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The forward limit of the chiral-odd generalized parton distributions (GPDs) and their lower moments

are investigated within the framework of the chiral quark soliton model (CQSM), with particular emphasis

on the transversity decomposition of nucleon angular momentum proposed by Burkardt. A strong

correlation between quark spin and orbital angular momentum inside the nucleon is manifest in the

derived second moment sum rule within the CQSM, thereby providing an additional support to the

qualitative connection between chiral-odd GPDs and Boer-Mulders effects. We further confirm isoscalar

dominance of the corresponding first moment sum rule, which indicates that the Boer-Mulders functions

for the u and d quarks have roughly equal magnitude with the same sign. Also made are some comments

on the recent empirical extraction of the tensor charges of the nucleon by Anselmino et al. We

demonstrate that a comparison of their result with any theoretical predictions must be done with great

care, in consideration of fairly strong scale dependence of tensor charges, especially at the lower

renormalization scale.
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I. INTRODUCTION

The concept of generalized parton distributions (GPDs)
has recently attracted considerable interest [1–6].
Naturally, these new quantities contain richer information
on the internal quark-gluon structure of the nucleon, well
beyond what can be learned from the usual parton distri-
bution functions (PDFs). A complete set of quark GPDs at
the leading twist 2 contains four helicity-conserving dis-
tributions, usually denoted as Hq, Eq, ~Hq, ~Eq, and four
helicity-flip (chiral-odd) distributions, labeled as Hq

T , E
q
T ,

~Hq
T ,

~Eq
T [7,8]. These GPDs are all functions of three kine-

matical variables, x, �, and t, where x is a generalized
Bjorken variable, t is the four-momentum-transfer square
of the nucleon, while � is the longitudinal momentum
transfer, usually called the skewedness parameter. The
standard PDFs are naturally contained as a subset of these
GPDs. That is, in the forward limit �, t ! 0 of zero
momentum transfer, Hqðx; �; tÞ and ~Hqðx; �; tÞ reduce to
the unpolarized distribution function qðxÞ, and the longi-
tudinally polarized distribution functions �qðxÞ, respec-
tively. On the other hand, Hq

Tðx; �; tÞ reduces to the so-
called transversity distribution function �TqðxÞ.

Experimental studies so far have mostly been concen-
trated on the helicity-conserving (chiral-even) GPDs, es-
pecially on Hqðx; �; tÞ and Eqðx; �; tÞ [9–12], because they
are very interesting quantities for clarifying the role of
quark orbital angular momentum in the nucleon spin prob-
lem [3,13–15], and also because they are easier to access
experimentally as compared with the helicity-flip (chiral-
odd) GPDs. Although there exist some proposals to access
the chiral-odd GPDs in diffractive double meson produc-
tion [16,17], we now have almost no empirical information
on them. [An exception is the forward limit of GPD

Hqðx; �; tÞ, i.e. the transversity �TqðxÞ. The first empirical
extraction of the transversity distribution has recently been
done by Anselmino et al. based on the combined global
analysis of the measured azimuthal asymmetries in semi-
inclusive scatterings and those in eþe� ! h1h2X pro-
cesses [18,19].]
Although a direct experimental access to the chiral-odd

GPDs is not very easy at the present moment, it was shown
by Burkardt that they are not only interesting from a
theoretical viewpoint but they also have important influ-
ence on some physical observables [20,21]. First, the trans-
versity decomposition of quark angular momentum in the
nucleon introduced by him indicates that a strong correla-
tion between quark spin and angular momentum is hidden
in the 2nd moment of chiral-odd GPDs, more specifically
in the combination Hq

T þ 2 ~Hq
T þ ~Eq

T . He also suggested
that a strong correlation would exist between the 1st mo-

ment of 2 ~Hq þ ~Eq and the Boer-Mulders functions h?q
1

describing the asymmetry of the transverse momentum of
quarks perpendicular to the quark spin in an unpolarized
target [22]. (This is a variant of the analogous relation
between the Sivers function [23] and the anomalous mag-
netic moment of a quark with the flavor q also proposed by
him [24,25].)
Turning to the status of theoretical studies of chiral-odd

GPDs, most works so far have been restricted to the studies
of the transversity �qðxÞ, which is the forward limit of the
GPD Hq

Tðx; �; tÞ. A lot of model calculations were reported
on the transversity and its 1st moment, i.e. the tensor
charge [26–37]. There also exist lattice QCD studies on
the lower moments of Hq

Tðx; �; tÞ. Its 1st moment, i.e. the
tensor charge, was first investigated in [38], while the
simulations were extended to include its 2nd moment as
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well in [39]. However, the lattice QCD studies on the
moments of other GPDs, i.e. Eq

T ,
~Hq
T ,

~Eq
T , have not been

reported yet. Concerning the full x, �, t dependence of the
chiral-odd GPDs, there have been only a few model cal-
culations. One is the investigation by Pasquini, Pincetti,
and Boffi [40–42] within the framework of the light-front
constituent quark model (see also a similar investigation by
Dahiya and Mukherjee [43]), another is the calculation by
Scopetta based on a simple version of the MIT bag model.
Probably, most extensive is the investigation by Pasquini
et al. [40]. They gave predictions not only for the lower
moments of GPDs but also for the full x, �, t dependence of
those GPDs. Note, however, that their calculations were
made possible at the price of one crude approximation.
That is, in their model calculations, only the lowest-order
Fock-space components of the light-front wave functions
with three valence quarks are taken into account. The
previous investigation of the chiral-even unpolarized

GPD HðI¼0Þðx; �; tÞ based on the approximate treatment
of the chiral quark soliton model (CQSM) [44] indicates
that this approximation is not necessarily justified, and the
inclusion of higher Fock components may bring about
richer x and � dependence in the GPDs.

In the present investigation, we try to investigate chiral-
odd GPDs beyond the three valence quark approximation.
Within the CQSM, which we shall use, the effects of higher
Fock-space components can be included nonperturbatively
as contributions of deformed Dirac-sea quarks in the
hedgehog mean field [45,46], not through the perturbative
Fock-space expansion. Unfortunately, technical hardness
of this ambitious program does not allow us complete a
calculation of GPDs in full dependence of the three kine-
matical variables, x, �, and t, at the present stage. In the
present investigation, we therefore content ourselves in the
calculation of the forward limit of a GPD, i.e.Gq

Tðx; 0; 0Þ �
lim�!0;t!0½Hq

Tðx; �; tÞ þ 2 ~Hq
Tðx; �; tÞ þ Eq

Tðx; �; tÞ�, since,

except for the transversity distribution Hq
Tðx; 0; 0Þ, this

distribution is physically the most interesting quantity,
which is thought to contain valuable information on the
correlation between the quark spin and orbital angular
momentum inside the nucleon as pointed out by Burkardt
[20,21]. [There already exist several investigations within
the CQSM on the forward limit of chiral-even GPD
Eðx; �; tÞ [47,48] as well as on the generalized form factors
corresponding to its lower moments [49–52].] Concerning
the transversity �TqðxÞ ¼ Hq

Tðx; 0; 0Þ contained in the
combination to define Gq

Tðx; 0; 0Þ, the first empirical infor-
mation was recently obtained by Anselmino et al. through
the semi-inclusive deep inelastic scatterings [18,19]. The
extracted transversities and/or their 1st moments were
compared with some model predictions. We shall discuss
in the present paper that such a comparison is potentially
very dangerous if one does not pay the closest attention to
the fairly strong scale dependence of the transversities.
The paper is organized as follows. First, in Sec. II, we

shall derive theoretical formulas, which are necessary for
evaluating the relevant GPDs within the framework of the
CQSM. Next, in the first part of Sec. III, we show the
results of numerical calculation for the isoscalar and iso-
vector part of Gq

Tðx; 0; 0Þ as well as their 1st and 2nd
moments. The second part of Sec. III is devoted to the
discussion on the delicacy, which is shown to arise in a
comparison between the recent empirical determination of
the tensor charges and the corresponding theoretical pre-
dictions. Some concluding remarks are then given in
Sec. IV.

II. CHIRAL-ODD GPDS IN THE CQSM

The chiral-odd GPDs are defined as nonforward matrix
elements of the light-cone correlation of the tensor current
as

M ¼ 1

2

Z dz�

2�
eixP

þz�hp0; �0j �c
�
� z

2

�
i�þj�5c

�
� z

2

�
jp; �i

¼ 1

2Pþ �uðp0; �0Þ
�
HTðx; �; tÞi�þj�5 þ ~HTðx; �; tÞ

i�þj����P�

M2
N

þ ETðx; �; tÞ i�
þj�����5

2MN

þ ~ETðx; �; tÞ
i�þj��P���

MN

�

� uðp; �Þ; (1)

where i ¼ 1, 2 is a transverse index, while pðp0Þ and �ð�0Þ
are the momentum and the helicity of the initial (final)
nucleon, respectively. We use here the light-cone coordi-
nates v� ¼ ðv0 � v3Þ= ffiffiffi

2
p

, and v? ¼ ðv1; v2Þ for any
four-vector v	. We also use the notation

P ¼ 1
2ðp0 þ pÞ; � ¼ p0 � p: (2)

As is widely known, the GPDs depend on three kinematical
variables, x, �, and t, where x is a generalized Bjorken
variable, t ¼ �2 is the four-momentum-transfer squared of

the nucleon, and � ¼ ��þ=ð2PþÞ denotes the longitudi-
nal momentum transfer, usually called the skewedness
parameter.
For model calculation, it is convenient to work in the so-

called Breit frame, in which

p0 ¼ ðE�=2;þ�=2Þ; p ¼ ðE�=2;��=2Þ; (3)

so that

P ¼ ðE�=2; 0Þ; � ¼ ð0;�Þ: (4)
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We also assume large Nc kinematics, in which the nucleon
is heavy, MN �OðNcÞ, and its center-of-mass motion is
essentially nonrelativistic. Under these circumstances,
�i ¼ OðN0

cÞ and�0 ¼ OðN�1
c Þ, so that the hierarchy holds

that MN � j�ij � j�0j. Note also that t ¼ �� ¼ OðN0
cÞ

and � ¼ ��3=ð2MNÞ ¼ OðN�1
c Þ. Then, noting that � ¼

ð�?;�2MN�Þ, we evaluate the right-hand side (rhs) of
Eq. (1), to obtain

M�
�
HT þ �2

?
8M2

N

�
ET � 1

2
HT

�
þ � ~ET

�
�1

þ 1

2MN

½HT þ 2 ~HT þ ET�i�2 þ 1

2MN

~ET�1�3

�
�
ET � 1

2
HT

�
1

4M2
N

�
�1ð� ��?Þ � 1

2
�2

?�1

�
: (5)

Since we are interested in the forward limit (�? ! 0, � !
0) in the present investigation, we can project out these
four independent pieces as

HTðx; 0; 0Þ ¼ 1

2�

Z 2�

0
d


1

2
tr�1M; (6)

1

2MN

½HT þ 2 ~HT þ ET�ðx; 0; 0Þ

¼ 1

�

Z 2�

0
d


�2

ij�?j2
1

2
trM; (7)

1

2MN

~ETðx; 0; 0Þ ¼ 1

�

Z 2�

0
d


�1

j�?j2
1

2
tr�3M; (8)

� 1

4M2
N

�
ET � 1

2
HT

�
ðx; 0; 0Þ

¼ 2

�

Z 2�

0
d


1

j�?j4
1

2
tr

�
ð�? � �Þ�1 � 1

2
�2

?�1

�
M;

(9)

where 
 is the azimuthal angle of the transverse vector
�?, i.e. �? ¼ j�?jðcos
; sin
Þ. For convenience, let us
use the shorthand notation:

GTðx; �; tÞ � HTðx; �; tÞ þ 2 ~HTðx; �; tÞ þ ETðx; �; tÞ;
(10)

KTðx; �; tÞ � ETðx; �; tÞ � 1
2HTðx; �; tÞ: (11)

Now, we are ready to evaluate the amplitudes M ex-
plicitly in the CQSM. We first investigate the answer at the
mean-field level, i.e. we derive theoretical expressions for
the Oð�0Þ contribution to M, with � being the collective
angular velocity of the rotating hedgehog mean field.
Using the formalism developed in the previous studies
[32,53–60], the isoscalar part of Mðx; 0; tÞ at the Oð�0Þ
is given as a sum over all the occupied eigenstates of the
Dirac Hamiltonian H:

MðI¼0Þðx; 0; tÞ ¼ MN

Z dz0
2�

Z
d3xei�?�xNc

� X
n2occ

eiz0ðxMN�EnÞ�y
n ðxÞð�1�5 � i�2Þ

��nðx� z0e3Þ; (12)

with e3 ¼ ð0; 0; 1Þ being a unit vector in the z direction.
Here, �nðXÞ are the eigenfunctions of the Dirac
Hamiltonian with the hedgehog mean field, i.e.

H�nðxÞ ¼ En�nðxÞ; (13)

with

H ¼ � � r
i

þ �Mei�5��r̂FðrÞ: (14)

Noting that

ei�?�x ¼ 1þ i�? � x� 1
2ð�? � xÞ2 þ � � � ; (15)

we easily find that

HðI¼0Þ
T ðx; 0; 0Þ ¼ 0 (16)

1

2MN

GðI¼0Þ
T ðx; 0; 0Þ ¼ MNNc

X
n2occ

hnjx2ð�1�5 � i�2Þ

� �ðxMN � En � p3Þjni; (17)

1

2MN

~EðI¼0Þ
T ðx; 0; 0Þ ¼ 0; (18)

1

4M2
N

KðI¼0Þ
T ðx; 0; 0Þ ¼ 0; (19)

which shows that only GðI¼0Þ
T ðx; 0; 0Þ survives among the

four GPDs, at the lowest order in�, or in 1=Nc expansion.
Next, we turn to the isovector part. The isovector part of

Mðx; 0; tÞ is given as

MðI¼1Þðx; 0; tÞ ¼ MN

Z dz0
2�

Z
d3xei�?�xNc

� X
n2occ

eiz0ðxMN�EnÞ�y
n ðxÞAy�3

� Að�1�5 � i�2Þ�nðx� z0e3Þ; (20)

where A is the rotation matrix belonging to flavor SUð2Þ.
Here we use the identity

Ay�3A ¼ D3kðAÞ�k; (21)

where D3kðAÞ is a Wigner’s rotation matrix, which should
eventually be sandwiched between the rotational wave

functions �ðT¼S¼1=2Þ
T3;J3

½A� representing the spin-isospin

states of the nucleon. Using the expansion (15), together
with the replacement

D3kðAÞ ! �1
3ð�3ÞT0

3T3
ð�kÞS03S3 ; (22)
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which should be interpreted as an abbreviation of the
identity

Z
�ðT¼S¼1=2Þ	

T0
3
;S0

3
½A�D3kðAÞ�ðT¼S¼1=2Þ

T3;S3
½A�DA

¼ � 1

3
ð�3ÞT0

3
T3
ð�kÞS0

3
S3 ; (23)

in the projection formulas (7)–(9), we are led to the follow-
ing expressions for the Oð�0Þ contributions to the isovec-
tor parts of four GPDs as

HðI¼1Þ
T ðx; 0; 0Þ ¼ MN

�
�Nc

3

� X
n2occ

hnj�1ð�1�5 � i�2Þ

� �ðxMN � En � p3Þjni; (24)

1

2MN

GðI¼1Þ
T ðx; 0; 0Þ ¼ 0; (25)

1

2MN

~EðI¼1Þ
T ðx;0;0Þ ¼MN

�
�Nc

3

� X
n2occ

hnjix1�3ð�1�5 � i�2Þ

��ðxMN �En �p3Þjni; (26)

1

4M2
N

KðI¼1Þ
T ðx; 0; 0Þ ¼ MN

�
�Nc

3

� X
n2occ

hnj 1
2
½2ðx? � �Þx1 � x2?�1�ð�1�5 � i�2Þ�ðxMN � En � p3Þjni: (27)

Note that, just opposite to the isoscalar case, only GðI¼1Þ
T ðx; 0; 0Þ vanishes, while the other three GPDs are generally

nonzero.
The Oð�1Þ contributions, or equivalently, the next-to-leading contributions in 1=Nc expansion, can similarly be

evaluated, although the manipulation is much more complicated. Skipping the detailed derivation, we first write down
the answers for the isoscalar parts:

HðI¼0Þ
T ðx; 0; 0Þ ¼ �MN

Nc

2I

X
m2all;n2occ

hmj�1jnihnjð�1�5 � i�2Þ
�

1

Em � En

� 1

2MN

d

dx

�
�ðxMN � En � p3Þjmi; (28)

1

2MN

GðI¼0Þ
T ðx; 0; 0Þ ¼ 0; (29)

1

2MN

~EðI¼0Þ
T ðx; 0; 0Þ ¼ �MN

Nc

2I

X
m2all;n2occ

hmj�3jnihnjix1ð�1�5 � i�2Þ
�

1

Em � En

� 1

2MN

d

dx

�
�ðxMN � En � p3Þjmi;

(30)

1

4M2
N

KðI¼0Þ
T ðx; 0; 0Þ ¼ �MN

Nc

2I

X
m2all;n2occ

hmj�cjnihnj 12 ½ðx
2
1 � x22Þ�c;1 þ 2x1x2�c;2�ð�1�5 � i�2Þ

�
1

Em � En

� 1

2MN

d

dx

�

� �ðxMN � En � p3Þjmi: (31)

On the other hand, the Oð�1Þ contributions to the isovector part are given as

HðI¼1Þ
T ðx; 0; 0Þ ¼ i"1acMN

Nc

6I

X
m2nocc;n2occ

1

Em � En

hmj�cjnihnj�að�1�5 � i�2Þ�ðxMN � En � p3Þjmi; (32)

1

2MN

GðI¼1Þ
T ðx; 0; 0Þ ¼ �MN

Nc

6I

X
m2all;n2occ

hmj�cjnihnj�cx2ð�1�5 � i�2Þ
�

1

Em � En

� 1

2MN

d

dx

�
�ðxMN � En � p3Þjmi;

(33)

1

2MN

~EðI¼1Þ
T ðx; 0; 0Þ ¼ i"3acMN

Nc

6I

X
m2nocc;n2occ

1

Em � En

hmj�cjnihnj�aix1ð�1�5 � i�2Þ�ðxMN � En � p3Þjmi; (34)
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1

4M2
N

KðI¼1Þ
T ðx; 0; 0Þ ¼ i"bacMN

Nc

6I

X
m2nocc;n2occ

1

Em � En

hmj�cjnihnj�a 12 ½ðx
2
1 � x22Þ�b;1 þ 2x2x2�b;2�ð�1�5 � i�2Þ

� �ðxMN � En � p3Þjmi: (35)

To sum up, we can summarize the novel � dependence of
the eight GPDs as

HðI¼0Þ
T ðx; 0; 0Þ ¼ 0þOð�1Þ; (36)

GðI¼0Þ
T ðx; 0; 0Þ ¼ Oð�0Þ þ 0; (37)

~E ðI¼0Þ
T ðx; 0; 0Þ ¼ 0þOð�1Þ; (38)

KðI¼0Þ
T ðx; 0; 0Þ ¼ 0þOð�1Þ; (39)

and

HðI¼1Þ
T ðx; 0; 0Þ ¼ Oð�0Þ þOð�1Þ; (40)

GðI¼1Þ
T ðx; 0; 0Þ ¼ 0þOð�1Þ; (41)

~E ðI¼1Þ
T ðx; 0; 0Þ ¼ Oð�0Þ þOð�1Þ; (42)

KðI¼1Þ
T ðx; 0; 0Þ ¼ Oð�0Þ þOð�1Þ; (43)

where terms which do not contribute are denoted as 0.
Since � is an Oð1=NcÞ quantity, this especially means
that GTðx; 0; 0Þ is a quantity with isoscalar dominance,
although the isovector component also exists as an 1=Nc

correction. (See the discussion in Sec. III.) One may also
notice that the contributions to the isovector GPDs, HðI¼1Þ

T ,
~EðI¼1Þ
T , and KðI¼1Þ

T , survive at the mean-field level, or at the
Oð�0Þ level, while these GPDs receive Oð�1Þ contribu-
tions as well. The appearance of the antisymmetric "
tensor, as observed in Eqs. (40), (42), and (43), is a char-
acteristic feature of this novel 1=Nc correction. This unique
1=Nc correction is known to play an important role in
resolving the notorious underestimation problem of some
isovector observables of the nucleon, such as the isovector
axial charge and the isovector magnetic moment, inherent
in the hedgehog-type soliton model [61–63].

So far, we have derived the theoretical expressions for
the forward limits of four chiral-odd GPDs, HTðx; �; tÞ,
ETðx; �; tÞ, ~HTðx; �; tÞ, and ~ETðx; �; tÞ, in the CQSM.
Since the forward limit of HTðx; �; tÞ, which is known to
reduce to the familiar transversity distribution �TqðxÞ, has
already been investigated within the CQSM [32–36], we

need to evaluate the remaining three independent GPDs,
ETðx; 0; 0Þ, ~HTðx; 0; 0Þ, and ~ETðx; 0; 0Þ, or equivalently,
GTðx; 0; 0Þ, KTðx; 0; 0Þ, and ~ETðx; 0; 0Þ. Unfortunately, we
find that the numerical calculation of KTðx; 0; 0Þ is quite
involved. In the present study, we therefore concentrate on
GTðx; 0; 0Þ, which is a special combination of three GPDs,
HTðx; 0; 0Þ, ~HTðx; 0; 0Þ, and ETðx; 0; 0Þ, as given by (10).
From a physical viewpoint, this is the most interesting
quantity, which appears in Burkardt’s transversity decom-
position of quark angular momentum [20,21].
According to Burkardt, the transverse decomposition of

angular momentum in the nucleon is given in the form

hJxqi ¼ hJxq;þx̂i þ hJxq;�x̂i; (44)

where the 1st and the 2nd terms in the right-hand side,
respectively, stand for the angular momentum carried by
quarks with transverse polarization in the þx̂ and �x̂
directions in an unpolarized nucleon at rest. On the other
hand, the difference of the above two quantities gives the
transverse asymmetry,

h�xJxqi ¼ hJxq;þx̂i � hJxq;�x̂i; (45)

which can be interpreted as representing a correlation
between quark spin and orbital angular momentum in an
unpolarized nucleon. Burkardt has derived the identities,
which relate the above two quantities to the 1st and the 2nd
moment of GPDs as

hJxqi ¼ Sx

2

Z 1

�1
½Hðx; 0; 0Þ þ Eðx; 0; 0Þ�dx (46)

h�Jxqi ¼ 1

2

Z 1

�1
x½HTðx;0;0Þþ 2 ~HTðx;0;0ÞþETðx;0;0Þ�dx

¼ 1

2

Z 1

¼1
xGTðx;0;0Þdx: (47)

The quantities appearing in the 1st sum rule are the forward
limit of the familiar (chiral-even) unpolarized GPDs,
Hðx; �; tÞ and Eðx; �; tÞ. This identity is essentially the
nucleon spin sum rule of Ji [3], and nothing new. What is
new is the second sum rule. It relates the above-mentioned
transverse asymmetry to the 2nd moment of the chiral-odd
GPD GT , which we recall is a particular combination of
HT , ~HT , and ET . It is interesting to see the explicit form for

the 2nd moment ofGðI¼0Þ
T ðx; 0; 0Þ in the CQSM. From (17),

we readily find that
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Z 1

�1
xGðI¼0Þ

T ðx; 0; 0Þdx ¼ 2

3
Nc

X
n2occ

�
Enhnjð�iÞ� � xjni þ 1

2
hnj�0� �Ljni

�

¼ 2

3
Nc

X
n2occ

�
Enhnj 0 �i� � x

i� � x 0

� �
jni þ 1

2
hnj � �L 0

0 �� �L
� �

jni
�
; (48)

with � � �0��5 being the relativistic spin operator of the
quark field. As argued by Burkardt, the transverse asym-
metry signals the correlation between quark spin and orbi-
tal angular momentum in an unpolarized target. One can
clearly see that such correlation manifests itself in the 2nd
term of the above sum rule (48), since it reduces to the
nucleon matrix element (at the mean-field level) of the
operator �0� �L, which is certainly the scalar product of
the relativistic spin and orbital angular momentum of
quarks aside from an extra factor �0. Unfortunately, the
1st term of Eq. (48) is a highly model dependent expres-
sion, as shown by the appearance of the single-particle
energy En of the Dirac Hamiltonian H with the hedgehog
mean field. This makes a simple physical interpretation of
the 1st term more difficult.

Before ending this section, we want to make a brief
comment on the GPD ~ETðx; �; tÞ. Although this GPD is
generally nonzero [see Eqs. (26), (34), and (30)], its 1st
moment is known to vanish by time reversal invariance [8].
As a consistency check of our theoretical framework, we
shall explicitly prove in the Appendix that the 1st moment
of ~ETðx; 0; 0Þ in fact vanishes identically.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Chiral-odd GPDs and transversity decomposition of
angular momentum

Within the framework of the CQSM, the expression of
any nucleon observable is divided into two parts, i.e. the
contribution of what-we-call the valence quark level (it is
the lowest energy eigenstate of a Dirac equation with the
hedgehog mean field, which emerges from the positive
energy continuum) and that of the deformed Dirac-sea
quarks. Since the latter contains ultraviolet divergences,
it must be regularized. Here, we use the Pauli-Villars
regularization scheme with single subtraction, for simplic-
ity [32,53,54]. The Pauli-Villars regulator massMPV is not
an adjustable parameter of the model. It is uniquely deter-
mined from a model consistency, once the dynamical quark
mass M, the only one parameter of the CQSM, is fixed to
beM ¼ 375 MeV from the phenomenology of the nucleon
low energy observables.

We first show in Fig. 1 the CQSM predictions for the

forward limit of the isoscalar GPD GðI¼0Þ
T ðx; �; tÞ, i.e.

GðI¼0Þ
T ðx;0;0Þ�lim�!0;t!0½HðI¼0Þ

T ðx;�;tÞþ2 ~HðI¼0Þ
T ðx;�;tÞþ

EðI¼0Þ
T ðx;�;tÞ�. Here, the dashed and dash-dotted curves,

respectively, stand for the contribution of Ncð¼ 3Þ valence
quarks and that of deformed Dirac-sea quarks, while their
sum is shown by the solid curve. The distribution function

in the negative x region should be interpreted as an anti-
quark distribution except for an extra minus sign related to
the charge-conjugation property of this distribution. One
clearly sees a strong chiral enhancement of the deformed
Dirac-sea contribution in the small x region. We recall the
fact that a similar chiral enhancement of the Dirac-sea
contribution is also observed in the CQSM prediction for
a more familiar unpolarized parton distribution function of
isoscalar type, and that it plays a crucial role for ensuring
the positivity condition of the antiquark distribution �uðxÞ þ
�dðxÞ [53,54]. Naturally, such chiral enhancement of the
antiquark distribution cannot be reproduced by a model
such as a light-cone constituent quark model with Ncð¼ 3Þ
quark approximation.
Next, shown in Fig. 2 is the CQSM prediction for the

forward limit of the isovector GPD GðI¼1Þ
T ðx; �; tÞ, i.e.

GðI¼1Þ
T ðx;0;0Þ�lim�!0;t!0½HðI¼1Þ

T ðx;�;tÞþ2 ~HðI¼1Þ
T ðx;�;tÞþ

EðI¼1Þ
T ðx;�;tÞ�. Here, the meaning of the curves is the same

as in the previous figure. Also for the isovector distribution,
one observes a strong chiral enhancement of the deformed
Dirac-sea contribution in the small x region. The x depen-
dence of the Dirac-sea contribution for this isovector dis-
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FIG. 1. The prediction of the CQSM for the forward limit of

the isoscalar GPD GðI¼0Þ
T ðx; 0; 0Þ � lim�!0;t!0½HðI¼0Þ

T ðx; �; tÞ þ
2 ~HðI¼0Þ

T ðx; �; tÞ þ EðI¼0Þ
T ðx; �; tÞ�. The dashed and dotted curves,

respectively, stand for the contributions of Ncð¼ 3Þ valence
quarks and of deformed Dirac-sea quarks, while their sum is
shown by the solid curve.
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tribution turns out to be totally different from the isoscalar
distribution, however. The deformed Dirac-sea contribu-
tion for the isovector distribution is nearly symmetric with
respect to the variable change x ! �x, in sharp contrast to
the isoscalar distribution, which is approximately antisym-
metric. This behavior is again resembling the more familiar
unpolarized parton distribution function of isovector type
[57–59]. We recall the fact that this chiral enhancement of
the isovector unpolarized distribution is just what is re-
quired by the celebrated NMC (New Muon Collaboration)
measurement, which established the dominance of the �d
sea over the �u sea inside the proton [65]. Unfortunately, we
do not have any simple explanation about why such a
similarity exists between the small x behaviors of the
unpolarized parton distribution functions qðxÞ and the for-
ward limit of the GPD GTðx; �; tÞ.

As discussed before, the above two distribution, i.e.,

GðI¼0Þ
T ðx; 0; 0Þ andGðI¼1Þ

T ðx; 0; 0Þ, are very interesting quan-
tities from a physical viewpoint, since they give the trans-
versity decomposition of the angular momentum inside the
nucleon. So far, there exist only a few theoretical inves-
tigations on the chiral-odd GPDs and their moments. In
Table I, we compare the CQSM predictions for the trans-
verse asymmetries with those of the two versions of the
light-front constituent quark model by Pasquini et al., that
is the harmonic oscillator (HO) model and the hypercentral
model [40]. Note that their models are essentially the three
quark model with relativistic kinematics. One finds that the
predictions of the CQSM just lie between the HO model
and the hypercentral model. In all three models, the iso-
scalar transverse asymmetry is seen to be larger than the

isovector one, but the isoscalar-to-isovector ratio is largest
in the CQSM. This observation is qualitatively consistent
with the large Nc prediction given in [66]. However, liter-
ally taking the Nc ! 1 limit, the ratio h�xJuþd

x i=h�xJu�d
x i

would become infinite. Our present analysis here shows
that GTðx; �; tÞ is an isoscalar-dominant quantity but the
isovector component, which arises as a 1=Nc correction, is
also important.
Also interesting is the 1st moment sum rule for GT ,

which can be divided into two pieces, i.e. the 1st moment
of the transversity Hq

Tðx; 0; 0Þ and that of the distribution
2 ~Hq

Tðx; 0; 0Þ þ Eq
Tðx; 0; 0Þ asZ 1

�1
Gq

Tðx; 0; 0Þdx ¼
Z 1

�1
Hq

Tðx; 0; 0Þdx

þ
Z 1

�1
½2 ~Hq

Tðx; 0; 0Þ
þ Eq

Tðx; 0; 0Þ�dx: (49)

Here, the 1st term on the rhs of the above equation, i.e. the
1st moment of the transversity, gives the tensor charge

�Tq ¼
Z 1

�1
Hq

Tðx; 0; 0Þdx: (50)

On the other hand, the 2nd term, i.e. the 1st moment of
2 ~Hq

Tðx; 0; 0Þ þ Eq
Tðx; 0; 0Þ defined by


q
T ¼

Z 1

�1
½2 ~Hq

Tðx; 0; 0Þ þ Eq
Tðx; 0; 0Þ�dx; (51)

was given an interpretation as a quantity governing the
transverse spin-flavor dipole moment in an unpolarized
target by Burkardt. In fact, he showed that 
q

T gives us
information on how far and in which direction the average
position of quarks with spin in the x̂ direction is shifted in
the ŷ direction for an unpolarized target relative to the
transverse center of momentum. The decomposition (49)
corresponds to a similar decomposition of the 1st moment
sum rule for the unpolarized GPD, Eq

Mðx; �; tÞ �
Hqðx; �; tÞ þ Eqðx; �; tÞ, which gives the total magnetic
moment consisting of the quark numberNq and the anoma-
lous magnetic moment 
q as
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FIG. 2. The prediction of the CQSM for the forward limit of

the isovector GPD GðI¼1Þ
T ðx; 0; 0Þ � lim�!0;t!0½HðI¼1Þ

T ðx; �; tÞ þ
2 ~HðI¼1Þ

T ðx; �; tÞ þ EðI¼1Þ
T ðx; �; tÞ�. The meaning of the curves is

the same as in Fig. 1.

TABLE I. Some theoretical predictions for the transverse
asymmetry. Here, the second and the third columns stand for
the two versions of the light-front constituent quark model of
Pasquini et al. [40], i.e. the harmonic oscillator model (HO) and
the hypercentral model (HYP), while the predictions of the
CQSM are shown in the fourth column.

Transverse asymmetry HO Hypercentral CQSM

h�xJux i 0.68 0.39 0.49

h�xJdx i 0.28 0.10 0.22

2h�xJuþd
x i 1.92 0.98 1.41

2h�xJu�d
x i 0.80 0.58 0.54

h�xJuþd
x i=h�xJu�d

x i 2.40 1.69 2.61
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Z 1

�1
Eq
Mðx; 0; 0Þdx ¼

Z 1

�1
Hqðx; 0; 0Þdx

þ
Z 1

�1
Eqðx; 0; 0Þdx

¼ Nq þ 
q: (52)

In Table II, we again compare the CQSM predictions for
the quantities 
q

T (here we tentatively call it the ‘‘anoma-
lous tensor moment’’) with the corresponding predictions
of Pasquini et al. Here, the prediction for the isoscalar part
is closer to that of the HO model, while the prediction for
the isovector part is closer to that of the hypercentral
model.

According to Burkardt’s conjecture, one would expect
an intimate connection between the time-reversal-odd
(T-odd) transverse momentum-dependent distributions
and the GPDs. They are the approximate proportionality
relation between Siver’s function and the anomalous mag-
netic moment with opposite sign [24,25],

f?q
1 ðx;k2

?Þ ��
q; (53)

and also the proportionality relation between Boer-
Mulders’ function and the anomalous tensor moment
[20,21],

h?q
1 ðx;k2

?Þ ��
q
T: (54)

If his conjecture is combined with some typical model
predictions for the anomalous tensor moments, one would
get the following approximate relations:

h?d
1 � 1

2h
?u
1 : MIT bag model;

h?d
1 � h?u

1 : largeNc prediction;

h?d
1 � 3

4h
?u
1 : CQSM;

thereby dictating that the Boer-Mulders functions for the u
and d quarks would have the same sign, although the
predictions on the relative magnitudes are a little variant.
This should be contrasted with the fact that Sivers func-
tions for the u and d quarks appear to have opposite sign as

f?d
1 ��f?u

1 ; (55)

in conformity with the empirically known relation


d ��
u: (56)

From our viewpoint, the origin of this qualitative differ-
ence is very simple. It comes from the fact that the anoma-
lous magnetic moment is a quantity with isovector
dominance, whereas the quantity 
q

T is of isoscalar domi-
nance, as expected from the Nc counting rule indicated in
Eqs. (36)–(39).

B. Tensor charges: Current empirical information
versus theoretical predictions

Some years ago, the first empirical extraction of the
transversity distributions has been made by Anselmino
et al. based on the combined global analysis of the mea-
sured azimuthal asymmetries in semi-inclusive deep in-
elastic scatterings and those in eþe� ! h1h2X processes.
More recently, they have further refined their global analy-
sis by using new data from HERMES, COMPASS, and
BELLE Collaborations [19]. The 1st x moments of the
transversity distributions—related to the tensor charge—
have been extracted to be

�Tu ¼ 0:59
þ0:14

�0:13
; �Td ¼ �0:20

þ0:05

�0:07
; (57)

at the renormalization scale Q2 ¼ 0:8 GeV2. They con-
cluded that their new transversity distributions are close to
some model predictions, especially the predictions by a
covariant quark-diquark model by Cloët et al. [37]. This
agreement is related to the fact that the predictions by Cloët
et al. give the smallest magnitudes of tensor charges among
many theoretical predictions including those of the lattice
QCD. As we shall discuss below, this statement appears
very misleading, however. A delicate point is that the
tensor charges are strongly scale-dependent quantities es-
pecially at the low renormalization scale. In fact, the bare
predictions of the covariant quark-diquark model given in
[37] for the tensor charges are nothing small. They are

�Tu ¼ 1:04; �Td ¼ �0:24; (58)

or in the isospin language,

�Tq
ðI¼1Þ ¼ 1:28; �Tq

ðI¼0Þ ¼ 0:80: (59)

Cloët et al. regard the transversity distributions, which give
the above 1st moments, as initial distributions given at the
scale Q2 ¼ 0:16 GeV2, and take account of their scale
dependencies by using the next-to-leading (NLO) evolu-
tion equation. This procedure gives the tensor charges at
the scale Q2 ¼ 0:4 GeV2:

�Tu ¼ 0:69; �Td ¼ �0:16; (60)

or equivalently

�Tq
ðI¼1Þ ¼ 0:85; �Tq

ðI¼0Þ ¼ 0:53; (61)

which are much smaller than the bare predictions of the
model despite a pretty small scale difference.
As naturally anticipated, to start the NLO evolution at

such a low energy scale as Q2 ¼ 0:16 GeV2 is very dan-

TABLE II. The theoretical predictions for the 1st moment of
2 ~HT þ ET .

1st moment of 2 ~HT þ ET HO Hypercentral CQSM


u
T 3.60 1.98 3.47


d
T 2.36 1.17 2.60


uþd
T 5.96 3.15 6.07


u�d
T 1.24 0.81 0.88


uþd
T =
u�d

T 4.81 3.89 6.90
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gerous. To convince one more concretely, we first show in
Fig. 3 the QCD running coupling constant �SðQ2Þ at the
NLO as a function of Q2. Here, we have used the standard
NLO formula

�NLO
S ðQ2Þ ¼ 4�

�0 lnðQ2=�2Þ
�
1� �1

�2
0

ln lnðQ2=�2Þ
lnðQ2=�2Þ

�
;

(62)

where

�0 ¼ 11� 2

3
nf; �1 ¼ 102� 38

3
nf; (63)

together with the effective flavor number nf ¼ 3 and the

QCD scale parameter� ¼ �MS ¼ 0:248 GeV, taken from
the NLO analysis by Glück, Reya, and Vogt [67]. One sees
that, at Q2 ¼ 0:16 GeV2, �SðQ2Þ is about 1.5, which im-
mediately throws doubt on the use of the perturbative QCD
evolution equation.

The statement can be made more explicit by investigat-
ing the NLO evolution of the tensor charges themselves.
The anomalous dimensions at the NLO, which control the
scale dependencies of the moments of the transversities,
are given in [68–70]. We are interested here in the NLO
evolution of the 1st moment, i.e. the tensor charges. (Note
that, since the transversities do not couple to the gluon
distributions, the evolution of the tensor charges is flavor
independent. For more detail, see the discussion later.) The
solution of the NLO evolution equation for the tensor
charge �TqðQ2Þ is given as

�TqðQ2Þ
�Tqð	2Þ ¼

�
�SðQ2Þ
�Sð	2Þ

�
�ð0Þ=2�0

�
�
�0 þ �1�SðQ2Þ=4�
�0 þ �1�Sð	2Þ=4�

�
1=2ð�ð1Þ=�1��ð0Þ=�0Þ

;

(64)

with

�ð1Þ=2�1 ¼
�
724

9
� 104

27
nf

�
=2

�
102� 38

3
nf

�
; (65)

�ð0Þ=2�0 ¼ 4=ð33� 2nfÞ: (66)

To NLO accuracy, the above solutions are sometimes ex-
panded as

�TqðQ2Þ
�Tqð	2Þ ¼

�
�SðQ2Þ
�Sð	2Þ

�
�ð0Þ=2�0

�
1� 1

4�

�1

�0

�
�ð1Þ

2�1

� �ð0Þ

2�0

�

� ½�Sð	2Þ � �SðQ2Þ�
�

¼
�
�SðQ2Þ
�Sð	2Þ

�
4=27

�
1� 337

486�
½�Sð	2Þ � �SðQ2Þ�

�
:

(67)

Here, we have set nf ¼ 3, which reproduces the form used

in [37]. For large enough Q2, where the QCD running
coupling constant is much smaller than unity, both expres-
sions should approximately be equivalent. However, we
have already pointed out that, at the scale of Q2 ¼
0:16 GeV2, �S is even larger than 1.5.
Shown in Fig. 4 are theQ2 dependence of tensor charge,

in which the evolution is started at 	2 ¼ Q2
ini ¼

0:16 GeV2. The solid and dashed curves, respectively,
correspond to the answers obtained by using the exact
[Eq. (64)] and approximate [Eq. (67)] solutions of the
NLO evolution equation. One clearly observes a drastic
difference between the two choices.
On the other hand, shown in Fig. 5 is theQ2 dependence

of the same quantity, where the evolution is started at	2 ¼
Q2

ini ¼ 0:34 GeV2, which corresponds to the choice

adopted in the well-known NLO analysis of the parton
distribution functions by Glück, Reya, and Vogt. The dif-
ference between the two forms of NLO evolution solutions
is fairly small, in this case. One might suspect that not only
the scale Q2

ini ¼ 0:16 GeV2 but also the scale Q2
ini ¼

0:34 GeV2 is not high enough for the perturbative QCD
framework to be justified perfectly. This cannot be denied
completely. Still, it is clear from our simple analysis that
there is a qualitative difference between the two choices of
the starting energy, i.e. Q2

ini ¼ 0:16 GeV2 and Q2
ini ¼

0:34 GeV2. As already pointed out, the authors of [37]
use an approximate solution of the NLO evolution equation
with the choice Q2

ini ¼ 0:16 GeV2 to estimate the tensor

charges at the scale Q2 ¼ 0:40 GeV2. The reduction of the
magnitude of tensor charge after this scale change is sig-

0.0

0.5

1.0

1.5

2.0

0 1 2 3 4

at next-to-leading order

FIG. 3. The QCD running coupling constant �SðQ2Þ at the
NLO in dependence of Q2, obtained with the effective flavor
number nf ¼ 3 and the QCD scale parameter �MS ¼
0:248 GeV. The energy scales Q2 ¼ 0:16 GeV2 and Q2 ¼
0:40 GeV2 are marked by open squares as a guide.
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nificant. It is about 0.75 if one uses Eq. (64), while it is
about 0.67 if one uses Eq. (67). (See the open squares and
the crosses in Fig. 4.) Undoubtedly, this enormous reduc-
tion has nothing to do with the nature of their effective
model. It is simply a consequence of starting the NLO
evolution equation at such a low energy scale.

Generally, for any effective models of baryons, it is very
hard to say exactly what energy scale the predictions of
those correspond to. Probably, the best we can do at the
moment is to follow the spirit of PDF fit by Glück et al.
[67], and use the predictions of those models as initial-
scale distributions given at the energy scale around
600 MeV, or Q2

ini ’ ð0:3–0:4Þ GeV2. In fact, such an ap-

proach with the use of the predictions of the CQSM has
achieved remarkable phenomenological success for both
the unpolarized and longitudinally polarized PDFs [32,59].
In the following, we shall therefore use the exact solution
(64) of the NLO evolution equation with the starting
energy Q2

ini ¼ 0:34 GeV2 to estimate the tensor charges

at a desired scale from the predictions of low energy
models.
In Fig. 6, we compare the 1st empirical information on

the tensor charges for the u and d quarks at the renormal-
ization scale Q2 ¼ 0:8 GeV2 obtained by Anselmino et al.
with the predictions of some low energy models as well as
that of the lattice QCD. They all correspond to the scale
Q2 ¼ 0:8 GeV2. For all of the low energy models, except
for the covariant quark-diquark model of [37], the starting
energy of the evolution was taken to be Q2

ini ¼ 0:34 GeV2

following the discussion above. In the case of the covariant
quark-diquark model, we have tried two choices of
the starting energy, i.e. Q2

ini ¼ 0:16 GeV2 and Q2
ini ¼

0:34 GeV2. On the other hand, the predictions of the lattice
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0.8

1.0

1.2

0 1 2 3 4

exact RG solution
approximate RG solution

FIG. 4. The scale dependence of the tensor charge, where the
evolution is started at 	2 ¼ Q2

ini ¼ 0:16 GeV2. The solid and

dashed curves, respectively, correspond to the results obtained
with the exact [Eq. (64)] and approximate [Eq. (67)] solution of
the NLO evolution equation.
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FIG. 5. The scale dependence of the tensor charge, where the
evolution is started at 	2 ¼ Q2

ini ¼ 0:34 GeV2. The solid and

dashed curves, respectively, correspond to the results obtained
with the exact [Eq. (64)] and approximate [Eq. (67)] solution of
the NLO evolution equation.
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1 : Anselmino et al.
2 : QCDSF / UKQCD
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4 : Hypercentral
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FIG. 6. Comparison of empirical and theoretical tensor
charges for the u and d quarks. The 1st column and the shaded
band stand for the recent empirical determination of the u- and
d-quark tensor charges by Anselmino et al., corresponding to the
renormalization scale Q2 ¼ 0:8 GeV2. The theoretical predic-
tions shown in other columns are all transformed to the same
renormalization scale with use of the NLO evolution equation
(64). See the text, for more detail.
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QCD are given in [39] as

�Tu ¼ 0:857� 0:013; �Td ¼ �0:212� 0:005;

or

�Tq
ðI�1Þ ¼ 1:069� 0:018;

�Tq
ðI¼0Þ ¼ 0:645� 0:018:

Since these predictions correspond to the renormalization
scale Q2 ¼ 4 GeV2, we evolve those down by using
Eq. (64) to obtain the corresponding values at Q2 ¼
0:8 GeV2. One sees that all the theoretical predictions for
the d-quark tensor charge are not largely different and lie
within the allowed range of phenomenological extraction.
On the other hand, almost all the theoretical predictions for
�Tu are larger in magnitude than the empirical one,
thereby running off the allowed range of the empirical
extraction. The prediction of the covariant quark-diquark
model with use of the starting energy Q2

ini ¼ 0:16 GeV2 is

an exception. However, we have already pointed out a
serious problem of using such a low starting energy.

At any rate, since the choice of the starting energy for
low energy models is rather arbitrary, one must be very
careful when making a comparison between model predic-
tions for the tensor charges (or more generally transversity
distribution) with phenomenologically extracted ones.
(This should be contrasted with the case of axial charges.
As is widely known, the isovector axial charge is known to
be scale independent as a consequence of current conser-
vation. The isoscalar or flavor-singlet axial charge is gen-

erally scale dependent, for example, in the standard MS
factorization scheme, because of the UAð1Þ anomaly of
QCD [71–73]. However, this scale dependence is known
to be fairly weak except very low energy.) Fortunately, we
can avoid this troublesome problem of initial-scale choice.
The key point is that, since the gluon does not couple to the
chiral-odd transversities, the evolutions of tensor charges
are flavor independent. This in turn means that the ratio of

two tensor charges as �Td=�Tu or �Tq
ðI¼0Þ=�Tq

ðI¼1Þ is
totally scale independent.

Shown in Fig. 7 is the empirically extracted tensor-
charge ratio j�Td=�Tuj by Anselmino et al. in comparison
with several theoretical predictions, i.e. those of lattice
QCD [39], nonrelativistic quark model (NRQM) or the
MIT bag model, covariant quark-diquark model [37], and
the CQSM [36].We recall that this ratio is precisely 1=4 for
both the NRQM and the MIT bag model. One can be
convinced that the predictions of all the models as well
as that of the lattice QCD are not extremely far from this
reference value, although the prediction of the CQSM is
smallest of all. Since the empirical uncertainties for this
ratio is still fairly large, we can say that all the theoretical
predictions lie within the error bars.

Next, in Fig. 8, a similar comparison is made for the

tensor-charge ratio �Tq
ðI�0Þ=�Tq

ðI¼1Þ. Again, the predic-

tion of the CQSM gives the smallest value among all the
theoretical predictions. Within the large error bars,
however, all the theoretical predictions are consistent
with the phenomenological value. We emphasize once
again that the tensor-charge ratios j�Td=�Tuj and

�Tq
ðI¼0Þ=�Tq

ðI¼1Þ are exactly scale independent so that
it offers a safe and sound basis of comparison between
theoretical predictions and the empirical extractions.
Further efforts to reduce the uncertainties of phenomeno-
logical extraction would be highly desirable.
As a general trend, one observes that the predictions for

the tensor-charge ratio �Tq
ðI¼0Þ=�Tq

ðI¼1Þ by all the low
energy models as well as by the lattice QCD are not
extremely far from the reference value of the SU(6) quark
model, i.e. 3=5. This feature of the tensor charges should be
contrasted with that of axial charges. In Fig. 9, we compare
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FIG. 7. Comparison of empirical and theoretical tensor-charge
ratio �Td=�Tu, which is scale independent.
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FIG. 8. Comparison of empirical and theoretical tensor-charge
ratio �Tq
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the empirically known axial-charge ratio �qðI¼0Þ=�qðI¼1Þ
with the predictions of several models and with that of
lattice QCD. The empirical value here is taken from the
HERMES analysis of the longitudinally polarized structure
functions of the deuteron and proton [74]. (See also a
similar analysis by COMPASS group [75,76].) One sees
that a fairly small empirical ratio, which is connected with
the famous ‘‘nucleon spin crisis,’’ is reproduced only by
the CQSM and the lattice QCD, while the predictions of
other low energy models are more or less close to that of

the SU(6) quark model, i.e. �ðI¼0Þ=�ðI�1Þ ¼ 3=5, thereby
largely overestimating this ratio.

In any case, as we have repeatedly emphasized, the
possible difference between the axial and tensor charges
of the nucleon (or more generally, the difference between
the longitudinally polarized distribution functions and the
transversity distribution functions of the nucleon) offers
key information for disentangling the internal spin struc-
ture of the nucleon. Particularly useful here, we think, is
the comparison between the two ratios, i.e.

�Tq
ðI¼0Þ=�Tq

ðI¼1Þ and �qðI¼0Þ=�qðI¼1Þ. As we have em-
phasized, the former ratio is exactly scale independent,
while the latter has only a weak scale dependence, so
that it offers a safe and sound basis of comparison between
theoretical predictions and empirical extractions for them.
A further effort to reduce the uncertainties of the phenome-
nological extraction of the tensor charges is highly desir-
able to get more definite information on the possible
difference of these two fundamental quantities. Do we
expect a spin crisis also for the transverse spins, or the
tensor charges?

IV. CONCLUSION

In summary, we have investigated the forward limit of a
particular combination of chiral-odd generalized parton

distributions, i.e. GTðx; 0; 0Þ � lim�!0;t!0½HTðx; �; tÞ þ
2 ~HTðx; �; tÞ þ ETðx; �; tÞ� as well as their lower moments
within the framework of the chiral quark soliton model,
with particular emphasis on the transversity decomposition
of the nucleon angular momentum proposed by Burkardt.
We found rather strong chiral enhancement near x� 0 for
both the isoscalar and the isovector GPDs, which reminds
us of a similar chiral enhancement observed in the CQSM
predictions for more familiar unpolarized distribution
functions of isoscalar and isovector types. We have shown
that the GT is an isoscalar-dominant quantity, while the
isovector component also arises as an 1=Nc correction. In
particular, from the 1st moment sum rule ofGT andHT , we
have confirmed a isoscalar dominance of the ‘‘anomalous
tensor moments’’ 
T , which indicates that the Boer-
Mulders functions for the u and d quarks would have
roughly equal magnitude with the same sign. It should be
contrasted with the probable isovector dominance of the
Sivers functions, or of the anomalous magnetic moment of
the nucleon. It is therefore a very important experimental
challenge to determine the relative sign and the magnitudes
of the u- and d-quark Boer-Mulders functions.
We have also discussed a delicate problem, which may

arise when we try to compare the phenomenologically
extracted tensor charges with corresponding theoretical
predictions. We emphasize that the tensor charges are
strongly scale-dependent quantities but the ratios as

�Td=�Tu and �Tq
ðI¼0Þ=�Tq

ðI¼1Þ are exactly scale inde-
pendent, so that these ratios are expected to provide us with
a safe and convenient basis of comparison between em-
pirically determined tensor charges of the nucleon and
corresponding theoretical predictions.

APPENDIX: ON THE FIRST MOMENT OF
~ETðx; 0; 0Þ

In this Appendix, we shall explicitly verify that the 1st
moment of ~ETðx; 0; 0Þ vanishes. At the Oð�0Þ level, only
the isovector part of ~ETðx; 0; 0Þ survives as given by
Eq. (34). Its 1st moment can easily be written down as

Z 1

�1

1

2MN

~EðI¼1Þ
T ðx; 0; 0Þdx

¼ �Nc

3

X
n2occ

hnj�3ix1ð�1�5 � i�2Þjni

¼ �Nc

18

X
n2occ

hnj� � ðx� �Þjni: (A1)

Very interestingly, this expression resembles that of the
Oð�0Þ contribution to the isovector magnetic moment of
the nucleon in the CQSM given as

	ðI¼1Þð�0Þ ¼ �MN

Nc

9

X
n2occ

hnj� � ðx� �0�Þjni; (A2)

where use has been made of the generalized spherical
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FIG. 9. Comparison of empirical and theoretical axial-charge
ratio �qðI¼0Þ=�qðI¼1Þ, which is approximately scale indepen-
dent.
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symmetry of the hedgehog configuration. Incidentally, we
already know that the time reversal invariance enforces the
1st moment of ~ET to vanish. As a consistency check of our
theoretical framework, we shall verify it explicitly in the
following. The formal proof in the CQSM utilizes the
invariance under the G5 transformation, which is a simul-
taneous operation of the standard time reversal and a flavor
SU(2) rotation. In a standard representation, it is given as

G5 ¼ �1�2�2; (A3)

and satisfies the following identities:

G5�
	G�1

5 ¼ ð�	ÞT; G5�aG
�1
5 ¼ �ð�aÞT; (A4)

G5�nðxÞ ¼ �	
nðxÞ; G5HG�1

5 ¼ HT: (A5)

Using these properties, it is easy to verify the relations

hnj� � ðx� �Þjni ¼ þhnj� � ðx� �Þjni;
hnj� � ðx� �0�Þjni ¼ �hnj� � ðx� �0�Þjni;

(A6)

where use has been made of the reality of the relevant
matrix elements. These relations then dictate that the 1st

moment of ~EðI�1Þ
T must vanish identically, while 	ðI¼1Þ

need not, as expected. At the Oð�1Þ level, both the iso-

scalar and the isovector parts of ~ETðx; 0; 0Þ survive at the
first glance. In fact, their contribution to the 1st moments
takes the following forms:

Z 1

�1

1

2MN

~EðI¼0Þ
T ðx; 0; 0Þdx

¼ 1

2I

�
Nc

2

� X
m2nocc;n2occ

1

Em � En

hnjðx� �Þ3jmihmj�3jni;

(A7)

Z 1

�1

1

2MN

~EðI¼1Þ
T ðx; 0; 0Þdx

¼ i"3ac
Nc

6I

X
m2nocc;n2occ

1

Em � En

hnj�ax1�2jmihmj�cjni:

(A8)

However, it is not so difficult to prove that both of the
above expressions vanish owing to the symmetry under the
G5 transformation. Since the SU(2) isospin symmetry is
naturally respected in our effective theory, this just recon-

firms the general statement that the 1st moments ~EðI¼0;1Þ
T

vanish by time reversal invariance.
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