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Noncommutative quantum mechanics: Uniqueness of the functional description
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The generalized Weyl transform of index « is used to implement the time-slice definition of the phase
space path integral yielding the Feynman kernel in the case of noncommutative quantum mechanics. As
expected, this representation for the Feynman kernel is not unique but labeled by the real parameter a. We
succeed in proving that the a-dependent contributions disappear at the limit where the time slice goes to
zero. This proof of consistency turns out to be intricate because the Hamiltonian involves products of
noncommuting operators originating from the noncommutativity. The antisymmetry of the matrix
parametrizing the noncommutativity plays a key role in the cancellation mechanism of the

a-dependent terms.
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L. INTRODUCTION

In this work we shall be concerned with quantum sys-
tems whose dynamics is described by a self-adjoint
Hamiltonian H(Q, P) made up of the Cartesian coordinates
Q/,j=1,..., N and their canonically conjugate momenta
P, j=1,..., N. However, unlike the usual case, coordi-
nates and momenta are supposed to obey the noncanonical
equal-time commutation rules

[0, 0] = —2ihbl, (1.1a)
[0, P/] = ind, (1.1b)
[P P/]=0. (1.1¢)

The distinctive feature is, of course, that the coordinate
operators do not commute among themselves. The lack of
noncommutativity of the coordinates is parametrized by
the real antisymmetric N X N constant matrix || 6 || . In
Refs. [1-5] one finds specific examples of noncommutative
systems whose quantization has been carried out. The
conditions for the existence of the Born series and unitarity
were investigated in Ref. [6] while a general overview of
the connection linking noncommutative theories with con-
strained systems was presented in [7].

A realization of the algebra in Eq. (1.1) can be obtained
by writing

QlE l glej,
Pl =K/

(1.2a)
(1.2b)

where the X’s and K’s obey the canonical commutation
relations

PACS numbers: 03.65.Db, 03.65.—w, 11.10.Nx

while repeated indices sum from 1 to N. For a Hamiltonian

PIPZ
H(P,Q) = — + V(Q) (1.4)
and, therefore,
.. KIK!
H(K', X' + 6"K/) = ot V(X' + 0" K*)
= H,(K!, X", (1.5)

it has been shown elsewhere [2—4] that the time evolution
of the system, in the Schrdodinger picture, is described by
the wave equation

—VQ\If(x 1)+ V(x) x W(x, t) = ih qf(x t)’

(1.6)
where V2 designates the Nth-dimensional Laplacian, M is
a constant with dimensions of mass while * denotes the
Gronewold-Moyal product [8—10], namely,

V(x) * W(x, t) = V(x)l:exp(—lh—x 0l —)]‘If(x 1)

= V(xj ih6/! )‘If(x r). (1.7)

The last section in Ref. [7] was concerned with the
computation, in the case of the harmonic oscillator, of
the Feynman kernel K (xy, t7; x;,, #;,) by explicitly evalu-
ating the corresponding phase space path integral.
However, no effort was made there to determine whether
this result is unique when the phase space integral is
defined through the time-slicing procedure [11-14]. This

(X!, X/]=0, (1.3a)  is our main concern in this work.
(X!, K/] = ihoY, (1.3b) In Sec. II we first pinpoint the main steps'one goes
(K. K] =0 (1.30) through for implementing the time-slice definition of the
’ ’ : phase space path integral yielding K (xy, t7; x;y, #;,). In this
regard, the generalized Weyl transform will be seen to play
*fbemfica@if.ufrgs.br a central role. As it has long been recognized [15-18],
"hgirotti @if.ufrgs.br K(xs, tr; Xin, tin) turns out not to possess a unique repre-
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sentation in terms of canonical path integrals. This lack of
uniqueness becomes particularly critical for Hamiltonians
involving products of noncommuting operators, which is
an unavoidable feature of the Hamiltonian describing the
quantum dynamics of a noncommutative system [see
Eq. (1.5)]. In Sec. III we demonstrate that, nevertheless,
the antisymmetry of || @ || suffices for reestablishing
uniqueness. Section IV contains the conclusions.

II. THE TIME-SLICING PROCEDURE AND THE
GENERALIZED WEYL TRANSFORM

We shall be looking for the path integral representation
of the matrix element

K o(xp, 173 Xin, tin) = <5C)f|e_(i/h)(tf_lin)H(P’Q)|.)?in>
— (&l @Mt K DTy (2.1

where Eqgs. (1.4) and (1.5) have been taken into account.

The definition of the phase space path integral through
the time-slicing procedure demands that one starts by
writing

Ko(xp, 175 Xin, tin)
m
= !”Lrl;}jdxl T dxm l_[ K@(-anrlr Lav15Xg ta)y (22)
e—0 a=0

where dx stands for ¢"x. The time interval (1, — 1;,) has
been divided out into m + 1 subintervals of equal size. The
limit m — oo (€ — 0) must be understood as max(z,,; —
t,) =0 while 37 _(t,41 —t,) = t; — t;, = T. Usually,
Ko(xXgs1, tys1:Xgr t,) is referred to as the short-time
propagator. Then, if in Cohen’s general ordering scheme

[15,19] one replaces ho = X, h7 = Ig, and then sets

FE k) = eli/mark, 2.3)
where « is a real dimensionless parameter such that
1 1
——=a =+ 2.4)
2 2
one arrives at [19]
Kol 15300 ) = Q) [
X exp{i—e I:k{, X1 o
h €
“hy o xaan(@) |} @5)
Here,
j 1 ' 1 j
X} (@) = (E + a)x,’”l + (5 — a) . (2.6)

dk stands for dVk, whereas
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hy (kx)= Qan)Ntr[Hy(K, X)A_ (K —k X — )]

— Q)Y [ dyGIH (K. X)A_ o (K — k. X~ D)I5)

N7 1
- f v e(l/h)k'y@ - (E - a>§
1 -
+ 5— aly

is the generalized Weyl transform of index o (GWT «) of
the operator Hy(K, X). It is a generalization of the Weyl
correspondence rules [20,21]. Furthermore,

Hy(K,X) |

(2.7)

AR —EX—3) = Qmn)N dedeT

¢ i/ Mayi T+ (KI =)+ 5/ (XI —x))]

X

= (ZWh)_N[dTe_(i/h)Tiki
()i G e
stafi i+ (3—a)F|.

It is common use to symbolize the operation in Eq. (2.7) as

(2.8)

Hy(K, X)—hy_ (k, x). (2.9)

By putting everything together one arrives at

m
Kolxys, tr; Xin, tin) = }L@(Zﬂh)_mmﬂ) [(l_[ dxa)
a=1

e—0

X (ﬁ dka) exp{% i [k;’, L“E_ Xa
a=0

a=0

- hO,a(kar xa,a+1(a))i|}’ (210)
which defines the path integral through the time-slicing
method. One is to notice that when inserting within the
path integral the GWT « one must, correspondingly, evalu-
ate the position dependent terms at the point x/, . (a).
Hence, the dynamics of a quantum mechanical system
specified by a certain Hamiltonian operator does not have
a unique translation into the path integral language. This is
the converse of the operator ordering ambiguity arising
when performing the quantization in accordance with the
classical-quantum correspondence rules.

Of course, consistency requires that all the « depen-
dence in the right-hand side of Eq. (2.10) should disappear
after performing the limit € — 0. Up to our knowledge, no
one has yet succeeded in carrying out such proof in full
generality. In particular, and since the Hamiltonian Hy
involves products of noncommuting operators, the unique-
ness of the path integral representation of
Ko(xg, tg; Xipn, tiy) Temains an open question for noncom-
mutative systems. We shall address this question in the
next section.

125009-2



NONCOMMUTATIVE QUANTUM MECHANICS: UNIQUENESS ...

III. FUNCTIONAL FORMULATION OF THE
NONCOMMUTATIVE QUANTUM DYNAMICS

We start by looking for ,__(k, x). The absence of order-
ing problems in the first monomial of the middle term in
Eq. (1.5) implies that

KIKIS(Hk)_, = kK, (3.1

as it can be checked by using Eq. (2.7).
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As for

Vo(K, X) = V(X + 67K, (3.2)

the situation is far from being simple since it necessarily
involves products of noncommuting operators. By starting
from Eq. (2.7) and after taking into account that

GIV(XI + 07K = V(F) * GIKY = V(F)en@/ax00"@/a) 58"y, (3.3a)
. 1 o
> — (i/n)y/ K/
(k) = G /myw, (3.3b)
/ dx(F) % (7) — f dx(R) ¢ (3, (330)
v ¥ * (27Th)( 2 eli/myA(= 1/ (a+(1/20E—[1- 1 /(a+1/2NIR} ,(—i/nla+(1/2))F (k' — k)
2
(i/ MKy (2ah) 2N .
e N> v 1j i
(27Th)N/2*<k|A’“(K LX -3l >_ﬁ i/ (1/2)G5) (K =) i/t (1/ )k 07 k! (3.3¢)
one obtains
Vo(K, X)=vy_ (k x) = Qam)V [ dyGIV(X) + 607 KNA_ (K — &k X — )3)
. / Qmky L.
= ) [y [aeve)| s @&~ EX -9
—N o . .
_ @mm™ / dyV (§)eli/ma+(1/2)kG-3) f Al e\ = i/ma+(1 /2RI (5 —yi+ 07K
(—a ="
= V(x/ + /LK)~ i/Matr(/ROK = y(xi 4 gilkl). (3.4)

This result is of paramount importance because it states that the would-be a dependence of vy (k, x) is washed out by
the antisymmetry of the matrix || 6 || . We emphasize that this would not be the case for an arbitrary V(K, X), involving
products of the noncommuting operators K and X. Presently, where K and X enter into V through the combination X/ +

0/'K', with 0/! =

X H(Xf’ tf7 Xin» tin)

= lim(27rh) V0D f (]‘[ dx

e—0

which still contains a-dependent terms.

We are interested in proving the « independence of
Ko(xp, ty; Xin, tiy) Without imposing restrictions on the
function V(u), other than its analyticity at # = 0. To this
end, we start by introducing external sources for the coor-
dinates and momenta, J and Z, respectively. This enables
us to rewrite Eq. (3.5) as

— 6%, such dependence does not occur, this being true irrespective of the functional form of V(x).
By returning with Egs. (3.1) and (3.4) into (2.10) one finds

)(ﬁ dka)e(if/h)zm L )€ B2V, @+ (35
Ko f, 173X i) =lime </ WV EIW(],Z, €m) ,
‘ " J=2=0
(3.6)

where Vs 5
L= _—<_. + 0/ Z) 3.7)

q ie\5J!) 07,

an
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W(J, Z, € m) = (27Th)—N(m+1) [(ﬁ dxa)(ﬁ dk, ) (ze/h)zm [k, —x)) /e~ (ks /2M)+J)x Mﬂ(a)-%—Z’(/;k,C]' (3.8)
a=1 a=0
The momentum integrals in Eq. (3.5) are straightforward and after carrying them out one gets
W(J, Z e m) = 2mh)~ N<m+1><2M”h)(N/ oty f (l‘[d ) (Me/20EA /T, w1/ T, D) (3.0
i€
where
271 o211 ..”‘»22..2..f+

A= M(E + a)x}]ﬁn + M(E - a>x;n15 + Z Za+ ZXp 2 = —XnZy + 762 , (3.10a)

P2 2 i 26 i i i i
Ml = —innﬁa,l foam +2Zi_, - Z) + = v (Ja,l +J)+al_, =T a=1,...,m,  (3.10b)
Dab = 25ab - (60+1,b + 5a,b+l)r a, b= 1, ., m. (310C)

The determinant and the inverse of the symmetric matrix
|| D || can be computed at once and yield, respectively,

det(D,p,) = m + 1, (3.11a)
_ am—b +1)
Dl =" = b. 3.11b

In turn, this enables us to perform the x integrations in
Eq. (3.9) with the result

(3.12)

)Z’ : =
W, Z e m) (27rihT

M )N/Qell)(J,K,e,m)
where

q)(JZem)Eh(——

M
2 8

> wiDy ub) (3.13)
b=

We now return with Eq. (3.13) into Eq. (3.6). After doing
so, we shall be facing the problem of computing

a,b=1

[/ 30, V)00 Zem) — [Z 1 (_ ie

!
=r! n

m R r
X V(L )) ]eq)(l,Z,e,m)_
ago “

(3.14)
|

héq)_a [ +6(1_
ie 8J, am| Xf T T \3
+ xl——

b,c=1

1 1
X D;Ll[(i + a)5c,a+1 + (5 - a)@c’a],

=MZ + ?(x} —xi) MY [Z’b_l -7
b,c=1

h 6
ie 67!

Therefore, in accordance with Eq. (3.7),

; . ) e/l . ) )
@) = i) |+ uo it + 55+ @)af — ) |+ (1= a0~ a5+
m . ) e (1 . e (1 .
1 +— [xf + a(xf — xm)]} — € Z [Z’b_l -7+ M(E + a)Jllj_1 + M(E — a)J;?jI

+E<1+ )Ji +e(l
—_ — a _ = —
M\2 N VAV)

I
The analyticity of V(u) at i = 0 allows one to write

— 1 9V(u)

- L. Lk
= 0s‘ du't ... dubs

u=0

V(L,) = (3.15)

Hence,

L e®

LiL: . L (3.16)

is, up to coefficient functions not depending on the external
sources, the form of a generic term entering the right-hand
side of Eq. (3.14). Now, since ® is at the most bilinear in
the external sources all monomials containing three or
more factors L applied to @ vanish and, therefore, do not
contribute to Eq. (3.16). To phrase it differently, only
Li®(J,Z € m)lj—z— and LiLi®(J,Z € m)l;—,— can
survive in Eq. (3.16). What remains to be done is to show
that the just-mentioned monomials are independent of «.

To the above end, we start by recalling Egs. (3.10), (3.11),
and (3.13), and find

1 m—2a)
m+1

(3.17a)

a)JL:ID};g‘(ac,a+l - 6c,a)~ (317b)
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L;(I)(J, Z, €, m)|J=Z=0 = SQ,mx} + 5ay0xi‘n + ?ol/(x} — xl/n)

+(1_5a,0_5a,m)
[‘(1 m—Za)
X|xt|{=<+

"2 m+1

a0

e (3.18)

where O(€) embodies all terms vanishing when € — 0.
Thus, no a-dependent terms survive in this limit.

Next on the line is L,L,®(J, Z, €, m). We first notice
that

(E)z 8P ihe i
ie) sIioF, M o

c,

1
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2 2 oo 82
LiLI®(J, Z, €, m) = (h)( o + 6keI ——

Y 82567,
con 0 0 Lgnd 5)q>
8Ji 87, 8J] 87,

(3.19)

and concentrate, afterwards, in computing each term in the
right-hand side of this last equation. We omit the details
and quote

D [ (8c u+15db+l + 8(1 L8£1b+1 + 5a+lc8db + Bac(sbd) + a(6a+lc6b+ld 8a,c5b,d)

+ a?(8,41,60p+10 = 0ucOpr1a = Sas1,0pa + 5ac5bd)]

rmril %—i— a)2
b SRS ;+a),
= 5’71ﬁ+ £{il4a(m — a) + m] + a(m — 2a) + ma?},

O(e),
_ s e’[4a(m — a) + m]|O(e),
7 4MT | €[(da + 2)(m — b)] + O(e),

e’ [(4b + 2)(m — a)] + O(e),

lk ]k Mn

e . 82D ~
—) oo/t = 8408
(ie) 57587, dz: cd (Bacsd

& 1

= 0ut1,c0pt1,d T 04cO0apt1

+ 6a+l,05b,d - 6a05bd)
.. Mh
= gikgik—, YVab=0...m
iT

(3.21)

aN2f . 6 & -
—) (o
(oo 2[G
1 -
+ (E - a)&a,c]Dcdl

X (8a4p+1 = Oap),

) atl,c

(3.22)

and

%{%[(40 +2m—>b)+a+1]+alm—>b—a)}
L%{}‘[(461 +2)m—b)+b+ 1]+ alm—>b—a),

a=b=0
a=b=m
O0<a=b<m
0<a<b<m
0<b<a<m

a=b=0a=b=m
O0<a=b<m
0<a<b<m
0<b<a<m

, (3.20)

oin /1
; Z[(§+a>6b+l,c

c,d=1

(o]

XD (84411 —

2
() sazm)e -
i€ 5]’ 67

8d,a)~

Observe that a term like €[4a(m — a) + m], showing up
in the right-hand side of Eq. (3.20), is not eliminated by
taking € — 0. To exemplify why this happens we set, for
instance, a = m/2 and find

(3.23)

(3.24)

e—0
m—o0

lim62|:2m(m — %) + m] =TZ% + 0.

Similarly, the second, third, and fourth terms in the right-
hand side of Eq. (3.20) contain pieces that survive in the
limit € — 0. However, all these contributions do not de-
pend on «. The same applies to the right-hand side of
Eq. (3.21), where the presence of the noncommutativity
should be noticed. As for the right-hand sides of Egs. (3.22)
and (3.23) they add up to
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2 . .
(1) (9}1 o 0 L gu % i)cp
i€ 8Ji 87, 8Jj 87,

m
= ih07 Y D_}(8441,60pa — SacBapi1)
c,d=1
0, a=>b
= { ihg mtliazh O=a<b=m
m+1 7 ’
O0=b<a=m

(3.25)

— ingi b
which are independent of «. This completes the pur-
ported proof concerning the « independence of
Ko(xp, tg; Xin, tin)-

It is worth mentioning that, individually, Egs. (3.22) and
(3.23) contribute, among other things, a-dependent terms.
However, after these contributions are added up the just-
mentioned terms cancel out among themselves. The anti-
symmetry of || 6| is at the root of the cancellation
mechanism.

IV. CONCLUSIONS

The generalized Weyl transform of index a was success-
fully employed for implementing the time-slice definition
of the phase space path integral. As expected, this integral

PHYSICAL REVIEW D 78, 125009 (2008)

representation of the quantum dynamics turns out not to be
unique but parametrized by the index «. Of course, con-
sistency demands all physical quantities be unique and,
therefore, independent of «.

We turned then into studying the Feynman kernel for the
case of noncommutative quantum mechanics. The above-
mentioned lack of uniqueness appears to be particularly
severe due to the fact that the Hamiltonian under analysis
contains  products of noncommuting  operators.
Unexpectedly, the antisymmetry of the matrix || 6 || , pa-
rametrizing the noncommutativity, saves the day. In fact,
on the one hand, it kills the would-be alpha dependence of
the generalized Weyl transform while, on the other hand, it
also takes care of the « dependence arising from the point
on the slice where the coordinates are to be evaluated. The
above holds true for all potentials V(«) being analytic at
i =0.
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