinates, whereas
the example in [7] maps to an Einstein static universe
(ESU) in rotating coordinates.
The link between the three ideas is provided by a 1-form

arising, in the spacetime picture, from the cross term g0i in
the metric g�� of the spacetime manifold fM; gg and

associated with the dragging of inertial frames. When
viewed on the space of orbits B of the time translation
Killing field @=@t, this gives rise to a 1-form bi which, with
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a metric aij, endows B with a Randers structure, a type of

Finsler geometry, which may be thought of physically in
terms of a fully nonlinear and exact version of gravitomag-
netism.1 Light rays in fM; gg project down on fB; aij; big
to Finsler geodesics, which in turn may be lifted to the
cotangent bundle T?B to give a magnetic flow. Such flows
have been extensively studied by mathematicians of late
and, as we shall show, some of their results have applica-
tions in the present setting. Moreover, we show that, in this
magnetic picture, for all constant flag curvature Randers-
Finsler 3-metrics, the magnetic field B is a Killing vector
field of the Riemannian part of the geometry aij.

The alternative Zermelo viewpoint works in terms of a
vector field or wind W, on B, and a different metric hij.

Light rays then project down on fB; hij;W
ig to solutions of

the Zermelo problem: find the least time trajectory for a
ship moving with constant speed in a wind W. Physically,
this is where one makes contact with fluid dynamical
analogue models in which a fluid vortex, sometimes
thought of in terms of an Aether, gives rise to a
Maelstrom-like picture of a rotating black hole.
Currently, this idea, which can also work for a nonrotating
black hole, is often associated with the use of Painlevé-
Gullstrand coordinates. And here we show that, indeed, the
Zermelo structure manifests itself in the spacetime picture
by expressing the spacetime metric in a Painlevé-
Gullstrand form.

This paper is organized as follows. In Sec. II, we de-
scribe the network of relations: the triality between the
Zermelo problem, Randers-Finsler geometries, and the
null geodesic flow in conformally stationary spacetimes.
We also discuss the magnetic flow viewpoint, the relation
to analogue models and the gauge equivalence from the
spacetime picture. In particular, the condition of spacetime
conformal flatness is explored in both the Randers and the
Zermelo pictures, and the relation to Killing magnetic
fields and constant flag curvature is established. In
Sec. III, we provide a variety of examples of increasing
complexity. We start with Langevin’s rotating platform in

Minkowski spacetime, which maps to a Randers-Finsler
geometry of constant flag curvature, physically interpreted
as a varying magnetic field in a negatively curved space,
and a Zermelo problem of a constant angular velocity
tornado (or Shen’s rotating fish tank [6]) in flat space.
Let us note that, since the mapping between the spacetime
and Randers picture can be seen as a temporal Kaluza-
Klein reduction, this example is akin (in fact an analytic
continuation) to the Melvin solution in Kaluza-Klein the-
ory [9]. Section III B explores, in contrast to the first one,
several examples where the Randers picture is physically
simpler than the Zermelo one, and in some cases, even
simpler than the spacetime picture: constant or varying
magnetic fields in R3 or H2 � R. The particular example
of Sec. III B 2 allows us to relate the Finsler condition with
isoperimetric inequalities, Novikov’s action functional and
ergodic theory. Section III C gives another example of a
Randers-Finsler geometry of constant flag curvature which
is simply interpreted in the spacetime picture: a confor-
mally flat spacetime—the ESU—in rotating coordinates.
We then consider a genuinely rotating ESU, the anti-Mach
geometry, and its Randers and Zermelo pictures are exhib-
ited. In Sec. III D, we discuss the Randers and Zermelo
pictures for the Kerr geometry. While these pictures are
valid asymptotically, they break down at the ergosphere. To
cover the ergoregion, we actually need to introduce coro-
tating coordinates, and then the Randers/Zermelo pictures
break down asymptotically. Using these corotating coor-
dinates, we show that the Riemannian part of the Randers
metric is hyperbolic near the horizon for nonextremal Kerr,
in similarity with the general nonrotating Killing horizon.
The Randers/Zermelo pictures of the near horizon extremal
case, the near horizon extremal Kerr (NHEK) geometry,
are also considered and, in particular, the Zermelo picture
turns out to be quite simple: an azimuthal wind in a
deformed 3-sphere. We finish in Sec. IV with some final
remarks.

II. A NETWORK OF RELATIONS

A. The Zermelo problem as a Finslerian flow

The Zermelo navigation problem [10] is a time-optimal
control problem, which aims at finding the minimum time

FIG. 1. A network of relations. Alongside the arrows are the equation numbers, which provide the respective map. The dashed lines
represent interpretation relations rather than different frameworks.

1In the case of ultrastationary spacetime metrics this exact
version of gravitomagnetism can be understood in terms of an
equivalence of magnetic tidal tensors [8].

GIBBONS, HERDEIRO, WARNICK, AND WERNER PHYSICAL REVIEW D 79, 044022 (2009)

044022-2



trajectories in a Riemannian manifold fB; hg (R2 with the
Euclidean metric in [10]) under the influence of a drift
(wind) represented by a vector field W. Assuming a time
independent wind, Shen [6] has shown that the trajectories
that minimize travel time are exactly the geodesics of a
particular Finsler geometry, known as Randers metric [11],
whose norm is given by

Fðx; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aijðxÞvivj

q
þ biðxÞvi; v 2 TxB: (1)

For the geodesics of (1) to solve the corresponding
Zermelo problem, the Randers data faij; big are determined

in terms of the Zermelo data fhij;Wig as [12]:

aij ¼
�hij þWiWj

�2
; � ¼ 1� hijW

iWj; (2)

bi ¼ �Wi

�
; Wi ¼ hijW

j: (3)

Note also that

aij ¼ �ðhij �WiWjÞ: (4)

It has also been shown [13] that every Randers metric F
arises as the solution to a Zermelo’s problem of navigation,
defined by the data fhij;Wig. The latter is defined by the

former as

hij ¼ �ðaij � bibjÞ; � ¼ 1� aijbibj; (5)

Wi ¼ � bi

�
; bi ¼ aijbj: (6)

Note also that

hij ¼ �aij þ bibj

�2
: (7)

Thus, there is a natural identification of Randers metrics
with solutions to the Zermelo problem. It should be ob-
served that

jWj2 � hijW
iWj ¼ aijb

ibj � jbj2:
The Finsler condition jbj2 < 1 ensures that F is positive
and the metric is convex, i.e. @vi@vjðF2=2Þ is positive
definite for all nonzero v [13].

Zermelo/Randers duality via a Legendre transformation

For a generic Finsler norm, the geodesics of F are
obtained by taking F as the Finsler Lagrangian.
However, for a Hamiltonian treatment, we need to consider
a Lagrangian that is not homogeneous of degree one in
velocities, since the associated Hamiltonian would vanish.
It is convenient to consider a Lagrangian of degree two in
velocities. Thus, since Fðx; vÞ is a Finsler Lagrangian,
which is homogeneous of degree one, we define a
Lagrangian by

L ¼ 1
2F

2: (8)

Hence, the Hamiltonian will also be of degree two in the
momenta

pi ¼ @L

@vi ¼ F
@F

@vi : (9)

In fact,

Hðx; pÞ ¼ Lðx; vÞ: (10)

It is convenient to define a function Gðx; pÞ that is homo-
geneous of degree one in momenta by

H ¼ 1
2G

2: (11)

Thus,

Gðx; pÞ ¼ Fðx; vÞ: (12)

Specializing F to be given by the Randers metric (1), we
have

pi ¼ Fðni þ biÞ; ni ¼
aijv

jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
akrv

kvr
p ; (13)

since aijninj ¼ 1, we find that

G ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hijpipj

q
�Wipi; (14)

where fhij;Wig are the associated Zermelo data. Thus, the

Legendre transformation maps the Randers (Lagrangian)
data to the Zermelo (Hamiltonian) one.
Note that one may think of G as the sum of two moment

maps

G ¼ G0 þG1; (15)

where

G0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hijpipj

q
(16)

generates the geodesic flow and

G1 ¼ �Wipi (17)

generates the lift to the cotangent bundle of the one pa-
rameter group of diffeomorphisms of the base manifold
generated by the vector field �W. Observe that these two
flows commute

fG0; G1g ¼ 0; (18)

if and only ifW is a Killing vector field. In the case that the
base manifold is a sphere and W a Killing vector field,
these are the flows constructed by Katok [14] and discussed
by Ziller [15]. They correspond to rigid rotation on the
sphere.
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B. Spacetime picture: Randers and Zermelo form of a
stationary metric

The geodesic flow of the Randers metric can be seen as
the null geodesic flow in a stationary spacetime with
generic form

g��dx
�dx� ¼ �V2ðdtþ!idx

iÞ2 þ �ijdx
idxj; (19)

so that

gij ¼ �ij � V2!i!j: (20)

Fermat’s principle arises from the Randers structure given
by

aij ¼ V�2�ij; (21)

aij ¼ V2�ij; (22)

bi ¼ �!i: (23)

Thus, we call the form

ds2 ¼ V2½�ðdt� bidx
iÞ2 þ aijdx

idxj�; (24)

the Randers form of a stationary metric. Note that for bi ¼
0, aij is the usual optical metric (see [1] for an elementary

introduction).
Using (5) and (6), the Randers data are equivalent to a

Zermelo structure of the form

hij ¼ 1

1þ V2grs!r!s

gij

V2
; (25)

Wi ¼ V2gij!j; (26)

where

�ij ¼ gij þ V2!i!j; (27)

�ij ¼ gij � V2!i!j

1þ V2grs!r!s

; (28)

and

!i ¼ gij!j; Wi ¼ V2�ij!j

1� V2�rs!r!s

; (29)

1� V2�ij!i!j ¼ 1

1þ V2gij!i!j

: (30)

There is actually a more familiar way to extract the
Zermelo data from a stationary spacetime. Inverting (21)
and (23) and using (2) and (3) one finds the spacetime
metric (19) in the form

ds2 ¼ V2

1� hijW
iWj

� ½�dt2 þ hijðdxi �WidtÞðdxj �WjdtÞ�: (31)

This is the Zermelo form of a stationary spacetime. One
recognizes the metric in square brackets as having a
Painlevé-Gullstrand form [16,17]. Since in the spacetime
picture of the Zermelo problem/Randers flow one is inter-
ested only in the null geodesic flow, the spacetime metric is
only defined up to a conformal factor. Thus, the Zermelo
data encoded in a stationary spacetime can be read off
simply by writing it (conformally) in a Painlevé-
Gullstrand form.
It should be noted, however, that for a given spacetime,

an apparently different Zermelo structure can be obtained
by writing the spacetime metric in Painlevé-Gullstrand
coordinates. It is helpful to give an example. In these
coordinates ð~t; r; �; �Þ, the Schwarzschild metric is

ds2 ¼ �d~t2 þ ðdrþ vd~tÞ2 þ r2ðd�2 þ sin2�d�2Þ;

v �
ffiffiffiffiffiffiffiffi
2M

r

s
:

(32)

One finds immediately that the Zermelo structure is

W ¼ �v
@

@r
;

hijdx
idxj ¼ dr2 þ r2ðd�2 þ sin2�d�2Þ;

(33)

which is interpreted as a radial wind in flat space. On the
other hand, the Zermelo structure derived by writing the
Schwarzschild solution in the usual Schwarzschild coor-
dinates ðt; r; �; �Þ, in the form (31), has no wind and the
spatial metric is the usual optical metric,

W ¼ 0;

hijdx
idxj ¼ dr2

ð1� v2Þ2 þ
r2

1� v2
ðd�2 þ sin2�d�2Þ:

(34)

The two Zermelo structures (33) and (34) are equivalent in
the sense that the trajectories of one can be mapped to the
trajectories of the other one. This equivalence is obvious in
the spacetime picture, since both structures correspond to
the same spacetime in different coordinates; but it is not
obvious in the Zermelo picture itself. In the Randers pic-
ture, on the other hand, the equivalence is again obvious,
since aij is, in both cases, the optical metric and bi differs

only by a gauge transformation. This type of equivalence is
one example of the large class of gauge equivalences,
which will be present in our discussion of the spacetime/
Randers/Zermelo triangle and which we will explore more
in Sec. II E. In Sec. III D, we will briefly compare the
analogue of these two Zermelo structures in the Kerr case.
Given the simple physical interpretation of the Zermelo

problem, it should not come as a surprise at this point that
many analogue models of black holes are naturally written
in the Painlevé-Gullstrand form (see, for instance [18–20]),
as we shall now discuss briefly.
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Analogue models: waves in moving media

Metrics of Painlevé-Gullstrand form are frequently en-
countered in discussions of waves propagating in moving
media and go back at least to a paper of Gordon [21] on
electromagnetic waves in a moving dielectric medium.
Similar metrics have arisen when discussing sound waves
in a moving compressible medium such as the atmosphere
[22,23]. More recently attempts have been made to con-
struct analogue models of black holes [24,25] and again
similar metrics are used. Typically such metrics are taken
to be accurate just to quadratic order in velocities and the
underlying spatial metric to be flat. Thus, one considers a
metric of the form

ds2 ¼ �c2ðxÞdt2 þ ðdx�Wðx; tÞdtÞ2; (35)

where cðx; tÞ is the local light or sound speed and Wðx; tÞ
the velocity of the medium. Both c and W could, as
indicated, be time dependent but from now on we shall
assume that both are independent of time. If c andW were
constant, then (35) would be obtained by performing a
Galileo transformation on the flat metric

ds2 ¼ �c2dt02 þ ðdx0Þ2; where t0 ¼ t;

x0 ¼ x�Wt:
(36)

The scalar wave equation for a scalar field �,�
1

c2

�
@

@t0

�
2 �

�
@

@x0

�
2
�
� ¼ 0; (37)

becomes �
1

c2

�
@

@t
þW � @

@x

�
2 �

�
@

@x

�
2
�
� ¼ 0; (38)

which is indeed the wave equation of (35). One could adopt
(38) or some variant of (38) with lower order terms even if
c and W depend on space and time. One would still find
that the characteristics, i.e. the ‘‘rays’’ would be null geo-
desics of the metric (35).

An interesting example is provided by a cylindrically
symmetric vortex flow [26,27] for which, in suitable units,
c ¼ 1 and

W ¼ �

�
e�; (39)

where � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, tan� ¼ y=x, and e� is a unit vector

in the � direction. The metric (35) becomes

ds2 ¼ �dt2 þ d�2 þ �2

�
d�þ �

�2
dt

�
2 þ dz2: (40)

The metric is well defined and has Lorentzian signature for
all � > 0. The surfaces � ¼ constant are timelike for all
� > 0. Thus, there is no Killing horizon, and hence no

analogue black hole, in this metric (in agreement with
[28]). The surface � ¼ j�j is a timelike ergosphere inside
which the Killing vector @=@t becomes spacelike. This
closely resembles the cylindrical analogues discussed by
Zel’dovich when he suggested the possibility of superra-
dience for the Kerr black hole [29,30].

C. The magnetic flow viewpoint

The Randers orbits are generated by the Finsler norm (1)
taken as a Lagrangian: Lðx; _xÞ ¼ Fðx; vÞ. An immediate
observation, already pointed out in [11] is that these can be
interpreted as motion in a magnetic field. Indeed, the Euler-
Lagrange equations for the Finsler norm are

Dui

ds
¼ ~Fi

ju
i; ~F ¼ db;

where ui ¼ dxi=ds, and s is arc length with respect to the
Riemannian metric aij. In terms of the standard magnetic

potential Ai the orbits of a charged particle (massm, charge
q) can be written, using the same parametrization, as

Dui

ds
¼ qffiffiffiffiffiffiffiffiffiffi

2m�
p Fi

ju
i; F ¼ dA;

where the energy � is

� ¼ m

2
aij

dxi

d	

dxj

d	
;

and 	 is proper time. Thus, the Randers 1-form b relates to
the physical magnetic potential 1-form by

b ¼ qffiffiffiffiffiffiffiffiffiffi
2m�

p A: (41)

Note, in particular, the dependence on the energy. We shall
come back to this point in the example of Sec. III B 2.
From a physicists’ perspective, this is actually the most

natural way to look at Randers metrics: as describing
motion on curved manifolds with a magnetic field

B ¼ Bi @

@xi
; Bi ¼ aijð?ð3ÞdbÞj; (42)

denoting Hodge duality with respect to aij by ?ð3Þ. From
the perspective of Sec. II B, the spacetime geodesics, when
projected down to the base manifoldB, with metric aij, are

no longer geodesics; rather they satisfy the equations of
motion of a charged particle in a magnetic field, which is
described by the Maxwell 2-form F. The particle paths
may be lifted to the cotangent bundle of T?B, where they
are referred to as magnetic flows. They may be regarded as
a Hamiltonian system, where the Hamiltonian coincides
with the usual energy

H ¼ 1
2g

ijpipj; (43)

but where the symplectic form ! is modified
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! ¼ dpi ^ dqi þ q

2
F: (44)

This magnetic flow then uplifts to one dimension more (in
a temporal version of the Kaluza-Klein picture) as the null
geodesic flow discussed in Sec. II B.

Magnetic flows have been quite extensively studied in
the mathematics literature. In particular, some of the phe-
nomena to be discussed here, involving the breakdown of
the Randers structure and, at times, the transition between
the behavior with and without closed timelike curves in the
spacetime picture, has been noticed, albeit without that
interpretation [31]. To discuss them here it is useful to
choose a particular ‘‘conformal gauge.’’

D. Spacetime versus magnetic flow pictures in the
ultrastationary gauge

With regard to the Randers/Zermelo structure, confor-
mally related spacetimes form an equivalence class. Thus,
for this purpose, we can always take the representative in
this equivalence class to be ultrastationary, that is a space-
time M admitting an everywhere timelike Killing vector
field K with unit length, gðK;KÞ ¼ �1. Such spacetimes
may be considered, as a bundle over a base manifold B
consisting of the space of orbits of the Killing vector field.
These orbits, sometimes called timelines, may either be
circles, S1, in which case time is periodic, or lines R. In the
former case there are obviously closed timelike curves
(ctc’s). If the bundle is a trivial product, M � S1 �B,
these ctc’s may be eliminated by passing to a covering
space. Then the question is: do there exist ctc’s that are
homotopically trivial, i.e. which may be shrunk to a point?
If the bundle is nontrivial, things may be more compli-
cated. Spacetime may already be simply connected. In that
case the ctc’s may not be eliminated by passing to a cover-
ing spacetime. This happens in spacetimes of
Taub–Newman-Unti-Tamburino (Taub-NUT) type. If the
bundle is nontrivial it will admit no global section and
hence no global time coordinate t, say, such thatKt ¼ 1. If
the bundle is trivial then there will exist (many) global time
coordinates t but there may exist no global time function. A
time function may be defined to be a function which
increases along every timelike curve. Its level sets t ¼
constant must therefore be everywhere spacelike. The
examples that will be provided in Sec. III B are of this
type: the bundle is trivial, a time coordinate exists, but
there is no global time function. The line element can be
cast in the form (24) with V2 ¼ 1

ds2 ¼ �ðdt� bÞ2 þ aijdx
idxj; (45)

where b ¼ bidx
i and xi are coordinates onB. The positive

definite metric aij is the projection of the spacetime metric

orthogonal to the Killing vector field K ¼ @=@t. The time
coordinate t is defined only up to a gauge transformation of
the form t ! tþ c ðxÞ under which b ! bþ dc . The

quantity bi may be regarded as the pullback to B of the
Sagnac connection [32], which governs frame-dragging
effects. It depends upon the choice of section of the bundle,
however the pullback of the curvature ~F ¼ db is gauge-
invariant.
Any timelike curve inM projects down toB. We call its

projection � and define its element of length with respect to
the metric aij by dl2 ¼ aijdx

idxj. The curves will be

timelike as long as

dt > dlþ b: (46)

If the right-hand side of (46) is always positive then t is a
time function. On the other hand, suppose thatM admits a
closed timelike curve. Its projection on B will be a closed
curve and moreover

Lð�Þ þ
Z
�
b ¼ 0; (47)

where Lð�Þ is the length of � with respect to the metric aij.

Thus, a sufficient condition for the absence of ctc’s is that

Lð�Þ>�
Z
�
b; (48)

for all closed curves � in B. Inequality (48) is also a
necessary condition for the absence of ctc’s, because if it
is not true we can find a timelike curve for which the total
change in the coordinate t vanishes, in which case it is a
closed timelike curve, or for which it is negative. In the
latter case we can construct a closed timelike curve by
moving along an orbit of K.
The metric induced on the surfaces of constant t is

ds2jt¼constant ¼ ðaij � bibjÞdxidxj: (49)

This depends on the choice of gauge. If for some choice of
gauge it is positive definite, then the surfaces t ¼ constant
will be spacelike and hence twill be a time function. In that
case no closed timelike curves are possible. But if
ðaijbibjÞjN ¼ 1, where N is a submanifold of the con-

stant t surfaces, (49) is not positive definite on N ; this
surface is either a null or a singular surface, where the
Randers structure breaks down.
If N is regular, its existence implies the appearance of

closed null curves in spacetime. For this reason we call it a
velocity of light surface (VLS), from the spacetime per-
spective. And if beyondN the metric induced on constant
t surfaces becomes timelike, there will be closed timelike
curves. Moreover, in the absence of horizons these can be
extended all over the spacetime, that is, they are naked
ctc’s. In Sec. III B we will give four examples of this
situation.
If N is singular, on the other hand, the ultrastationary

conformal gauge might not be the best gauge to provide a
spacetime interpretation. Multiplying the ultrastationary
metric by a conformal factor (that vanishes on N ) might
provide a more physical interpretation. This is illustrated
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by the examples in Secs. III A and III D. In both cases, a
spacetime metric with an appropriate conformal factor
renders the interpretation of an ergosurface for N ,
wherein @=@t becomes null. In this gauge N is also a
VLS, albeit of a different nature than that of the previous
case.

E. Gauge equivalence and tensorial relations

In Fig. 1 we summarize the main relations discussed in
the previous sections. In the network of relations described
by Fig. 1 it is possible that a complicated Randers picture is
equivalent to a simple Zermelo picture or vice versa. It is
also possible that the spacetime description may illuminate
the Randers or Zermelo pictures, or vice versa. Or even that
two Zermelo (or two Randers) pictures are equivalent, one
being simple and the other involved. We shall now address
the gauge equivalence in the network. In the next section
explicit examples will be provided.

The key observation here is that in the spacetime picture
of the flows, we have a very large freedom to change the
metric by diffeomorphisms (coordinate transformations)
and conformal rescalings, which do not affect the null
geodesics. Because of this, we have access to a large class
of transformations which map one problem into another,
going far beyond the manifest symmetries of either of the
lower dimensional viewpoints.

In the spacetime picture, we consider the null geodesics
of a conformal class of metrics ½g�. In order to pass to the
Randers or Zermelo picture, we require that ½g� admits at
least one timelike conformal Killing vector K, satisfying

LKg ¼ fg; gðK;KÞ< 0; (50)

for some representative g of ½g�, where f is any function on
M. The conditions are independent of the choice of rep-
resentative g. Locally we may pick g so that f vanishes.
We may choose coordinates so that K ¼ @=@t and the
conformal metric takes the form (45). This form of the
metric is not uniquely determined: bi is determined only
modulo an exact 1-form so that the data

ðbi; aijÞ; and ðbi þ @ic ; aijÞ; (51)

arise from the same pair ð½g�;KÞ. From the Randers point
of view, this transformation of b does not alter the geo-
desics, essentially adding an exact differential to the
Lagrangian. In the spacetime picture this may be seen as
a coordinate transformation to a new time coordinate ~t, as
discussed in Sec. II D. While this is a natural transforma-
tion from the point of view of the Randers picture, in the
Zermelo case such a transformation gives rise to a compli-
cated transformation involving both the wind W and the
spatial metric h.

In the case where the class ½g� admits more than one
timelike conformal Killing vector, we are also free to make
a different choice of K. This may lead to very different
structures on reduction to Randers or Zermelo data. As an

example, we may consider the case where we have a
Zermelo structure arising from a conformal Killing vector
K. If the Zermelo metric h admits a Killing vector 
, then
Kþ w
 may be seen to be a conformal Killing vector of
½g� and provided w is sufficiently small this will remain
timelike. After the reduction with this new conformal
Killing vector, we see that the effect in the Zermelo picture
is to introduce a ‘‘Killing wind.’’ Once again, this is a
natural transformation in the Zermelo picture, but can be
very complicated in the Randers picture, as shown in the
examples of Sec. III A and III C.
There are therefore essentially three possible transfor-

mations available to us, which relate Randers or Zermelo
problems arising from the same geodesic problem in the
spacetime picture.
(i) Change of coordinates in the spacetime picture in-

dependent of t. This descends to a change of coor-
dinates on B.

(ii) Shift of time coordinate in the spacetime picture:
t ! tþ c . This descends to a gauge transformation
in the Randers picture bi ! bi þ @ic . In the
Zermelo picture, this transformation is complicated.

(iii) Change of timelike conformal Killing vector. This
includes the introduction of a ‘‘Killing wind’’ in the
Zermelo picture, but may produce other transfor-
mations. In the Randers picture, this transformation
is complicated.

We thus see that once we allow the more general class of
transformations available in the spacetime picture, some
problems, which from the lower dimensional point of view
seem inequivalent, arise from choosing different coordi-
nates on the same spacetime, or reducing along different
directions within the same spacetime. Such transforma-
tions include, but are by no means limited to the manifest
symmetries of the lower dimensional pictures, for ex-
ample, under the change of coordinates on B.

1. Conformally flat spacetimes

Oncewe allow this larger set of transformations to act on
Randers or Zermelo problems, we are faced with the
question of how to identify two equivalent problems. The
standard tensorial quantities of the lower dimensional pic-
tures are not preserved under a general higher dimensional
transformation, so we must look elsewhere for our answer.
The solution is to consider the Weyl tensor of the higher
dimensional metric, which is invariant under diffeomor-
phisms and conformal transformations. A case of particular
interest is when the higher dimensional space is confor-
mally flat, so that it may be brought by coordinate trans-
formations to the form C2�, with � the Minkowski metric.
In this case the null geodesics are simple to find.
If we assume that a spacetime metric in the Randers (24)

or Zermelo (31) form is conformally flat, this imposes
conditions on the relevant lower dimensional data. In terms
of the Randers data, for a four-dimensional spacetime,
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these conditions may be reduced to, using the analysis in
[33],

C�
�
� ¼ 0,ð24Þ

�
Rij � 1

3aijR¼ BiBj � 1
3aijB

2;
rðiBjÞ ¼ 0;

(52)

where the tensorial quantities on the right-hand side of the
equivalence are all computed from the metric aij, and B is

defined by (42), i.e. the magnetic field in the magnetic flow
interpretation of the Randers picture. Thus, a necessary
(but not sufficient) condition for the spacetime Weyl trivi-
ality of a Randers structure is that the magnetic field (42) is
a Killing vector of the metric aij. This gives a simple test

for examining the Weyl triviality of an apparent complex
Randers structure. Examples of this will be given in
Secs. III A and III C. In Sec. III B we will give examples
of both Killing and non-Killing magnetic fields corre-
sponding, in the spacetime picture, to nonconformally
flat geometry.

It is also worthwhile to calculate the Weyl tensor for a
metric in the Zermelo or Painlevé-Gullstrand form. To do
so it is convenient to first introduce an orthonormal basis
f �eag of forms for the Zermelo spatial metric h together with
the dual basis of vector fields f�eag. We may then use the
following orthonormal basis of forms:

e0 ¼ dt; ea ¼ �ea þWadt; (53)

for the spacetime metric in Zermelo form, where Wa are
the components of the wind vector in the basis f�eag, a ¼
1 . . . n. Letting ra denote the Levi-Civita connection of h
in the given basis, we find that the vanishing of the Weyl
tensor is equivalent to the following conditions on W and
h:

0 ¼ 1

nðn� 1Þ ðn
ðnÞRab � �ab

ðnÞRÞ � �ae�
e
b þ

��ab
n� 1

þ n� 2

n� 1
�eðac bÞe þ �ab

n

�
�ef�

ef � �2

n� 1

�
;

0 ¼ ð�b
e�a

f�c
g � �b

g�a
f�c

e

� 1

n� 1
½�ac�b

e�fg � �ac�b
g�fe þ �ab�c

e�fg

� �ab�c
g�fe�Þre�fg;

0 ¼ ðnÞCabcd þ 2�a½c�d�b � 2�

n� 2
ð�a½c�d�b � �b½c�d�aÞ

þ 2

n� 2
ð�a½c�d�e�eb � �b½c�d�e�eaÞ

þ 2ð�2 � �ef�
efÞ

ðn� 1Þðn� 2Þ �a½c�d�b;

(54)

where we have introduced the quantities

c ab ¼ r½aWb�; �ab ¼ rðaWbÞ; � ¼ �aa; (55)

and all indices are raised and lowered with �. The curva-
tures ðnÞCabcd, ðnÞRab, ðnÞR refer to the metric h.

In the case where the ultrastationary metric is in fact
ultrastatic, i.e. W ¼ 0, we quickly deduce that the Weyl
tensor vanishes if h is both Einstein and conformally flat,
which imply that h must in fact be of constant sectional
curvature. In other words, the only conformally flat ultra-
static spacetimes are Minkowski space,R� Sn orR�Hn,
as shown in [34].

2. Constant flag curvature

A class of spaces of particular interest in the study of
Randers geometry are the spaces of ‘‘constant flag curva-
ture,’’ which generalize the concept of space of constant
sectional curvature to the Finsler regime. It has been shown
[13] that the Randers metrics of constant flag curvature K
have corresponding Zermelo data satisfying
(i) h has constant sectional curvature K þ 1=16�2;
(ii) W is a homothety of h, i.e.

LWh ¼ ��h; (56)

for a constant �.

Substituting �ab ¼ ���ab into Eqs. (54) one quickly finds
that all the terms not involving curvatures of h cancel.
Since a metric of constant curvature is necessarily both
conformally flat and Einstein, the spacetime corresponding
to a Randers metric of constant flag curvature is confor-
mally flat.
We conjecture that the converse also holds; in other

words, we may characterize the Randers metrics of con-
stant flag curvature as those giving rise to a conformally
flat spacetime of the form (24). Clearly if we allow our-
selves the full freedom to make gauge transformations and
change the timelike conformal Killing vector K then any
conformally flat spacetime may be reduced to a Randers
structure of constant flag curvature by taking K ¼ @=@t in
standard Minkowski coordinates, which gives the trivial
Randers structure of aij ¼ �ij, bi ¼ 0.

If we restrict ourselves to only allowing gauge trans-
formations, so that we have no freedom to change K then
there are more possibilities. In order to classify the possible
Randers structures arising from a conformally flat space-
time, we must classify the timelike conformal Killing
vectors of Minkowski space. Any such vector generates a
conformal transformation and so may be written as a linear
combination of generators of the conformal group. These
generators are

p� ¼ @

@X� ; j�� ¼ X�

@

@X� � X�

@

@X� ;

d ¼ X� @

@X� ; k� ¼ 2X�X
� @

@X� � X2 @

@X� :

(57)

We claim that any conformal Killing vector, which is
timelike in some region of Minkowski space, may be
brought to the following form by a conformal transforma-
tion:
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K ¼ ðpt � �ktÞ þ!ijjij þ viðpi þ �kiÞ; (58)

where �,!ij, vi are constants, which we require to be such
that the vector remains timelike in some region. For each
such K, there is a choice of gauge where the Zermelo
structure is of the following type:

(i) h is a metric of constant sectional curvature �;
(ii) W is a Killing vector of h, determined by !ij, vj;

For example, in the case where � ¼ 0, !ij give rise to a
wind along the rotational Killing vectors and vi along the
translational Killing vectors. The � � 0 case is less clear
cut, but in both cases the !ij give rise to winds along the
orbits of some SOð3Þ subgroup of the full isometry group.

It would appear that we have not recovered all of the
constant flag curvature manifolds of [35], since they find in
addition the possibility that h is flat andW is a homothety.
This case may be seen in the Randers form to be gauge
equivalent to the hyperbolic metric with no magnetic field,
so is included in our classification above. In fact, if we wish
to classify constant flag curvature metrics modulo gauge
transformations, our list above contains redundancies as
any Killing wind, which arises from a hypersurface or-
thogonal Killing vector may be removed by a gauge
transformation.

III. EXAMPLES

We shall now provide the Randers and Zermelo picture
of a number of stationary spacetimes and discuss some
physical phenomena using the different viewpoints.

A. A rotating platform on M1;3: simple Zermelo;
nontrivial Randers

An elementary example is obtained by considering
Minkowski space M1;3 in rotating coordinates. Let � be
the usual azimuthal cylindrical coordinate and �0 ¼ ��
�t a corotating coordinate with a rigidly rotating platform
(angular velocity �). The spacetime metric, first consid-
ered by Langevin [36], is then of the form (24) with V2 ¼
ð1��2r2Þ and Randers data

b ¼ �r2d�0

1��2r2
;

aijdx
idxj ¼ dr2 þ dz2

1��2r2
þ r2d�02

ð1��2r2Þ2 :
(59)

Let us consider briefly the z ¼ const surfaces of this 3-
geometry. For simplicity we take � ¼ 1. Observe that,
introducing r ¼ sin�, the geometry of these 2-surfaces
has the simple line element

ds2 ¼ d�2 þ Að�Þ2d�02; (60)

with

Að�Þ ¼ tan� sec�: (61)

The surface (60) has Gaussian curvature K ¼ � €A=A (dot
denotes � derivative). Thus, our particular case has a
negative, but not constant, Gaussian curvature, which di-
verges at � ¼ �=2. Surfaces of the form (60) may be
embedded in a three-dimensional Lorentzian/Euclidean
space, with metric ds2 ¼ �dT2 þ dX2 þ dY2, using the
embedding functions

X ¼ Að�Þ cos�0; Y ¼ Að�Þ sin�0;

T ¼
Z �

d�0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½1� _Að�0Þ2�

q
:

(62)

For the standard periodicity ��0 ¼ 2�, regularity at the
origin requires _Að� ¼ 0Þ ¼ 1. Since, as we depart from
� ¼ 0, _A increases (decreases) for negatively (positively)
curved surfaces, their embedding, if it exists, must be done
in a Lorentzian (Euclidean) three-dimensional space.
Because of the Uð1Þ symmetry of (60) one can display
the embedding as the following surface:

Tð�ðRÞÞ ¼ TðA�1ðRÞÞ; R �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p
:

For instance, hyperbolic space, which has constant nega-
tive curvature, is described by Að�Þ ¼ sinh�. Thus, it is
embedded in M1;2 as the surface

TðRÞ ¼ coshðsinh�1RÞ:
For (61) it is straightforward to perform the integral (62);
noting that

A�1ðRÞ ¼ arcsin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4R2

p
� 1

2R

�
;

one can construct the embedding, which is displayed in
Fig. 2.
The impossibility of smoothly and isometrically embed-

ding a 2-surface with a fixed point of a Uð1Þ symmetry,
whose Gaussian curvature is everywhere negative, into
Euclidean 3-space may be understood geometrically as
follows. At every point the principal curvatures are oppo-
site in sign; thus, any tangent plane cuts the surface into
two parts, one lying on one side of the plane and the other
one lying on the opposite side. If the smoothly embedded
surface is such that it lies entirely on one side or the other
of a complete plane (as in the case of a surface of revolu-
tion with a fixed point, such as the one displayed in Fig. 2)
we can bring up this plane such that it touches this surface.
At this point the plane coincides with the tangent plane,
and hence we obtain a contradiction.
Rewriting the metric in a Painlevé-Gullstrand form one

obtains the Zermelo data:

W ¼ ��
@

@�0 ; hijdx
idxj ¼ dr2 þ dz2 þ r2d�02:

(63)

This example illustrates the discussion of Sec. II E con-
cerning ‘‘Killing winds’’: whereas the Zermelo picture (63)
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retains the simplicity of the spacetime viewpoint—a rigid
rotation in flat space—the Randers picture (59) appears to
reveal a much more complex structure of a nontrivial 1-
form in a curved space. However, using the tensorial test
(52) one could also observe the Weyl triviality of the
spacetime description of this Randers structure;,, in par-
ticular, the magnetic field

B ¼ 2�
@

@z
;

is indeed a (quite simple) Killing vector field of (59).
Another instructive conclusion from this example is that
the breakdown of the Randers/Zermelo picture for r �
1=� has a clear physical spacetime interpretation: the
existence of a VLS at r ¼ 1=� and the consequent space-
like character of the �0 ¼ const surfaces for larger r.
Outside this VLS timelike observers are obliged to move
in the �0 direction.

In Fig. 2 we summarize the network of relations for this
example. In the three pictures we have shown the geometry
of a z ¼ const (and t ¼ const in the spacetime picture) 2-
surface. In the spacetime picture we have a VLS; both the
Randers and the Zermelo picture cover only the region
inside the VLS. In the Randers picture the 2-surfaces are
negatively curved geometries; the outer surface depicted is
the surface with constant negative curvature (and a flat
surface) given for comparison; the norm of B is repre-
sented by the size of the dashed arrows; it diverges, to-
gether with the curvature, when the Randers picture breaks
down. In the Zermelo picture the 2-surfaces are flat ge-

ometries; W describes a constant angular velocity
‘‘tornado.’’
Let us finish this example with the comment that this

Randers structure is one of the examples discussed by Shen
[6] who envisages it in terms of a fish moving inside a
rotating fish tank. The Randers structure has zero flag
curvature and zero S-curvature. From the spacetime view-
point this conclusion is somewhat trivial, since we are
dealing with flat Minkowski spacetime.

B. Magnetic fields on R3 and H2 � R: simple Randers;
nontrivial Zermelo

We shall now consider four examples of magnetic fields:
a constant and a nonconstant magnetic field in three-
dimensional flat spaceR3 and a constant and a nonconstant
magnetic field in two-dimensional hyperbolic space times
a flat direction H2 � R. All of these examples are, in the
spacetime picture, ultrastationary metrics of the form (45),
so that the discussion of Sec. II D applies.

1. Heisenberg group manifold

A special case of the Som-Raychaudhuri spacetimes
[37] is a homogeneous manifold, which is (up to a trivial
z direction) the group manifold of the Nil or Heisenberg
group, the Lie group of the Bianchi II Lie algebra. The
spacetime metric is (45) with the Randers structure

b ¼ ar2d�; aijdx
idxj ¼ dr2 þ r2d�2 þ dz2: (64)

The corresponding magnetic field is B ¼ a@=@z; thus the

FIG. 2 (color online). Langevin’s rotating platform in Minkowski space and the corresponding Randers and Zermelo pictures. We
have chosen positive� to depict the tipping of the light-cones (spacetime picture) and the ‘‘tornado’’ direction (Zermelo picture). The
direction of the magnetic field presented (Randers picture) is merely illustrative, since the embedding performed excludes the z
direction.
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Randers picture has the simple physical interpretation of a
constant magnetic field in R3. This picture breaks down at
r ¼ 1=jaj—see Fig. 3—which has the spacetime interpre-
tation of being a VLS, beyond which (i.e. for larger r), the
integral curves of @=@� are closed timelike curves. Note
also that this Randers structure fails to obey the require-
ments (52), as expected, despite the fact that the magnetic
field is actually a Killing vector field of (64).

The Zermelo structure, on the other hand, is more com-
plex:

W ¼ a

1� a2r2
@

@�
;

hijdx
idxj ¼ ð1� a2r2Þ½dr2 þ dz2 þ ð1� a2r2Þr2d�2�:

(65)

2. Squashed AdS3 and Gödel spacetime

AdS3 is the group manifold of the Lie group SLð2;RÞ.
Introduce the following two sets of 1-forms:

�0
L ¼ d�þ coshrdt

�1
L ¼ sin�dr� sinhr cos�dt

�2
L ¼ cos�drþ sinhr sin�dt;

�0
R ¼ dtþ coshrd�

�1
R ¼ � sintdrþ sinhr costd�

�2
R ¼ costdrþ sinhr sin�d�:

(66)

These are called left and right 1-forms on SLð2;RÞ, re-
spectively. Both sets obey the Cartan-Maurer equations

d�
�
L ¼ 1

2c
�
�
�

�
L ^ �


L; d�
�
R ¼ �1

2c
�
�
�

�
R ^ �


R;

where c��
 are the structure constants of slð2;RÞ, i.e

c012 ¼ 1 ¼ �c120 ¼ �c201. The AdS3 metric can be written

in terms of either set of forms; we write it as2

ds2 ¼ �a2ð�0
RÞ2 þ ð�1

RÞ2 þ ð�2
RÞ2: (67)

We have introduced a squashing parameter a; a2 ¼ 1
corresponds to the AdS3 case. For a

2 > 1 we have a family
of spacetimes with ctc’s of the Gödel type [38]. To identify
the original Gödel universe [39] we introduce a new time
coordinate t ¼ 2t0 �� and the vector field U ¼ @=@t0.
The Einstein tensor of (67) (with a trivial flat direction)
reads

G�� � a2g�� ¼ 4
ða2 � 1Þ

a2
U�U�;

which means it is a solution of the Einstein equations with
a cosmological constant � ¼ �a2 and a pressureless per-
fect fluid with density � ¼ 4ða2 � 1Þ=a2. Gödel’s original
choice was to take � ¼ j�j, which corresponds to a2 ¼ 2,
but all spacetimes with a2 > 1 are qualitatively similar.
Introducing yet another time coordinate t ¼ 2at0 the space-
time metric (adding a flat direction to make it four-
dimensional) becomes of the form (45) with the Randers
structure

b ¼ �2asinh2
r

2
d�;

aijdx
idxj ¼ dr2 þ sinh2rd�2 þ dz2;

(68)

which can be interpreted as a constant magnetic field B ¼
�a@=@z on H2 � R. This Randers structure breaks down
at

tanh 2 r

2
¼ 1

a2
;

being valid only for smaller r—see Fig. 4. Thus, the
Randers structure is valid everywhere if a2 � 1. When it
breaks down there is, in the spacetime picture, a VLS, such

FIG. 3 (color online). Surfaces, in R3, where the Randers structure breaks down. Left: Heisenberg example of Sec. III B 1 for a ¼
10=3, 10=6, 10=9 (smaller to larger cylinder); the Randers structure is valid inside the cylinder for each case. Right: Störmer example
of Sec. III B 3 for

ffiffiffiffi
�

p ¼ 0:5, 0.8, 1 (smaller to larger surface); the Randers structure is valid outside the surface for each case.

2For the AdS space (i.e. for a2 ¼ 1) to have unit ‘‘radius,’’ a
conformal factor of 1=4 would have to be included.
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that the Killing vector field @=@� becomes timelike be-
yond it.3

The Zermelo structure is, again, less straightforward to
interpret:

W ¼ a

2½1þ ð1� a2Þsinh2 r
2�

@

@�
;

hijdx
idxj ¼

�
1� a2tanh2

r

2

�
�

�
dr2 þ

�
1� a2tanh2

r

2

�
sinh2rd�2 þ dz2

�
:

(69)

This squashed SLð2;RÞ example allows us to make
another application of the discussion of Sec. II D together
with isoperimetric inequalities. For this purpose, recon-
sider Eq. (48), and suppose that the closed curve � spans a
2-surface �. This will always be true if B is simply
connected. Using Stokes’s theorem, condition (48) be-
comes

Lð�Þ>�
Z
�

~F: (70)

Using (68) for a simply connected domain � in the hyper-
bolic plane H2, with area Að�Þ, condition (70) becomes

Lð�Þ> aAð�Þ: (71)

Now the isoperimetric inequality of Schmidt [43,44] states

that for any such domain (with Gaussian curvature K)

Lð�Þ>
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�Að�Þ � KA2ð�Þ

q
: (72)

In the Euclidean plane E2 the second term in the square
root would be absent; it arises from the negative curvature.
In fact for any two-dimensional connected and simply
connected domain with Gauss curvature K everywhere
less or equal to ��, Yau [44,45] has shown that

Lð�Þ> ffiffiffiffi
�

p
Að�Þ: (73)

In general, the quantity

infLð�Þ=Að�Þ; (74)

is called the Cheeger’s constant [46]. Thus, an inequality
of the form (73) may be called a generalized isoperimetric
or Cheeger type inequality.
Recall, from Sec. II D, that (70) guarantees the absence

of ctc’s. Comparing with (73), we see that if 0< a � 1,
(70) holds for any � and hence there can be no ctc’s. Since
the isoperimetric inequality is sharp, if a > 1 there are
ctc’s, in agreement with the spacetime picture.
The limiting case, case a ¼ 1, corresponds to the stan-

dard metric on gAdS3 � gSLð2;RÞ, the universal covering
space of three-dimensional anti-de Sitter spacetime. Of
course it is not difficult to construct a time function directly

on gAdS3 but this suggests an amusing reversal of the logic.

Given that gAdS3 admits no ctc’s, we deduce that (73) holds
for domains on H2. This leads to some apparently new
isoperimetric inequalities for 2-surfaces in Hn

C, the com-

plex hyperbolic ball with its standard Bergmann metric.
The isoperimetric inequality and the existence or non-

existence of closed timelike curves in the spacetime picture

FIG. 4 (color online). Region ofH2 covered by the Randers structure in the examples of section III B 2 and III B 4. The surface on the
left is the embedding diagram of H2 discussed in Sec. III A. As we increase the constant magnetic field of Sec. III B 2, beyond the
minimal value associated to a ¼ 1, the Randers structure breaks down outside a finite radius, which decreases with increasing a (top
sequence). As we turn on the asymptotically decaying magnetic field of Sec. III B 4, the Randers structure breaks down inside a finite
radius, which increases with increasing � (bottom sequence).

3An illustrative diagram for the light cone structure of the
Gödel spacetime is given in [40] (and corrected in [41,42]). A
similar light cone structure applies to the Heisenberg example of
Sec. III B 1. It is instructive to compare this light cone structure
with the one illustrated in Fig. 2.
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are also closely related to the behavior of an action func-
tional Sð�Þ defined by Novikov [47] on�ðx1; x2Þ, the space
of paths � joining two points x1 and x2 in B. The path
pursued by a particle moving with unit speed in B under
the influence of a magnetic field ~F may be found by
extremizing this action functional, which is

Sð�Þ ¼
Z
�
ðdlþ bÞ; (75)

among all curves � 2 �ðx1; x2Þ. Novikov proposes using
Sð�Þ as a Morse function on �ðx1; x2Þ. Unlike the length
Lð�Þ, however, the functional Sð�Þ need not be bounded
below. This leads to difficulties with the Morse function
since the set in �ðx1; x2Þ for which Sð�Þ � � is no longer
relatively compact.

If this ‘‘Arzela property’’ [47] does not hold, then it is
not guaranteed that, for example, there exists at least one
critical path between two arbitrary points x1 and x2 (see
[47]). A simple example is provided by a uniformmagnetic
field in the Euclidean plane. All classical paths are circles
with the Larmor radius (which is fixed for fixed physical
magnetic field and energy). If the distance between x1 and
x2 exceeds twice the Larmor radius there is no classical
path between them. This is exactly what happens as we
vary a in the squashed SLð2;RÞ example: Sð�Þ will cease
to be bounded below as we cross a ¼ 1 toward a > 1.

A last relation we would like to point out for this
squashed SLð2;RÞ example is that the breakdown of the
Randers structure is associated to the transition from chaos
to integrability for the magnetic flow. Take the Randers 1-
form b in terms of the physical magnetic potential, A, for a

particle of unit charge and unit mass. Then, from (41), b ¼
A=

ffiffiffiffiffiffi
2�

p
. Choosing the magnetic field dA to be the volume

form on the unit radius (i.e. Gaussian curvature�1) hyper-
bolic plane H2, we recover the Randers structure (68) with

a ¼ 1ffiffiffiffiffiffi
2�

p :

It was shown in [31,48] that, under the conditions de-
scribed, the motion is completely integrable, in terms of
real-analytic integrals of motion, on the energy levels 2� <
1. For 2� > 1, the magnetic flow is an Anosov flow (cha-
otic). Thus, the transition from existence or otherwise of
ctc’s in the spacetime picture and the breakdown or other-
wise of the Randers structure in the Randers picture, has
yet another manifestation as a transition from a nonergodic
to an ergodic motion in the magnetic flow picture.

3. Störmer’s problem

Consider the spacetime metric (45) with the Randers
structure

b ¼ ��
sin2�

r
d�;

aijdx
idxj ¼ dr2 þ r2ðd�2 þ sin2�d�2Þ;

(76)

where � is a constant. The corresponding magnetic field is
a pure dipole field

B ¼ ��

�
2 cos�

r3
@

@r
þ sin�

r4
@

@�

�
: (77)

Notice that this is not a Killing vector of aij, which

immediately guarantees that the spacetime is not confor-
mally flat and the Randers-Finsler geometry has not con-
stant flag curvature. From the form of B it follows that this
Randers picture has the simple interpretation of a dipole
magnetic field onR3. Understanding the orbits of a charged
particle under the influence of such a magnetic field is
often called Störmer’s problem and it is of obvious interest
for understanding the Earth’s magnetic field and the phe-
nomena associated with it, such as the polar aurorae [49].
The Randers structure (76) breaks down at the surfaces

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�j sin�

q
;

which are represented in Fig. 3. In the spacetime picture,
these surfaces corresponds to a VLS beyond which (i.e. for
smaller r) the Killing vector field @=@� becomes timelike
giving rise to ctc’s.
The Zermelo structure is

W ¼ �r

r4 ��2sin2�

@

@�
;

hijdx
idxj ¼

�
1��2sin2�

r4

��
dr2 þ r2

�
d�2

þ
�
1��2sin2�

r4

�
sin2�d�2

��
: (78)

It has been shown (see for instance [50]) that the Störmer
problem is nonintegrable, in a Liouville sense. Thus, one
should not expect the geodesics of the spacetime metric
(45) with (76) to separate.

4. Gödel’s cat

Cats always land on their feet. Even when dropped
upside down and without any external torque. Thus, by
deforming their body, cats undergo a rotation with zero
angular momentum.
Deformations generate rotation because, generically,

they do not commute. The ratio between the rotation and
the area of the deformation can, when the latter tends to
zero, be interpreted as curvature. Thus, the optimization
problem of finding the most effective rotation with zero
angular momentum can be cast as motion in a curved
space. In [51] such problem was reduced to studying the
magnetic flow of the following Randers structure:

b ¼ ��aðrÞ sinhrd�;

aijdx
idxj ¼ dr2 þ sinh2rd�2 þ dz2;

aðrÞ � coshr� 1

sinh2r
;

(79)
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where � is a constant. A trivial flat direction was added to
the spatial metric to make it three dimensional. The inter-
pretation of this Randers structure is that of the nonconst-
ant magnetic field

B ¼ �

2cosh2r

@

@z
;

on a 3-geometry, which is the direct product of the hyper-
bolic plane with a flat direction H2 � R.

In the spacetime picture, the orbits are the null geodesics
of the four-dimensional metric (45). Loosely speaking this
is an ‘‘inside-out’’ version of the Gödel spacetime, albeit
not homogeneous. There is a VLS at

aðrÞ ¼ 1

j�j ;

wherein the Randers structure breaks down (it is only valid
outside, i.e. for larger r—(Fig. 4). Inside (outside) the VLS
@=@� is timelike (spacelike).

The Zermelo structure is

W ¼ �aðrÞ
sinhrð1� �2aðrÞ2Þ

@

@�
;

hijdx
idxj ¼ ð1� �2aðrÞ2Þ½dr2 þ dz2 þ ð1� �2aðrÞ2Þ

� sinh2rd�2�: (80)

Let us close this section with an observation concerning
the Zermelo structures (65), (69), (78), and (80).
Generically, the 3-geometry hij is conformal to the t ¼
constant sections of the spacetime picture geometry. The
conformal factor that multiplies the latter to give the
former is ð1� jbj2Þ=V2, cf. (5) and (24). For ultrastation-
ary metrics V ¼ 1. Thus, the surface at which the Randers
structure breaks down becomes degenerate for the Zermelo
geometry, even if it is nondegenerate in the spacetime
picture. For the examples in this section, such surface is
a smooth null surface in the spacetime picture, but be-
comes a singular surface (wherein the curvature blows up)
for hij. For instance, the Ricci scalar of the 3-geometry

(65) is R ¼ 2a2ð7� 5a2r2Þ=ð1� a2r2Þ3.

C. A rotating coordinate system in the ESU and the
anti-Mach metric

S3 is the group manifold of the Lie group SUð2Þ.
Introduce the following two sets of 1-forms:

��1
L ¼ sin�2d�� sin� cos�2d�1

��2
L ¼ cos�2d�þ sin� sin�2d�1

��3
L ¼ d�2 þ cos�d�1;

��1
R ¼ � sin�1d�þ sin� cos�1d�2

��2
R ¼ cos�1d�þ sin� sin�1d�2

��3
R ¼ d�1 þ cos�d�2:

(81)

These are left and right 1-forms on SUð2Þ, respectively.
Both sets obey the Cartan-Maurer equations

d ��i
L ¼ 1

2c
i
jk ��

j
L ^ ��k

L; d ��i
R ¼ �1

2c
i
jk ��

j
R ^ ��k

R;

where cijk are the structure constants of suð2Þ, i.e. cijk ¼
��ijk, where �ijk is the Levi-Civita tensor density and
�123 ¼ 1. One can define the dual vector fields to ��i

L and
��i
R, which we denote, respectively, by kL

i and kR
i . To

examine the symmetries of the geometries to be presented
in this section, it is useful to notice that the left forms are
right invariant and the right forms are left invariant:

L kR
i
��j
L ¼ 0; LkL

i
��j
R ¼ 0:

The Lie dragging of the left (right) forms along the left
(right) vector fields is, on the other hand, given by

L kL
i
��j
L ¼ �ijk ��k

L; LkR
i
��j
R ¼ ��ijk ��k

R:

The Einstein static universe metric on R� S3, with
radius R, can be written in terms of either set of forms;
we write it as

ds2 ¼ �dt2 þ R2

4
½ð ��1

RÞ2 þ ð ��2
RÞ2 þ ð ��3

RÞ2�: (82)

Let us consider a rigidly rotating coordinate system in the
ESU. Since this universe is finite, we expect that, for
sufficiently small angular velocity, there will be no VLS
and hence that the corresponding Randers/Zermelo struc-
tures will hold everywhere in B. To see this explicitly
consider the corotating coordinate �0

1 ¼ �1 ��t, such
that the rotation is along the integral lines of kR

3 , i.e. the

Hopf fibers. The corresponding Randers structure is

b ¼ �R2

4� ð�RÞ2 ��3
R;

aijdx
idxj ¼ R2

4� ð�RÞ2
�
ð ��1

RÞ2 þ ð ��2
RÞ2 þ

4ð ��3
RÞ2

4� ð�RÞ2
�
;

(83)

where, the right forms should be written in terms of �0
1

rather than �1. This Randers structure breaks down if R ¼
2=j�j. Notice that this is now a condition on the metric
parameters, rather than the equation of a surface. Thus, if
we take the angular velocity sufficiently small, j�j< 2=R,
the Randers structure is valid all over B. Physically this
Randers structure is interpreted as a magnetic field along
the Hopf fiber

B ¼ 2�

R

�
1�

�
�R

2

�
2
�
kR
3 ; (84)

on a squashed 3-sphere (kR
3 ¼ @=@�0

1). The Zermelo pic-

ture, on the other hand, retains the simplicity of the space-
time picture: a constant wind along the Hopf fiber of a
round S3:
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W ¼ ��kR
3 ;

hijdx
idxj ¼ R2

4
½ð ��1

RÞ2 þ ð ��2
RÞ2 þ ð ��3

RÞ2�:
(85)

One can visualize this wind using the Clifford tori repre-
sentation of the 3-sphere. Change from Euler ð�;�1; �2Þ to
bipolar ð~�; ~�1; ~�2Þ coordinates on S3: � ¼ 2~�,�1 ¼ ~�1 þ
~�2, �2 ¼ ~�1 � ~�2. The ~� ¼ constant surfaces of the 3-
sphere become tori to which the wind is tangent since
@�1

¼ ð@ ~�1
þ @ ~�2

Þ=2. This is represented in Fig. 5.

Let us comment that the Finsler metric defined by (83) is
equivalent to the family of Finsler metrics of constant,
positive flag curvature on the Lie group S3, constructed
in [7]. Explicitly, the parameter K therein maps to

K ¼ 4

4� ð�RÞ2 :

So, the restriction considered in [7], K > 1, amounts to
considering rotating coordinate systems in the ESU with
j�j< 2=R, which is the condition, in the spacetime per-
spective, for @=@t to be everywhere timelike and for the
Randers structure to hold everywhere inB. As in Sec. III A
and in agreement with the general discussion of Sec. II E 1,
we again observe how the spacetime picture trivializes the
construction of Randers-Finsler geometries with constant
flag curvature.

There is actually an exact solution of Einstein’s equa-
tions with a positive cosmological constant and incoherent
matter describing a truly rotating ESU, found by Osváth
and Schücking [52,53]. This remarkable geometry, some-
times dubbed the anti-Mach metric, lives on R� S3 and

can be written as 4

ds2 ¼ �dt2 � R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2k2

p
��3
Rdt

þ R2

4
½ð1� kÞð ��1

RÞ2 þ ð1þ kÞð ��2
RÞ2

þ ð1þ 2k2Þð ��3
RÞ2�; (86)

where k is a constant, taken in the interval 0 � k2 < 1=4.
The special case k ¼ 0 coincides with the ESU, but de-
scribed in a frame of reference, i.e. a tetrad, which is rigidly
rotating with respect to the standard static (and nonrotat-
ing) frame. Actually this k ¼ 0 case is the rotating coor-
dinate system just described with

� ¼ �
ffiffiffi
2

p
R

: (87)

For direct comparison of the Randers/Zermelo structures
that shall be obtained from the anti-Mach metric with k ¼
0 and the ones arising from the rotating platform with (87),
it is convenient also to rescale the radius of the rotating

platform, after implementing (87), as R ! R=
ffiffiffi
2

p
.

The geometry (86) solves the Einstein equations with the
energy-momentum tensor of pressure-free-matter, with
density � and a cosmological constant �. The density,
cosmological constant and radius R are related by

4��

�
¼ 1� 4k2; � ¼ 1

R2ð1� k2Þ : (88)

In this geometry, the fluid is rotating with respect to the
local inertial frame at some point P. Thus, it is a counter-
example to (a version of) Mach’s principle.5 Another
interesting property of this geometry can be seen by noting
that the 4-velocity of the matter is [53]

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2k2

2ð1� 4k2Þ

s
@

@t
þ 1

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

1� 4k2

s
kR
3 : (89)

Here and below kR
3 ¼ @=@�1. The general metric is ho-

mogeneous, being invariant under time translations, gen-
erated by @=@t, and left translation of the 3-sphere S3

generated by kL
i . If k � 0, the fluid flow vector is not a

Killing vector field and indeed, in comoving coordinates
adapted to the flow, the metric is not stationary, but rather it
oscillates in comoving time.

FIG. 5. Foliation of the 3-sphere by Clifford tori and the
Killing wind corresponding, in the spacetime picture, to a rigidly
rotating coordinate system. Adapted from [62] and inspired by
the cover of Twistor Newsletter.

4Our left invariant 1-forms ��1
R and ��2

R are exchanged as
compared to the ones in [53]. Since these can also be exchanged
by making k ! �k the solution presented here maps to the one
in [53] under this transformation.

5A similar property holds in Gödel’s spacetime [39], but the
latter has ctc’s and it is not finite. Thus, this anti-Mach metric is
more physical and sharper (due to its finiteness) as a counter-
example to Mach’s principle in general relativity.
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The Randers structure for the anti-Mach metric is

b ¼ �R

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2k2

p
��3
R;

aijdx
idxj ¼ R2

4
½ð1� kÞð ��1

RÞ2 þ ð1þ kÞð ��2
RÞ2 þ 2ð ��3

RÞ2�:
(90)

This Randers structure never breaks down in the allowed
range for k. Physically it is interpreted as a magnetic field
along the Hopf fiber

B ¼ � 2

R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� 2k2Þ
1� k2

s
kR
3 ; (91)

on a triaxial squashed 3-sphere. Observe that the magnetic
field is not a Killing vector field, immediately denouncing,
by virtue of the discussion in Sec. II E 1, that the spacetime
picture is not a conformally flat geometry. The Zermelo
picture, on the other hand, reveals a non-Killing wind, still
along the Hopf fiber of a triaxial squashed S3:

W ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2k2

p

Rð1þ 2k2Þk
R
3 ;

hijdx
idxj ¼ ð1þ 2k2ÞR2

8
½ð1� kÞð ��1

RÞ2 þ ð1þ kÞð ��2
RÞ2

þ ð1þ 2k2Þð ��3
RÞ2�: (92)

It is a simple matter to verify that (90)–(92), with k ¼ 0,
reduce to (83)–(85) with (87) and the appropriate rescaling
of R.

D. Kerr black hole and charged Kerr

1. Asymptotic Randers/Zermelo structure

We now consider rotating black holes. In Boyer-
Lindquist coordinates x� ¼ ðt; r; �; �Þ, the Kerr solution
is given by the line element

ds2 ¼ � �

�2
ðdt� asin2�d�Þ2

þ sin2�

�2
ððr2 þ a2Þd�� adtÞ2 þ �2

�
dr2 þ �2d�2;

(93)

where m is the Arnowitt Deser Misner (ADM) mass and
a ¼ j=m, with j the ADM angular momentum; moreover

� � r2 � 2mrþ a2; �2 � r2 þ a2cos2�:

A simple manipulation recasts the metric in the form (24)
with V2 ¼ H=�2 and the Randers structure

b ¼ � 2mrasin2�

H
d�;

aijdx
idxj ¼ �4

H

�
dr2

�
þ d�2 þ �sin2�

H
d�2

�
;

(94)

where

H � �� a2sin2�: (95)

The magnetic field that one derives from this Randers
structure is

B ¼ � 2ma sin�ðr2 � a2cos2�Þ
�6

@

@�
� 4mra cos��

�6

@

@r
:

(96)

One notes that, on the equatorial plane (� ¼ �=2), the
magnetic field is purely in the � direction; thus a particle
with a 3-velocity on the equatorial plane will feel a Lorentz
force on the equatorial plane, as expected from the fact that
this submanifold is totally geodesic. Likewise, along the
axis direction (� ¼ 0, �), the magnetic field is purely
radial. Thus, a particle moving along the axis will feel no
Lorentz force and therefore will remain moving along the
axis, as expected from the fact that this submanifold is also
totally geodesic in the full Kerr metric. Observe also that,
for large r, this magnetic field approaches the pure dipole
field (77) with � ¼ 2j. The Finsler condition is given by

jbj2 ¼ ð2mra sin�Þ2
��4

< 1:

This Randers structure is therefore only defined outside the
ergoregion. To see this, note that

�4�� ð2mra sin�Þ2 ¼ Hððr2 þ a2Þ2 � a2sin2��Þ
� Cðr; �Þ;

and at the ergosphere H ¼ 0. Hence, the Finsler condition
fails to hold exactly on the ergosphere. The spacetime
interpretation of the breakdown of the Randers structure
is very similar to the case of the rigidly rotating platform of
Sec. III A (but an inside-out version): the ergosphere is a
VLS in the sense that � ¼ const becomes a spacelike
surface inside the ergoregion.
The Zermelo structure for the Kerr metric is, on the other

hand,

W ¼ 2marH

Cðr; �Þ
@

@�
;

hijdx
idxj ¼ Cðr; �Þ

�H

�
dr2

�
þ d�2 þ Cðr; �Þ

H�4
sin2�d�2

�
:

(97)

Observe that this Zermelo structure is qualitatively differ-
ent from the ‘‘flow of space picture’’ obtained in [54], by
considering Painlevé-Gullstrand coordinates for the Kerr
metric based on zero angular momentum observers
dropped from infinity; namely, the wind herein is purely
azimuthal, whereas the ‘‘flow of space’’ in [54] has a radial
component [as the wind in (33)], a distinction which is
compensated by the different space curvature.
Let us note that this analysis of Zermelo/Randers struc-

ture of the Kerr black hole generalizes quite easily to
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charged rotating black holes. The metric of the Kerr-
Newman black hole of Einstein-Maxwell theory is ob-
tained by simply replacing

� ! �þ q2;

in (97)/(94), where q denotes the black hole charge. The
metric of the Kerr-Sen [55] black hole of low energy
heterotic string theory is obtained, as observed in [56],
simply by replacing

� ! �þ qm

qþ 2
ffiffiffi
2

p
m
r; �2 ! �2 þ qm

qþ 2
ffiffiffi
2

p
m
r;

where m denotes the black hole mass. Note that in both
casesH (and Cðr; �Þ for the Zermelo case) changes accord-
ingly by virtue of (95).

2. Ergoregion Randers/Zermelo structure

In order to investigate the Randers structure up to the
outer event horizon, we need to change to coordinates that
are corotating with the outer event horizon of the Kerr
black hole. Recall that the angular velocity of the outer
horizon is

�þ ¼ a

2mrþ
; r� � m�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � a2

p
: (98)

Thus, one finds the suitable corotating angular coordinate
[note that for a > 0, freely falling observers in the geome-
try (93) are being dragged in the positive � direction]

�0 ¼ ���þt:

In these corotating Boyer-Lindquist coordinates, the line
element of the Kerr solution can be written in the form (24)
with V2 ¼ H0=�2 and the Randers structure

b0 ¼ Nðr; �Þsin2�
H0 d�0;

a0ijdxidxj ¼
�4

H0

�
dr2

�
þ d�2 þ �sin2�

H0 d�02
�
;

(99)

we have introduced

Nðr; �Þ � �2mraþ�þ
Cðr; �Þ
H

;

H0 � H þ 4�þmrasin2���2þsin2�Cðr; �Þ
H

:

By inspection, one confirms that (99) reduces to (94) when
�þ ¼ 0. This Randers structure breaks down when

jb0j2 ¼ ��2þsin2�
�
1þ 2mrðr2 � r2þÞ

�2�

�
2 � 1:

For nonextremal black holes jb0j2 ! 0 at the horizon,
which confirms that this Randers structure is indeed valid
near the horizon. Moving away from the horizon, jb0j2
grows, except for � ¼ 0 and � ¼ �, at which values
jb0j2 ¼ 0 for any r. Clearly, the corotating Randers struc-

ture (99) breaks down as r ! 1. The boundary surface
where this occurs depends both on � and r, and it approx-
imates �þr sin� ¼ 1 as r ! 1, which is simply the light
cylinder of a rigidly rotating platform with the angular
velocity of the outer Kerr horizon. Sufficiently close to
extremality, the corotating Randers boundary surface en-
ters the ergoregion of the black hole. By symmetry, this
happens first at the equator as a=m increases, and the
condition for intersection is therefore

a

m
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8

p � 2

q
	 0:910: (100)

This is illustrated schematically in Fig. 6.
Physically, this Randers structure can be interpreted as

the rather involved magnetic field B0 ¼ B0r@r þ B0�@�,
where

B0r ¼ 2 cos�

�6
ððH0 þ N�þsin2�ÞðN ��þ�a2sin2�Þ

þ Nasin2�ða� 2mr�þÞÞ;

B0� ¼ 2 sin�

�6
ððH0 þ N�þsin2�Þðma��þð2rðr2 þ a2Þ

� ðr�mÞa2sin2�ÞÞ þ Nðr�mþ�þmasin2�ÞÞ:
(101)

In this form, all �þ terms derive from the transformation
to the corotating frame, so that the equations reduce to the
Boyer-Lindquist case (96) if one sets �þ ¼ 0. Note also

FIG. 6 (color online). Illustration of the ergosphere and the
break down surface of the Randers structure for the Kerr black
hole with a ¼ 0:98m. The nonrotating Randers structure covers
the region outside the ergosphere. The corotating Randers struc-
ture covers the region inside the cuplike surfaces. For a=m
obeying (100) these surfaces intersect the ergosphere in the
vicinity of the equatorial plane. They approach the light cylinder
(meshed) asymptotically from within, for small colatitudes. Note
that this is not an embedding diagram.
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that B0r ¼ 0 on the equatorial plane, as expected from the
fact that this is a totally geodesic submanifold.

As before, we can also give expressions for the Zermelo
structure corresponding to this corotating Randers struc-
ture,

W0 ¼ � Nðr; �ÞH0

�4�� Nðr; �Þ2sin2�
@

@�0 ;

h0ijdxidxj ¼ �0 �
4

H0

�
dr2

�
þ d�2 þ �0 �sin

2�

H0 d�02
�
;

using (5) and (6), where

�0 ¼ 1� Nðr; �Þ2sin2�
�4�

:

3. Near horizon for nonextremal case: asymptotic
hyperbolicity

To analyze the near horizon Randers structure take

r ¼ rþ þ �; and � ! 0:

For the nonextremal case (rþ > r�), as � ! 0,

H0ð�; �Þ ¼ ðrþ � r�Þ
ða2 þ r2þÞ2

�4þ�þOð�2Þ;

�2þ � r2þ þ a2cos2�:

It follows that the Randers structure becomes, to leading
order in �

b0 ¼ asin2�ða2 þ r2þÞ
�2þ

�
1þ 2r2þ

�2þ

rþ þ r�
rþ � r�

�
d�0; (102)

a0ijdxidxj ¼
ða2 þ r2þÞ2
ðrþ � r�Þ2

d�2

�2
þ ða2 þ r2þÞ2

rþ � r�
d�2

�

þ ða2 þ r2þÞ4sin2�
ðrþ � r�Þ�4þ

d�02

�
: (103)

The magnetic field is

B 0 ¼ �2
2a cos�ðr2þ � a2Þ
�4þðr2þ þ a2Þ

�
3� a2

r2þ
cos2�

�
@

@�
:

At leading order in � there is only a radial component of the
magnetic field, which vanishes on the equatorial plane.
Clearly, if higher orders of � are taken into account, then
a component in the � direction will also emerge.

It turns out that the 3-geometry described by a0ij (103) is
asymptotically hyperbolic. To exhibit this property, one
can introduce a radial tortoise coordinate r
, as usual by
defining dr
2 ¼ a0��d�2. Hence, as � ! 0, r
 ! �1, and
integration yields

� ¼ k exp

�
r


rþ � r�
a2 þ r2þ

�
;

where we choose the constant k ¼ rþ � r�. Notice that

the exponent becomes r
=2m and k ¼ 2m if a ¼ 0, as in
the standard Regge-Wheeler coordinate for the
Schwarzschild solution. The line element (103) may now
be written more concisely by redefining the tortoise coor-
dinate in the following way:

� ¼ �r

rþ � r�

2ða2 þ r2þÞ
¼ � 1

2
ln

�

rþ � r�
;

such that the asymptotically hyperbolic structure becomes
apparent,

a0ijdxidxjj�!0 ¼ C2ðd�2 þ sinh2�ds22Þj�!1; (104)

where the conformal factor is

C ¼ 2
a2 þ r2þ
rþ � r�

;

and the line element of the hyperbolic boundary surface is

ds22 ¼ d�2 þ ða2 þ r2þÞ2
�4ðrþÞ

sin2�d�02; (105)

which, for the Schwarzschild metric, reduces to the line
element of the unit sphere.
It is instructive to compare the geometry of this bound-

ary surface with the geometry of the event horizon at rþ.

To this end, we introduce a distortion parameter 
 �
a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þ þ a2

q
as discussed by Smarr [57], where 0 � 
<

1=
ffiffiffi
2

p
in the nonextremal case. Then, for small 
, the

surface is an oblately deformed sphere, which can be
globally embedded in E3. Moreover, one finds that the
Gaussian curvature at the poles vanishes when 
 ¼ 1=2

or, if the black hole is uncharged, a=m ¼ ffiffiffi
3

p
=2. For 
>

1=2, there are two polar caps of negative Gaussian curva-
ture, and the event horizon cannot be globally embedded in
E3 in this case.
The surface described by the line element (105) shows

similar behavior. To see this, consider its Gaussian curva-
ture,

Kð�Þ ¼ 1þ 2a2

�4þð�Þ
ðr2þ � ð4r2þ þ 3a2Þcos2�Þ: (106)

Clearly, for a ! 0, one recovers the line element of the unit
sphere with K ¼ 1. As 
 increases, two polar caps of
negative Gaussian curvature appear and the surface cannot
be globally embedded in Euclidean space, as before. From

(106), the transition occurs at 
 ¼ 1=
ffiffiffi
6

p
, that is, a=m ¼ffiffiffi

5
p

=3. Furthermore, the topology of the boundary surface
can be found from the Gauss-Bonnet theorem. It implies
that the Euler characteristic is

� ¼ 1

2�

Z
Kð�Þe� ^ e�

0 ¼ 2;

using (106) and an orthonormal dyad fe�; e�0 g on (105).
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Hence, the boundary surface is a topological sphere, as in
the case of the Kerr event horizon [57].

4. Near horizon for extremal case: the NHEK geometry

The near horizon geometry of an extreme Kerr black
hole, so called NHEK geometry [58], is particularly inter-
esting. Recently, [59] it has been argued that it is dual to a
conformal field theory and the suggested duality has been
used to exactly compute the Bekenstein-Hawking entropy
of an extreme Kerr black hole from the CFT. In global
dimensionless coordinates ð	; r; �; ’Þ this Ricci flat ge-
ometry reads6

ds2 ¼ 2jC2ð�Þ½�cosh2rd	2 þ dr2 þ d�2

þ�ð�Þ2ðd’þ sinhrd	Þ2�; (107)

where

C2ð�Þ � 1þ cos2�

2
; �ð�Þ � 2 sin�

1þ cos2�
:

These global coordinates, with the ranges �1< 	, r <
þ1, cover the whole spacetime. For � ¼ 0 and � ¼ �, the
geometry is exactly AdS2. There are two timelike confor-
mal boundaries at r ¼ �1. Thus, this geometry shares
some properties of the AdS2 � S2 near horizon geometry
of extreme charged black holes. The � ¼ constant sections
have isometry group SLð2;RÞL �Uð1ÞR, which is en-
hanced to SLð2;RÞL � SLð2;RÞR when �ð�Þ2 ¼ 1. In the
latter case the geometry is exactly AdS3 and, inspection of
(107) reveals that it is written in an analytic continuation of
Euler coordinates for S3.

The Randers structure for the NHEK geometry is

b ¼ � �ð�Þ2 sinhr
cosh2r��ð�Þ2sinh2r d’;

aijdx
idxj ¼ 1

cosh2r��ð�Þ2sinh2r
�

�
d�2 þ dr2 þ �ð�Þ2cosh2r

cosh2r��ð�Þ2sinh2r d’
2

�
:

(108)

One observes that the breakdown condition reduces to

j cothrj ¼ �ð�Þ:
Thus, the Randers structure is valid for all r if 2 sin� >
1þ cos2� that is inside a ‘‘light cone’’ with polar angle
� ¼ 47o. Observe also that the induced metric on this light
cone �ð�Þ2 ¼ 1 is exactly that of H2 and db becomes the
volume form of H2. The corresponding magnetic field is
quite simple:

B ¼ � 2 cos�ð2þ sin2�Þ
ð1þ cos2�Þ2 sinh2r

@

@r

��ð�Þðcosh2r��ð�Þ2sinh2r� 2Þ @

@�
:

Inspection of (107) immediately allows us to derive the
Zermelo structure. Introducing a new radial coordinate
R � R

dr= coshr, with range 0<R<�, the Zermelo

structure becomes remarkably simple:

W ¼ � cotR
@

@’
;

hijdx
idxj ¼ dR2 þ sin2Rðd�2 þ�ð�Þ2d’2Þ:

(109)

The 2-geometry d�2 þ�ð�Þ2d’2 is exactly the a ¼ rþ
limit of (105). In particular it is topologically a 2-sphere.
Thus, the 3-geometry in (109) is, topologically, a 3-sphere.
Hence, this Zermelo structure describes an azimuthal wind,
varying with R, in a deformed S3.

IV. CONCLUDING REMARKS

In this paper we have explored a triangle of relations
between stationary spacetimes fM; gg and two structures
on the space of orbits B of the time translations Killing
vector field K: a Randers-Finsler structure fB; aij; big and
a Zermelo structure fB; hij;W

ig. This triangle can be seen

as a triality between physical problems: the null geodesic
flow in fM; gg, the magnetic flow due to db on fB; aijg and
the Zermelo navigation problem on fB; hijg due to the wind
W. But each of these physical problems motivates alter-
native viewpoints.
From the spacetime perspective, the study of null geo-

desics motivates the following question: what generalizes
the usual optical geometry for the case of stationary, rather
than static, spacetimes? If we wish to keep a strictly
geometric viewpoint the answer is, as we have described,
a Randers-Finsler, rather than Riemannian, geometry. A
connection along these lines had already been hinted in
[60,62]. This viewpoint provided a deep insight into the
construction of Randers-Finsler geometries of constant flag
curvature: they all correspond to conformally flat space-
times. It would be interesting to prove the converse state-
ment. Also of interest might be to write down tensorial
relations, in the Randers and Zermelo pictures, for circum-
stances in which the magnetic field/wind or the space
curvature might be gauged away, by moving to an equiva-
lent problem.
Interestingly, as we have shown in the Kerr example, the

Riemannian part of the Randers-Finsler geometry still
approaches hyperbolic space in the vicinity of a rotating,
nondegenerate Killing horizon, as for the case of nonrotat-
ing ones. One should be able to show that this is a generic
feature for rotating, nondegenerate Killing horizons and
generalize some of the applications [2] given in the non-
rotating case.

6The radial coordinate here r relates to the global radial
coordinate used in [58,59], rbh by the simple transformation
rbh ¼ sinhr.
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This connection also allows a reinterpretation of the
Finsler condition from the spacetime viewpoint. As we
have argued and shown in a number of examples, the break
down of the Randers condition is associated to either the
change in character of K, as on an ergosphere, or to the
nonexistence of a global time function associated to K, as
in situations where ctc’s arise.

Taking a more physical interpretation, rather than a
strictly geometric one, a Randers-Finsler flow is simply a
magnetic flow in a Riemannian geometry. One may then
recast properties of the former in the language of the latter.
For instance, in three dimensions, all constant flag curva-
ture Randers-Finsler geometries are Killing magnetic
fields. Another connection of great beauty is that provided
by squashed SLð2;RÞ example: the existence of a break
down surface for the Randers structure is associated to a
change in the ergodicity properties of the magnetic flow.

We have described how the connection between the
spacetime and the Zermelo viewpoints arises by casting

the former in a Painlevé-Gullstrand form. This is also the
natural form for the spacetime metrics of analogue models,
which conceptually also fit well with the Zermelo picture.
An interesting open question is if this network of rela-

tions might be generalized if one allows a time dependent
wind in the Zermelo picture and how such generalization
works.
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