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We estimate the CP asymmetry ACPðq2Þ in the decays B ! Xs�
þ�� and B ! Xd�

þ�� in the

standard model (SM) with an additional fourth generation. We use a parametrization that allows us to

explore the complete parameter space of the 4� 4 quark mixing matrix, and constrain these parameters

from the current data on B decays. We find that the enhancement in ACPðq2Þ depends strongly on the mass

of the t0, the up-type quark in the fourth generation. For mt0 around 400 GeV, the CP asymmetry in the

high-q2 region (q2 > 14:4 GeV2) can be enhanced by more than an order of magnitude for B ! Xs�
þ��

and up to a factor of 6 for B ! Xd�
þ��. There is no enhancement in the low-q2 region (1< q2 <

6 GeV2). With increasing mt0 , ACPðq2Þ in the high-q2 (low-q2) region first decreases (increases) and then

saturates at a value a few times the SM prediction. In the high-q2 region of B ! Xs�
þ��, this saturation

value may be up to 25 times the SM expectation.

DOI: 10.1103/PhysRevD.79.034017 PACS numbers: 13.20.He

I. INTRODUCTION

Upcoming high statistics experiments at the LHC and
super-B factories will provide stringent tests of the stan-
dard model (SM) via flavor physics involving B decays.
The large number of B hadrons anticipated to be produced
at these facilities will allow us to measure various flavor
changing neutral current (FCNC) interactions. The quark
level FCNC transition b ! sðdÞlþl�, where l ¼ e, �, �,
are forbidden at the tree level in the SM and can occur only
via one or more loops. Therefore, they have the potential to
test higher order corrections to the SM and also to con-
strain many of its possible extensions. The quark level
FCNC transitions b ! sðdÞlþl� give rise to the inclusive
semileptonic decays B ! XsðXdÞlþl�.

It is always good to consider new physics effects in the
observables, which are either zero or highly suppressed in
the SM. The reason is that any finite or large measurement
of such an observable will confirm the existence of new
physics. The CP asymmetry in B ! ðXs; XdÞlþl� is one
such observable. The CP asymmetry in B ! ðXs; XdÞlþl�
has been widely studied within the framework of the SM
and its possible extensions [1–7]. In the SM, the CP
asymmetry in B ! Xsl

þl� is �10�3 [1,2], whereas in
B ! Xdl

þl� it is �ð3–6Þ% [2–4]. In the SM with three
generations (SM3), the only source of CP violation is the
unique phase in the Cabibbo-Kobayashi-Maskawa (CKM)
quark mixing matrix. However, in many possible exten-
sions of the SM, there can be extra phases contributing to
the CP asymmetry.

In this paper we study the CP asymmetry in B !
ðXs; XdÞ�þ�� within the framework of the SM with an
additional fourth generation (SM4). There is no clear

theoretical argument to restrict the number of generations
to three in the SM. Therefore, in principle we can have four
or more generations. The effects of the extra generation
have been studied in the literature in detail [8–18]. The
existence of new-generation fermions that are lighter than
MZ=2 � 45 GeV has been excluded by the data on the
width of the Z boson [19], whereas the existence of fermi-
ons heavier than MZ � 91 GeV has been excluded by the
existing data on the Z boson parameters combined with the
masses of the W boson and the top quark [20]. However,
using the same data one can show that a few extra gen-
erations are possible provided the neutral leptons have
masses around 50 GeV [21,22].
The electroweak (EW) precision measurements impose

severe constraints on the fourth generation [20,23–27]. A
considerable amount of fine-tuning is required to accom-
modate a heavy fourth generation top quark t0 (mt0 >
400 GeV) in order not to violate the experimental con-
straints from the S and T parameters [27]. The parameter
space of fourth generation masses with minimal contribu-
tions to the EW precision oblique parameters, and in
agreement with all experimental constraints, is [27]

ml0 �m�0 ’ ð30–60Þ GeV

mt0 �mb0 ’
�
1þ 1

5

mH

115 GeV

�
� 50 GeV;

(1)

where mH is the Higgs mass and ml0 , m�0 , mb0 are the
masses of the fourth generation charged lepton l0, neutrino
�0 and the down type quark b0, respectively. We see that the
EW precision data constrain the mass splitting between t0
and b0 (l0 and �0) to be small, around 50 GeV.
The fourth generation has a significant effect on the

Higgs sector of the SM. For example, the t0 and b0 quarks
increase the effective ggH coupling by a factor of roughly
3, which will increase the production cross section �gg!H

by almost an order of magnitude [28,29]. The effect of the
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fourth generation on Higgs physics has been studied in
[27,30–32]. In [27], it was shown that in the SM4, Higgs
masses between 115–315 (115–750) GeV are allowed by
the EW precision data at the 68% (95%) C.L. Thus, the EW
precision data favor a heavy Higgs boson if the fourth
generation is introduced.

Rare decays of B mesons occur at loop level and hence
they are sensitive to the generic extensions of the SM. The
effects of the fourth generation on inclusive B decays have
been studied in the literature [33–37]. We employ the
Dighe-Kim parametrization [17] of the 4� 4 quark mixing
matrix (CKM4) that allows us to treat the effects of the
fourth generation perturbatively and explore the complete
parameter space available. We generalize the notion of
unitarity triangles to unitarity quadrilaterals, and calculate
the CP asymmetry.

The paper is organized as follows. In Sec. II, we present
the theoretical expressions for the decay rate and CP
asymmetry in B ! ðXs; XdÞ�þ��. In Sec. III, we study
constraints on the elements of CKM4, whereas in Secs. IV
and V we present the estimates of CP asymmetry in B !
Xs�

þ�� and B ! Xd�
þ��, respectively. Finally in

Sec. VI, we present our conclusions.

II. DECAY RATE AND CP ASYMMETRY
IN B ! ðXs;XdÞ�þ��

A. Effective Hamiltonian and decay rate

The effective Hamiltonian in the SM for the decay b !
q�þ��, where q ¼ s, d, may be written as

Heff ¼ 4GFffiffiffi
2

p V�
tbVtq

X10
i¼1

Cið�ÞOið�Þ; (2)

where the form of operators Oi and the expressions for
calculating the coefficients Cið�Þ are given in [38]. The
fourth generation only changes values of the Wilson co-
efficients C7;8;9;10 via the virtual exchange of t

0. TheWilson

coefficients in the SM4 can be written as

Ctot
i ð�bÞ ¼ Cið�bÞ þ

V�
t0bVt0q

V�
tbVtq

Ct0
i ð�bÞ; (3)

where i ¼ 7, 8, 9, 10. The new Wilson coefficients Ct0
i ð�bÞ

can easily be calculated by substituting mt0 for mt in the
SM3 expressions involving the t quark.

The amplitude for the decay B ! Xq�
þ�� in the SM4

is given by

M ¼ GF�ffiffiffi
2

p
�
V�
tbVtq

�
Ctot
9 �sL��bL �����

þ Ctot
10 �sL��bL �����5�

þ 2Ctot
7 mb �sLi���

q�

q2
bR �����

�
; (4)

where the Wilson coefficients are evaluated at �b ¼ mb.

The calculation of the differential decay rate gives

dBðB ! Xq�
þ��Þ

dz
¼ �2BðB ! Xce ��Þ

4�2fðm̂cÞ�ðm̂cÞ
ð1� zÞ2

�
�
1� 4t2

z

�
1=2 jV�

tbVtqj2
jVcbj2

DðzÞ; (5)

where

DðzÞ ¼ jCtot
9 j2

�
1þ 2t2

z

�
ð1þ 2zÞ þ 4jCtot

7 j2
�
1þ 2t2

z

�

�
�
1þ 2

z

�
þ jCtot

10 j2
�
ð1þ 2zÞ þ 2t2

z
ð1� 4zÞ

�

þ 12ReðCtot
7 Ctot�

9 Þ
�
1þ 2t2

z

�
: (6)

Here, z � q2=m2
b, t � m�=mb, and m̂q ¼ mq=mb for all

quarks q. The phase space factor fðm̂cÞ in BðB ! Xce ��Þ is
given by [39]

fðm̂cÞ ¼ 1� 8m̂2
c þ 8m̂6

c � m̂8
c � 24m̂4

c lnm̂c: (7)

�ðm̂cÞ is the 1-loop QCD correction factor [39]

�ðm̂cÞ ¼ 1� 2�sðmbÞ
3�

��
�2 � 31

4

�
ð1� m̂cÞ2 þ 3

2

�
: (8)

Within the SM3, the Wilson coefficients C7 and C10 are
real. However the Wilson coefficient C9 becomes slightly
complex due to the non-negligible terms induced by the
continuum part of u �u and c �c loops proportional to V�

ubVuq

and V�
cbVcq, respectively. This complex nature of C9 gives

rise to the CP asymmetry in B ! ðXs; XdÞ�þ�� in the
SM3.
In the framework of the SM4, the Wilson coefficients

Ctot
7 , Ctot

9 , and Ctot
10 are given by

Ctot
7 ¼ C7ðmbÞ þ 	q

tt0C
t0
7 ðmbÞ; (9)

Ctot
9 ¼ 
1 þ 	q

tu
2 þ 	q
tt0C

t0
9 ðmbÞ; (10)

Ctot
10 ¼ C10ðmbÞ þ 	q

tt0C
t0
10ðmbÞ; (11)

where

	q
tu ¼ 	q

u

	q
t

¼ V�
ubVuq

V�
tbVtq

; (12)

	q
tt0 ¼

	q
t0

	q
t

¼ V�
t0bVt0q

V�
tbVtq

; (13)

so that all three relevant Wilson coefficients are complex in
general. The parameters 
i are given by [38]
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1 ¼ C9ðmbÞ þ 0:138!ðzÞ þ gðm̂c; zÞð3C1 þ C2 þ 3C3

þ C4 þ 3C5 þ C6Þ � 1
2gðm̂d; zÞðC3 þ 3C4Þ

� 1
2gðm̂b; zÞð4C3 þ 4C4 þ 3C5 þ C6Þ

þ 2
9ð3C3 þ C4 þ 3C5 þ C6Þ; (14)


2 ¼ ½gðm̂c; zÞ � gðm̂u; zÞ�ð3C1 þ C2Þ: (15)

Here,

!ðzÞ ¼ � 2

9
�2 � 4

3
Li2ðzÞ � 2

3
lnz lnð1� zÞ

� 5þ 4z

3ð1þ 2zÞ lnð1� zÞ � 2zð1þ zÞð1� 2zÞ
3ð1� zÞ2ð1þ 2zÞ lnz

þ 5þ 9z� 6z2

6ð1� zÞð1þ 2zÞ ; (16)

with

Li 2ðzÞ ¼ �
Z t

0
dt

lnð1� tÞ
t

: (17)

The function gðm̂; zÞ represents the one loop corrections to
the four-quark operators O1 �O6 and is given by [38]

gðm̂;zÞ¼�8

9
ln
mb

�b

�8

9
lnm̂þ 8

27
þ4

9
x�2

9
ð2þxÞj1�xj1=2

�
8><
>:
ðlnj

ffiffiffiffiffiffiffi
1�x

p þ1ffiffiffiffiffiffiffi
1�x

p �1
j� i�Þ; for x� 4m̂2

z <1

2arctan 1ffiffiffiffiffiffiffi
x�1

p ; for x� 4m̂2

z >1:
(18)

For light quarks, we have m̂u ’ m̂d ’ 0. In this limit,

gð0; zÞ ¼ 8

27
� 8

9
ln
mb

�b

� 4

9
lnzþ 4

9
i�: (19)

We compute gðm̂; zÞ at �b ¼ mb.

II. CP asymmetry in B ! Xq�
þ��

The CP asymmetry in B ! Xq�
þ�� is defined as

ACPðzÞ ¼ ðdB=dzÞ � ðdB=dzÞ
ðdB=dzÞ þ ðdB=dzÞ ¼

DðzÞ �DðzÞ
DðzÞ þDðzÞ ; (20)

where B and B represents the branching ratio of �B !
Xql

þl� and its complex conjugate B ! �Xql
þl�, respec-

tively. dB=dz can be obtained from dB=dz by making the
following replacements:

Ctot
7 ¼ C7ðmbÞ þ 	q

tt0C
t0
7 ðmbÞ ! Ctot

7

¼ C7ðmbÞ þ 	q�
tt0 C

t0
7 ðmbÞ; (21)

Ctot
9 ¼ 
1 þ 	q

tu
2 þ 	q
tt0C

t0
9 ðmbÞ ! Ctot

9

¼ 
1 þ 	q�
tu 
2 þ 	q�

tt0C
t0
9 ðmbÞ; (22)

Ctot
10 ¼ C10ðmbÞ þ 	q

tt0C
t0
10ðmbÞ ! Ctot

10

¼ C10ðmbÞ þ 	q�
tt0C

t0
10ðmbÞ: (23)

Then

DðzÞ �DðzÞ ¼ 2

�
1þ 2t2

z

�
½Imð	q

tuÞf2ð1þ 2zÞ Imð
1

�
2Þ

� 12C7 Imð
2Þg
þ Ximfð1þ 2zÞCt0

9 þ 6Ct0
7 g�; (24)

DðzÞþDðzÞ¼
�
1þ2t2

z

�
½ð1þ2zÞfB1þ2Ct0

9 ðj	q
tt0 j2Ct0

9 þXreÞg
þ12fB2þ2C7C

t0
9 Reð	q

tt0 Þ

þCt0
7 ð2j	q

tt0 j2Ct0
9 þXreÞg�þ8

�
1þ2t2

z

�

�
�
1þ2

z

�
jCtot

7 j2þ2

�
ð1þ2zÞþ2t2

z
ð1�4zÞ

�

�jCtot
10 j2; (25)

where

Xre ¼ 2fReð	q
tt0 ÞReð
1Þ þ Reð	q

tt0	
q�
tu ÞReð
2Þg; (26)

Xim ¼ 2fImð	q
tt0 Þ Imð
1Þ þ Imð	q

tt0	
q�
tu Þ Imð
2Þg; (27)

B1 ¼ 2fj
1j2 þ j	q
tu
2j2 þ 2Reð	q

tuÞReð
1

�
2Þg; (28)

B2 ¼ 2C7fReð
1Þ þ Reð	q
tuÞReð
2Þg; (29)

jCtot
10 j2 ¼ ðC10Þ2 þ j	q

tt0 j2ðCt0
10Þ2 þ 2C10C

t0
10 Reð	q

tt0 Þ; (30)

jCtot
7 j2 ¼ ðC7Þ2 þ j	q

tt0 j2ðCt0
7 Þ2 þ 2C7C

t0
7 Reð	q

tt0 Þ: (31)

The theoretical calculations shown above for the branch-
ing ratio of B ! Xq�

þ�� are rather uncertain in the

intermediate q2 region (7 GeV2 < q2 < 12 GeV2) owing
to the vicinity of charmed resonances. The predictions are
relatively more robust in the lower and higher q2 regions.
We therefore concentrate on calculating ACPðq2Þ in the
low-q2 (1 GeV2 < q2 < 6 GeV2) and the high-q2

(14:4 GeV2 < q2 <m2
b) regions. In terms of the dimen-

sionless parameter z ¼ q2=m2
b, the low-q2 region corre-

sponds to 0:043< z < 0:26, whereas the high q2 region
corresponds to 0:62< z < 1.
In order to estimate ACP, we need to know the magnitude

and phase of 	q
tu and 	q

tt0 . For this we use the Dighe-Kim

(DK) parametrization of the CKM4 matrix elements, in-
troduced in [17].
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III. THE QUARK MIXING MATRIX IN SM4

DK parametrization for the 4� 4 matrix CKM4

The CKM matrix in the SM is a 3� 3 unitary matrix
represented as

VCKM3 ¼
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

0
@

1
A: (32)

In the SM4, a general CKM matrix can be written as
follows:

VCKM4 ¼
~Vud

~Vus
~Vub

~Vub0
~Vcd

~Vcs
~Vcb

~Vcb0
~Vtd

~Vts
~Vtb

~Vtb0
~Vt0d ~Vt0s ~Vt0b ~Vt0b0

0
BBB@

1
CCCA: (33)

The above matrix can be described, with appropriate
choices for the quark phases, in terms of 6 real quantities
and 3 phases. The DK parametrization defines

~V us � 	; ~Vcb � A	2; ~Vub � A	3Ce�i�ub ;

~Vub0 � p	3e�i�ub0 ; ~Vcb0 � q	2e�i�cb0 ; ~Vtb0 � r	:

(34)

The CKM4 matrix now looks like

VCKM4 ¼
# 	 A	3Ce�i�ub p	3e�i�ub0

# # A	2 q	2e�i�cb0

# # # r	
# # # #

0
BBB@

1
CCCA: (35)

The elements denoted by ‘‘#’’ can be determined uniquely

from the unitarity condition Vy
CKM4VCKM4 ¼ I on CKM4.

They can be calculated in the form of an expansion in the
powers of 	 such that each element is accurate up to a
multiplicative factor of ½1þOð	3Þ�. The matrix elements
~Vud, ~Vcd, and ~Vcs retain their SM3 values

~V ud ¼ 1� 	2

2
þOð	4Þ; (36)

~V cd ¼ �	þOð	5Þ; (37)

~V cs ¼ 1� 	2

2
þOð	4Þ; (38)

whereas the values of the matrix elements Vtd, Vts, and Vtb

are modified due to the presence of the additional quark
generation:

~V td ¼ A	3ð1� Cei�ubÞ þ r	4ðqei�cb0 � pei�ub0 Þ

þ A

2
	5ð�r2 þ ðCþ Cr2Þei�ubÞ þOð	6Þ; (39)

~Vts ¼ �A	2 � qr	3ei�cb0 þ A

2
	4ð1þ r2 � 2Cei�ubÞ

þOð	5Þ; (40)

~V tb ¼ 1� r2	2

2
þOð	4Þ: (41)

In the limit p ¼ q ¼ r ¼ 0, only the elements present in
the 3� 3 CKM matrix retain nontrivial values, and the
above expansion corresponds to the Wolfenstein parame-

trization [40] with C ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ 2

p
and �ub ¼ tan�1ð=�Þ.

The remaining new CKM4 matrix elements are

~Vt0d ¼ 	3ðqei�cb0 �pei�ub0 Þ þAr	4ð1þCei�ubÞ

þ	5

2
ðpei�ub0 � qr2ei�cb0 þpr2ei�ub0 Þ þOð	6Þ; (42)

~V t0s ¼ q	2ei�cb0 þ Ar	3 þ 	4

�
�pei�ub0 þ q

2
ei�cb0

þ qr2

2
ei�cb0

�
þOð	5Þ; (43)

~V t0b ¼ �r	þOð	4Þ; (44)

~V t0b0 ¼ 1� r2	2

2
þOð	4Þ: (45)

We already have strong direct bounds on the magnitudes
of the elements of the CKM3 matrix. From the direct
measurements of j ~Vusj ¼ jVusj, j ~Vcbj ¼ jVcbj, and
j ~Vub= ~Vcbj ¼ jVub=Vcbj [19], which do not assume the
unitarity of the CKM matrix, one can derive [17]

0:216<	<0:223; 0:76<A<0:90; 0:23<C<0:59

(46)

at 90%C.L. Also, the phase �ub can be constrained through
the measurement of � � Argð�V�

ubVudÞ=ðV�
cbVcdÞ since

from (34), (36), and (37),

Arg

�
�V�

ubVud

V�
cbVcd

�
� Arg

�
� ~V�

ub
~Vud

~V�
cb
~Vcd

�
� �ub: (47)

The value of �ub is therefore restricted to lie between (26
�–

125�) at 90% C.L.
Direct bounds on p and q can be obtained by combining

the direct measurements of the magnitudes of the elements
in the first two rows with the unitarity constraints. We get
the 90% C.L. bounds on j ~Vub0 j and j ~Vcb0 j as

j ~Vub0 j< 0:094; j ~Vcb0 j< 0:147; (48)

which correspond to p < 9:0, q < 3:05. In addition, a

strong constraint is obtained on the combination XL
bb �

ðVy
CKM4VCKM4Þbb through the measurements involving Z !

b �b, which give XL
bb ¼ 0:996	 0:005 [41]. This translates

to j ~Vt0bj< 0:11 at 90% C.L., which corresponds to r < 0:5.
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The observables �MBs
, �MBd

, B ! Xs�, B !
Xs�

þ��, and sin2� are complicated functions of the
CKM parameters 	, A, C, p, q, r, �ub0 , �ub, and �cb0 .
Hence, we take care of the constraints on these parameters
numerically, without giving the analytic expressions ex-
plicitly here.

IV. CP ASYMMETRY IN B ! Xs�
þ��

A. Unitarity quadrilateral relevant for B ! Xs�
þ��

The ‘‘squashed’’ unitarity triangle in the SM3 that arises
from the equation

V�
cbVcs þ V�

ubVus þ V�
tbVts ¼ 0 (49)

is shown in Fig. 1. The angles of this unitarity triangle are

� � Arg

�
�V�

cbVcs

V�
tbVts

�
;

� � Arg

�
� V�

tbVts

V�
ubVus

�
¼ �� �; ���� �:

(50)

The corresponding unitarity ‘‘quadrilateral’’ relation in the
SM4 is

~V �
cb
~Vcs þ ~V�

ub
~Vus þ ~V�

tb
~Vts þ ~V�

t0b
~Vt0s ¼ 0: (51)

This quadrilateral may be superimposed on the SM unitar-
ity triangle as shown in Fig. 1.
The CP asymmetry in the SM3 depends on Imð	s

tuÞ, as
can be seen from Eq. (24). This quantity may be written as

Im ð	s
tuÞ ¼ �C	2 sin�ub þOð	3Þ; (52)

which is the same as the sine of the angle � shown in Fig. 1.
With the introduction of the fourth generation, the contri-
bution to the CP asymmetry also comes from the quantity
Imð	s

tt0 Þ, which may be written as

Im ð	s
tt0 Þ ¼

qr sin�cb0

A
	þOð	2Þ; (53)

which is the same as the sine of the angle ~� in the figure.
Thus, the new CKM4 elements themselves tend to magnify
the CP violation by a factor of �1=	 � 5. There can of
course be additional factors due to the modified Wilson
coefficients in SM4, which we will take care of in our
complete numerical analysis in the next section.

B. Numerical calculation of ACPðq2Þ in B ! Xs�
þ��

In order to calculate ACPðq2Þ from the procedure out-
lined in Sec. II B, we need to know 	q

tu and 	q
tt0 . Using the

DK parametrization, we have

	s
tt0 ¼

ei�cb0qr	

A
þ

�
r� e2i�cb0q2r2

A2

�
	2 þOð	3Þ; (54)

	s
tu ¼ �Cei�ub	2 þOð	3Þ: (55)

Putting these values of 	s
tu and 	s

tt0 in the relevant expres-

sions in Sec. II B, we obtain ACPðq2Þ in B ! Xs�
þ��.

The inputs used in the numerical analysis are shown in
Table I.
Figure 2 shows ACPðq2Þ in the low and high q2 regions

for the decay B!Xs�
þ�� for mt0 ¼

ð400;800;1200ÞGeV. Clearly for mt0 ¼ 400 GeV, for

FIG. 1. The ‘‘squashed’’ unitarity triangle (PQR) in the SM3
and the corresponding unitarity quadrilateral (QRPT) in the
SM4.

TABLE I. Numerical inputs used in our analysis. Unless explicitly specified, they are taken
from the Review of Particle Physics [19].

GF ¼ 1:166� 10�5 GeV�2 mc=mb ¼ 0:29 [42]

� ¼ 1:0=129:0 fBs

ffiffiffiffiffiffi
B̂s

q
¼ ð0:270	 0:030Þ GeV [43]

�sðmbÞ ¼ 0:220 [44] fBd

ffiffiffiffiffiffi
B̂d

q
¼ ð0:225	 0:025Þ GeV [43]

�Bs
¼ 1:45� 10�12 s ms ¼ ð1:17	 0:008Þ � 10�11 GeV

�Bd
¼ 1:53� 10�12 s �md ¼ ð3:337	 0:033Þ � 10�13 GeV

m� ¼ 0:105 GeV sin2� ¼ 0:681	 0:025
mW ¼ 80:40 GeV �ubð� �Þ ¼ ð77þ30

�32Þ�
mt ¼ 172:5 GeV BðB ! Xc‘�Þ ¼ 0:1061	 0:0016	 0:0006 [45]

mb ¼ 4:80 GeV [42] BðB ! Xs�
þ��Þq2>14:4 GeV ¼ ð0:44	 0:12Þ � 10�6 [46,47]

mBs
¼ 5:366 GeV BðB ! Xs�Þ ¼ ð3:55	 0:25Þ � 10�4 [48]

mB ¼ 5:279 GeV
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most of the allowed regions of the parameter space, the
SM4 prediction for ACPðq2Þ in the low-q2 region is either
below the SM3 prediction or consistent with it. However,
in the high-q2 region, the SM4 prediction can be as high as
2.5%, which is about 40 times the SM3 prediction. There is
thus a significant enhancement in ACPðq2Þ in the high-q2

region.
Table II shows the ratio of the maximum ACPðq2Þ al-

lowed within the SM4 and that allowed in the SM3. It can
be seen that with increasing mt0 , the enhancement in

ACPðq2Þ at low q2 (high q2) increases (decreases) and
then saturates at �1:2 (25) times the SM value. Thus,
while the low-q2 region is rather insensitive to the effects
of the fourth generation, the high-q2 region may show a
significant asymmetry that can easily be shown to be
beyond the limits of the SM3.
The saturation in ACPðq2Þ at largemt0 may be understood

as follows. The Wilson coefficient C10 becomes very large
as compared to C7 and C9 for large mt0 . Hence, from Eq.
(11), it is obvious that 	s

tt0 must be very small for large mt0
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FIG. 2 (color online). ACPðzÞ vs z plot in the low-q2 (left panel) and the high-q2 (right panel) regions for the decay B ! Xs�
þ�� for

mt0 ¼ ð400; 800; 1200Þ GeV. The blue band represents the SM3 prediction, whereas the grey circles correspond to the possible values
that can be obtained in the SM4.
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so as to keep the branching ratio within the experimental
range. Hence, in the limit of largemt0 , we have 	

s
tt0 ! 0. In

this limit, the Xim term in Eq. (24) vanishes and the
numerator of ACPðq2Þ becomes

DðzÞ �DðzÞ ¼ 2

�
1þ 2t2

z

�
½Imð	q

tuÞf2ð1þ 2zÞ Imð
1

�
2Þ

� 12C7 Imð
2Þg�: (56)

The right-hand side of Eq. (56) has only a weak depen-
dence on mt0 and hence remains almost constant for large

mt0 . DðzÞ þDðzÞ, on the other hand, is just obtained from
the branching ratio of B ! Xs�

þ��, an experimentally
measured value. The ratio of these two quantities, ACPðq2Þ,
is therefore rather independent ofmt0 at largemt0 . This fact
is reflected in the ACP plots: there is not much difference in
the ACPðq2Þ prediction for mt0 ¼ 800 GeV and mt0 ¼
1200 GeV.

V. CP ASYMMETRY IN B ! Xd�
þ��

A. Unitarity quadrilateral relevant for B ! Xd�
þ��

The ‘‘standard’’ unitarity triangle in the SM3, which
arises from the equation

V�
ubVud þ V�

cbVcd þ V�
tbVtd ¼ 0 (57)

is shown in Fig. 3 The angles of this unitarity triangle are
defined as

� � Arg

�
� V�

tbVtd

V�
ubVud

�
; � � Arg

�
�V�

cbVcd

V�
tbVtd

�
;

� � Arg

�
�V�

ubVud

V�
cbVcd

�
:

(58)

The corresponding unitarity relation in the SM4 is

~V �
ub

~Vud þ ~V�
cb
~Vcd þ ~V�

tb
~Vtd þ ~V�

t0b
~Vt0d ¼ 0: (59)

This quadrilateral may be superimposed on the SM unitar-
ity triangle as shown in Fig. 3.
The CP asymmetry in SM3 depends on Imð	d

tuÞ, as can
be seen from Eq. (24). This quantity may be written as

Im ð	d
tuÞ ¼ �Arg

�
ei�ub

1� Cei�ub

�
þOð	Þ; (60)

which is the same as the sine of the angle� shown in Fig. 3.
With the introduction of the fourth generation, contribution
to the CP asymmetry also comes from the quantity
Imð	d

tt0 Þ, which may be written as

Im ð	d
tt0 Þ ¼ Oð	Þ: (61)

Thus, the additional contribution to the CP violation from
the complex nature of the CKM4 elements is rather small.
The enhancement in ACPðq2Þ, if any, therefore has to come
from the modified values of the Wilson coefficients. We
calculate the enhancement numerically in the next section.

B. Numerical calculation of ACPðq2Þ in B ! Xd�
þ��

We now consider 	d
tu and 	d

tt0 for the calculation of

ACPðq2Þ in B ! Xd�
þ�� using the procedure outlined

in Sec. II B. Using the DK parametrization, we obtain

	d
tt0 ¼

ðpei�ub0 � qei�cb0 Þr	
Að1� Cei�ubÞ þOð	2Þ; (62)

	d
tu ¼ ei�ub

1� Cei�ub
þ ei�ubðpei�ub0 � qei�cb0 Þr	

Að1� Cei�ubÞ2 þOð	2Þ:
(63)

For our numerical analysis, we use the expressions correct
up to Oð	2Þ.
Figure 4 shows the ACPðq2Þ distribution in the low-q2

and the high-q2 regions for mt0 ¼ ð400; 800; 1200Þ GeV.
Here, we find that for mt0 ¼ 400 GeV, the low-q2 predic-
tion in the SM4 is either consistent with or below the SM3

FIG. 3. The unitarity triangle (ABC) in the SM3 and the
corresponding unitarity quadrilateral (ACBD) in the SM4.

TABLE II. Comparison of ACPðq2Þ in the SM3 and in the SM4 for B ! Xs�
þ�� at different mt0 values.

½As
CPðq2Þ�max (low q2) ½As

CPðq2Þ�max (high q2)
mt0 (GeV) SM3 SM4 SM4=SM3 SM3 SM4 SM4=SM3

400 0.25% 0.25% 1.0 0.05% 2.3% 46

800 0.25% 0.3% 1.2 0.05% 1.4% 28

1200 0.25% 0.3% 1.2 0.05% 1.3% 26
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prediction, whereas in the high-q2 region, the SM4 pre-
diction can be as high as 6%, which is about 6 times the
SM3 prediction. There is thus a significant enhancement in
ACPðq2Þ in the high-q2 region.

Table III shows the ratio of the maximal values of
ACPðq2Þ allowed within the SM4 and that allowed in the
SM3. It can be seen that with increasing mt0 , the enhance-
ment in ACPðq2Þ at low-q2 (high q2) increases (decreases)
and then saturates at�2:5 (3) times the SM3 value. At low
mt0 , the enhancement in the high-q2 region is rather large,
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FIG. 4 (color online). ACPðzÞ vs z plot in (a) the low-q2 and (b) the high-q2 region for the decay B ! Xd�
þ�� for mt0 ¼

ð400; 800; 1200Þ GeV.

TABLE III. Comparison of ACPðq2Þ in the SM3 and in the
SM4 for B ! Xd�

þ�� at different mt0 values.

½As
CPðq2Þ�max (low q2) ½As

CPðq2Þ�max (high q2)
mt0 (GeV) SM3 SM4 SM4=SM3 SM3 SM4 SM4=SM3

400 5.5% 5.5% 1.0 1.0% 6.0% 6.0

800 5.5% 13.5% 2.45 1.0% 4.0% 4.0

1200 5.5% 13.5% 2.45 1.0% 3.0% 3.0
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and makes this region more suitable for the detection of a
deviation from the SM3 expectation, just like in the case of
B ! Xs�

þ��. However, at high mt0 , the enhancement
over the SM3 value is similar in both the regions, so that
the higher branching ratio at low q2 and the higher value of
ACPðq2Þ therein makes the analysis of B ! Xd�

þ�� at
low q2 an interesting prospect.

The same arguments as given in Sec. IVB in the case of
B ! Xs�

þ�� for the saturation of ACPðq2Þ at large mt0

also apply to B ! Xd�
þ��. The allowed range ACPðq2Þ at

800 GeV and 1200 GeV is then almost identical, as can be
seen in Fig. 4.

VI. CONCLUSIONS

In this paper we study the CP asymmetry in the decays
B ! Xs�

þ�� and B ! Xd�
þ�� in the standard model

with an additional fourth generation using the Dighe-Kim
parametrization, which allows us to treat the problem as a
perturbative expansion in the Cabibbo angle 	, and explore
the complete parameter space of the 4� 4 quark mixing
matrix. We use constraints from the present measurements
of �MBs

, �MBd
, sin2�, and the branching ratios of B !

Xce ��, B ! Xs�, B ! Xs�
þ��. The results may be sum-

marized as follows:
(1) For the decay B ! Xs�

þ��, the fourth generation
of quarks may provide more than an order of mag-
nitude enhancement in ACPðq2Þ in the high-q2 re-
gion (for mt0 > 400 GeV), whereas practically no
enhancement in the low-q2 region is obtained.

Therefore, the high-q2 region is more sensitive to
new physics of this kind.

(2) For the decay B ! Xd�
þ��, the fourth generation

of quarks may provide an enhancement up to 6 times
in ACPðq2Þ in the high-q2 region. While no enhance-
ment is possible in the low-q2 region for mt0 around
400 GeV, at large mt0 (> 800 GeV) the enhance-
ment in both the low- and high-q2 region in the SM4
is about 3 times the corresponding SM3 prediction.
Since the branching ratio in the high-q2 region is
small compared to the one in the low-q2 region, the
low-q2 region becomes more attractive at large mt0 .

(3) For both the decays B ! ðXs; XdÞ�þ��, the effect
of increasing mt0 is to increase (decrease) the values
of ACPðq2Þ in the low-q2 (high-q2) region. At large
mt0 , the value of ACPðq2Þ is almost independent of
mt0 .

For a branching ratio of�10�6, a measurement of a CP
asymmetry of 1% at the 3� level would require �1010 B
mesons. Hence, the measurement of aCP asymmetry at the
level of a few percent should be feasible at the future
colliders like super-B factories [49,50]. Any enhancement
observed beyond the standard model, combined with its q2

dependence, can offer clues about the nature of new phys-
ics involved.
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