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In [arXiv:0803.3259] the equations describing the parallel transport of orthonormal frames along

timelike (spacelike) geodesics in a spacetime admitting a nondegenerate principal conformal Killing-Yano

2-form h were solved. The construction employed is based on studying the Darboux subspaces of the 2-

form F obtained as a projection of h along the geodesic trajectory. In this paper we demonstrate that,

although slightly modified, a similar construction is possible also in the case of null geodesics. In

particular, we explicitly construct the parallel-transported frames along null geodesics inD ¼ 4, 5, 6 Kerr-

NUT-(A)dS spacetimes. We further discuss the parallel transport along principal null directions in these

spacetimes. Such directions coincide with the eigenvectors of the principal conformal Killing-Yano tensor.

Finally, we show how to obtain a parallel-transported frame along null geodesics in the background of the

4D Plebański-Demiański metric which admits only a conformal generalization of the Killing-Yano tensor.
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I. INTRODUCTION

Solving the parallel transport equations along null geo-
desics in a four-dimensional spacetime is a well-known
problem with many physical applications. For example, in
a geometric optics approximation linearly polarized pho-
tons and gravitons propagate along null geodesics while
the corresponding polarization vectors are parallel-
transported along the worldline [1] (see also
Appendix A). This property was used to study the polar-
ized radiation from black holes (see, e.g., [2–4] and refer-
ences therein). The parallel-propagated frames are
convenient for studying the form and shape of a thin
‘‘pencil of light’’ propagating in an external gravitational
field. In the derivation of the equations for optical scalars
the parallel-propagated frames play an important technical
role (see, e.g., [5,6]). Another problem where such frames
are useful is a so-called peeling-off property of the gravi-
tational radiation in an asymptotically flat spacetime (see,
e.g., [7–11] and references therein).

Recently, models of gravity with extra dimensions at-
tracted a lot of attention. In order to rederive many of the
important results of the four-dimensional optics in a curved
spacetime in the higher-dimensional case it is necessary to
consider first a problem of parallel transport along null
geodesics. This is the main purpose of this paper.

We focus our attention on a special class of higher-
dimensional spacetimes which admit a so-called principal
conformal Killing-Yano (PCKY) tensor [12,13] (see also
[14–16] for reviews). The most general metric element

admitting such a tensor, the canonical (off shell) metric,
was studied in [17–19]. Similar to 4D, when the vacuum
Einstein equations with the cosmological constant are
imposed the canonical metric becomes the Kerr-NUT-
(A)dS spacetime [20].
Recently, a parallel-propagated frame along timelike

(spacelike) geodesics in the canonical spacetime was con-
structed [21]. As it often happens, a limit when the velocity
of the particle motion tends to the speed of light is singular,
so that, the problem of parallel transport along null geo-
desics requires a special treatment. We deal with this
problem in the present paper. The obtained results general-
ize the 4D results [22–24].
Consider a spacetime with a PCKY tensor h, that is, a

closed rank-2 nondegenerate conformal Killing-Yano
(KY) tensor [25,26]. In such a spacetime the geodesic
motion is completely integrable [27–29]. Let us concen-
trate on a generic null ray and denote its velocity vector l.
In our construction, starting with l we first generate two
additional parallel-propagated vectors, one of which, say
n, is ‘‘external’’ to the null plane of l and can be made null.
This means that the tangent space T at each point of l splits
into a two-dimensional parallel-propagated subspace U
spread by fl;ng and a ðD� 2Þ-dimensional parallel-
propagated subspace V orthogonal to U; T ¼ U � V.
The construction of the parallel-propagated frame is

now similar to the timelike case. We consider the
Darboux problem for the 2-formF obtained as a projection
of the PCKY tensor h to a subspace V. Such a 2-form is
automatically parallel-transported. In particular, each of
the Darboux subspaces of F is independently parallel-
transported. The zeroth value Darboux subspace is 3(4)-
dimensional in an odd(even)-dimensional spacetime. The
parallel-propagated vectors spanning it can be explicitly
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constructed and we denote them fl;n;mg (fl;n;m;zg).
The Darboux subspaces, for nonzero eigenvalues of F
are two-dimensional. One can obtain the parallel-
propagated vectors spanning them by employing 2D (af-
fine parameter)-dependent rotations.

For certain special geodesics the construction of a
parallel-propagated frame has to be accordingly modified.
Similar to the timelike (spacelike) case, the degeneracies
occur for special geodesics for which the Darboux sub-
spaces of F become more dimensional. In these cases the
frame can be obtained by ‘‘more involved’’ (affine
parameter)-dependent orthogonal transformations (see
[21] for more details). An important example of different
degeneracy is the case of parallel transport along principal
null directions—discussed in Sec. VII.

The paper is organized as follows: In Sec. II we intro-
duce the basic notations used in the paper and review the
definition of the PCKY tensor. In Sec. III a generic con-
struction of the parallel-propagated frames along null geo-
desics is outlined. Canonical metric element of a spacetime
admitting the PCKY tensor and its basic properties are
discussed in Sec. IV. In Sec. V the explicit form of the
canonical metric is employed to concretize the generic
construction. Examples of solutions in four, five, and six
dimensional spacetimes are presented in Sec. VI. The
parallel transport along principal null directions is de-
scribed in Sec. VII. Section VIII is devoted to a discussion
of obtained results and conclusions. More technical details,
connected with the geometric optics in higher-dimensional
spacetimes, principal null directions, and the parallel trans-
port in the Plebański-Demiański metric are presented in
Appendices A, B, and C, respectively.

II. BASIC NOTIONS AND NOTATIONS

In what follows we use the notations of [15,21]. We
consider a D-dimensional spacetime MD, equipped with
the metric

g ¼ gabdx
adxb: (1)

To treat both cases of even and odd dimensions simulta-
neously we denote

D ¼ 2nþ "; (2)

where " ¼ 0 and " ¼ 1 for even and odd number of
dimensions, respectively. Operations [, ] correspond to
‘‘lowering’’and ‘‘rising’’ of indices of vectors and forms,
respectively. � denotes the coderivative. For a p-form �p

one has ��p ¼ � � d � �p; where d denotes the exterior

derivative, � denotes the Hodge star operator, and � ¼
ð�1ÞpðD�pÞþp�1. The ‘‘hook’’ operator 5 denotes ‘‘contrac-
tion’’. The scalar product of two vectors a and b is denoted
by a dot; a � b ¼ a 5 b[.

Definition. A PCKY tensor h is a closed nondegenerate
conformal Killing-Yano 2-form, h ¼ 1

2habdx
a ^ dxb. This

implies that for all vector fieldsX there exists such a vector
field � so that

rXh ¼ X[ ^ �[: (3)

The condition of nondegeneracy means that in a generic
point of the manifold the skew symmetric matrix hab has
the (matrix) rank 2n and that the eigenvalues of h are
functionally independent in some spacetime domain. In
this domain, such eigenvalues may be used as ‘‘natural’’
coordinates (see [18,19] for more details). We exclude the
possibility that h possesses constant eigenvalues, and, in
particular, that it is covariantly constant; � � 0. (For the
discussion of cases when such degeneracies are admitted
see [30,31].)
The Eq. (3) implies

dh ¼ 0; �[ ¼ � 1

D� 1
�h: (4)

It can be shown [18], that for any spacetime admitting the
PCKY tensor h, � is a (primary) Killing vector. In tensor
notations the definition (3) reads

rchab ¼ 2gc½a�b�; �b ¼ 1

D� 1
rdh

d
b: (5)

Let � be a null geodesic and la ¼ dxa=d� be a tangent
vector to it; � denotes the affine parameter. We denote the
covariant derivative of a tensor T along � by

_T ¼ rlT ¼ laraT: (6)

In particular, _l ¼ 0.

III. GENERIC CONSTRUCTION OF A PARALLEL-
PROPAGATED FRAME

In this section we outline the general construction of
parallel-transported frames along generic geodesics.

A. Construction of parallel-transported vectors
m and n

Starting with l one can easily construct two additional
parallel-propagated vectors. The construction is based on
the following result: Let h be a PCKY tensor and u be a
parallel-transported vector along a null geodesic l, obeying
u � l ¼ 0. Then the vector

w ¼ ðu 5 hÞ] þ �ðuÞl (7)

is parallel-transported along l, provided that

_� ðuÞ ¼ u � �: (8)

Here � is the primary Killing vector (4).
To prove this statement we use Eq. (3) and the property

of the hook operator. We find
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_w ¼ ðu 5
_hÞ] þ _�ðuÞl ¼ ½u 5 ðl[ ^ �[Þ�] þ _�ðuÞl

¼ �ðu � lÞ � lðu � �Þ þ _�ðuÞl ¼ l½ _�ðuÞ � u � ��:
Obviously, u ¼ l obeys the requirements and we may

construct [� ¼ �ðlÞ]

m ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p ½ðl 5 hÞ] þ �l�: (9)

Here, �1 ¼ Qabl
alb is a constant of geodesic motion cor-

responding to the conformal Killing tensor Qab ¼ hach
c
b.

Since � is a primary Killing vector, _� ¼ l � � is also a
constant and � can be immediately integrated to get

� ¼ ðl � �Þ�: (10)

We also find

m � l ¼ 0; m �m ¼ 1: (11)

So, m given by (9) and (10) is the normalized spacelike
vector which is orthogonal to l and parallel-propagated
along �.

Taking u ¼ m in (7) we may construct another parallel-
transported vector

n ¼ ~nþ 1
2ð~n � ~nÞl; (12)

where

~n ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p ½ðm 5 hÞ] þ �ðmÞl�; _�ðmÞ ¼ m � �: (13)

We find

n � l ¼ �1; n �m ¼ 0; n � n ¼ 0: (14)

So, n is a null parallel-transported vector, external to l and
orthogonal to m. Moreover, we can easily show that it is
independent of �ðmÞ. Indeed, using (13) we find that

n ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p ðm 5 hÞ] þ Cl;

C ¼ 1

2�2
1

ðQð2Þ
abl

alb � �1�
2Þ; Qð2Þ

ab ¼ QacQ
c
b:

(15)

One might wonder whether it is not possible to generate
more parallel-propagated vectors in this way.
Unfortunately, the fact that n is external, n � l ¼ �1,
shows that n does not obey the requirements of the lemma
anymore and we have to proceed differently.1

B. Projection formalism: operator F

Let us consider the following 2-form F:

Fab ¼ Pc
aP

d
bhcd; (16)

where

Pab ¼ gab þ 2lðanbÞ (17)

is the projector to a ðD� 2Þ-dimensional space V, orthogo-
nal to a 2-dimensional space U spanned by fl;ng. We have
Pabl

b ¼ 0, Pabn
b ¼ 0.

Since vectors l and n are parallel-transported, so is Pab;
_Pab ¼ 0. Therefore we find

_F ab ¼ Pc
aP

d
b
_hcd ¼ 2Pc

aP
d
bl½c�d� ¼ 0; (18)

where we have used Eq. (5). So, the 2-form F is parallel-
transported. This implies that the eigenvalues of F as well
as its Darboux subspaces are independently parallel-
transported (see [21] for more details).
The problem of finding remaining parallel-transported

vectors along null geodesic � is now quite analogous to the
problem of parallel transport along timelike (spacelike)
geodesics. By solving the eigenvalue problem for the
operator F2 one finds the eigenvectors spanning each of
the Darboux subspaces of F. In each Darboux subspace,
the parallel-transported vectors are obtained by a
�-dependent orthogonal transformation of these
eigenvectors.
The structure of the Darboux subspaces of F depends

crucially on the chosen geodesic �. As the number of
dimensions is increased, the number of degenerate cases
(corresponding to special geodesics) which require their
own special treatment also increases. In what follows we
concentrate on generic geodesics for which the discussion
significantly simplifies.

C. Darboux subspace V0

We denote the Darboux subspace corresponding to the
zeroth eigenvalue of F by V0. For a generic geodesic �, V0

is three-dimensional (four-dimensional) in the odd (even)
number of spacetime dimensions. It is spanned by the
parallel-transported vectors fl;n;mg and, in the even-
dimensional case, z given by (20) below.
The fact that l and n are zero-value eigenvectors of F is

trivial. To prove that m also belongs to V0 we first notice
that, m being orthogonal to fl;ng, is unaffected by projec-
tor P, that is Pb

am
a ¼ mb. Moreover, using (15) we realize

that sa ¼ habm
b is a linear combination of l and n, s ¼

�lþ �n, which when projected again by P gives zero. So
we have

Fadm
d ¼ Pb

ahbcP
c
dm

d ¼ Pb
ahbcm

c ¼ Pb
asb ¼ 0: (19)

In an even number of spacetime dimensions we consider
an additional vector z given by

1In fact, when n is used as a ‘‘seed’’ in (7) one obtains a new
linear independent vector. This vector may be used as a seed
again and so on—to produce the whole tower of linear indepen-
dent vectors. These vectors are, however, not parallel-
transported.
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z ¼ ðl 5 fÞ]; (20)

where we have denoted

f ¼ �h^ðn�1Þ ¼ � ðh ^ . . . ^ hÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
total of ðn�1Þ factors

: (21)

Tensor f is a Killing-Yano 2-form (see, e.g., [32]) and
therefore vector z is automatically parallel-transported.
Forms f and h are related as

hacf
c
b / �a

b: (22)

It then follows that habz
b / la. Using this relation one can

easily show that z is spacelike parallel-transported vector,
orthogonal to fl;n;mg,

z � l ¼ 0; z �m ¼ 0; z � n ¼ 0: (23)

It can be normalized, so that, z � z ¼ 1. Moreover, it is the
last zero-value eigenvector of F spanning V0. Indeed, we
get

Fa
bz

b ¼ Pa
dh

d
cP

c
bz

b ¼ Pa
dh

d
cz

c / Pa
dl

d ¼ 0:

To conclude, in the even-dimensional case, V0 is spanned
by explicitly constructed parallel-transported vectors
fl;n;m; zg.

D. Parallel-transported vectors in remaining Darboux
subspaces

We restrict ourselves by considering generic geodesics
for which all the remaining Darboux subspaces of F are
two-dimensional. Denote by Vi the Darboux subspace of F
corresponding to the nonzero eigenvalue �	2

i of the op-
erator F2,

F 2v ¼ �	2
iv; v 2 Vi; (24)

and by fnî; ~nîg the orthonormal basis in Vi. This basis is
related to the parallel-propagated orthonormal basis
fpî; ~pîg spanning Vi by a 2D rotation

pî ¼ cos�inî � sin�i ~nî ~pî ¼ sin�inî þ cos�i ~nî;

_�i ¼ _nî � ~nî ¼ �nî � _~nî: (25)

If, at the initial point � ¼ 0 bases fpî; ~pîg and fnî; ~nîg
coincide, the initial conditions for Eqs. (25) are

�ið� ¼ 0Þ ¼ 0: (26)

The construction of parallel-propagated vectors in a
different Darboux subspace is exactly analogous, indepen-
dent of the other constructions.

IV. KERR-NUT-(A)DS SPACETIMES AND THEIR
PROPERTIES

A. Canonical metric element and Kerr-NUT-(A)dS
spacetimes

The most general canonical metric element admitting
the PCKY tensor reads [18,19]

g ¼ Xn�1


¼1

ð!
̂!
̂ þ ~!
̂ ~!
̂Þ þ!n̂!n̂ � ~!n̂ ~!n̂

þ "!�̂!�̂; (27)

where the basis 1-forms are (
 ¼ 1; . . . ; n� 1)

!n̂ ¼ drffiffiffiffiffiffiffi
Qn

p ; !
̂ ¼ dx
ffiffiffiffiffiffiffi
Q


p ;

~!n̂ ¼ ffiffiffiffiffiffiffi
Qn

p Xn�1

j¼0

AðjÞ
n dc j; ~!
̂ ¼

ffiffiffiffiffiffiffi
Q


q Xn�1

j¼0

AðjÞ

 dc j;

!�̂ ¼ ffiffiffiffiffiffi
Q�

p Xn
j¼0

AðjÞdc j; Q� ¼ �c

AðnÞ : (28)

We enumerate the basis f!g so that ~!n̂ is a timelike 1-form
(the only one). Here

AðjÞ

 ¼ X

�1<...<�j
�i�


x2�1
. . . x2�j

; AðjÞ ¼ X
�1<...<�j

x2�1
. . . x2�j

;

Q
 ¼ X


U


; U
 ¼ Yn
�¼1
��


ðx2� � x2
Þ; x2n ¼ �r2;

(29)

and X
, Xn are arbitrary functions of x
, r, respectively.

Time is denoted by c 0, azimuthal coordinates by c j, j ¼
1; . . . ; m ¼ D� n� 1, r is the Boyer-Lindquist type ra-
dial coordinate, and x
, 
 ¼ 1; . . . ; n� 1 stand for lati-

tude coordinates.
The inverse metric reads

g�1 ¼ Xn�1


¼1

ðe
̂e
̂ þ ~e
̂~e
̂Þ þ en̂en̂ � ~en̂~en̂ þ "e�̂e�̂;

(30)

where

e n̂ ¼ ffiffiffiffiffiffiffi
Qn

p
@r; e
̂ ¼

ffiffiffiffiffiffiffi
Q


q
@x
 ;

~en̂ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
XnUn

p Xm
j¼0

r2ðn�1�jÞ@c j
;

~e
̂ ¼ 1ffiffiffiffiffiffiffi
Q


p
U


Xm
j¼0

ð�x2
Þn�1�j@c j
;

e�̂ ¼ � @c nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�cAðnÞp :

(31)
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The PCKY tensor for the canonical metric reads [12,32]

h ¼ Xn�1


¼1

x
!

̂ ^ ~!
̂ � r!n̂ ^ ~!n̂: (32)

Equations (27) and (32) mean that the basis f!g is an
‘‘orthogonal Darboux basis’’ of h. We call such a basis a
canonical one. The canonical basis is fixed uniquely by the
PCKY tensor up to 2D rotations in each of the Killing-
Yano 2-planes !n̂ ^ ~!n̂, !
̂ ^ ~!
̂. The basis f!g is a
special canonical basis for which many of the Ricci coef-
ficients of rotation vanish [18,19,33]. We call it a principal
canonical basis.

The PCKY tensor h generates the whole towers of
explicit and hidden symmetries [13]. Namely, it generates
all the isometries @c k

, and, in particular, the primary

Killing vector �, (4)

� ¼ � 1

D� 1
ð�hÞ] ¼ @c 0

: (33)

It also generates the set of the second-rank irreducible
Killing tensors (j ¼ 1; . . . ; m)

KðjÞ ¼ Xn�1


¼1

AðjÞ

 ð!
̂!
̂ þ ~!
̂ ~!
̂Þ

þ AðjÞ
n ð!n̂!n̂ � ~!n̂ ~!n̂Þ þ "AðjÞ!�̂!�̂: (34)

These objects are responsible for complete integrability of
geodesic motion in the canonical spacetime.

When the vacuum Einstein equations with the cosmo-
logical constants are imposed

Rab ¼ ð�1ÞnðD� 1Þcngab; (35)

metric functions X
ðx
Þ and XnðrÞ take the following

specific form [33]:

Xn ¼ � Xn
k¼"

ckð�r2Þk � 2Mr1�" þ "c

r2
;

X
 ¼ Xn
k¼"

ckx
2k

 � 2b
x

1�"

 þ "c

x2

;

(36)

and the canonical element becomes the general Kerr-NUT-
(A)dS spacetime derived by Chen, Lü, and Pope [20]. The
parameter cn is proportional to the cosmological constant
and the remaining constants ck, c > 0, and b
 are related to

rotation parameters, mass, and NUT parameters.

B. Geodesics

As we mentioned above, the geodesic motion in the
canonical background (27)–(29) is completely integrable
[27–29]. In particular, the null geodesic velocity takes the
following form [13,15]:

l [ ¼ Xn

¼1

ðl
̂!
̂ þ ~l
̂ ~!
̂Þ þ "l�̂!
�̂; (37)

where

ln̂ ¼ �n

ðXnUnÞ1=2
ðW2

n � XnVnÞ1=2;

l
̂ ¼ �


ðX
U
Þ1=2
ðX
V
 �W2


Þ1=2; ~ln̂ ¼ Wn

ðXnUnÞ1=2
;

~l
̂ ¼ 1ffiffiffiffiffiffiffi
Q


p W


U


; l�̂ ¼ � �nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�cAðnÞp : (38)

Here, the constants �
 ¼ �1 (
 ¼ 1; . . . ; n) are indepen-

dent of one another and we have defined

Vn ¼ �Xm
j¼1

r2ðn�1�jÞ�j; V
 ¼ Xm
j¼1

ð�x2
Þn�1�j�j;

Wn ¼
Xm
j¼0

r2ðn�1�jÞ�j; W
 ¼ Xm
j¼0

ð�x2
Þn�1�j�j:

(39)

The quantities�j and �j are conserved and connected with

the Killing vectors and the Killing tensors, respectively.
We also have

�n ¼ ��2
n

c
: (40)

The coordinate components of the velocity are

_r ¼ �n

Un

ðW2
n � XnVnÞ1=2;

_x
 ¼ �


jU
j ðX
V
 �W2

Þ1=2;

_c k ¼
Xn�1


¼1

ð�x2
Þn�1�k

U
X


W
 � r2ðn�1�kÞ

UnXn

Wn � "
�n

cAðnÞ �kn:

(41)

One can symbolically integrate equations for c k. Let f be
an arbitrary function of r and x�, obeying

_f ¼ fnðrÞ
Un

þ Xn�1

�¼1

f�ðx�Þ
U�

: (42)

Then f can be written as (see Appendix C in [21])

f ¼
Z �nfndrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

W2
n � XnVn

p þ Xn�1

�¼1

Z �� signðU�Þf�dx�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X�V� �W2

�

p : (43)

In particular, using the following identities (see, e.g., [34]):
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1

AðnÞ ¼ � 1

r2Un

þ Xn�1

�¼1

1

x2�U�

;

1 ¼ r2ðn�1Þ

Un

þ Xn�1


¼1

ð�x2
Þn�1

U


;

(44)

we find that

c k ¼
Z �nf

ðkÞ
n drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

W2
n � XnVn

p þ Xn

¼1

Z �
 signðU
ÞfðkÞ
 dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X
V
 �W2




q ;

fðkÞn ¼ �Wn

Xn

r2ðn�1�kÞ þ "
�n

cr2
�kn;

fðkÞ
 ¼ W


X


ð�x2
Þn�1�k � "
�n

cx2

�kn: (45)

Similarly, we have

� ¼
Z �nr

2ðn�1Þdrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

n � XnVn

p þ Xn�1

�¼1

Z �� signðU�Þð�x2�Þn�1dx�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X�V� �W2

�

p :

(46)

V. PARALLEL TRANSPORT IN KERR-NUT-(A)DS
SPACETIMES

A. Parallel-propagated frame

We shall construct the parallel-propagated frame for a
geodesic motion in four steps. First, to simplify the calcu-
lations, we use the freedom of local 2D rotations in the KY
2-planes of h to introduce the velocity adapted canonical
basis in which n components of the velocity vanish. Next,
we generate parallel-transported vectorsm, n, and possibly
z. In the third step, by studying the eigenvalue problem for

the operator F2, we find the orthonormal 1-forms f� î; ~� îg
spanning each of the 2D Darboux subspaces Vi. Finally, in
each Vi we rotate these 1-forms by an (affine parameter)-
dependent rotation to obtain the (dual) parallel-transported
frame.2

1. Velocity adapted canonical basis

In order to construct the velocity adapted canonical basis
we perform the boost transformation in the f ~!n̂;!n̂g 2-
plane and the rotation transformations in each of the
f ~!
̂;!
̂g 2-planes

~o n̂ ¼ cosh�n ~!
n̂ þ sinh�n!

n̂;

on̂ ¼ sinh�n ~!
n̂ þ cosh�n!

n̂;

~o
̂ ¼ cos�
 ~!
̂ þ sin�
!

̂;

o
̂ ¼ � sin�
 ~!
̂ þ cos�
!

̂; o�̂ ¼ !�̂:

(47)

Here, we choose

cosh�n ¼
~ln̂
~kn̂
; sinh�n ¼ ln̂

~kn̂
;

cos�
 ¼
~l
̂
~k
̂

; sin�
 ¼ l
̂
~k
̂

;

(48)

and

~k n̂ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~l2n̂ � l2n̂

q
¼ �

ffiffiffiffiffiffi
Vn

Un

s
; ~k
̂ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~l2
̂ þ l2
̂

q
¼

ffiffiffiffiffiffiffi
V


U


s
:

(49)

Such a transformation preserves the form of the metric as
well as the form of the PCKY tensor.

g ¼ Xn�1


¼1

ðo
̂o
̂ þ ~o
̂~o
̂Þ þ on̂on̂ � ~on̂~on̂ þ "o�̂o�̂;

h ¼ Xn�1


¼1

x
o

̂ ^ ~o
̂ � ron̂ ^ ~on̂:

(50)

Hence, the basis fog is still canonical. Moreover, one
obtains the following form of the velocity:

l [ ¼ Xn

¼1

~k
̂~o

̂ þ "l�̂o

�̂: (51)

This form simplifies considerably the subsequent calcula-
tions, especially the task of solving the eigenvalue problem
for F2. We remark, that in the adapted basis fog the
components of the velocity depend on constants �j only;

the constants �j and �
 are absorbed in the definition of

the new frame.

2. Parallel-transported vectors in V0

The eigenspace V0 is spread by l, the vectors m and n
given by (9) and (12), and, in an even number of spacetime
dimensions, by z (20). Let us express these vectors in the
velocity adapted basis (47). The vector l is given by (49)
and (51). Using (50) and (51), we find

m [ ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p

�Xn�1


¼1

ð~k
̂�~o
̂ � ~k
̂x
o

̂Þ þ ~kn̂�~on̂

� ~kn̂ro
n̂ þ "�l�̂o

�̂

�
; (52)

n[ ¼ Xn�1


¼1

�
~k
̂

�
Cþ x2


�1

�
~o
̂ þ ~k
̂

�x

�1

o
̂
�

þ ~kn̂

�
C� r2

�1

�
~on̂ þ ~kn̂

�r

�1

on̂ þ "Cl�̂o
�̂; (53)

where

2In our setup it is somewhat more natural to work with 1-
forms. One could, of course, similarly construct the parallel-
transported frame of vectors.
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C ¼ 1

2�2
1

�
�r4 ~k2n̂ þ

Xn�1


¼1

x4
~k
2

̂ � �1�

2

�
: (54)

Moreover, using Eq. (33) we find

_� ¼ l � � ¼ l � @c 0
¼ �0;

and so

� ¼ �0�: (55)

Using Eq. (46) one can express this angle as a function of r
and x
.

In an even number of spacetime dimensions we have an
additional vector z. We find

f / x1 . . . xn�1o
n̂ ^ ~on̂ þ Xn�1


¼1

x1 . . . �x
 . . . xn�1o

̂ ^ ~o
̂:

(56)

Here, the symbol / means equality up to a constant factor,
and �x
 denotes that in the sum over
, x
 is replaced by r.

In consequence, we have the following expression for the
(normalized) vector z:

z [ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi��n�1
p

�
x1 . . . xn�1

~kn̂o
n̂

� Xn�1


¼1

x1 . . . �x
 . . . xn�1
~k
̂o


̂

�
: (57)

Using the transformation inverse to (47),

~! n̂ ¼ cosh�n~o
n̂ � sinh�no

n̂;

!n̂ ¼ � sinh�n~o
n̂ þ cosh�no

n̂;

~!
̂ ¼ cos�
~o

̂ � sin�
o


̂;

!
̂ ¼ sin�
~o

̂ þ cos�
o


̂; !�̂ ¼ o�̂;

(58)

one can easily obtain the above parallel-transported vectors
in the principal basis f!g.

3. Darboux subspaces Vi

Using (51) and (53) one can write downF in the velocity
adapted basis. The general expression is quite involved and
therefore we do not state it here. What is important is that
one can show that F is independent of �. Let us denote f� g
the (dual) Darboux basis of F. Then, for a generic geode-
sic, we have

F ¼ Xn�2þ"

i¼1

	i�
î ^ ~� î: (59)

Here, f� î; ~� îg are orthonormal vectors spanning the
Darboux subspace Vi, 	i > 0 are all different and corre-
spond to the eigenvalues of F2; F2vi ¼ �	2

ivi, vi 2 Vi.

Obtaining the general form of f� î; ~� îg is the biggest ob-

stacle in writing down a general formula for the parallel-
propagated basis in an arbitrary number of dimensions.
Concrete examples are in the next section.

4. Parallel-transported basis

In order to construct parallel-transported vectors in each
of the Darboux subspaces Vi we perform the rotation

�î ¼ cos�i�
î � sin�i

~� î ~�î ¼ sin�i�
î þ cos�i

~� î;

_�i ¼ _� î � ~� î ¼ �� î � _~�
î
; (60)

with the initial conditions �ið� ¼ 0Þ ¼ 0.
When _�i given by the last equation can be written in the

form

_� i ¼ Mi

�
ðr2 þ 	2

i Þ
Yn�1


¼1

ðx2
 � 	2
i Þ
��1

; (61)

where Mi is some constant, we can use the identity

�
ðr2 þ 	2Þ Yn�1


¼1

ðx2
 � 	2Þ
��1 ¼ 1

ðr2 þ 	2ÞUn

� Xn�1


¼1

1

ðx2
 � 	2ÞU


;

(62)

to symbolically integrate [cf. Eqs. (42) and (43)]

�i ¼
Z �n�

ðiÞ
n drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

W2
n � XnVn

p � Xn�1

�¼1

Z �� signðU�Þ�ðiÞ
� dx�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X�V� �W2
�

p ;

�ðiÞ
n ¼ Mi

r2 þ 	2
i

; �ðiÞ
� ¼ Mi

x2� � 	2
i

:

(63)

We shall now give explicit examples of parallel-propagated
frames in D ¼ 4, 5, 6 canonical spacetimes.

VI. SPECIAL CASES

A. Parallel transport in 4D

The parallel transport along generic geodesics in the
four-dimensional canonical spacetime, derived earlier in
[23,24], is from the point of view of the above described
theory trivial. We write it only for completeness and be-
cause it encapsulates the important subcase of parallel
transport in the Carter’s class of solutions [35,36]—de-
scribing, among others, a 4D rotating charged black hole
in the cosmological background (see also Appendix C).
The metric reads

g ¼ � ~!2̂ ~!2̂ þ!2̂!2̂ þ ~!1̂ ~!1̂ þ!1̂!1̂; (64)

where
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~! 2̂ ¼
ffiffiffiffiffiffi
X2

U2

s
ðdc 0 þ x21dc 1Þ; !2̂ ¼

ffiffiffiffiffiffi
U2

X2

s
dr;

~!1̂ ¼
ffiffiffiffiffiffi
X1

U1

s
ðdc 0 � r2dc 1Þ; !1̂ ¼

ffiffiffiffiffiffi
U1

X1

s
dx1;

(65)

and U2 ¼ �U1 ¼ x21 þ r2. The PCKY tensor is

h ¼ x1!
1̂ ^ ~!1̂ � r!2̂ ^ ~!2̂: (66)

The components of the velocity are

~l 2̂ ¼
W2ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p ; l2̂ ¼
�2ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

2 � X2V2

q
;

~l1̂ ¼
�W1ffiffiffiffiffiffiffiffiffiffiffiffi
X1U1

p ; l1̂ ¼
�1ffiffiffiffiffiffiffiffiffiffiffiffi
X1U1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X1V1 �W2

1

q
;

(67)

where

W2 ¼ r2�0 þ�1; V2 ¼ ��1 > 0;

W1 ¼ �x21�0 þ�1; V1 ¼ �1:
(68)

In the velocity adapted frame fog, (47), the parallel-
transported frame reads

l[ ¼ ~k1̂ð�~o2̂ þ ~o1̂Þ; ~k1̂ ¼ �~k2̂ ¼
ffiffiffiffiffiffi
V2

U2

s
¼

ffiffiffiffiffiffiffiffiffiffi��1

U2

s
;

m[ ¼
~k1̂ffiffiffiffiffiffiffiffiffiffi��1

p ð��~o2̂ þ ro2̂ þ �~o1̂ � x1o
1̂Þ;

n[ ¼
~k1̂
�1

�
U2 þ �2

2
~o2̂ � �ro2̂ þU2 � �2

2
~o1̂ þ �x1o

1̂

�
;

z[ ¼
~k1̂ffiffiffiffiffiffiffiffiffiffi��1

p ðx1o2̂ þ ro1̂Þ; (69)

where � ¼ �0�, or, in terms of r and x1,

� ¼
Z �2�0r

2drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

2 � X2V2

q þ
Z �1�0x

2
1dx1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X1V1 �W2
1

q : (70)

B. Parallel transport in 5D

Next, we consider the 5D canonical spacetime. The
metric reads

g ¼ � ~!2̂ ~!2̂ þ!2̂!2̂ þ ~!1̂ ~!1̂ þ!1̂!1̂ þ!�̂!�̂; (71)

where

~! 2̂ ¼
ffiffiffiffiffiffi
X2

U2

s
ðdc 0 þ x21dc 1Þ; !2̂ ¼

ffiffiffiffiffiffi
U2

X2

s
dr;

~!1̂ ¼
ffiffiffiffiffiffi
X1

U1

s
ðdc 0 � r2dc 1Þ; !1̂ ¼

ffiffiffiffiffiffi
U1

X1

s
dx1;

!�̂ ¼
ffiffiffi
c

p
rx1

½dc 0 þ ðx21 � r2Þdc 1 � x21r
2dc 2�;

(72)

and U2 ¼ �U1 ¼ x21 þ r2. The PCKY tensor is

h ¼ x1!
1̂ ^ ~!1̂ � r!2̂ ^ ~!2̂: (73)

The components of the velocity are

~l 2̂ ¼
W2ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p ; l2̂ ¼
�2ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

2 � X2V2

q
;

~l1̂ ¼
�W1ffiffiffiffiffiffiffiffiffiffiffiffi
X1U1

p ; l1̂ ¼
�1ffiffiffiffiffiffiffiffiffiffiffiffi
X1U1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X1V1 �W2

1

q
;

l�̂ ¼ � �2ffiffiffi
c

p
x1r

;

(74)

where

W1 ¼ �x21�0 þ�1 ��2

x21
; V1 ¼ �1 þ �2

2

cx21
;

W2 ¼ r2�0 þ�1 þ�2

r2
; V2 ¼ ��1 þ �2

2

cr2
:

(75)

In the velocity adapted frame fog, (47), we have
l [ ¼ ~k2̂ ~o

2̂ þ ~k1̂ ~o
1̂ þ l�̂o

�̂;

m[ ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p ð�~k2̂ ~o

2̂ � r~k2̂o
2̂ þ �~k1̂ ~o

1̂ � x1 ~k1̂o
1̂

þ �l�̂o
�̂Þ;

n[ ¼ ~k2̂

�
C� r2

�1

�
~o2̂ þ ~k2̂

�r

�1

o2̂ þ ~k1̂

�
Cþ x21

�1

�
~o1̂

þ ~k1̂
�x1
�1

o1̂ þ Cl�̂o
�̂;

(76)

where

~k 2̂ ¼ �
ffiffiffiffiffiffi
V2

U2

s
; ~k1̂ ¼

ffiffiffiffiffiffi
V1

U1

s
;

C ¼ 1

2�2
1

ð�r4 ~k2
2̂
þ x41

~k2
1̂
� �1�

2Þ;

� ¼
Z �2�0r

2drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

2 � X2V2

q þ
Z �1�0x

2
1dx1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X1V1 �W2
1

q :

(77)

The 2-form F reads

F ¼ 	� ^ ~� ; 	 ¼ j�2jffiffiffiffiffiffiffiffiffiffiffiffi�c�1
p ; (78)

where

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ 	2Þðx21 � 	2Þ

q
rx1

�
� x1Frffiffiffiffiffiffi

U2

p ~o2̂ þ rFx1ffiffiffiffiffiffi
U2

p ~o1̂ þ o�̂
�
;

~� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 	2

p
ffiffiffiffiffiffi
U2

p
�
� 	2

r2 þ 	2

1

FrFx1

o2̂ þ o1̂
�
: (79)

Here we have introduced
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Fr ¼ x1l�̂ffiffiffiffiffiffi
V2

p ; Fx1 ¼ � rl�̂ffiffiffiffiffiffiffiffiffiffi�V1

p ; (80)

which are functions of r, x1, respectively. Using (60) we
find

_� ¼ M

ðx21 � 	2Þðr2 þ 	2Þ ;

M ¼ 	2�2�0 ��2�1 � c�1ffiffiffiffiffiffiffiffiffiffiffiffi�c�1
p ;

(81)

which is of the form (61). Therefore, the parallel-
propagated forms f�; ~�g are given by (60), where

� ¼
Z �2�rdrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

W2
2 � X2V2

q þ
Z �1�x1dx1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X1V1 �W2
1

q ;

�r ¼ M

r2 þ 	2
; �x1 ¼

M

x21 � 	2
:

(82)

C. Parallel transport in 6D

Finally we consider the 6D canonical spacetime. The
metric reads

g ¼ � ~!3̂ ~!3̂ þ!3̂!3̂ þ X2

¼1

ð!
̂!
̂ þ ~!
̂ ~!
̂Þ;

!3̂ ¼
ffiffiffiffiffiffi
U3

X3

s
dr; !2̂ ¼

ffiffiffiffiffiffi
U2

X2

s
dx2; !1̂ ¼

ffiffiffiffiffiffi
U1

X1

s
dx1;

~!3̂ ¼
ffiffiffiffiffiffi
X3

U3

s
ðdc 0 þ Ardc 1 þ x21x

2
2dc 2Þ;

~!2̂ ¼
ffiffiffiffiffiffi
X2

U2

s
ðdc 0 þ Ax2dc 1 � x21r

2dc 2Þ;

~!1̂ ¼
ffiffiffiffiffiffi
X1

U1

s
ðdc 0 þ Ax1dc 1 � x22r

2dc 2Þ: (83)

Here

Ar ¼ x21 þ x22; Ax1 ¼ x22 � r2;

Ax2 ¼ x21 � r2; U3 ¼ ðx21 þ r2Þðx22 þ r2Þ;
U2 ¼ �ðx22 þ r2Þðx21 � x22Þ; U1 ¼ ðx21 þ r2Þðx21 � x22Þ:

The PCKY tensor is

h ¼ x1!
1̂ ^ ~!1̂ þ x2!

2̂ ^ ~!2̂ � r!3̂ ^ ~!3̂: (84)

The components of the velocity are

~l 3̂ ¼
W3ffiffiffiffiffiffiffiffiffiffiffiffi
X3U3

p ; l3̂ ¼
�3ffiffiffiffiffiffiffiffiffiffiffiffi
X3U3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

3 � X3V3

q
;

~l2̂ ¼ � W2ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p ; l2̂ ¼
�2ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2V2 �W2

2

q
;

~l1̂ ¼
W1ffiffiffiffiffiffiffiffiffiffiffiffi
X1U1

p ; l1̂ ¼
�1ffiffiffiffiffiffiffiffiffiffiffiffi
X1U1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X1V1 �W2

1

q
;

(85)

where

W3 ¼ r4�0 þ r2�1 þ�2; V3 ¼ �r2�1 � �2;

W2 ¼ x42�0 � x22�1 þ�2; V2 ¼ �x22�1 þ �2;

W1 ¼ x41�0 � x21�1 þ�2; V1 ¼ �x21�1 þ �2:

(86)

The parallel-transported vectors spanning V0 are

l[ ¼ ~k3̂ ~o
3̂ þ ~k2̂ ~o

2̂ þ ~k1̂ ~o
1̂;

m[ ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p ð�~k3̂ ~o

3̂ � r~k3̂o
3̂ þ �~k2̂ ~o

2̂ � x2 ~k2̂o
2̂

þ �~k1̂ ~o
1̂ � x1 ~k1̂o

1̂Þ;

n[ ¼ ~k3̂

�
C� r2

�1

�
~o3̂ þ ~k3̂

�r

�1

o3̂

þ X2

¼1

�
~k
̂

�
Cþ x2


�1

�
~o
̂ þ ~k
̂

�x

�1

o
̂
�
;

z[ ¼ 1ffiffiffiffiffiffiffiffiffiffi��2
p ðx1x2 ~k3̂o3̂ � rx1 ~k2̂o

2̂ � rx2 ~k1̂o
1̂Þ; (87)

where

~k 3̂ ¼ �
ffiffiffiffiffiffi
V3

U3

s
; ~k2̂ ¼

ffiffiffiffiffiffi
V2

U2

s
; ~k1̂ ¼

ffiffiffiffiffiffi
V1

U1

s
;

C ¼ 1

2�2
1

ð�r4 ~k2n̂ þ x42
~k2
2̂
þ x41

~k2
1̂
� �1�

2Þ;

� ¼
Z �0�3r

4drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

3 � X3V3

q �
Z �0�2x

4
2dx2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2V2 �W2
2

q
þ

Z �0�1x
4
1dx1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X1V1 �W2
1

q :

The 2-form F reads

F ¼ 	� ^ ~� ; 	 ¼
ffiffiffiffiffiffi
�2

�1

s
; (88)

where
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� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ 	2Þð	2 � x22Þ

U1

s
ðF1~o

3̂ þ F2~o
2̂ þ ~o1̂Þ;

~� ¼ 1

	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ 	2Þð	2 � x22Þ

U1

s
ðrF1o

3̂ þ x2F2o
2̂ þ x1o

1̂Þ:
(89)

Here we have introduced

F1 ¼ U1
~k1̂
~k3̂

�1ðr2 þ 	2Þ ; F2 ¼ U1
~k2̂
~k1̂

�1ð	2 � x22Þ
: (90)

Using Eq. (60) we find

_� ¼ �	ð�2 � 	2�1 þ 	4�0Þ
ðx21 � 	2Þðx22 � 	2Þðr2 þ 	2Þ : (91)

This means that also in 6D the angle � can be symbolically
integrated—it is given by (63)—and the parallel-
transported forms f�; ~�g, (60), explicitly constructed.

VII. PRINCIPAL NULL DIRECTIONS

So far we have described the construction of a parallel-
propagated frame along generic null geodesics. Similar to
the timelike case, with the increasing number of spacetime
dimensions, the number of degenerate cases increases for
which this construction has to be modified. One type of
degeneracy occurs for special geodesics for which the
spectrum of the operator F is degenerate. These geodesics
are characterized by a special choice of constants of mo-
tion and the parallel transport along them was partly de-
scribed in [21]. In this section, we concentrate on a more
fundamental degeneracy which happens when the very
construction of the external vector n, (12), fails. Such a
degeneracy occurs for the velocity vector l which is the
eigenvector of the PCKY tensor. In this case one cannot
proceed with constructing the 2-form F and the whole
procedure described in Sec. II breaks down. In the follow-
ing subsection we show that such a situation occurs for an
important class of geodesics called the principal null di-
rections. The parallel-propagated frame along these direc-
tions is described in the next subsection.

A. Principal null directions as the eigenvectors of the
PCKY tensor

The principal null directions (the Weyl aligned null
geodesics, see, e.g., [37]) play an important role in many
physical situations. In a spacetime admitting the PCKY
tensor the principal null directions, l�, coincide with the
(real) eigenvectors of the PCKY tensor

l� 5 h ¼ �	l[�; (92)

see [38] or Appendix C.1 in [16].
Namely, for the canonical metric element the affine-

parametrized principal null directions are [33,39]

l� ¼ 1ffiffiffiffiffiffiffi
Qn

p ð~en̂ � en̂Þ ¼ �@r þ 1

Xn

Xm
j¼0

r2ðn�1�jÞ@c j
:

(93)

These directions are characterized by the following con-
stants of motion:

�j ¼ 0; �j ¼ �AðjÞ
n ; �n ¼ 0; (94)

where j ¼ 0; . . . ; n� 1 and the constant �n is relevant
only in odd dimensions. Equation (93) gives also coordi-
nate components of l�, which lead to the equations for
geodesics

_r ¼ �1; _x
 ¼ 0; _c j ¼ r2ðn�1�jÞ

Xn

; (95)

where 
 ¼ 1; . . . ; n� 1 and j ¼ 0; . . . ; m. These can be
integrated to get

r ¼ ��; c j ¼ �
Z ��

0

r2ðn�1�jÞ

Xn

drþ c ð0Þ
j : (96)

B. Parallel transport

Now, we turn to the task of parallel transport along the
principal null direction lþ.

3 The parallel-propagated frame
can be obtained by a sequence of local Lorentz transfor-
mations of the canonical basis fl;n; e
̂; ~e
̂; e�̂g,

l ¼ 1ffiffiffi
2

p ð~en̂ þ en̂Þ; n ¼ 1ffiffiffi
2

p ð~en̂ � en̂Þ; (97)

along the geodesic (see Appendix B). Here, 
 ¼
1; . . . ; n� 1, and e�̂ is relevant only in an odd number of
spacetime dimensions. The resulting parallel-propagated

frame is fkl; kn; ke
̂; k~e
̂; ke�̂g, where
kl ¼ 1ffiffiffiffiffiffiffi

Qn

p l;

kn ¼ ffiffiffiffiffiffiffi
Qn

p
nþ Xn�1


¼1

ffiffiffi
2

p ffiffiffiffiffiffiffi
Q


q
~e
̂ þ "

ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
e�̂

þ
�Xn�1


¼1

Q
 þ "Q�

�
1ffiffiffiffiffiffiffi
Qn

p l;

ke
̂ ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q e
̂ � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q �
~e
̂ þ ffiffiffi

2
p ffiffiffiffiffiffiffi

Q


pffiffiffiffiffiffiffi
Qn

p l

�
;

k~e
̂ ¼ rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q e
̂ þ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q �
~e
̂ þ ffiffiffi

2
p ffiffiffiffiffiffiffi

Q


pffiffiffiffiffiffiffi
Qn

p l

�
;

ke�̂ ¼ e�̂ þ
ffiffiffi
2

p ffiffiffiffiffiffi
Q�

pffiffiffiffiffiffiffi
Qn

p l: (98)

3The parallel transport along l� is analogous.
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Similar to 4D, it may be convenient to find a parallel-
propagated complex null frame. This is done in
Appendix B.

VIII. CONCLUSIONS

In this paper we have studied the equations describing
the parallel-transport along null geodesics in spacetimes
which possess a (nondegenerate) principal conformal
Killing-Yano (PCKY) tensor. When the vacuum Einstein
equations with the cosmological constant are imposed, this
class of metrics coincides with the Kerr-NUT-(A)dS space-
times, describing the higher-dimensional rotating black
holes with NUT parameters, in an asymptotically flat or
(A)dS background. In particular, a solution of this problem
gives effective tools for studying the polarization of light
beams in backgrounds of considered black hole metrics.

A tangent vector to the null ray, which is evidently
parallel-propagated, determines a ðD� 1Þ-dimensional
null plane to which it is orthogonal. Our main observation
is, that using the PCKY tensor one can obtain a parallel-
propagated vector along the null geodesic which does not
belong to this null plane. We used these two parallel-
propagated vectors to construct a projection operator on a
ðD� 2Þ-dimensional subspace. By using the eigenvectors
of the PCKY tensor projected to this subspace we found
two-dimensional Darboux planes invariant under the par-
allel transport, and by proper rotations in these planes we
constructed the required parallel-propagated basis. Though
the idea of this construction is rather simple, concrete
calculations in higher-dimensional spacetimes are quite
involved. We performed them concretely in spacetimes
with D � 6. In each of these cases the final first order
ordinary differential equations specifying rotations in the
2D Darboux planes were solved by the separation of
variables. We expect that this remains true for any number
of dimensions.

The class of the Kerr-NUT-(A)dS spacetimes we con-
sidered in this paper belongs to the algebraic type D. These
spacetimes possess two special congruences of null geo-
desics called the principal null directions. Tangent vectors
to these geodesics are ‘‘eigenvectors’’ of the Weyl tensor.
At the same time they are null eigenvectors of the PCKY
tensor. This property implies that for this subclass of null
geodesics the problem of the parallel transport becomes
degenerate and requires special consideration. We have
studied this degenerate case and directly solved the corre-
sponding equations of parallel transport. This result might
be useful for studying the peeling-off property in the Kerr-
NUT-(A)dS spacetimes.
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APPENDIX A: GEOMETRIC OPTICS IN HIGHER-
DIMENSIONAL SPACETIMES

It is well known that if the wave length of massless field
radiation is much smaller than a characteristic scale on
which the gravitational field changes one can use the
geometric optics approximation. In this approximation a
normal to a surface of constant phase is a null vector which
is tangent to a null geodesic describing a motion of a
massless quantum. We collect here useful relations of the
geometric optics in a higher-dimensional curved space-
time. To make the presentation concrete we discuss the
electromagnetic field propagation. We closely follow the
nice presentation of the Misner, Thorne, and Wheeler book
[1], which requires only tiny changes connected with the
number of dimensions D which is now not four but arbi-
trary. Maxwell equations in a spacetime with the metric
gab, (a; b ¼ 0; . . . ; D� 1) in the Lorentz gauge have the
form

rbrbA
a � Ra

bA
b ¼ 0; (A1)

raA
a ¼ 0: (A2)

We write the potential Aa in the form

Aa ¼ <f½AþOð�Þ�aeiS=�g: (A3)

Here � is a small parameter.
Substituting (A3) into (A2) and keeping the term of the

leading order ��1 one obtains

laAa ¼ 0; la ¼ raS: (A4)

Similarly, substituting (A3) into (A1) and keeping the
terms of order ��2 and ��1 one gets

lal
a ¼ 0; (A5)

lbrbAa ¼ � 1

2
Aarbl

b: (A6)

Since rbla ¼ rbraS ¼ rarbS ¼ ralb the equation
(A5) implies that

lbrbl
a ¼ rll

a ¼ 0: (A7)

Hence integral lines of la

dxa

d�
¼ la (A8)

are null geodesics and � is an affine parameter.
We call l plane a ðD� 1Þ-dimensional null plane formed

by the vectors v orthogonal to l, v � l ¼ 0. Relation (A4)
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shows that the vector A lies in the l plane. Consider a
gauge transformation of the potential Aa ! Aa þra�,
where � ¼ <½�� expðiS=�Þ�. This transformation gener-
ates the following mapAa ! Aa þ �la. This means that
the vector A is determined up to the transformation

A ! A þ �l: (A9)

Thus for a nontrivial electromagnetic field the vector A is
spacelike. Let us writeA ¼ Ae, where e � e ¼ 1. We call
A the amplitude and e the polarization vector.

Since earlea ¼ 0, the equation (A6) implies

rle ¼ 0; (A10)

rlAþ 1
2Arbl

b ¼ 0: (A11)

The first equation, (A10), shows that the vector of polar-
ization e is parallel-transported along the null geodesic,
while the second equation implies

raðA2laÞ ¼ 0: (A12)

This conserved current gives the conservation law for the
‘‘number of photon’’

N ¼
Z

d�aA2la; (A13)

where d� is a volume element of a ðD� 1Þ-dimensional
spacelike Cauchy surface.

Denoted by ei, i ¼ 1; . . . ; D� 2 a set of ðD� 2Þ
parallel-propagated mutually orthogonal unit vectors. An
arbitrary vector of the linear polarization e can be decom-
posed in this basis as follows

e ¼ XD�2

i¼1

biei; (A14)

where bi are constant coefficients.

APPENDIX B: PARALLEL TRANSPORTALONG
PRINCIPAL NULL DIRECTIONS

In this appendix we present the details of the construc-
tion of a parallel-transported frame along the principal null
directions. Besides the basis fl;n; e
̂; ~e
̂; e�̂g, it is useful to
consider also the complex null Darboux basis
fl;n;m
̂; �m
̂; e�̂g,

m 
̂ ¼ 1ffiffiffi
2

p ð~e
̂ þ ie
̂Þ; �m
̂ ¼ 1ffiffiffi
2

p ð~e
̂ � ie
̂Þ; (B1)


 ¼ 1; . . . ; n� 1, with the only nonvanishing scalar prod-
ucts

l � n ¼ �1; m
̂ � �m
̂ ¼ 1; (B2)

in which the PCKY tensor h, (32), takes the form

h ¼ rl[ ^ n[ þ i
X



x
m

[ ^ �m


[: (B3)

The covariant derivatives of the Darboux basis along the
principal null direction lþ / l are

rlþl ¼
ffiffiffiffiffiffiffi
Qn

p
;rffiffiffiffiffiffiffi

Qn

p l;

rlþn ¼ �
ffiffiffiffiffiffiffi
Qn

p
;rffiffiffiffiffiffiffi

Qn

p nþ "
ffiffiffi
2

p ffiffiffiffiffiffi
Q�

pffiffiffiffiffiffiffi
Qn

p e�̂ þ
ffiffiffi
2

p Xn�1


¼1

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p

�
�

x


x2
 þ r2
e
̂ þ r

x2
 þ r2
~e
̂

�
;

rlþe
̂ ¼ x


x2
 þ r2
~e
̂ þ

ffiffiffi
2

p
x


x2
 þ r2

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p l;

rlþ~e
̂ ¼ � x


x2
 þ r2
e
̂ þ

ffiffiffi
2

p
r

x2
 þ r2

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p l;

rlþe�̂ ¼
ffiffiffi
2

p
r

ffiffiffiffiffiffi
Q�

pffiffiffiffiffiffiffi
Qn

p l:

(B4)

For the null basis these are equivalent to

rlþm
̂ ¼ ix


x2
 þ r2
m
̂ þ i

x
 þ ir

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p l;

rlþ �m
̂ ¼ �ix


x2
 þ r2
�m
̂ � i

x
 � ir

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p l;

rlþn ¼ �
ffiffiffiffiffiffiffi
Qn

p
;rffiffiffiffiffiffiffi

Qn

p nþ "
ffiffiffi
2

p ffiffiffiffiffiffi
Q�

pffiffiffiffiffiffiffi
Qn

p e�̂

þ Xn�1


¼1

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p
� �i

x
 � ir
m
̂ þ i

x
 þ ir
�m
̂

�
;

(B5)

with the equations for l and e�̂ unchanged.
Now, we change these Darboux bases to the parallel-

transported ones by a sequence of the local Lorentz trans-
formations. (Such transformations preserve the orthogo-
nality and the normalization of the frame.) Guided by Eq.
(93), our first transformation is the boost in the fl;ng plane

Bl¼ 1ffiffiffiffiffiffiffi
Qn

p l; Bn¼ ffiffiffiffiffiffiffi
Qn

p
n; Be
̂ ¼ e
̂;

B~e
̂ ¼ ~e
̂;
Be�̂ ¼ e�̂;

Bm
̂ ¼m
̂;
B �m
̂ ¼ �m
̂:

(B6)

The covariant derivatives along lþ changes to
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rlþ
Bl ¼ 0;

rlþ
Bn ¼ ffiffiffi

2
p Xn�1


¼1

ffiffiffiffiffiffiffi
Q


q �
x


x2
 þ r2
Be
̂ þ r

x2
 þ r2
B~e
̂

�

þ "
ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
Be�̂;

rlþ
Be
̂ ¼ x


x2
 þ r2
B~e
̂ þ

ffiffiffi
2

p
x


ffiffiffiffiffiffiffi
Q


p
x2
 þ r2

Bl;

rlþ
B~e
̂ ¼ � x


x2
 þ r2
Be
̂ þ

ffiffiffi
2

p
r

ffiffiffiffiffiffiffi
Q


p
x2
 þ r2

Bl;

rlþ
Be�̂ ¼

ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
r

Bl; (B7)

or, for the null frame

rlþ
Bm
̂ ¼ ix


x2
 þ r2
Bm
̂ þ i

ffiffiffiffiffiffiffi
Q


p
x
 þ ir

Bl;

rlþ
B �m
̂ ¼ �ix


x2
 þ r2
B �m
̂ � i

ffiffiffiffiffiffiffi
Q


p
x
 � ir

Bl;

rlþ
Bn ¼ Xn�1


¼1

ffiffiffiffiffiffiffi
Q


q � �i

x
 � ir
Bm
̂ þ i

x
 þ ir
B �m
̂

�

þ "
ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
Be
̂: (B8)

Next transformation is a multinull rotation, leaving Bl
fixed. Actually, this transformation can be decomposed
into a sequence of commuting null rotations each of which
combines only vectors l, n and vectors m
̂, �m
̂ from one

KY 2-plane. Namely, for each 
 ¼ 1; . . . ; n� 1 we per-

form the null rotation characterized by the parameter
ffiffiffiffiffiffiffi
Q


p
,

Nl ¼ Bl; Nm
̂ ¼ Bm
̂ þ
ffiffiffiffiffiffiffi
Q


q
Bl;

N �m
̂ ¼ B �m
̂ þ
ffiffiffiffiffiffiffi
Q


q
Bl; Ne
̂ ¼ Be
̂;

N~e
̂ ¼ B~e
̂ þ ffiffiffi
2

p ffiffiffiffiffiffiffi
Q


q
Bl;

(B9)

in odd dimension accompanied by

Ne�̂ ¼ Be�̂ þ
ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
Bl: (B10)

The transformed vectors are orthogonal and have to be
completed by properly transformed vector Bn,

Nn ¼ Bnþ Xn�1


¼1

ffiffiffiffiffiffiffi
Q


q
ðBm
̂ þ B �m
̂Þ þ "

ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
Be�̂

þ
�Xn�1


¼1

Q
 þ "Q�

�
Bl

¼ Bnþ Xn�1


¼1

ffiffiffi
2

p ffiffiffiffiffiffiffi
Q


q
B~e
̂ þ "

ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
Be�̂

þ
�Xn�1


¼1

Q
 þ "Q�

�
Bl: (B11)

Let us remark here, that since the parameters of the null
rotations are real, each of them actually mix only three
directions Bl, Bn, B~e
̂; the direction Be
̂ remains fixed.

The covariant derivatives of the null rotated frame are
simple

rlþ
Nl ¼ 0; rlþ

Nn ¼ 0; rlþ
Ne�̂ ¼ 0;

rlþ
Be
̂ ¼ x


x2
 þ r2
N~e
̂; rlþ

B~e
̂ ¼ � x


x2
 þ r2
Ne
̂;

rlþ
B �m
̂ ¼ �ix


x2
 þ r2
N �m
̂; rlþ

Bm
̂ ¼ ix


x2
 þ r2
Nm
̂:

(B12)

Finally, we perform the spatial rotation in each spatial
KY 2-plane, by the angle ’
 ¼ arctan r

x

,

kl ¼ Nl; kn ¼ Nn; ke�̂ ¼ Ne�̂;

ke
̂ ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q Ne
̂ � rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q N~e
̂;

k~e
̂ ¼ rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q Ne
̂ þ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
 þ r2

q N~e
̂;

km
̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
 � ir

x
 þ ir

s
Nm
̂;

k �m
̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
 þ ir

x
 � ir

s
N �m
̂:

(B13)

The resulting frame fkl; kn; ke
̂; k~e
̂; ke�̂g (or, alternatively,
fkl; kn; km
̂;

k �m
̂;
ke�̂g) is parallel-transported

rlþ
kl¼ 0; rlþ

kn¼ 0; rlþ
ke�̂ ¼ 0; rlþ

ke
̂ ¼ 0;

rlþ
k~e
̂ ¼ 0; rlþ

km
̂ ¼ 0; rlþ
k �m
̂ ¼ 0: (B14)

Combining all the transformations together we arrive at
the result (98), or, for the complex null frame
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kl ¼ 1ffiffiffiffiffiffiffi
Qn

p l;

kn ¼ ffiffiffiffiffiffiffi
Qn

p
nþ

�Xn�1


¼1

Q
 þ "Q�

�
1ffiffiffiffiffiffiffi
Qn

p l

þ Xn�1


¼1

ffiffiffiffiffiffiffi
Q


q
ðm
̂ þ �m
̂Þ þ "

ffiffiffi
2

p ffiffiffiffiffiffi
Q�

p
e�̂

km
̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
 � ir

x
 þ ir

s �
m
̂ þ

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p l

�

k �m
̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
 þ ir

x
 � ir

s �
�m
̂ þ

ffiffiffiffiffiffiffi
Q


pffiffiffiffiffiffiffi
Qn

p l

�

ke�̂ ¼ e�̂ þ
ffiffiffi
2

p ffiffiffiffiffiffi
Q�

pffiffiffiffiffiffiffi
Qn

p l: (B15)

APPENDIX C: PARALLEL TRANSPORT IN THE
PLEBAŃSKI-DEMIAŃSKI FAMILY OF

SOLUTIONS

In the main text we have demonstrated how to construct
a parallel-propagated frame along null geodesics in space-
times admitting the PCKY tensor. In this appendix we
show how to modify this construction for an important
family of 4D spacetimes described by the Plebański-
Demiański metric. Such a family generally admits only a
nonclosed generalization of the PCKY tensor—the (non-
degenerate) conformal Killing-Yano (CKY) tensor. Our
construction generalizes the results presented in [23,24].

1. Plebański-demiański metric

The Plebański-Demiański metric [40] describes a large
class of four-dimensional type D spacetimes. The concrete
form of physical metrics is obtained by a due limiting
procedure (see, e.g., [41] for a recent review). In this way
one can obtain, for example, the metric of an accelerated
rotating charged black hole in the cosmological
background.

The whole Plebański-Demiański class of solutions pos-
sesses the CKY tensor [42]. Such a tensor is responsible for
complete integrability of a null geodesic motion. When the
acceleration parameter is removed the corresponding sub-
class of solutions obtained earlier by Carter [35,36] allows
the PCKY tensor [43] and the solution of parallel transport
was already described in Sec. VIA (see also [21] for the
timelike case). In order to see the impact of the presence of
a nontrivial acceleration on parallel transport, we write the
Plebański-Demiański metric in the notations of Sec. VIA.
So we have

g ¼ � ~!2̂ ~!2̂ þ!2̂!2̂ þ ~!1̂ ~!1̂ þ!1̂!1̂; (C1)

where

~! 2̂ ¼ �

ffiffiffiffiffiffi
X2

U2

s
ðdc 0 þ x21dc 1Þ; !2̂ ¼ �

ffiffiffiffiffiffi
U2

X2

s
dr;

~!1̂ ¼ �

ffiffiffiffiffiffi
X1

U1

s
ðdc 0 � r2dc 1Þ; !1̂ ¼ �

ffiffiffiffiffiffi
U1

X1

s
dx1:

(C2)

Here, U2 ¼ �U1 ¼ x21 þ r2 and � ¼ ð1� x1rÞ�1. For
X1 ¼ X1ðx1Þ and X2 ¼ X2ðrÞ we refer to the metric as the
off shell metric. Such a metric possesses two (Hodge dual)
nondegenerate CKY 2-forms [42]

h ¼ �ð�r!2̂ ^ ~!2̂ þ x1!
1̂ ^ ~!1̂Þ; (C3)

k ¼ ��ðx1!2̂ ^ ~!2̂ þ r!1̂ ^ ~!1̂Þ; (C4)

which are connected with the background isometries as

� ðhÞ ¼ � 1

3
�h ¼ @c 0

; �ðkÞ ¼ � 1

3
�k ¼ @c 1

: (C5)

These isometries together with the hidden symmetry of the
CKY tensor make the null geodesic motion in the off shell
background (C1) and (C2) completely integrable. The
tetrad components of the velocity are

~l 2̂ ¼
W2

�
ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p ; l2̂ ¼
�2

�
ffiffiffiffiffiffiffiffiffiffiffiffi
X2U2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

2 � V2X2

q
;

~l1̂ ¼
�W1

�
ffiffiffiffiffiffiffiffiffiffiffiffi
X1U1

p ; l1̂ ¼
�1

�
ffiffiffiffiffiffiffiffiffiffiffiffi
X1U2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V1X1 �W2

1

q
;

(C6)

where

W2 ¼ r2�0 þ�1; V2 ¼ ��1 > 0;

W1 ¼ �x21�0 þ�1; V1 ¼ �1:
(C7)

The constant �1 corresponds to the conformal Killing
tensor Qab ¼ kackb

c, whereas the constants �0 and �1

are associated with the Killing vectors @c 0
and @c 1

,

respectively.4

For the special choice of metric functions

X1 ¼ �k� 2nx1 þ �x21 � 2mx31

þ ðkþ e2 þ g2 þ�=3Þx41;
X2 ¼ kþ e2 þ g2 � 2mrþ �r2 � 2nr3 � ðkþ�=3Þr4;

(C8)

and the vector potential

A ¼ � 1

�

�
erffiffiffiffiffiffiffiffiffiffiffiffi
U2X2

p ~!2̂ þ gx1ffiffiffiffiffiffiffiffiffiffiffiffi
U1X1

p ~!1̂

�
; (C9)

4One can formally recover the ‘‘nonaccelerating’’ class of
solutions [35,36] by taking the conformal factor � ¼ 1. After
that, the CKY tensor h becomes the PCKY tensor discussed
earlier and k becomes the Killing-Yano tensor. At the same time
�ðhÞ still coincides with @c 0

and �ðkÞ vanishes.
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the Plebański-Demiański metric obeys the Einstein-
Maxwell equations with e and g the electric and magnetic
charges and the cosmological constant �.

2. Construction of a parallel-propagated frame

Let us now construct a parallel-propagated frame in the
off shell background (C1) and (C2). We start by observing
that having a CKY 2-form !, that is a 2-form obeying the
CKY equations

rX! ¼ 1

3
X 5 d!þ X[ ^ �[; �[ ¼ � 1

D� 1
�!;

(C10)

and a null geodesic velocity vector l, one can construct the
following parallel-transported vector:

w ¼ ðl 5 !Þ] þ �l; _� ¼ l � �: (C11)

Indeed, using the defining property (C10) we obtain

_w ¼ ðl 5 _!Þ] þ _�l ¼ 1

3
l 5 ðl 5 d!Þ

þ ½l 5 ðl[ ^ �[Þ�] þ _�l ¼ lð _�� l � �Þ: (C12)

Here we have used the obvious fact that the first term in the
second line is zero and then proceeded in the same way as
in Sec. III A.

In particular, this means that for the off shell Plebański-
Demiański metric we may construct the following two
parallel-transported vectors:

m ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p ½ðl 5 hÞ] þ �hl�; (C13)

z ¼ 1ffiffiffiffiffiffiffiffiffiffi��1
p ½ðl 5 kÞ] þ �kl�: (C14)

Moreover, using (C5) we find5

�h ¼ �0�; �k ¼ �1�: (C15)

The last parallel-transported vector n is simply determined
by the normalization conditions

n � l ¼ �1; n �m ¼ 0;

n � z ¼ 0; n � n ¼ 0:
(C16)

Let us explicitly write down the form of the (off shell)
parallel-transported frame in the velocity adapted basis fog,
(47). We have

l[ ¼ ~k1̂ð�~o2̂ þ ~o1̂Þ; ~k1̂ ¼ �~k2̂ ¼
1

�

ffiffiffiffiffiffi
V2

pffiffiffiffiffiffi
U2

p ;

m[ ¼
~k1̂ffiffiffiffiffiffiffiffiffiffi��1

p ð��h~o
2̂ þ r�o2̂ þ �h~o

1̂ � x1�o1̂Þ;

n[ ¼
~k1̂
�1

�
�2U2 þ �2

h þ �2
k

2
~o2̂ ��ð�hrþ �kx1Þo2̂

þ�2U2 � �2
h � �2

k

2
~o1̂ þ�ð�hx1 � �krÞo1̂

�
;

z[ ¼
~k1̂ffiffiffiffiffiffiffiffiffiffi��1

p ð��k~o
2̂ þ x1�o2̂ þ �k~o

1̂ þ r�o1̂Þ: (C17)

It is easy to see, that one can formally recover the ‘‘non-
accelerating’’ limit of the PCKY tensor, Eq. (69), by
setting � ¼ 1 (�k ¼ 0).
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(2006).
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