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Interactions of cosmological gravitational waves and magnetic fields
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The energy momentum tensor of a magnetic field always contains a spin-2 component in its anisotropic
stress and therefore generates gravitational waves. It has been argued in the literature (Caprini and Durrer
[C. Caprini and R. Durrer, Phys. Rev. D 65, 023517 (2001)]) that this gravitational wave production can be
very strong and that backreaction cannot be neglected. On the other hand, a gravitational wave
background does affect the evolution of magnetic fields. It has also been argued (Tsagas et al. [C.G.
Tsagas, P. K. S. Dunsby, and M. Marklund, Phys. Lett. B 561, 17 (2003)] [C. Tsagas, Phys. Rev. D 72,
123509 (2005)]) that this can lead to a very strong amplification of a primordial magnetic field. In this
paper we revisit these claims and study backreaction to second order.
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I. INTRODUCTION

Wherever we can measure them in the Universe, mag-
netic fields of 0.5 to several microgauss are present. They
have been found in ordinary galaxies [1] like ours, but also
in galaxies at relatively high redshift [2] and in galaxy
clusters [3]. It is still unknown where these cosmological
magnetic fields come from. Are they primordial, i.e. gen-
erated in the early Universe [4], or did they form later on by
some nonlinear aspect of structure formation, like the
Harrison mechanism which works once vorticity or, more
generically, turbulence has developed [5]?

In addition, once initial fields are generated, it is still
unclear whether they are strongly amplified by a dynamo
mechanism or only moderately by contraction. Since the
cosmic plasma is an excellent conductor, the magnetohy-
drodynamic (MHD) approximation can be employed
which implies that the magnetic field lines are frozen in
during structure formation. Therefore, as long as nonlinear
magnetic field generation can be neglected, the magnetic
field scales inversely proportional to the area, so that
B/p*? is roughly constant during structure formation.
Here p is the energy (or matter) density of the cosmic
plasma. For galaxies, with a density of about pg, ~ 10°p
this means that simple contraction will enhance magnetic
fields by approximately 103; p is the mean density. Hence,
if no dynamo is active during galaxy formation, initial
fields of B;, ~ 10~° gauss are needed. On the other hand,
nonlinear dynamo action can enhance the magnetic field
exponentially by a factor up to 10'3, so that initial fields as
tiny as B;, ~ 1072! gauss might suffice [6]. However, since
this enhancement is exponentially sensitive to the age of
the Universe, it remains unclear how it can generate the
magnetic fields in galaxies at redshifts of z ~ 1 or more,
where the age of the Universe was at most half its present
value, reducing the amplification factor to less than 108.
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Another problem of cosmic magnetic fields is that pri-
mordial generation of fields usually leads to a very blue
magnetic field energy spectrum,

dpp
kM+3 1
dlogk * ’ 1

where M = 2 for “causally”” produced magnetic fields [7]
and M ~ O for typical inflationary production mechanisms
[8]. Such blue magnetic field spectra are strongly con-
strained by their gravity wave production [9] and cannot
lead to the large scale fields observed today. The only
solution to the problem might lie in an “inverse cascade”
by which energy is transferred from small to larger scales.
Since within the linearized approximation each Fourier
mode evolves independently, such a cascade is inherently
nonlinear. Within standard MHD it has been shown that
only helical magnetic fields can lead to inverse cascade [6].

In this work, we want to address a weakly nonlinear
effect which has not been considered in [6], namely, the
interaction of gravitational waves and magnetic fields. We
shall study how this interaction can modify the magnetic
field spectrum. We also reinterpret a finding by Tsagas
[10], where the interaction between gravitational waves
and magnetic fields has been interpreted as ‘‘resonant
amplification.”  Similar conclusions are drawn in
Refs. [11,12]. However, in this last article it is noted that
the amplification can take place only on superhorizon
scales. And even though Ref. [12] does mention that there
is no amplification in the long-wavelength limit, they do
not really quantify this statement.

We show that the buildup of magnetic fields due to their
interaction with gravitational waves is at most logarithmic
and thus comparable to the generation of gravitational
waves by magnetic fields.

Furthermore, in Ref. [12] it has also been pointed out
that the superhorizon “amplification” is independent of
whether the plasma is highly conducting or not. This seems
physically reasonable as currents generated by electromag-
netic fields can act only causally, i.e. on subhorizon scales.
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An animated discussion on this subject followed the above
publications and can be found in Refs. [13,14]. Here the
role of a finite conductivity in an expanding Universe is
addressed but controversial final conclusions have been
reached.

The main advantage of our treatment is that we express
the relevant results entirely in terms of physical, measur-
able quantities, which renders the interpretation straight-
forward. We actually find for the density parameters of
second order perturbations that, once the scales considered
are inside the horizon,

. 2

0 = aPal, ~ oy (G2’ )
P

Gy =[5 + (0GP (3)

as one probably would expect naively. Even though most
parts of this result can already be found in the above cited
papers, they are interpreted there in a different way, and
especially in Eq. (2) it is not always noted that the factor

Qgi}v always has to remain small.

This paper is organized as follows. In the next section we
set up the fully nonlinear equations for the evolution of
magnetic fields in the relativistic MHD approximation. We
use the 3 + 1 formalism and closely follow the derivation
given in Ref. [15]. Since we are mainly interested in
gravitational waves, we specialize to the vorticity-free
case. In Sec. IIT we consider linear perturbations. We solve
the linear perturbation equations for gravitational waves
and magnetic fields with given initial conditions. We also
derive the evolution of the corresponding energy densities.
This part is not new and mainly included for completeness
and to fix the notation for the subsequent Sec. IV, where we
solve the second order equations. On this level the gravi-
tational waves interact with the magnetic field. We calcu-
late the second order magnetic field generated by this
interaction and show that for reasonable values for the first
order perturbations, its energy density remains always
much smaller than the energy density of the first order
contributions. In this sense, one cannot speak of resonant
amplification. In Sec. V we summarize our results and
draw some conclusions.

Throughout this work we use the metric signature
(=, +, +, +). Conformal time is denoted by ¢ and we
neglect the background curvature of the Universe, K = 0.
Spacetime indices are denoted by lower case Greek letters,
M, v, while lower case Latin letters, i, j are used for spatial
indices. Most of our calculations are performed in the
radiation dominated era and we shall often use the expres-
sion

a(t) = Hyakt

for the scale factor.
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II. THE BASIC EQUATIONS

We work in the MHD approximation, where we assume
high conductivity. The electric field is then small compared
to the magnetic field in the baryon rest frame which we
take to be the frame of our “fundamental observer.” In
addition, we assume the velocity u* of this fundamental
observer to be vorticity-free and we neglect acceleration.
According to Frobenius’ theorem u is hypersurface or-
thogonal and we can choose spatial coordinates in the
three-space orthogonal to u. Furthermore, in the early
Universe which is of interest to us, the dominant radiation
and baryons are tightly coupled so that the energy flux is
also given by u and we can set the heat flux ¢ = 0. In our
vorticity-free frame, the magnetic part of the Weyl tensor
H;; is related to the shear simply by

Hij = Curla'ij,

where curl is the 3-dimensional curl on the hypersurface
normal to u#. Here o is the shear of u given by

1
0',“,=§
u

= M
0 =ul,

L
(M,u,;v + up,;V) - §®puw
and P, = gu, T uyu,.
Note that the normalization of u implies 0 = u”u,., «
ugp,,. The gravitomagnetic interaction can then be de-
scribed by the following equations (see [15]):

ij

1 1
quij = _®Elj - §K<p + P + 6_7782)0-11 - D20'

1 1
- KEVMHI']' - 8®KHU + 30-<1nE]>n

1
3 K0'<inHj>n, @)

1 2
Vua',»j = _EU + EKHU - 0-<ln0-]>n - §®O-ij’ (5)

I ‘
V,B; = — gpij®B'] + 0B, (6)

1, 1 1
=—-07—= +3p+-—B?|— 202
V,0 3@ 2K(p 3p 477B ) 20 7

Here E;; is the electric part of the Weyl tensor, p and p are
the energy density and pressure of the cosmic fluid which is
assumed to follow the motion of the baryons (like e.g.
radiation before decoupling), k = 87 G is the gravitational
coupling constant, and B; is the magnetic field. We have
neglected the electric field in the above equations, since we
assumed it to be much smaller than the magnetic field, i.e.
B? > E?. The covariant derivative in direction u is de-
noted by V,, and the brackets indicate symmetrization and
trace subtraction,

1 o
Xy = E(Xij + Xji) — gpinm .
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D? is the Laplace operator on the hypersurface orthogonal
to u. The scalars B? and o are simply o> = o7;;0/ /2 and
B> = B,B'.

In addition to this we have the Einstein equation, the
spatial part of which yields

2 1 1
Rij =El]+§(KP +—KBZ _§®2 + Uz)ﬁij

8
1 1 ;
+§KHU_§®0-U+0-”<10- jy (8)
|
3
vuvuo-ij - )

2 2
= KVMH,-J- + §®KHU + gKBZO-ij + @0’<i"0'j>n + 20’<invM0'
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and its trace, the generalized Friedmann equation
1®2+l’R=K +LKBZ+0'2 9
302 P 8 '

Here R ;; is the Ricci tensor on the spatial hypersurface and
R is its trace.

From this system we can derive second order equations
for o;; and B; which are

5 4 5 1 4
D?o;; + §®Vu0',-j + (5 @2 —Zkp——kp ——kB> — —0'2)0',~j

67 3

m vua(i”‘fﬂn - KO’(i”Hﬁn

1 1 2
+ gazaij + 30’(;"[5(0,-)"’0}1»1 + 0,0 ) — 55]-),,02], (10)

and

5 1 2 1 2
Vuqul- - DzBi + §®qul + (ng — Kp + §®2 +7KBZ +*0'2)Bl‘

127 3

. . .3 . .
= O'ijquj + 2@0‘1ij + Z(VMO'U)BJ - EKHijB/ + U'?lO'DHBj + Curl.],-. (11)

Equation (11) can be obtained from Eq. (40) of [16] when
setting A; = 0, w;; = 0, and ¢; = 0. J; stands for the 3-
dimensional current. Equation (11) is obtained without
neglecting the electric field. The term curlE;, which is
present in the original Maxwell equation which reduces
to Eq. (6) if E; = 0 [15], results in the Laplacian term D’B;
and terms proportional to the wave number k times the
electric field [see Eq. (40) of [16]]. We have neglected
these latter contributions in the above equation, since they
are only relevant inside the horizon (kt >> 1), where we
can neglect the source term of the equations, as we shall
argue in the following.

In a regime of low conductivity we can neglect also the
current in Eq. (11) and the magnetic field obeys the above
wave equation, while in a very high conductivity case we
should directly set the electric field E; = 0 from the begin-
ning and solve Eq. (6), obtaining a power-law behavior
with respect to time for B;. In both cases we find that the
behavior in time of the induced second order magnetic field

Bf-z) is the same on superhorizon scales (up to uncertain
logarithmic corrections). We interpret this as the insensi-
tivity of superhorizon perturbations to plasma properties
like conductivity.

Inside the horizon, we neglect the source term. This is
motivated by the Green function of the damped wave
equation obtained when linearizing (11), which rapidly
oscillates on subhorizon scales. For Eq. (6) it is not the

Green function but the source term JE})B{I) which oscil-

lates when kt >> 1, since gravity waves start oscillating at

horizon crossing. Therefore again, the subhorizon amplifi-
cation is unimportant. The same conclusion is actually
drawn in Ref. [12], where the fluid velocities are not
neglected.

In the following we shall consider these equations in first
and second perturbative orders with respect to a spatially
flat Friedmann background

ds* = a*(—di* + §,;dx'dx).

We neglect a possible spatial curvature of the background
and work with conformal time ¢. The time dependence of
the scale factor a is determined by the Friedmann equation

5 .
(E) =£pa2 and p=—3(1+w)p(g>, w=p/p.
a 3 a

II1. FIRST ORDER PERTURBATIONS
A. Magnetic fields

A background Friedmann universe of course cannot
contain a magnetic field since the latter always generates
anisotropic stresses I1;; # 0 which break isotropy. When
considering a magnetic field as a first order perturbation,
Eq. (6) leads in first order to

B =-2pW, (12)
a

For this we use that to lowest order u = a 'd, and
(V,B); =a'(3, — a/a)B;. Furthermore p;; = g; =
a*8;; and ® = 3a/a’. This is solved by
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Bz(l)(x I) — l(l)(x) a?n
a’()’
13)
The average energy density of the first order magnetic field
is then given by

) = o (B0

BV(x, ) =BV, (x ) Zin

(t)

4( ) .

Here, we assume that the first order magnetic field has been

generated by some random process. Hence BEl)m is a
random variable and (- - -) denotes the expectation value.

We assume also that this random process is statistically
homogeneous so that (p(1)> is independent of position.

B. Gravitational waves

For the gravity wave equation we consider a Fourier
component

o (x, 1) = oV (k, 1)Q;(K) exp(ik - x),

2
Do Hx, 1) = — ’2‘( S

Here Qij(lA() is a transverse traceless polarization tensor.
We assume that the gravity waves are statistically isotropic
and parity invariant so that both polarizations have the
same averaged square amplitudes. For the amplitude
o (k, 1) we obtain to first order the usual tensor perturba-
tion propagation equation (neglecting anisotropic stresses
of the cosmic fluid)

<1>+[

where H = a/a denotes the comoving Hubble parameter,
JH = aH, where H is the physical Hubble parameter. We
now rewrite this equation in terms of the dimensionless
variable

Sk, 1) = ok, 1)/(a,0) =

We have normalized by the factor 1/a? in order for the
quantity 2, to be independent of the normalization of the
scale factor. This is not true for o which is o « @ . In this
way, 2 can be directly related to observable quantities
which are of course independent of the normalization of
the scale factor. Equivalently, we will make use of the
variable B that is defined as B = \/kB/(3Haj,) in order
to be independent of the normalization of the scale factor,
as well as 3. In terms of X the above equation becomes

o) =30+ wHE,
3 9
e

(1 + w)}[z:l m=0, (15

U(l)(k, t)/(3Hai2n).

In the matter or radiation era, the solutions to this linear
homogeneous differential equation are well-known in
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terms of Bessel functions. We are mainly interested in
the radiation epoch, where w = 1/3. During radiation
domination the Universe expands like a(r) o« ¢ such that
JH = Ha = 1/t. We can therefore express the scale factor
as

a(t) = Hyait. (17)

In the radiation dominated Universe Eq. (16) reduces to
So)- _E(l) + (k + )2(» (18)

with solution
Sy o (ko)L (ke) + yy (k)] (19)

where j, and y, denote the spherical Bessel functions of
index n [17].

We distinguish the superhorizon and subhorizon behav-
iors. In the long wavelengths limit z = kt < 1, we have

4
limz3j,(z) = limz%y(z) =~ —z.

z—0 =0

Taking into account only the faster growing mode, we
obtain

in ke \¢
E(l)(t) ~ E(l)(kT> , kt < 1, (2())
or equivalently
. a \4
(1) = E;%(;) , kt < 1. (1)

The quantity directly related to gravity waves however is
given by o) = 3H aizni(l), for which we obtain on super-
horizon scales

. a \2
o0 = o (),
mn

A direct consequence of this is that the ‘““‘gravity wave
energy density” is constant in time outside the horizon,
as we show in the next subsection. Of course the notion of
gravity wave energy density and gravity wave is not strictly
well-defined for wavelengths larger than the size of the
Hubble horizon. We shall just use the expression which is
valid inside the horizon and call this the gravity wave
energy density by analogy. It has a physical interpretation
as a true energy density only once it enters the horizon.
However, whenever this quantity becomes of the order of
the background energy density, we know that perturbations
become large and we can no longer trust linear perturbation
theory.

Let us also consider the short wavelengths limit where
kt >> 1. In this limit we can approximate

kt < 1. (22)

)2 cos(kr)

2 )(1) = (kt os(D)

Skt = 1), kt>1, (23)
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where the initial constant X ;)(kr = 1) stands for the value
of 2(;) when it enters the horizon and can be obtained from
Eq. (20),

. 1 \4

The behavior of gravity waves on subhorizon scales, k¢ >>

1, is then given by

)2 cos(kr)
os(1)

We shall see that in this case the gravity wave energy
density decreases like 1/a*, as it has to be for true gravity
waves which are massless modes.

o)1) = 3az H(kt Skt = 1). (24)

C. Energy densities

As a first physically important quantity, let us discuss the
energy densities of these first order perturbations and the
corresponding density parameters.

The magnetic energy density is

BZ B(I)Bt
I =_m_ 7 71
= 25
Ps 8 8 (25)
With Eq. (14), this becomes
at
o0 = g Bh((%) =

In the radiation dominated universe under consideration,
the density parameter of the first order magnetic field is
therefore given by

oY 8wGpld)

G B(l)m _ Q(l)
Pe 3H?

Qg)(t) = 3 H2 B in*

27)

The density parameter Qg) is constant in time. Both the
background radiation and the magnetic field which is
frozen in scale in the same way with the expansion of the
Universe. As long as the magnetic field density parameter

Qg) is much smaller than 1, the magnetic field can be
considered a small perturbation.

This is the result for a constant magnetic field. We also
want to consider a stochastic magnetic field. In this case
B(x) is a random variable and its spectrum is given by [9]

2(DB(x, 1) = (2717)3 f PEBER)EXE, (28)

(B:(k)B}(q)) = 2m)*8(k — Py;(K) Py, (k).  (29)

Here the basic time evolution of the magnetic field = a2

has been removed so that, to first order, B(k) is indepen-
dent of time. Tij(ﬁ) = 8;; — k %k;k; is the projection
tensor onto the plane normal to k. The tensorial form of
the spectrum is dictated by statistical isotropy which also

PHYSICAL REVIEW D 79, 024021 (2009)

requires that ’Pg)in depends only on the absolute value k =
|k|, and by the fact that B is divergence-free. The Dirac
delta is a consequence of statistical homogeneity." In this
case we obtain

() = j & [ PatBoB@)0-

1
JNCIOE

For the magnetic field density parameter at scale k this
yields

dk dpyy (k)
k dlogk

k3 PV (k) =

A0y (k1) _
dlogk

87G k3:P§,}>m(k) dQl. (k)
- 3027) H?, dlogk

(30)

Let us now consider gravity waves. The gravity wave
energy density in real space is given by

n — (hyh7) b
Pew =G o2’

where the factor 1/a*> comes from the fact that the dot
denotes the derivative with respect to conformal time and
the difference of a factor 4 in the normalization, as com-
pared e.g. to [19], comes from our definition of the pertur-
bation variable [g;; = az(éij + 2h;;)]. In Eq. (31) hy; is
considered as a tensor field with respect to the spatial
metric §;; so that there are no scale factors involved in
raising or lowering indices h;; = h,/ = h'/. For simplicity
we shall keep this convention in this section for all spatial
tensors.

€1V

To lowest order the shear is given by a'( ) = ah

1

Furthermore, the fact that gy is transverse and traceless

together with statistical 1sotr0py determines entirely the
tensor structure of the power spectrum

(@ (K)ol (@) = @) 8(k — )My, (K) P (k)

oin

where [9]

Mijin(K) = 818y + 8y — 881 + k™ 2(8,jkik

+ 6lmk'k' - 6ilk'k - (Slmklkj - lekikm
= 8mkik;) + k™t kik ik, (32)
We have MY ;j =4, which takes into account the two

polarization degrees of freedom. Therefore, considering
that also for the shear we do not multiply by the scale
factor while raising or lowering indices o;; = o i/, we can
write the gravity wave energy density in terms of o;; as

an _ (aijo7) 1
W 87G a*’

(33)

'One could also add a term which is odd under parity but we
disregard this possibility in this work [18].
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For the contribution to the energy density per logarithmic
frequency interval we then obtain

powlk 1) _

BPY(k, ¢
dlogk [ ( )]

@ )
18
- emG
where we have used the relation o;; = 3Ha; 2 or equiv-
alently PY(k, 1) = 9H?a? ’P(El) (k, t). Finally, we can write
the gravity wave density parameter as

dQ(l\)V(k f) 1 dp(l) 437 3p(l) (am)
TGWAR T = = k ’P k,
dlogk pe dlogk _ @apk Tx (k1]

[Pk, z)]H2(am)4, (34)

(35

We have now to distinguish between superhorizon and
subhorizon modes. Using our superhorizon result for
3y = ow/(BHa}) where kit < 1

SOk, 1) = f,”m(k)< n)

we find
pawlk ) _ 18 s a b, o (@n)*
- H2(_"‘>
dlogk (277)3 Lk sz m(k)](ain> a
d (1)
-G )3 [OPL,, (R, = 7. (36)

For the last equal sign we made use of Eq. (17). Hence on
superhorizon scales the gravity wave energy density is time
independent. Then, of course the gravity wave density
parameter grows like a*,

(1) (1)in 4
dQew(k 1) _ dgﬂ(i) ) kt <1, (37)
dlogk dlogk \a;,
where
dQWin g 437
ﬁg;ﬁ) Gl PO, (0] (38)

Inside the horizon, k¢ >> 1, we have to insert the expres-
sion of ;) given by Eq. (23) in Eq. (34), which yields
1
%rP(l) k (am)4 o — |
Vang ()
(39

For the density parameter we obtain in a radiation domi-
nated background

dpgwkt) o9
dlogk  (2@)’G

dQy(k) 24w —_—
dlogk  (m) (ktm) [Py (K]

Nl( )4d08%;“
~ 2\kt,,) dlogk’

kt> 1. (40)
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Inside the horizon, the gravity wave density parameter is
constant in time as is natural in a radiation dominated
Universe. Note that this agrees, up to the factor 1/2 which
comes from averaging cos’(kt), with Eq. (37) at horizon
entry, where (a/aj,)* = (ktm) 4 Large scale gravity
waves from inflation, are ‘“‘amplified”” for a long time
before entering the horizon, i.e. they have kt;, << 1. Only
if [ngw(k) /dlogk] is small for all values of k, perturba-
tion theory is justified. Therefore it is not sufficient if
[ng\){,“ /dlogk] is small, but we actually need that
(kty) ™ “[cz’Q(l)lrl /d logk] be small. This is better understood
if we write the energy density in terms of the metric
perturbation. In a radiation dominated Universe the *““grow-
ing”’ (not decaying) mode solution for the metric perturba-
tion is

hij(k, 1) = e;;(K)hiy jo(kt),

where e;;(k) is transverse traceless and j, is the spherical
Bessel function of order 0. Using j;, = —j; and Eq. (31)
yields

p(l) _ k k2<|h1n|2>] (kt)

GwW 87Ga’
With p,. = 3H?/(87G) = 3/(87Ga*t*) and {|h;,|>) =
P,, we find

if kr < 1.
dlogk !

= 3[(k)?j1(k0) |k P, = 3(k0)* k> P,
41)

Hence if the metric perturbations are small for all values of
k,i.e. K*P, < 1 this implies

< (kt)*.
dlogk (kt)

Therefore the requirement (ktin)*“[dﬂg\){," /dlogk] < 11is
equivalent to the requirement that the metric perturbations
be small on superhorizon scales [note that j,(z) =~ 1 for
7 1].

Before we go to the second order, let us stress this point
once more, because it is the origin of the confusion in the
literature. Inflation generates gravitational waves with an
amplitude

P, ~ (Hmf)2 <1071,
M

P

where My is the Planck mass and H;,; denotes the Hubble
parameter during inflation. The maximum value of 10~ 1% s
the maximum tensor fluctuation from inflation allowed by
the cosmic microwave background (CMB) anisotropies.

However, the density parameter on superhorizon scale is
given by [see Eq. (41)]

Qi . (kr)“(@)2
dlogk Mp

kt < 1.
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This equation is correct for any power law background a =«
19, also for matter and even for inflation. Only at horizon
crossing can the density parameter become of the order
10719, Inside the horizon it stays constant if the back-
ground is radiation. Hence Eq. (40) can be written as

dGu(K) (H_)
dlogk Mp)’

kt > 1. (42)

IV. SECOND ORDER PERTURBATIONS

In this section we include all terms of second order in the
perturbations, and we shall insert our first order results for

them; i.e. in terms of the form o;;B/ we insert a'g})B{I) or
for II;; we insert the first order magnetic fields HE}) =
B{"B\Y — (1/3)p,? B"? in Egs. (10) and (11). We obtain
the following differential equations for the evolution of the
second order perturbations Bgz)(x, t) and O'EJZ-) (x, 1):

5 1
V.V,BY = D’BY + 30V, B + 2 0°(1 - w)B
— oy g
= o3 Vuby)
+ (Dz)(l)Bgl) + curlJ,,

+200B/

(1) pJj
T 2V,0,;/'B

)
(43)

5 1
2 2 2 2
VMV,,O'E.J.) — DZO'EJ-) + §®V,40'fj) + 6®2(1 — 3w)0§j)
2
_ (1) 1) (1) 2 (1)
= kV,IL;;" + §®K1_[ij + @0‘<,»(1)”0'j>n + (D )(l)o'ij

+200 'V, 0') =V, 040" (44)

im jm’

Taking into account that V,B;;) = —(2/3)0B to-

gether with V,I1{)) = —(4/3)O11}, Eqs. (43) and (44)
can be simplified to

5 1
V.V,B7 — D’BY + 20V, BY + 01 — w)B?

(45)

ij

4 .
- [§®0,-j(1> + Wu"(l)]Bfn + (D) VB,

5 1
V.V, 0'5.]2.) - Dzag) + 3 @Vuaﬁj.) + A 0% (1 — 3w)0'512.)

2
— (1) (1) (1)
= — §®KHU + ®0'<i(1)”crj>n + (Dz)(l)aij

ol (46)

(M m _
+ 20’?[ Vucrj>n Vuo-<,»(1)” i
We have also neglected the term curlJ/; in Eq. (43). Since it
is proportional to k in Fourier space, its contribution is
important only on subhorizon scales, where we neglect the
source part. Outside the horizon, kt < 1, it is negligible.
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A. The second order magnetic field from gravity waves
and a constant magnetic field

For simplicity, and to gain intuition, we first consider a
constant first order magnetic field
Ain

=, Bk 1) =B
a

i in

B(x,1) =B in

i in

1 53(k).
a
In this case, the convolution of B}y and o), into which the
products in ordinary space transform under Fourier trans-
formation, become normal products and the second order

magnetic field B§2> has the same wavelength as the first
order gravity wave which generates it.

Remembering that o;; & a~*y/ PV = 445D one ob-
tains

) : 1
BP +2HBY + B§2>[k2 + 530 - 3w)]

— A (pl) G
—20'ij Bj ina—lg.

(47)
In principle, one has to consider the corrections to the
orthogonal spatially projected covariant derivative
(DZ)“)Bgl) due to the tensor perturbations A;; in the metric
tensor g,,,. Computing these corrections, they turn out to
be equal to zero, since the magnetic field is transverse. This
remains valid even if B(") is not constant.

Considering the expansion-normalized dimensionless
variable B® = /kB? /(@aj,), we obtain

BO 31+ 3wBY + BY
1 9

X [k2 + 3{2(5 + 3w + sz)] = fi (48)

R R e}

We investigate the behavior of the second order pertur-
bation in the radiation dominated phase.

Moreover, since the source f;(k, #) and therefore also
fBEZ)(k, t) are random variables, we want to determine their
spectra. The first order gravity wave spectrum is

S s q)) = @) M, (K)8 (k — )P (),

In

SN (@) = 427) 8 (k — PV, (K),
where M, is the gravity wave polarization tensor de-
fined in Eq. (32). It can also be expressed in terms of the
projection tensor ?ij(ﬁ), Mijim = PyPjy + PPy —
PP,y Actually (1 /2)1Ml-jl’" is the projection tensor
onto the two transverse traceless modes of a rank 2 sym-
metric tensor. The power spectrum of the second order
magnetic field B, is of the form

024021-7



ELISA FENU AND RUTH DURRER

(BP(k, )B;P (p, 1)) = @7y P;;(k) 53 (k — p) PG (k, ).
(49)

We obtain the solution for BEZ)(k, t) with the help of the
Green function method,

B (K, 1) = [ drGL 0 fik ). (50)

Here G is the Green function of the second order linear

differential operator acting on Bgz) which depends on the
cosmological background. It can be determined in terms of
the homogeneous solutions which in the radiation domi-
nated era are simply spherical Bessel functions and
powers. More precisely, in terms of z = kt, Eq. (48) in
the radiation dominated case, w = 1/3, becomes

2 2
B — EB?)’ + (1 + ?)B?) =k 2fiz k). (5D

where the prime denotes a derivative with respect to z. Two
homogenous solutions to this equation are P,(z) = z°j,(z)
and P,(z) = z%y,(z). Defining the Wronskian W(z) =
P’l (2)Py(z) — P1(z)Py(z) = 2%, a possible Green function
is

P(z)P,(z) — P1(Z)P2(Z/)‘

G(z, 7 k)= W)

(52)

The solution obtained by integrating with this Green func-
tion satisfies the initial condition fBEz)(Zin, k) =
B?)’(Zm, k) = 0. Any other solution can be obtained by
adding a homogeneous solution to this one. We discuss the
physically correct choice of initial conditions in more de-
tail in Appendix A. For the magnetic field, the initial
conditions chosen with this Green function seem adequate
to us. We can now write the magnetic field spectrum as

Bk 0B p.0) = [ a! [ aip 6w
Zin Zin

X g*(z, ZII! p)<ft(k’ Zl)f;(pr ZH))'
(53)

We solve Eq. (51), distinguishing the subhorizon and
superhorizon regimes. In the long wavelength limit kr =
7 < 1, we have to insert the solution obtained for gravity

waves EE}) on superhorizon scales and given in Eq. (20).
Therefore, the source term f;(k, ¢) reads

fik, 1) = 4/ PSR)[Z0 ™ () B ™M (Hiyain)?r,  (54)

and equivalently for f7(q, #’). The power spectrum of f;
can then be written as

PHYSICAL REVIEW D 79, 024021 (2009)
(fi(k, 2)f5(p. 2") = 16k PIR)PH@N(EH™ (k)" (k)
% BE,I)th(l)in(Hinain)4Z/Z//k_2
= 2m)38°(k — p)P;;(k)h(Z, ", k).
(55)

For the function h(Z/, ", k) we obtain the following ex-
pression:

h(Z, 2", k) = F(k)g(z)g(z"),
F(k) = kB, PV (0K g(2) = 4HEa;,2.

The solution for the power spectrum of the second order
perturbation of the magnetic field can then be written as

(B (k, B " (p, 1)) = 2m)*P;;(k)5*(k — p)
X [[Z dz7’G(z, 7, k)
X JF(k)g(z')]Q. (56)

The square [- - -]* is simple the power spectrum fP%)(k, r)
which we want to determine. Of course, the integrals in the
square brackets are solutions to our magnetic field equation

(51) with source 4/F(k)g(z). Hence \[?g) satisfies the

equation
Pl = PPk 1)
a = 4H12nain\,KB(21)in Tg)in(k)- (57)

Solving the above equation with the Wronskian method in
the regime z = kt << 1, one finds

pr—2pry (1 + 3)P ==z
z 2 K

z =kt

a
P(z) = —27, =kt < 1.
(2) T z

This yields

BZ in a\6
3PP (k, 1) = 4K%[k3 :P(E‘)m(k)](a) . k<1

in

(58)

This is the second order magnetic field power spectrum
induced by the presence of a first order field and a gravi-
tational wave. It is the growth = % of this induced field
which has been interpreted in Refs. [10,11,20] as strong
amplification. But before drawing such conclusions, we
want to compare the energy density parameter of B? with
the ones of B and oV inside the horizon, where these
quantities have a simple physical interpretation.

Inside the horizon, k¢ >> 1, we can no longer use the
above simple approximation for the source term. The
solution of Eq. (5§7) with a generic source term

024021-8
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[\/:P@)(k 1 + WPk 2] = Sk 2)
(59)

[ T(Z)(k 2] —

can be written as

VPP (ko) = f C Sk G 2 k). (60)

But, once the gravity waves enter the horizon, the source
and the Green function start oscillating and the contribu-
tion to the above integral becomes negligible. We therefore
neglect the source inside the horizon and simply match the
solution at horizon crossing with the homogeneous solu-
tions of Eq. (57) given above, that are P,(z) = z2j,(z) and
P5(z) = 7%2yo(2) (z = kt). Considering the limit z >> 1, this
yields

I3 P (k, 1) =2k ke>> 1.

(l)m (1) 1
g, )]( ) T

(61)

The energy density

To analyze this amplification which happens mainly on
superhorizon scales, let us compare energy densities after
horizon entry. The energy density of our second order
magnetic field is

dpi (k1) _

app D 3PP (k, 1
Jlogk [ ( )] -

(2 @m)?

= o PRk 7 LY. @)

The factor 1/a? comes from the fact that we have to raise
one index of (BEZ)BE-Z)) in order to compute the energy
density, while a? is due to the definition of foz) o«
Bf-z) /a;, that we gave above. The density parameter for
B® then reads
d0P k1 _ 3

dlogk  (Qm)
With H = Hy,a?,/a® we find that even though ’P(z)(k 1) is
growing like 7% on superhorizon scales, the density parame-
ter grows like Qg\))v After horizon entry, this growth stops

and Qg) remains constant. Inserting the solutions (58) and
(61) for k3 T%)(k, 1) gives
QP (k1) _
dlogk
on superhorizon and subhorizon scales.

Hence, even though the second order magnetic field B,
is growing considerably, this reflects only the growth of the

(G ) PP ] (63)

dQN (&, 1)

dlogk Qg) ©4)

unphysical density parameter ng))v on superhorizon scales.
Once this is factored in, the magnetic field density parame-
ter behaves naturally,. The values for both

PHYSICAL REVIEW D 79, 024021 (2009)

[dQ (k) /d logk](kei,) ™ = [duy (k)/d logk] and Q.
are at most of the order of 107> and smaller. For the gravity
waves, we have seen that [ng\){,n(k) /dlogk](kt;,) % is just
the square amplitude of the metric perturbations on super-
horizon scales, which has to be k*P, < 107 '° in order not
to overproduce CMB anisotropies on large scales (inte-
grated Sachs-Wolfe effect). Similar arguments yield
Qg) < 107 on large scales (see e.g. [21,22]). Therefore,
even though we agree with the calculation in Ref. [10], we
do not agree with the interpretation. If the gravitational
wave energy density is as small as required by the mea-
surements of CMB anisotropies, Qg) always remains
smaller than Qg). Furthermore, up to logarithmic correc-
tions, B@ inherits the spectrum of the first order gravity
waves.

In the next section we show that this conclusion persists
also if we allow for a stochastic magnetic field. Just the
computation becomes more involved.

B. The second order magnetic field from gravity waves
and a stochastic magnetic field
In the case in which the first order magnetic field is not
spatially constant, all the products EEJI-)(X, t)B{ l)(X, t) be-
come convolutions in Fourier space

[ dxe s 0B,
1
@m)p

where the projector P! = 8" — k;k" projects onto the
transverse modes. The result of this convolution is a mag-
netic field and therefore transverse. Hence this projector is
not strictly necessary. But as we shall see, it simplifies the
calculations.

Our equations are written in terms of the dimensionless

P [ dg3,)a 0B}k ~ q.0)

expansion-normalized variables B(z)(x t) and 2(2)(X, 1),

and we want to express their power spectra in terms of
the power spectra of the first order random variables

BEI)(X, f) and EE})(X, t) for which we assume simple power
laws

(1 a;
Bk, 1) = B (),

a’
B, 1) = B 2,
2 (B(l)m(k)Bx(l) 1n(q)> _ (277)%:73 (f()53(k — q)’Pg)in(k),
BY"K)B (@) = 227 8 (k — q) Py, (k),
PO (k) = {[3(1)ln/\3]()tk)M for k < kq
B in 0 for k > kg,
(65)
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where k; is the damping scale which we assume to be
always much smaller than the Hubble scale. The scale A is
arbitrary, e.g. the scale at which we want to calculate the
magnetic field. With this normalization B(l) is simply the
amplitude of the magnetic field at scale A at time #;,,. At any
other moment, the magnetic field at scale A is given by
Bl(‘ll) 2 [a*(1).

Equivalently we have for the gravity wave power spec-
trum

Sk, 1) = SUK)T (K, 1),

(025 @) = 2 My, (K5 (k — )P, (K),
(S0, (@) = 42m)?* 8 (k — @ Py, (k)

PY (k) = [32, ATk (66)
Here the transfer function T'(k, 1) keeps track of the deter-
ministic time dependence of the gravity waves. In the
previous section we have derived the well-known behavior
of the gravity wave transfer function which oscillates on

subhorizon scales, kt >> 1, and behaves like a power law
on superhorizon scales. For the radiation dominated case,

=)

Starting from Eq. (45), we can write the following
evolution equation for the second order perturbation

kt < 1. 67)

Bgz)(x, 1)+ ZHBgz)(X, f)—a

1 2
+§5-[ (1

2p2B?(x, 1)
—3w)BY (x, 1) = 2a0{) (x, B, (x, 7). (68)

Replacing B(z) = 3HamB(2)/\/E and O'EJI) = 3Hda? EEJI),
we obtain

B (x, 1) — (1 + 3w)HBP(x, 1) —
+ (% + 3w + ng)}[zsz)(x, )

a>D*BP (x, 1)

— 2JRaaBly x 0[ $0x. 0 =3 H (1 + w0 |
(69)

This is the same differential equation as for the constant
magnetic field. In Fourier space this equation becomes
H(2 (2 ©)

B (K, 1) — (1 + 3w) H B! )(k 1)+ B (K, 1)

X [k2 (; + 3w 42 oW )3{2] = fik, 1), (70)

where the source f;(k, ¢) is now given by a convolution

PHYSICAL REVIEW D 79, 024021 (2009)

Fil, 1) = = JRana®, (k)[ [ #asan

(2 Q@m)?
X Bl (k —q,1) - —(1 + w)}[[d3q2(“(q, )

X Bl (k — q t)]. (1)

In terms of the variable z = kt we obtain again Eq. (51).
As in the previous section we solve it with the Green

function method. Therefore, the power spectrum of Bgz)
is given by

(BP(k, )BP(p, 1)) = 27)’8*(k — p)
X (8;; — kik)) PR (k, 1),
with
Pk 1) = f; d7 f: d7'G(z, 7, k)G"(z, 2", p)
X (fi(k, 2)f (P, 2"),

where z = k. In the radiation dominated epoch (w = 1/3)
the source term reads

JR amau'):Pr(k)[ [ Pq30(q 1)
(k —q 1) — 27"

fi(k’ tl) =

(2 )’

X B’(’})

[ Pq3iNg, 1) Bk —q, t’)]

aln r
(277)3 Ve iy B

X [ [ @ asir@ra. 0B w —

~23{(0) [ g2 @1 OBk ~ ) |
(72)
and equivalently for f7(p, #). To determine the power

spectrum of f; we assume that the magnetic field B
and gravity waves o7}y are uncorrelated, so that

16k
(2m)°

< [T R, p)

(filk, ) f5(p. ")) = H () FH (")

X j Py [ Bs(Sn(q)SHn(s))

X (By"(k — q)B"""(p - 5))
= 2783 (k — p)P;;(k)A(t, 1", k).
(73)
The function A(#, ¢, k) is given by [9]
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/o / I a(t)a(r")
W0 = )zaﬂ " (1 >[ = ]1(k>,
1) = f Pa(1+ 921+ )PV ()P, (1K — qgl),

(74)

where o = k - (k/—\q) and y = k - §. We neglect the an-
gular dependence of (1 + y?) and (1 + «?) and simply set

(1+ )1+ a?) =1.
We then have to solve the following integral:

1/ max(#,1")

I(k) 4,”_2(1)“1 (1)inAA+M+6_/O dqqA+2

1
X f du (k2 + g% — 2ukq)M/2.
-1

Here we evaluate the integral only up to the scale ¢ which
enters the horizon at the latest of the two times. All scales
g < 1/ max(, ") are superhorizon from #;, to max(#/, /).
A soon as g enters the horizon, the gravity wave transfer
function begins to oscillate and the contribution to the
integral becomes negligible. The integral over u can be
evaluated; for M # —2 it yields

) =87 _s2 g2 paeme /l/maxw dqq" "
24+ M (1)in (l)m 0 kq
X (lk + q|M+2 _ |k _ q|M+2)'
We shall not treat the case M = —2, where the angular

integral introduces a logarithmic dependence on ¢. This
corresponds to approximating log(k/q) ~ 1. We approxi-
mate these integrals by their dominant contribution.
(1) If the spectra are sufficiently red such that A + M +
3 <0, the result is dominated by the region k <
1/ max(#, ¢') and we obtain

I(k) = 1677'2(1)n (in

1
)l3 Mk A+M+%<
(k) A+3

1
_A+M+3)'

(i) On the other hand, if the spectra are blue such that
A+ M+ 3>0, the integral is dominated by its
value at the upper boundary

1

A+M+3
]A+M+3

I~ 16732 A3

(l)m (1)1n
x[ A
max(?, )

If, as in the previous subsection, we can write the
function A(¢, t, k) in the form

h(t', 1", k) = F(k)g(f')g(1"), (75)

PHYSICAL REVIEW D 79, 024021 (2009)

we can proceed as we did before to obtain the results (58)
and (61). A source where the time dependence of the
unequal time correlator factorizes is called ‘“‘totally coher-

nt.” In the totally coherent case, the power spectrum is
simply the square of the solution which has as its source the
square root of the power spectrum of the source [23]. In
most cases, the unequal time correlator is more compli-
cated than this, but the totally coherent approximation is
often quite reasonable [23]. If the source is totally coher-

ent, the square root of the power spectrum fP%) simply
satisfies the same evolution equation as B, with source

term \/Fg.
(i) If A+ M + 3 <0, we can write
128 7k 1
F(k) = —— (kA A+M+3A3<_
(k) Qm)? (kA) A+3
_ ! )
A+M+3)

g(f) = B(l)igzz(l)in 5_[(/)[12(1‘/).

in

(ii) For A + M + 3 >0, we set

1287k 1 M6
Qm)? A+M+3 '

m2 in (A+M+3)/2
g(t’) (1) (1)i 5_[( ’)aZ( /)( ) Rk .
a

m

F(k) =

This corresponds to replacing

1 (A+M+3) b 1 \A+M+3)/2
[nnaX(ﬂ,t”)] Y (7?”>

which is of course not entirely correct and we expect this to
overestimate the true result somewhat. However, within the
accuracy of our approximations this is sufficient. To obtain
a more accurate result we would have to expand the
function h(k, 7, ") in eigenfunctions with respect to con-
volution in time, as it is done in Ref. [23].

Within this totally coherent approximation we can now
solve the problem like in the previous subsection. In the
case A+ M +3<0 we find on superhorizon scales,
where the source is active

327k [BPY. (k 6
CPR k=2 KT e P 0.
kt < 1. (76)

On subhorizon scales, performing the matching at horizon
crossing, we obtain

167k [k TB (0]
@m
kt> 1.

I3PY (k, 1) =

(1) 1
[P in<k>]( ) (st
(77)
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If A+ M + 3> 0, we analyze in more detail only the
case A=~ —3 and M = 2. The spectral index A = —3
corresponds to a scale invariant gravity wave power spec-
trum as it is obtained in slow-roll inflation [24]. The index
M = 2 characterizes a causal magnetic field B(;). In this
case, we have to solve the differential equation

2 2
P"——P'+(1+—2)P=3
Z Z

64
a = (ainHm)zB(l)E(l) (2 7)7; )ls

(78)

where the source is constant in time. Detailed comments
about the initial conditions chosen for the solution of the
above equation can be found in Appendix A. Finally, we
can write the solution for P(z) in the case where 7 = kt <
1 as

P(z) = %zz log<i), 7 1.
k Zin

The power spectrum of B? on superhorizon scales is
therefore given by

167« [IBPY. (k)]
2m)3 Hi2n

! lo ( a )
" et % \ay
kt < 1. (79)

3P (k, 1) =

G Pghr,(k)](j:)“

On subhorizon scales, z = k¢ > 1, we match the super-
horizon solution at horizon crossing with the homogeneous
solution of Eq. (78), as we did above, obtaining

327k [BPY. (k
k3fpg)(k, t) ~ [ B 1n( )]

e, ()

(277)3 H12n in
|
X log?(kt;,),
iy 08 (Kiin)
kt > 1. (80)

1. Density parameter

Using Eq. (62), we find the following expressions for the
energy density of the stochastic second order magnetic
field. If A + M + 3 <0, we have on superhorizon scales

@)k, in
dlo(gkt) (2 )3 P 1 )(a )
2887 5 (1) 3(1)
= [Py L TEPY (0] 81

This results in a density parameter for B() given by

PHYSICAL REVIEW D 79, 024021 (2009)

dQP (k1) _ 1 dp (k1) _ dOy (k) dQ8 (k1)
dlogk  p. dlogk ~  dlogk  dlogk '’
kt < 1. (82)

Inside the horizon we obtain for the second order magnetic
field density parameter

dQ. (k) dQW (k)

dOP (k1) _
dlogk  dlogk '’

dlogk

kt > 1. (83)

The gravity wave density parameter [dQ(l) (k, 1)/ dlogk] is
given by Eqs. (37) and (40) respectively. This corresponds,
as in the previous section for a constant magnetic field, to
the naively expected result, Q7 ~ 982,,95,9.

For blue spectra, A + M + 3 > 0, the second order mag-
netic field density parameter reads in the interesting case
A = —3 and M = 2 on superhorizon scales

dQP (k1) 12 dQY, (k) a8 (K 1) o 2<i)
dlogk (kt)>  dlogk dlogk ai,
dOY (k1) a0 (k
2 GW( ) B m( ) (kl)3
dlogk dlogk | =1/
X 1og2(i), kt << 1. (84)
Adin

Note that the value of [ng)(k, t)/d logk] on super-Hubble
scales is affected by [ng)(k,) /dlogk,] at horizon crossing
k, = 1/t which may well be larger than [dQ (k)/d logk]
but of course also has to be much smaller than 1.

This expression grows only logarithmically faster than

[dQ(l) (k, t)/dlogk]. The growth stops at horizon entry
where the second order magnetic field density parameter
has acquired a factor log?(kt;,). Inside the horizon we
obtain a density parameter of

dQP (k1) _
dlogk

| 2dng>m(k) a0l (k)

kt> 1.
dlogk  dlogk

gz(ktin)’

(85)

Up to the logarithmic correction, this corresponds to the
result for red spectra above.

2. Reheating and matter dominated epochs

In order to make contact with Refs. [10,20], we now
repeat the calculation in a matter dominated background
(w = 0). We want to point out that the results we obtain are
mathematically the same as the ones found in [10]. The
only difference lies in the interpretation. In the previous
paragraph we have seen that, even though

(1)
dQ) W(k) (kt ) [kB?g)m(k)]’

dlogk

and even though (kt;,)”* can become very large, this
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product is never larger than about 107!, We believe that
this point has been missed in Ref. [10].

If w = 0, the scale factor grows like a = 2 so that H =
2/t. As mentioned before, for the superhorizon amplifica-
tion the question whether the conductivity is high or low is
not relevant.

From the first order perturbations, we obtain the same
behavior for the magnetic field B") in terms of the scale
factor, therefore the density parameter is then given by

A0V (k1) _ 87G [PV (0] ai,
dlogk 32w}  H '

(86)

The first order gravity waves on superhorizon scales now
behave as

sk, 1) =3 (k)<i>3. (87)

ij in
Ain

(1) (1)
dQy’ (k1) dQgy (k1)
dlogk dlogk

dOF (k1) _
dlogk

dlogk dlogk

On subhorizon scales the density parameter turns out to be
given by

A0S (k1) _dOY (k 1) Q% (k 1)

dlogk dlogk dlogk
O (k1) (Hinr)?
~—— 877 , kt>1, (91
dlogk (MP) Ob

for both cases A+ M +3<0and A= -3, M =2,upto
logarithmic corrections. Here 7, stands for the horizon
crossing time, f; = 1/k, and in the last =~ sign we have
used that [dﬂg\),v(k, t,)/dlogk] = (H,,;/Mp)? is the gravity
wave density parameter at horizon crossing, which is
smaller than 107'°, This means that the second order
magnetic field does not grow larger than the first order
one. Inside the horizon they both decrease like o a~!. Qg)
stays always much smaller than QW as we have found in
the case of a radiation dominated background.

C. Second order gravity waves

Starting from Eq. (46), we can write the evolution

2

equation for o} in real space (x, 1) as follows:

3
0"5-5) — a2D2a'§]2-) — 55‘[2(1 + w)crf?)
1 1 (1
= —2Ka5-[H§j) + [a}[0'<i(,)”a§>zl + 2“”(;’(1)”0';'),),

92)

om0 L
401y ) 2

The factor 1/a” in the source part of the above equation
comes from the fact that in Eq. (46) we had to add factors

(kﬁ3[d9gkka] a0 (k1)
k=1/t
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Once the gravitational waves enter the horizon, they start
oscillating and the energy density decays as radiation.
Therefore in this case the relative density parameters for
the first order gravity waves is

1
%;’Z” = %[kwgnn(k)](aim)? ke < 1.
(88)
On subhorizon scales we obtain
AN (k) _ 247 | ap) 1
(89)

Computing finally the induced second order magnetic
field density parameter, we obtain the naively expected
result on superhorizon scales

forA+M+3<0

kt < 1. (90)

log?% forA+M+3>0

[
a?(t) in order to lower or raise indices. On the other hand,
now we deal with purely spatial tensors such that o;; = o/
and also ¢;; = o/

Introducing again the dimensionless expansion-
normalized variable Ef?), the previous equation can be
written as

.. . 3 1
S =301+ WHEP + 3305w + 2w + )50

_ a2D2E$)
_ 2@ o .3 U——
LT [_5(1 + 3w H2E ) "%,
S N n Ain 2

As for B?, the source is given by the first order perturba-
tion magnetic field [HS})] and the first order gravity waves
and does e.g. not couple to the second order magnetic field.
Since we assume the first order magnetic field and gravity
wave fluctuations to be independent, we can add the power
spectra for the solutions of the individual source terms,

BPY (k1) = BPY" (k1) + B PYY (k, 1),

where ?(22) (k, 1) is the power spectrum of the solution of
Eq. (93) with source term I1) only and ’P(Ez)Gw(k, f) comes
from the source terms containing (1),
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1. Magnetic field part of the source [k* ’P(Ez)n(k, n]

Considering first the magnetic field part of the source,
we have to solve the following differential equation in the
momentum space (K, 7)

$0)_3(1 4 )50
[k2 + 35—[2( w2 + 2w + )]2(2’ fijp (99
where the source is given by

K—H(l)(k ). (95)

fif(k, 1) = 3

1[1

As before, we have to compute the unequal time correlator
(I} (&, I (p, 1) = (283 (k — p)
X Mj(K)R(K, £, 1), (96)
where the anisotropic stresses are given by

1
167(2m)3

% j BBV (q, BV (k — q, 7).

Yk, o) = - M, (k)

(1/2)M, j"“(l}) is the projector on the tensor modes. We
have neglected a trace contribution to the magnetic field
stress tensor since, once we project with Ml-j"‘, the trace
vanishes.

After some computation [9], we find for the function
h(k, ¢, t'") the following expression:

hk, ¢, ") =

1 2
o 4(277)3 “[au') ) oD

1(k) = f Bl + )1+ )PV ()P (k — q).
(98)

where a = k - (k’—\q) and y = k - §. As before, we ap-
proximate (1 + y?)(1 + a?) =~ 1. With this, we obtain the
following expression for the expectation value of the
source term:

I a2(ta?(")

(fij(k, 1) fra(p, 1)) = 7

n

X <H“>(k IV (p, ). (99)

The expectation value of the stochastic variable 2512.) can be

written as
2k N3 (p, 1) = @m)* 83 (k — p)
X M (R)PL(k, 7). (100)

If <H(1)(k t’)l'[*(l)(p, ")) can be written as a product of a
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function of (k, ¢') and (k, "), this source is totally coherent
and we can write the function h(k, 7, ') of Eq. (97) in the
form

4, a(i)aX(l")
—Kf—

9 i hk 1) = F(R)g(1)s ("),

where we introduced the prefactor of /4 since we finally
need an expression for the unequal time correlator of the
source, as in Eq. (99), while the function /& alone is only
part of the correlator of the anisotropic stress, Eq. (96).
The square root of the power spectrum is then a solution

of the differential Eq. (94) with source term +/F(k)g(7).
Written as differential equation for the variable z = kt and
setting w = 1/3, this becomes

WPPT ) = PP ) + (1+5)
Wg(z/k).

As for the second order magnetic field, we distinguish
between two cases. First we consider 2M + 3 > 0. The
integral / is then dominated by the upper cutoff. The
magnetic field is not oscillating and we therefore take
damping scale k; as the upper cutoff. We neglect the
slow time dependence of this scale. Using Eq. (65) for
the magnetic field power spectrum, / can be approximated
by

X [YPY" (k 2)] = (101)

87 (1)4 43 2M+3,
= B.
2M + 3[ A (k)

Hence the functions F(k), g(¢') are given by

K2 1
36(2m)* 2M + 3
g(t)=1.

In the case 2M + 3 < 0, we obtain

F(k) = (M )2M+3[B(1)4/\3]

1 1
(D443 2M+3

I= B. - .
8B, AJAK) (M +3 2M+ 3)
This case is totally coherent and we can set

[(1)4 3]( 1
M+ 3 2M+3

Fk) = W )(Ak>2M+3,

g(t)=1.

We now solve Eq. (101) for the two different source
terms.
(1) In the case 2M + 3 > 0, we can write Eq. (101) in
the form

pr—tpy (1 +—4>P -2
2
Z Z

k*’
|P| = \/Tg)n(k, 0,  a=F(k).

7 = kt,
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Solving the above equation on superhorizon scales
and following the considerations for the choice of
initial conditions explained in Appendix A, we find

P()~— 2 2

2k2z’ 7k 1.

This gives the second order power spectrum

K> [k3 Tg)m(k)]z
36(27)*(2M + 3) H?,

a \4 kd 2M+3
GG
Ain k

BPP" (k, 1) =

kt < 1. (102)
This is equivalent to a density parameter for 3
given by
dQAN k1) 140V (k) 2M+3
dlogk _[ dlogk ](k)
[T
L dlogk ky)’
kt < 1. (103)

Inside the horizon, the Green function oscillates and
we can neglect the contribution from the source. The
solution for the power spectrum is then given by

2 Ry 208 (k)72
i3 f‘p(Z)H k f) = K [ B in ]
s () 362mteM +3)L  H?

a \4 kd 2M+3
X|— e »
(ain) <k>

kt > 1. (104)

Therefore, the second order density parameter is
given by the same expression,

@ . 2/ k\3
dQéw (k1) [—dQB "‘(kd)] (ﬁ) , kt > 1.
dlogk dlogk ky
(105)

Up to logarithmic factors this result agrees with the
findings of Ref. [9].
(i1) In the case 2M + 3 < 0 we have again to solve the

equation

4 4 o

P”——P’-l—(l +—>P=—. 106

: S)P=5 (106)

Hence
a
P(z) = ——722 <1

(2) TR b4

But now
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K
a=—"
6(27r)?
1 1 1
% |- — 2m+31 g(D2 )31\ M
\/2(M+3 2M+3)k LB ATIA,
so that

2 3p(1)
3 p@N ~ K k> Py in(k)]2< a )4
Pk 144(27)4[ H? ain)

kt < 1. (107)

As in the first case, the density parameter is the same
for kt <1 and kt > 1,

dOG (k1) [dﬂg)m(m]%

108
dlogk dlogk (109

2. Gravity waves part of the source [k* ’P(Ez)Gw(k, 1]

Let us finally consider the part of the source given by
first order gravity waves. In this case, we can write the
source f;; as

fii(x, 1) = [—%(1 +3w) H2E S + 6 H 3 )

/>n
sarsesy ().
a

0 (109)

As before, we ignore the traces that are present in the above
products, once we evaluate them in the momentum space,
since we project them out with (1 /2)j\4i]-l’” afterwards.

Remembering that X;; = X7, we have on superhorizon
scales, where the transfer function is given by Eq. (67),

ns (1) = ! *
[ 0" 2,006, 1) = W<a_m)
X f g3y (@ (k — q),

S0 S0k, 1 = [0, S0k, 0

é})i (am) My (k)

X f P (@SN — q)

Mijlm (f()

These equations are strictly true only on superhorizon
scales where 3 o 1/a*. However, since inside the horizon
3 oscillates and the contribution from the source is negli-
gible, we can use this approximation. Setting w = 1/3 we
can finally write the source in the form
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s () M9

X [ & pSinpyshinge — p),

fijk, 1) =

(110)

and the two-point correlation function of the source part
reads

<fij(k? t/)fjc(q’ t”)> = (277)363(1( - Q)Mun(f()h(k, ZJ, t”)»

hik ¢, t") =

- (21 U IR,

v, =4 300300 [“OT[4OT

in in

1(k) = Mg, (k) fd3p[-7vlznbf(f))
X andf(k’:p)

+ Mlndf(f))mmndf(k/:p)]
x PV (0)PY L (K — p)).

More details about the computation of A(k, #'#") and of the
four-point correlation function of the gravity waves can be
found in Appendix B.

Using the tensor calculus package XACT for
MATHEMATICA [25], we can compute the above products
of the three projectors,

Mbdlm(R)[Mlnbf(f))mmndf(k/_\p)

+ Miar®) M,k — p)]
=2(1+a*>+ B>+ a’B> — 8aBy + ¥*

+ a?y? + B2y + a?By?) =2, (111)
where o = k - (k’—\p), B=p- (k’—\p), and y =k - p.
Again we have approximated this angular dependence by
a constant to simplify the calculations. This approximation
is well justified within our accuracy. In order to write the
function h(k, ¢, 1) =~ F(k)g(¢')g(¢""), we have to evaluate
the integral / as before. We first consider the most interest-
ing case of a scale invariant spectrum, A = —3. Up to an
infrared log-divergence which we neglect as usual (this
divergence can be avoided if we choose A = —2.99 instead
of A = —3), we have

8177 (1)
2(277_)3 [k% ?2 1n(k)]2 k3 ’

sty = 300407

n

Therefore, the equation for \/’P(EZ)GW(k, t) in the radiation

dominated era becomes

F(k) =

PHYSICAL REVIEW D 79, 024021 (2009)

o (1 + iz)P =
Z

1| 817 [PV (P

Pl=yPYN k), a= 22m° B

The superhorizon solution, evaluated always with the help
of the Wronskian method and keeping only the nonhomo-
geneous part as explained in the Appendix A, is then given
by

P"(z) = @ 2=k

IR

71k 1,

that yields a contribution to the gravity wave power spec-
trum given by

BPYV (k1) =04 Py k2< :
&) (2 )3[ > (0] ) (112)

kt < 1.

For the density parameter on superhorizon scales this
yields
dOG 1) _ Ol[dﬂg\k(k, t)]2
dlogk ’ dlogk 1’

Considering now the subhorizon limit, we obtain for the
power spectrum the following expression'

kt << 1. (113)

4
BPYV (k1) =01 —[KPY. (k)P (“ )
s ( ) (277_)3[ >, ln( )] (kl‘m)g
kt> 1, (114)
and the density parameter becomes
3 dQW (k)12
ey (k1) o.oz[ﬂ] L k> 1 (115)
dlogk dlogk
On the other hand, when 2A + 3 > 0 we have
8l 1
Fl) =27 54 )6+24 ’
® 2(24r)? ~(Win 2A +3

e = o[ LOT ("

In the radiation epoch the equation for \/ T(EZ)GW(k, f) reads
4

P —-P+ (1 + iz)P = az®/274),
Z Z
817 1 5
= /2?(1) k
“=V2amr a3t nl )(k )

Solving the above equation in the long wavelengths limit,
we find

a
P(z) = Ezg/ 4,

where the exact prefactor depends weakly on the value of
A. For the power spectrum this results in

11,
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8lm a\12
3 pIGW ~ 3p). 2 —24-3
PP (k, 1) = 827 [Py, (k)] (am> (kt) ,
kt <1, (116)

and inside the horizon this reads

817 3.p01) 2(1)4 1
i6amr - T nORG) G

kt > 1.

BPYV (k, 1) =

(117)

Translating this to the density parameter as above, we
obtain

Gy k1) _ TG0 T? (k)24
dlogk L dlogk '
rdQY) (k) 2
~ 0.2 —SW2 ] (kt)3, kt < 1,
| dlogk | =1/
dOGy (k1) _ - rdOG (KT
TEGW R U | S GWRR > 1. 11
dlogk - N "Jlogk | kt (118)

V. SUMMARY AND CONCLUSIONS

In this work we have studied the evolution of stochastic
cosmic magnetic fields and gravity waves up to second
order in the perturbations. We have especially calculated
the density parameters of the generated second order per-
turbations. We  start with density parameters
[dQW (k, 1)/dlogk] and [dQN, (k, 1)/dlogk] which are
related to the first order magnetic field and gravitational
wave power spectra in Sec. IIIC. Since tensor perturba-
tions grow on superhorizon scales, the gravity wave den-
sity parameter grows on super-Hubble scales and only
becomes constant once the perturbations enter the horizon.
For perturbation theory to be valid, we of course have to
require that these density parameters are much smaller than
unity. As we have seen in Sec. IIIC, to require that

[dﬂg\),v(k, t)/dlogk] is smaller than 1 also on sub-Hubble
scales is equivalent to

Ok (e

—_— (119)
dlogk Mp

(ktin)4

Here we summarize the new results on the density
parameters for second order perturbation on subhorizon
scales. For magnetic fields, we obtain

2) ) )
WP 000 HOLE
0g

) 120
dlogk  dlogk (120)

up to numerical constants and logarithms which are beyond
the accuracy of our approximation. Hence, it is not correct
that the presence of gravity waves resonantly enhances a
first order magnetic field. The second order density pa-
rameter is quite what we would naively expect and it is
much smaller than the first order perturbations as long as
the latter are small. Also on superhorizon scales, the sec-
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ond order magnetic field density parameter is always much
smaller than the first order one; see Egs. (82) and (84).

Since the growth comes from superhorizon scales, con-
ductivity is not relevant for this result. We have shown that
also in a matter dominated background we obtain

dQY (k) _ dQby (k)

A0y (k) (Hmf)z dQy (k)

dlogk ~— dlogk |u=1 dlogk Myp) dlogk
(1)
<3 ) (121)
dlogk

hence no significant amplification.

Second order gravity waves are induced on the one hand
by the anisotropic stresses of the first order magnetic fields
and on the other hand by the quadratic terms in the evolu-
tion equation for o;; which are e.g. of the form o;,, 0"} and
similar expressions. In Sec. IV C 1 we have shown that the
second order contribution from anisotropic stresses on sub-
Hubble scales is of the order of

1

[P if 20 + 3> 0

a0V ()1
[ dlf)gk ]

dOI (k1) { (122)

dlogk

if 2M + 3 <0,

both on superhorizon and subhorizon scales. Note that the
above expression is continuous at 2M + 3 = 0, where both
expressions scale like (kA)? and are independent of k,. One
should point out that we neglected the slow time depen-
dence of the damping scale. Correctly one has to choose
the value of the damping scale at horizon crossing, k;(7;)
with 7, = 1/k. Depending on the magnetic field spectrum,
the resulting gravity waves come mainly from the small
scale magnetic field, if its spectrum is blue 2M + 3 > 0. In
this case the gravity wave power spectrum is always pro-
portional to k. In our case of a simple power law magnetic
field spectrum, this behavior is maintained for all £ < k. If
the magnetic field spectrum is red, 2M + 3 <0, gravity
waves depend on the field at scale k and their spectrum is
the square of the B-field spectrum. In the first case, the
nonlinearity leads to a ‘“‘sweeping” of magnetic field
power on small scales to gravitational wave power on
larger scales. This can be regarded as an inverse cascade
of small scale magnetic field power into large scale gravity
waves. But in no case can the gravity wave density pa-
rameter become larger than the one of the magnetic field,
which has to be much smaller than 1, for perturbation
theory to be valid.

A similar result was already obtained in Ref. [9].
Contrary to this reference we have no logarithmic buildup
of gravity waves. This comes from our different treatment;
we directly calculate the shear o;; and not the tensor
perturbation of the metric /;;. In this way we lose the log
term  which corresponds to the homogeneous h;; =
constant solution on superhorizon scales to which we are
not sensitive. However, in our more qualitative work, we do
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not want tp insist on log terms which we neglect in this dﬂg\% (k1) _ ng\)N(k’ RE
work also in other places. —oar | T dtozk | k> 1,  (123)
The second order gravity wave density parameter in- 08 g
duced by first order gravity waves is given by on subhorizon scales.
Adding both contributions we find
a0y (k) O k.
ng\)N(k, t) ~ [ dlf)gk; ]2(%)3 dGlggk ]2 if 2M + 3 > 0’ kt > 1 (124)
- k A0 (k, .
dlogk (W 4 [2ekip if 2M +3 <0,k > 1.
I
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APPENDIX A: GENERAL SOLUTION OF A
DIFFERENTIAL EQUATION WITH THE
WRONSKIAN METHOD

Here we discuss in detail the Wronskian method with
which we find the solution of the differential equations in
this paper. If we have a inhomogeneous linear second order
equation with inhomogeneity S(z), its most general solu-
tion is of the form

P(2) = ¢1(2)P(2) + c2(2)P5(2) + a1P1(2) + a,P5(2),

where P(z) and P,(z) are two (linearly independent)
homogeneous solutions which we suppose to be known,
W(z) = PP, — P} P, is their Wronskian, and

o) =~ [“ang i po,
@) = [ arg

The particular solution given by the first two terms is such
that P;,,(z) = ¢,(2)P,(z) + ¢,(z)P,(z) vanishes at z = z;,
and also P!, (z;,) = 0. The general solution is obtained by
adding a homogeneous solution Pp,,(z) = aP(z) +
a, P,(z) with arbitrary constants a; and a,.

Let us first consider the example given in Eq. (106),

pr—2py 1+4 P=2=,
z K2

where a/k? is a constant source term. The homogeneous
solutions are given by P, (z) = z3j,(z) and P,(z) = 23y,(2)
and the Wronskian determinant reads

W(z) = 2>

In the regime z << 1 we can approximate the spherical
Bessel functions by powers and we find the following

2 4
a (7 4
3k2(2 2z t e Zzin) ' + az,

m

P(z) = —

(AL)

where we have used the fact that, when z << 1, we can
approximate P,(z) ~ z* and P,(z) = —z. Now it is impor-
tant to notice that the second and the fourth terms of the
inhomogeneous solution (A1) have the same functional
behavior as homogeneous solutions and we can always
choose a; and a, such that the homogeneous part cancels
them. This is actually always true for the contributions
from the lower boundary of the inhomogeneous solution.
This may sound pedantic, but it is very important in this
specific case as the second term in (A1) dominates if it is
present. In our analysis we have always subtracted such
“homogeneous contributions” and only kept the “minimal
part,” which in this case is

(Z)N_ 2z, 7 1. (A2)
This procedure is important and it is responsible for the
results which we have obtained. We justify it also by the
fact that the first order solution has exactly the same time
evolution as the homogeneous term and therefore a term
o 74, present at early times, should be included in the first
order perturbations. Once the wave number has entered the
horizon, z > 1, the Green function starts to oscillate and
the additional contribution to the integral can be neglected.
We then can match the inhomogeneous solution at horizon
crossing to the homogenous one at later times. Up to
matching details which we have not considered, this yields

P(z) = 2k2 72 cosz, 7> 1. (A3)
In the same way, we deal with Eq. (78)
4 4 a
P”——P’+(1+ ) P=—. A4
z z? K (A9

The homogeneous solutions are P,(z) = z2j,(z) = z* and
P,(z) = 7%yy(z) = —z. These approximations are valid for
7z < 1. Using again the Wronskian method, we obtain the
following general solution on super-Hubble scales, z < 1:
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P(2) ——( 2log( ) -2+ zzin) +a1 2+ ays,, <.
m

(AS5)

Here, the homogeneous solution parts are —z> and zz;,,
therefore we can identify the solution due to the presence
of the source again as

a Z
P(z) =~ —z* log(—), <1 (A6)
k Zin
On subhorizon scales this becomes, up to matching details

which only modify the phase and have an irrelevant effect
on the prefactors,

P(z) =~ — 1og(ktm)z cosz, z> 1. (A7)
If the source term depends on z, the details of the calcu-
lation as well as the results change somewhat, but the basic
argumentation remains the same. We therefore do not
repeat the z-dependent examples which arise in this work

here.

APPENDIX B: THE FOUR-POINT CORRELATOR
OF GRAVITY WAVES

Starting from Eq. (110), we compute the two-point
correlation function of the source term

(fij(k, ¢') f7,(p, 1)), which is given by

(Fi 6, ) el ) = - U, 1) M, 7 (R) M, (@)

<2 p_
X [ &p f P s(S I (p)Sin( — p)
*(l)m(s)z*(l)m(q_s))’

where the function U(7, ') contains all time dependence
of the above expression

U, ") = 5 A H Z(z'/)[@]é[@T.

in in

(B1)

(B2)

To compute the four-point correlator, we assume that the
random variables that describe gravity waves are Gaussian,
therefore we can apply Wick’s theorem. Then we can write
the products of four gravity waves 3! as

(S5 )2 (k= p) 2" ()37, (g = 5)
= ()X & — p)S i (q—-s))
+ (S E)S"g — NIk — p)3 " (s))

+ (SR — pXE; ()3 (g — 9)).
(B3)

Once the double integration is performed, the last term
contributes a constant « §°(k) which can be disregarded (a
background term). Integrating the remaining two terms
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over d®s, we can eliminate one of the two & functions
which come from the expression of the two-point gravity
wave correlator. Using the reality condition E* (k) =

3, j( k) and the expression for the two-point correlatlon
function of gravity waves given in Eq. (66), we then obtain

f &*p f SsENMp)ZNk — p) 23 (g - 9))
— 2m$8(k — q) f APV () PY (K~ pl)

X [ Mo (D) My (6 — ) + My (P)
X Mo (K — p)].

The above equation is symmetric in k and q, as well as
under the exchange of the first and second pairs of indices.
Moreover, it is symmetric under the exchange of the first
index with the second and the third with the fourth. This
suggests that we write the two-point correlation function of
the source term as

(S Ofela 1) = 78k = )My (Rl ', 1),
(B5)

(B4)

since the tensor /M, has the same symmetries.

To obtain an expression for the function Aa(k, 7, ), it is
sufficient to calculate the trace of the above two-point
correlator. We hence should multiply the right-hand side
of the above equation and of Eq. (B1) by M“"¢(k). Then,
setting them to be equal and remembering that
Miire M, = 8 [18], we obtain

8(2m)*8* (k — @)h(k.1',1")
= U(t', 18 (k — ) M (k) M",,.(§) j & p[ My (D)

X andf(k/:p) + Mlndf(f))jvlmnbf(k/:p)]

x PO (m)PY L (k—pl) (B6)
with
1 .
hk, t, 1) = 827) U, ") Myaim(K)
X [ £pPV () PV, (Ik — pl)
X [mznbf(f))j\’lmndf(k’:l))
+ My (D) M (K — p)] (B7)

Finally, we have to perform the above product of three
polarization tensors, defined as in Eq. (32). To achieve this
aim, we use the free source package XACT for
MATHEMATICA [25]: it is sufficient to define a 3-
dimensional flat metric and the projection tensor P; j(ﬁ) =
0, — k’zkikj onto the plane normal to k. Then, we can
express .’Miﬂm(f() in terms of this projector as
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M ijim = PuPjm + PinPji — Py Py

Defining the angles between the three directions as a =

(1]
(2]
(3]

[4]

(5]
[6]

(8]
(9]
(10]
[11]

[12]
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k- (k,—\p), B=p- (k/—\p), and y = k - p, we obtain the
expression given in Eq. (111).

P.P. Kronberg, Rep. Prog. Phys. 57, 325 (1994); N.
Battaglia et al., arXiv:0806:3272.

L. Pentericci et al., Astron. Astrophys. Suppl. Ser. 145,
121 (2000).

T. E. Clarke, P. P. Kronberg, and H. Bohringer, Astrophys.
J. 547, L111 (2001); F. Givoni and L. Feretti, Int. J. Mod.
Phys. D 13, 1549 (2004).

S. Matarrese, S. Mollerach, A. Notari, and A. Riotto, Phys.
Rev. D 71, 043502 (2005); K. Ichiki et al., Science 311,
827 (2006); L. Hollenstein, C. Caprini, R. Crittenden, and
R. Maartens, Phys. Rev. D 77, 063517 (2008).

D. Ryu, H. Kang, J. Cho, and S. Das, Science 320, 909
(2008).

A. Brandenburg and K. Subramanian, Phys. Rep. 417, 1
(2005).

R. Durrer and C. Caprini, J. Cosmol. Astropart. Phys. 11
(2003) 010.

M. Turner and L.M. Widrow, Phys. Rev. D 37, 2743
(1988).

C. Caprini and R. Durrer, Phys. Rev. D 65, 023517 (2001).
C. Tsagas, Phys. Rev. D 72, 123509 (2005).

G. Betschard, C. Zunckel, P. Dunsby, and M. Marlkund,
Phys. Rev. D 72, 123514 (2005).

C. Zunckel, G. Betschard, P. Dunsby, and M. Marlkund,
Phys. Rev. D 73, 103509 (2006).

024021-20

C.G. Tsagas, Phys. Rev. D 75, 087901 (2007).

G. Betschart, C. Zunckel, P.K.S. Dunsby, and M.
Marklund, Phys. Rev. D 75, 087902 (2007).

J. Barrow, R. Maartens, and C. Tsagas, Phys. Rep. 449,
131 (2007).

C.G. Tsagas, Classical Quantum Gravity 22, 393 (2005).
M. Abramowitz and 1. Stegun, Handbook of Mathematical
Functions (Dover, New York, 1972).

C. Caprini, R. Durrer, and T. Kahniashvili, Phys. Rev. D
69, 063006 (2004).

S. Weinberg, General Relativity and Gravitation (Wiley,
New York, 1972).

C.G. Tsagas, P.K.S. Dunsby, and M. Marklund, Phys.
Lett. B 561, 17 (2003).

J. Barrow, P. Ferreira, and J. Silk, Phys. Rev. Lett. 78, 3610
(1997).

R. Durrer, P. Ferreira, and T. Kahniashvili, Phys. Rev. D
61, 043001 (2000).

R. Durrer, M. Kunz, and A. Melchiorri, Phys. Rev. D 59,
123005 (1999).

R. Durrer, The Cosmic Microwave Background
(Cambridge University Press, Cambridge, England, 2008).
J. Martin-Garcia, XPERM and XACT, http://metric.iem.csic.
es/Martin-Garcia/xAct/index.html.



